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The authors present a method of measuring the temperature of magnetic nanoparticles that can be
adapted to provide in vivo temperature maps. Many of the minimally invasive therapies that prom-
ise to reduce health care costs and improve patient outcomes heat tissue to very specific tempera-
tures to be effective. Measurements are required because physiological cooling, primarily blood
flow, makes the temperature difficult to predict a priori. The ratio of the fifth and third harmonics
of the magnetization generated by magnetic nanoparticles in a sinusoidal field is used to generate a
calibration curve and to subsequently estimate the temperature. The calibration curve is obtained by
varying the amplitude of the sinusoidal field. The temperature can then be estimated from any
subsequent measurement of the ratio. The accuracy was 0.3 °K between 20 and 50 °C using the
current apparatus and half-second measurements. The method is independent of nanoparticle
concentration and nanoparticle size distribution. © 2009 American Association of Physicists in
Medicine. �DOI: 10.1118/1.3106342�
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I. INTRODUCTION

Temperature measurement has become an important element
in the effort to develop minimally invasive procedures1–5 that
can dramatically reduce the cost of treatment as well as im-
prove patient outcomes.6,7 Treatments range from abla-
tion2,4,8–10 and hyperthermia11,12 to more exotic applications
including thermally activated drug delivery,13,14 cardiac ar-
rhythmia treatment,15 and thermally controlled gene
therapy.16 All of these applications require close control of
the temperature during treatment so the heating can be modi-
fied to produce a viable therapeutic temperature. Blood flow
and to a lesser extent other physiological processes control
the cooling rate in unpredictable ways so temperature moni-
toring is essential to obtaining a therapeutic temperature
distribution.11,12

Some of the most promising therapies are antibody tar-
geted nanoparticle therapies1,10,17–22 that limit tissue damage
to the targeted tissue and leave adjacent normal tissue intact.
The potential to select individual cells for destruction based
on highly selective antigen binding sites on the cell surface
promises entirely new classes of therapies. These minimally
invasive alternative therapies using nanoparticles will prob-
ably be less expensive as well as have much higher selectiv-
ity. Laser heating has demonstrated the ability to localize
tissue damage to microscopic regions.21,22 Methods employ-
ing antibody targeted magnetic nanoparticles have shown
similar promise17,18 but there are theoretical heat transfer ar-
guments that heating using magnetic fields is limited to
larger regions23 and relatively high iron concentrations. Tem-
perature measurement is important for the scientific task of
understanding heat deposition mechanisms as well as for

clinical applications.
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Magnetic resonance imaging �MRI� is the only truly non-
invasive method of measuring temperature in vivo and it has
been integrated with high power ultrasound to perform im-
age guided, minimally invasive therapy4,5 that is proving to
be an important advance. However, integrating the equip-
ment for therapy with the MRI magnet is generally both
expensive and technically limiting. In addition, the molecular
imaging capabilities of MRI are limited by spatial
resolution.24,25 Nanoparticle imaging is limited to fairly high
concentrations because the contrast agent employed must in-
fluence a significant proportion of the spins in each voxel
imaged.

A new method of imaging magnetic nanoparticles at mo-
lecular imaging concentrations using inexpensive systems is
capable of real time speeds.26,27 This new method of imaging
magnetic nanoparticles is called magnetic particle imaging
�MPI� and it achieves very high sensitivity by measuring the
small distortion in the higher harmonics of the nanoparticle
magnetization induced by an applied field.

No method of producing temperature maps using MPI has
been proposed. However, the distortions in the magnetization
used to produce MPI images are sensitive to the temperature
of the nanoparticles28 so it should be possible to estimate the
nanoparticle temperature in vivo. Specifically, we present a
method of measuring the temperature via the ratio of the
signal at the fifth and third harmonic frequencies. The
method enables magnetic nanoparticles to function as mo-
lecular imaging biomarkers for temperature. Coupling the
temperature measurement method presented here with the
basic functionality in identifying where tagged nanoparticles

congregate would represent a particularly potent combina-
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tion for heat based minimally invasive therapies employing
magnetic nanoparticles.

II. METHODS

We present two elements of our temperature measurement
method: First, the theoretical description of the magnetiza-
tion using a superparamagnetic model will be presented, with
two factors that complicate the simple model. The proposed
temperature measurement method and the experimental
methods used to validate the temperature measurement ap-
proach follow.

II.A. Superparamagnetic model describing the
magnetization

The hysteresis curve determines the magnetization in-
duced in a material by a magnetic field. Even for relatively
high concentrations of suspended particles such as those in
magnetic fluids, the magnetization is well described by treat-
ing them as independent, isotropic spins governed by a com-
bination of statistical thermal fluctuations and the forces in-
duced by the applied magnetic field.29 The hysteresis curve
for a group of identical nanoparticles should be well de-
scribed by a Langevin function.28,29 The magnetization M is

M =
nvM0

V
�coth�vM0H

4�kT
� − �vM0H

4�kT
�−1� , �1�

where M0 is the bulk saturation magnetization, n is the num-
ber of nanoparticles, V is the total volume of the sample, v is
the volume of a particle, H is the applied field, k is the
Boltzmann constant, and T is the absolute temperature. In
our case, the applied field consists of a sinusoidal field, H
=H0 cos��t� with no constant bias field, although similar
analysis is possible with a bias field:

M =
nM0

V
	coth�AL cos��t�� − �AL cos��t��−1
 , �2�

where

AL =
vM0H0

4�kT
. �3�

A useful interpretation of Eq. �3� is that AL is the ratio of the
energy of the applied field trying to align the nanoparticle
orientations and the thermal energy working to randomize
their orientations. The same argument can be made by rep-
resenting thermal effects as an equivalent field that scales the
applied field.28 In either case, AL is bounded by zero and
positive infinity. Zero or very small values are achieved us-
ing very small applied fields or very large temperatures and
reflect the state where the nanoparticles’ orientations are ran-
domly distributed. Very large values are achieved using very
large applied fields or very small temperatures and reflect the
state where the nanoparticle orientations are aligned.

The Langevin function �Eq. �1�� is numerically intractable
because it has a singularity at H=0 that prohibits direct cal-
culation for small values of its argument. However, the sin-

gularity is removable—L’Hôpital’s rule gives M =0 at
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H=0—so the magnetization can be calculated in several
ways. The function is infinitely continuously differentiable,
asymptotic to �1 as �H�→ ��, monotonic, and has odd
symmetry. With a sinusoidal applied field �Eq. �2��, the mag-
netization M is bounded, smooth, periodic with period
2� /�0, and has even symmetry. Consequently, it may be
expanded in a Fourier cosine series and it can be shown that
the Fourier components at the third and fifth harmonic fre-
quencies increase monotonically with increasing amplitude
of the Langevin function, AL.28 We have found that a fifth-
order polynomial least-squares approximation in a small in-
terval around the origin provides a satisfactory approxima-
tion for small arguments. Then the Fourier coefficients are
easily computed from the discrete Fourier transform of a
single period of Eq. �2�. Each harmonic is proportional to the
concentration of nanoparticles in the volume sampled. The
ratio of a pair of the harmonics is independent of concentra-
tion so the ratios can be used to estimate the temperature for
unknown or even changing concentrations.

II.B. Factors complicating the simple
superparamagnetic model

At this point all of the elements to understand the basic
method are present. However, two practical complications
must be included in the model: First, nanoparticle samples
generally have a rather wide size distribution and the mea-
sured harmonics are sums of the harmonics for each size
nanoparticle present. Second, the bulk saturation magnetiza-
tion changes with temperature adding another complication
into Eqs. �2� and �3�. Neither complication changes the basic
method but the two effects must be included in the model to
achieve accurate results.

Collections of particles of different sizes are described by
sums of Langevin functions and although the characteristic
properties of the hysteresis curve remain the same, the shape
depends on the distribution of sizes and properties. The size
distribution is generally log normal or normal. The argument
of the Langevin function is strongly dependent on the size of
the nanoparticle. The size scales the argument so the Lange-
vin functions for different sizes are scaled versions of the
same function. This means that the sum of Langevin func-
tions representing the magnetization for a size distribution is
the “scale convolution” of the size distribution and the
Langevin function:

M = �
i

niviM0

V
	coth�AL

i cos��t�� − �AL
i cos��t��−1
 , �4�

where AL
i =viMoHo /4�kT and ni is the number of nanopar-

ticles of the ith size. The scale convolution over nanoparticle
size leaves the monotonic relationship between the harmon-
ics and the temperature intact.

The secondary effect of the nanoparticle radius is on the
coercive field.30 The coercive field is a measure of the phase
of the magnetization relative to the applied field and does not
influence the shape of the hysteresis curve, just the shift in
time. A time shift represents a phase change in the frequency

domain so the effect of nanoparticle size on the coercive field
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causes signal interference between the magnetizations of
nanoparticles of different sizes. We obtained sufficiently ac-
curate results without accounting for this effect,28 so we have
not included it in the simulations.

A further complication is that the bulk saturation magne-
tization is affected by temperature.31,32 The magnetization
follows a Bloch’s law T3/2 relationship impacted by several
factors including the coating of the nanoparticles, the surface
structure, and the chemical composition.33 The general rela-
tionship is of the form

M�T� = MS0�1 − bTa� , �5�

where MS0 represents the magnetization at 0 °K, a is gener-
ally 3 /2, and b for Fe2O3 ranges from 2.8�10−5 to 2.9
�10−5 K−3/2.31,32 In practice, we have found that the value
of b for iron oxide, 2.8�10−5 K−3/2, is accurate and that a
can vary slightly between samples when the frequency is
higher than the blocking frequency but is generally approxi-
mately 1.65 for the commercial iron oxide nanoparticles we
used, Feridex® �Bayer AG, Leverkusen, Germany�. These
values were used for all the results presented. The effect is
possibly related to aggregation. The effect of the magnetiza-
tion change is to make AL a slightly more complicated
though still monotonic function of temperature. Specifically,
AL is proportional to H /� rather than H /T, where

� = T/�1 − bTa� . �6�

The parameter � is still monotonically related to temperature
so the temperature can be uniquely estimated if the constants
a and b are known. If the magnetization is not a function of
temperature, � reduces to T.

We conclude that the complicating factors leave the basic
elements necessary to measure the temperature of the nano-
particles intact: �1� The harmonics are still monotonic with
temperature. �2� For the ratio of the harmonics, the influence
of both the drive field amplitude and the temperature are

FIG. 1. Diagram of the experimental apparatus used.
exclusively through AL.
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II.C. Experimental apparatus

The experimental apparatus used to generate the nanopar-
ticle signal has been described previously28,34 and is dia-
gramed in Fig. 1. Magnetization was generated in a sample
of magnetic nanoparticles by placing the sample in a drive
coil that produced the harmonic applied field. The sinusoidal
current generating the applied field was produced using an
SR830 DSP lock-in amplifier �SRS, Sunnyvale, CA� and a
PL236 audio amplifier �QSC Audio Products, Costa Mesa,
CA�. The 2500-turn coil was made resonant to achieve a
large current with a relatively small amplifier. The signal was
detected using a 500-turn pickup coil placed around the
sample of nanoparticles. A balancing coil was placed in the
drive coil away from the nanoparticle sample so it measured
signal only from the applied field. The pickup coil and the
balancing coil were placed in series so the current generated
by the drive field in the balancing coil canceled the current
generated by the drive field in the pickup coil leaving only
the signal from the nanoparticles. The current from the
pickup coil/balancing coil combination was recorded using a
preamp/analog filter, SRS SR560, prior to a high speed ana-
log to digital converter �ADC�, PCI-9812A �ADLink, Tapei,
Taiwan�, to record all the harmonics simultaneously. The
preamp/analog filter combination boosted the signal, 200
times gain, and eliminated the signal outside the wide band-
width sampled by the ADC. The ADC sampling rate was 2
MHz.

The third and the fifth harmonics and the ratio of the third
and fifth harmonics are all monotonic with AL. Other har-
monics and the ratios of those harmonics behave similarly
but the third and fifth have the largest signals if there is no
bias field. Therefore, the temperature can be estimated from
any of the three. The signal to noise ratio �SNR� is much
higher for the third harmonic but it will change with nano-
particle concentration, so if nanoparticles are washed in or
out bias will be added to the temperature estimate. The ratio
of the third and the fifth harmonics is independent of nano-
particle concentration but it has an intrinsically lower SNR.
The harmonic, the ratio, or a combination can be used to fit

FIG. 2. The temperature measurement method. The term “harmonics” on the
ordinate refers either to the signal at a single harmonic frequency or to the
ratio of the fifth and third harmonics. The harmonics are monotonic func-
tions of the ratio H /�, so each value of the harmonics yields a unique value
of H /�. By sweeping the drive amplitude Hi at constant temperature �o, the
calibration curve for the current size distribution is found as in �A�. Subse-
quently, measurements of the harmonics at a selected drive field, Ho, can be
traced through the calibration curve to yield values of Ho /�, e.g., Ho /�1 and
Ho /�2 in �B� and �C�, respectively, from which the current temperatures, T1

and T2, can be found.
the application. For example, the temperature could be found
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using the third harmonic until a concentration change is in-
dicated by a deviation between the results obtained using the
third harmonic, which depends linearly on concentration, and
the results obtained using the ratio, which is independent of
concentration. Alternatively, a weighted least squares of the
two might be used to estimate temperature changes during
concentration changes. The technique is very flexible.

II.D. Temperature estimation

The diagram in Fig. 2 explains the method. The key to
measuring temperature in vivo is that temperature and ap-
plied field amplitude both affect the ratio of the harmonics
via the single parameter AL. Any combination of drive fields
and temperatures that produce the same AL produce identical
magnetizations. Therefore, changing the drive field ampli-
tude at a known temperature can generate a calibration curve
for an ensemble of nanoparticles with an arbitrary size dis-
tribution. The calibration curve allows the temperature to be
calculated from a single subsequent measurement of the har-
monics. The calibration curve remains accurate as long as the
size distribution does not change. The calibration curve can
be measured in vivo at body temperature before ablation or
other treatment if the delivery might change the size distri-
bution.

This method allows a good deal of flexibility to measure
the temperature in a variety of settings and applications. If
antibody targeted nanoparticles are employed, the size distri-
bution of the bound nanoparticles might be different from
that injected; e.g., if the larger nanoparticles are not able to
diffuse as thoroughly as the smaller ones. The amplitude of
the sinusoid in the Langevin function, AL, can be changed
after the nanoparticles are bound in vivo by varying the am-
plitude of the applied field, Ho, to map out the values of the
harmonics that will be generated at other temperatures. This
forms a calibration curve for any subsequent changes in tem-

FIG. 3. Left: The calculated signal at the third and fifth harmonic freque
temperature increases AL. For 10 nm iron oxide nanoparticles at room tempe
decreasing temperature. Right: The ratio of the signals at the fifth and third h
The ratio increases monotonically with increasing amplitude but the sensitiv
perature. Because the harmonics themselves and the ratios of
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the harmonics are monotonic with AL for any size distribu-
tion, once the calibration curve is known one subsequent
measurement during heating or cooling will uniquely deter-
mine the temperature. Alternatively, if the calibration curve
is known prior to administration, the temperature can be
found for all subsequent measurements as long as the size
distribution and binding do not change.

III. RESULTS

Simulations of the magnetization for 10 nm iron oxide
nanoparticles using Eq. �2� are shown in Fig. 3, and the
simulations for a log-normal distribution with mean of 40 nm
and a standard deviation of 10 nm using Eq. �4� are shown in
Fig. 4. The third and fifth harmonics and the ratio of the fifth
and third harmonics are all monotonically increasing with
AL. Further, it is shown that the monotonic relationship is
preserved if nanoparticles of different sizes or size distribu-
tions are present. The monotonic relationship also holds for
other common size distributions such as normally distributed
nanoparticles.

The data shown in Figs. 5–7 were taken with a 1470 Hz,
8.5 mT drive field. The harmonics resulting from amplitude
variation and temperature variation are plotted in Fig. 5.
There is a significant difference for higher temperatures, i.e.,
smaller values of AL for the individual harmonics. The gen-
eral shape of the curves is similar to what would be expected
based on the simulations in Figs. 3 and 4. We speculate that
this is caused by the changes in the bulk magnetization in the
coefficient outside the Langevin function in Eq. �2�. The ef-
fect is not present for the ratio of the harmonics shown in
Fig. 6. The bulk saturation magnetization outside the Lange-
vin function cancels in the ratio and temperature variation
mimics amplitude variation very closely. Figure 7 shows the
accuracy of the temperature estimation compared to ther-
mometer measurements. The standard deviation of the error

as a function of the amplitude of the Langevin function AL. Decreasing
e with a 20 mT driving field, AL is roughly unity. The signal increases with
nic frequencies as a function of the amplitude of the Langevin function, AL.
uneven.
ncies
ratur
armo
ity is
and the rms error were both 0.3 °K �0.1%�. The maximum
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error is 0.7 °K �0.2%�. The reproducibility of the measure-
ments of the harmonics was very high: 0.11% for the third
harmonic and 0.13% for the fifth harmonic. The reproduc-
ibility of the ratio of the harmonics was better, 0.018%, prob-
ably because the variations in position of the sample show up
in the harmonics but are canceled in the ratio. The error in
the temperature measurement was less than 0.5 °K. The
sample lost heat when it was removed from the water bath
but at less than 0.15 °K per second. The data were taken after
the sample was out of the water bath for a few seconds at
most and we allowed for some cooling by removing the
sample when it was a few tenths of a degree hotter than the
desired temperature. Because the measurement errors were
so small, we did not include error bars in the figures.

FIG. 4. The same type of curve as shown in Fig. 3 but calculated for a wide l
Again, both the harmonics and the ratio increase monotonically with increa

FIG. 5. Measurements of the third harmonic �left axis� and the fifth har-
monic �right axis� for different values of drive field amplitude and tempera-
ture. The calibration curve was taken by varying the amplitude of the drive
field �solid and dashed lines�. The temperature variation data �circles and
plus symbols� followed the calibration curve quite well. The curves for both
harmonics show that the temperature and drive field amplitude are not in-
terchangeable at higher temperatures. The data were corrected for drive field

amplitude using a coil outside the drive coil that measured the drive field.
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Although the stability of the apparatus is high, sensitivity
must be maximized to measure the signal from molecular
imaging concentrations of nanoparticles. The sensitivity can
probably be improved significantly because most of the
variation is drift over several minutes rather than random
variation. We have done a first order correction for the drift
of the power amplifier by using a pickup coil outside the
drive coil to monitor the applied field and correct the mea-
sured signal for the drift. However, we believe that the elec-
tronics can be made more stable allowing still higher accu-
racy. For example, reducing the harmonic distortion of the
amplifier is possible using a better amplifier and a drive coil
with a higher Q. Monitoring the temperature of the pickup
coil and improving the mutual inductance between the
pickup coil and the balancing coil would also improve the

rmal size distribution: A mean of 20 nm and a standard deviation of 10 nm.
Langevin function amplitude corresponding to the range of 0–10 mT/°K.

FIG. 6. The ratio of the measurements of the fifth and the third harmonics
for different values of drive field amplitude and temperature. The curves
show that for the ratio of the harmonics, the temperature and drive field
amplitude are essentially interchangeable. The data were corrected for drive
field amplitude using a coil outside the drive coil that measured the drive
og-no
sing
field.
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stability and sensitivity. The functional form of the tempera-
ture correction of the bulk saturation magnetization also adds
another element of uncertainty in the estimate. We found that
a was 1.65 �Ref. 33� rather than the more common value of
3
2 .31,32 We looked at four nanoparticle samples that had es-
sentially the same value of a for lower frequencies, below 2
kHz, but diverged significantly for frequencies in the 10–15
kHz range. The blocking frequency suggests that the effect
might be related to aggregation but we were not able to
verify differences between the samples using electron mi-
croscopy. It is possible that a will resolve to 3

2 in vivo when
there is little aggregation or it may require a calibration at
two temperatures for each sample prior to use to improve
accuracy. The use of the more common value of a= 3

2 in-
creased the standard deviation in the error to 2.4 °K �0.8%�.

IV. DISCUSSION

The methods of measuring temperature described could
be productively employed in conjunction with any heating
method but it should be especially well suited to methods
involving nanoparticle heating. The first approach would be
to alternate periods of heating with high applied fields with
periods where the temperature is measured with lower am-
plitude fields. The applied fields during the next period of
heating can then be modified to better approximate the de-
sired temperature.

The capability to measure the temperature during heating
would be very important because it would allow us to ex-
plore heating over time and distance scales that cannot be
achieved otherwise. Temperature differences between the
nanoparticles and the surrounding fluid could then be ob-
served. However, it is unclear whether good temperature
measurements can be made during heating with the same

FIG. 7. The temperature measured using the method presented here com-
pared to the thermometer reading. The nanoparticle temperature was accu-
rate over the range of temperatures used. The sample size was small enough
that the temperature was not stable for higher temperatures.
applied fields used to heat the nanoparticles. The applied
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fields employed to heat a single size of nanoparticles would
place the harmonics in the relatively flat, asymptotic portion
of the curves shown in Fig. 3. Figure 4 shows that the
asymptotic region for a nonuniform size distribution is not as
prominent, so it might still be possible to measure using the
same fields that are used to heat the nanoparticles. In that
case, the larger nanoparticles would be saturated but the
smaller ones would still produce signal. Clearly, the tempera-
ture can be monitored in real time during heating if the heat-
ing is achieved via another mechanism such as focused ul-
trasound or laser light absorption.

A calibration curve can be generated at any time by
sweeping through the amplitude of the applied harmonic
field at a known temperature. Changes in temperature can
then be estimated from the measured magnetization and the
calibration curve. The calibration curve can be found for the
specific size distribution of targeted nanoparticles deposited
in vivo at a specific site or it can be updated at a later time if
the size distribution might change due to washout or other
effects.

The factors affecting the magnetization as a function of
temperature should be explored more fully. The sensitivity of
the constants a and b in Eq. �5� to aggregation, viscosity, and
binding should be studied to understand the limitations of the
method for various applications. For example, some cancer
cells collect nanoparticles into vesicles relatively swiftly,
which would increase aggregation and possibly impact the
temperature estimate. Preliminary results indicate that the
method works well for solutions with different viscosities as
long as the frequency is above roughly 1 kHz for the size of
nanoparticles we used. At lower frequencies, viscosity does
affect the signal because Brownian motion becomes more
significant than Neél relaxation. However, these are prelimi-
nary results and the effects of aggregation, viscosity, binding,
and drive field amplitude and frequency should be explored
further. The effects of factors like those are probably the
largest source of error in the temperature estimation because
the reproducibility is quite good.

Although we have not applied the methods described here
in an imaging venue, the extension to producing temperature
maps is reasonably straightforward. The most obvious way
to extend the methods demonstrated to imaging temperature
is to use the original MPI method of generating signal from
a “field-free point” where the bias field is zero or very
small.26 Then both harmonics can be imaged independently
and the temperature calculated at each pixel in the image.
Less than 1 mm spatial resolution has been achieved35 and
MPI may be capable of microscopic applications but it is not
known what spatial resolution can be achieved. However, it
would also be useful to extend the temperature estimation to
regimes where there is a static field because very large fields
might be required to saturate most nanoparticle size
distributions.28 Therefore, methods to estimate the tempera-
ture in the presence of a bias field would be important.

The impact of the method will ultimately depend on many
factors including the success of antibody targeting methods
and the success of MPI. However, the technology has clear

potential in heating applications including magnetic nanopar-
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ticle hyperthermia, other hyperthermia methods, and ablation
methods. The estimation of nanoparticle temperature is
equivalent to estimating Brownian motion so it should be
possible to estimate nanoparticle binding energy and the
bound fraction using these methods. Estimating the binding
is perhaps more important than estimating temperature be-
cause there are no good methods of measuring binding ki-
netics including binding energies and rate in vivo. Applica-
tions where the antibody binding kinetics needs to be
separated from the nanoparticle perfusion should be enabled
using this method. The distribution of nanoparticles present
after a certain period is really a function of two factors: The
blood supply to the tissue and the number of receptors
present. Measuring the fraction of nanoparticles that are
bound at any given time provides extra information that
could prove to be extremely valuable.

V. CONCLUSIONS

The magnetization produced by nanoparticles is a balance
between the magnetic forces aligning the nanoparticle mag-
netizations and thermal motion working to randomize the
magnetizations. The ratio of the fifth and the third harmonics
monotonically increases with the ratio of applied field and a
variable that is a monotonic function of temperature and in-
cludes the temperature effects on the bulk saturation magne-
tization. Therefore, by varying the amplitude of the drive
field at a known temperature, a calibration curve is formed
for that sample of nanoparticles. Subsequently, each mea-
surement of the ratio of the harmonics can be traced back
through the calibration curve and the drive field to the tem-
perature. The method is flexible and effective at measuring
the temperature remotely and with relatively high accuracy;
the standard deviation was 0.3 °K using the current appara-
tus. The temperature effects on the bulk saturation magneti-
zation can be largely calibrated out because the functional
form is known and the requisite constants are known from
the literature or, for improved accuracy, they can be esti-
mated for each sample.
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