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Abstract

In randomized trials, investigators typically rely upon an unadjusted estimate of the mean outcome
within each treatment arm to draw causal inferences. Statisticians have underscored the gain in
efficiency that can be achieved from covariate adjustment in randomized trials with a focus on
problems involving linear models. Despite recent theoretical advances, there has been a reluctance
to adjust for covariates based on two primary reasons: (i) covariate-adjusted estimates based on
conditional logistic regression models have been shown to be less precise and (ii) concern over the
opportunity to manipulate the model selection process for covariate adjustments to obtain
favorable results. In this paper, we address these two issues and summarize recent theoretical
results on which is based a proposed general methodology for covariate adjustment under the
framework of targeted maximum likelihood estimation in trials with two arms where the
probability of treatment is 50%. The proposed methodology provides an estimate of the true causal
parameter of interest representing the population-level treatment effect. It is compared with the
estimates based on conditional logistic modeling, which only provide estimates of subgroup-level
treatment effects rather than marginal (unconditional) treatment effects. We provide a clear
criterion for determining whether a gain in efficiency can be achieved with covariate adjustment
over the unadjusted method. We illustrate our strategy using a resampled clinical trial dataset from
a placebo controlled phase 4 study. Results demonstrate that gains in efficiency can be achieved
even with binary outcomes through covariate adjustment leading to increased statistical power.
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1. Introduction

In many randomized clinical trials (RCT), the investigator is interested in evaluating the
causal effect of a binary treatment (e.g., new drug versus current standard of care) on a
health outcome. In particular, for binary outcomes, one is often interested in estimating the
difference in the probability of an event (e.g., death) between the treated and untreated arms,
referred to as the risk difference. This is typically estimated as the observed difference in the
proportion of subjects with the event in the treated and untreated arms. We refer to this
estimator as the unadjusted estimator.

The unadjusted estimator is efficient when no other information is collected besides the data
on the treatment, A, and outcome, Y, of interest. Indeed, from estimation theory [1], it is
known that the non-parametric maximum likelihood estimator (MLE), that is, the MLE in
the model with no constraints on the observed data distribution, is the efficient estimator of
the effect of interest. Because the likelihood of the observed data is P (A)P (Y |A) when the
data only contain information on the treatment and outcome, the unadjusted estimator does
thus correspond to the nonparametric MLE when the treatment variable, A, is binary.

In most RCT however, data are also collected on baseline (pretreatment) covariates, W, in
addition to the treatment and outcome of interest. In such cases, the unadjusted estimator of
the risk difference is no longer equivalent to the MLE because the likelihood of the observed
data is now P (W)P (A]W) P (Y |A, W), and the unadjusted estimator ignores the information
from the covariates W. The unadjusted estimator can be viewed instead as a reduced data
MLE. It follows that ignoring covariate information by using the unadjusted estimator can
lead to a loss in estimation efficiency (precision) in practice.

With the MLE principle in mind, statisticians have thus proposed alternative estimators that
(i) incorporate the information of covariates W to improve estimation efficiency [2-10] and
(ii) do not require any additional parametric modeling assumptions to maintain their
consistency property. Although it has been known that such a gain in precision can be
theoretically achieved in RCT, it has rarely been implemented in practice.

One reason for the reluctance to apply newly proposed estimators that incorporate
information about covariates W is due in part to the apparent contradiction in the literature
between the efficiency performance of the typical adjusted estimator in the linear and
logistic case (for a discussion of this issue, see [11]).

This article aims at clarifying the issue of efficiency gain with baseline covariates in RCT
based on the recently developed framework of targeted MLE (TMLE) and at unifying the
different analytical protocols for covariate adjustment that have been proposed. This
approach to statistical learning provides a new window into studying covariate adjustment in
RCT. This problem has previously been studied from different perspectives, including the
estimating function approach [5, 6] and many others [2, 12-14].

Under this new framework, we demonstrate the complete generality of the potential gain in
efficiency that can be achieved from covariate adjustment in both the linear and logistic case
and reconcile this result with the apparent contradictions in the literature. In short,
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reconciliation can be attained by noting that the typical adjusted estimator described
previously is not the MLE of the marginal effect of interest in general but instead the MLE
of the conditional effect (given all covariates W). There is correspondence between the
estimands of the adjusted and unadjusted estimators only in the linear case. In other words,
the previously mentioned adjusted estimator does not correspond to the MLE estimator in
general and in particular, not in the binary case. This explains the apparent loss in efficiency
in comparison with the unadjusted estimator because one cannot in fact compare the
efficiency performance of both approaches because they do not aim at evaluating the same
effect in the logistic case (for further discussion of this issue, see [15]). We hope that such
clarifications will allow the broad application of these new techniques in RCT.

In addition, we explore the origin of the gain in efficiency and criteria that can be used to
anticipate whether the study design and the covariates collected can actually lead to
increased estimation precision in practice. It is important to note that the criteria presented in
this paper rely on the assumption that the probability of receiving treatment is 0.5. Our
recommendations for adjustment rely on this assumption and therefore do not deviate from
the work of Freedman [12] where it is found that if the probability of receiving treatment is
0.5, that adjustment at worst simply does not result in a gain in efficiency. We illustrate how
empirical confounding explains the gain in efficiency that can be achieved from an adjusted
analysis. In short, empirical confounding is defined as an imbalance between the treated and
untreated arms in the distribution of a covariate that also affects the outcome. Empirical
confounding can occur because of bad luck in the randomization process, for example, a
higher percentage of older patients are assigned to the placebo arm, and age has an effect on
the outcome. Some RCT designs ensure perfect covariate balance for some of the baseline
covariates; however, there are typically many other covariates collected that do not have a
perfect balance. Empirical confounding can introduce a large estimation error (sample bias)
for which the unadjusted estimator cannot correct because it ignores covariate information.
We note that this error occurs by chance for a given dataset. If the experiment was repeated
many times, one would not expect this imbalance to occur in each sample, and this
estimation phenomenon can thus not be qualified as bias (for an analogous discussion, see
[16]). We refer to it as sample bias or sample imbalance. The method for covariate
adjustment presented in this paper can account for such a covariate imbalance and thus
improve over the poor finite sample performance of the unadjusted estimator because of
empirical confounding.

Another issue that has obstructed the broad application of methodologies for covariate
adjustment, in both the linear and logistic settings, is concern about the selection of the
parametric covariate adjustment. Incorrect covariate adjustment can indeed typically lead to
estimation bias. However, in RCT, the MLE estimator has been shown to be doubly robust
([11]). We establish this property based on the TMLE framework and further describe its
practical implication. Despite this double robust (DR) property that ensures MLE
consistency independent of the covariate adjustment, unease arises over the fact that
investigators could still select the covariate adjustment that provides the most favorable
inference without accounting for multiple testing. However, this is not an issue if one uses
an a priori specified algorithm for model selection. When the model selection procedure is
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specified in the analysis protocol, the analysis is protected from investigators guiding causal
inferences based on selection of favorable covariates and their functional forms in a
parametric model.

Throughout this article, we illustrate the proposed general methodology for covariate
adjustment using a sampled dataset from an actual RCT. The goals of this paper are to
outline and review all the aforementioned issues involved in covariate adjustment and
suggest a concrete analytical protocol for covariate adjustment to improve estimation
efficiency by accounting for empirical confounding using TMLE.

In Section 2, we introduce the study and the data that are analyzed for illustration purposes
throughout the paper. We also outline the hypothesis tests of interest and their concrete
implementation. In Section 3, we provide an example of the apparent failure of logistic
regression models, conditional on treatment and baseline covariates, to improve estimation
efficiency for the treatment effect of interest. In Section 4, we formally introduce the causal
parameter of interest in RCT based on the counterfactual framework borrowing from causal
inference literature. In Section 5, we describe the MLE and link it to the typical adjusted
estimator based on conditional models to explain the apparent loss in efficiency illustrated in
Section 3. We also illustrate its implementation with the study described in Section 2. In
Section 6, we introduce the TMLE, outline its properties, and link it to the MLE estimator in
RCT from Section 5 to demonstrate the complete generality of the potential gain in
efficiency that can be achieved from covariate adjustment in RCT with the TMLE even
when the model used is logistic or misspecified. In that section, we also discuss the origin of
the gain in estimation precision based on the formula originally provided in [11] that relates
the prediction power of the baseline covariate W to the efficiency gain from the TMLE as
compared with the unadjusted estimator. We also discuss model selection for TMLE
implementation in RCT based on this formula. In Section 7, we illustrate how the
performance and resulting inferences from the unadjusted and TMLE estimators compare
based on the study and data presented in Section 2. We provide a recommended strategy for
analyzing randomized trial data using covariates with the TMLE in Section 8. Finally, we
conclude with a discussion in Section 9.

2. Study and data example

The study of interest in this paper is an international, multicenter, double-blind, parallel,
placebo controlled RCT, which aims to evaluate safety based on mortality because of drug-
to-drug interaction. We randomized the patients to receive either Drugl or a placebo. All
patients received Drug2 concomitantly as a background therapy. The primary objective was
to determine whether the mortality rates between patients receiving Drugl and placebo
remained within a 1% margin or less. We note that this is an exploratory safety analysis and
an example to illustrate the methodology to evaluate whether there exists a drug-to-drug
interaction that could result in higher mortality in the treated patients as compared with
those that received the placebo.

The data consist of n independent and identically distributed observations of O = (W, A, Y) ~
po, Where W is a vector of 40 baseline covariates, A is the treatment variable, where A= 1
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for the treated group and A=0 for the placebo group, and the outcome Y is all-cause mortality
(0=Survived, 1 = Died) at 28 days. We obtained the data available for this article from the
original data by random sampling with replacement such that the distribution of the patient
characteristics in the original study were maintained. We gave the new subjects sampled a
unique but different patient ID to protect the confidentiality of the original data. Therefore,
the number of subjects, mortality, and other crude rates may not be similar to that of the
original clinical study. We treat each of the 2135 observations in the available data as
independent realizations of O. Nine observations had missing outcomes, and we deleted
them from the dataset leaving n = 2126 observations. Five of the 40 variables had
proportions of missing values over 90%. The remaining 35 variables had proportions of
missing values less than 1.3%. For the continuous variables, we imputed the missing values
at the median for the given variable and the categorical variables at the category with the
highest proportion of observed values. We created corresponding indicator variables of
whether or not the value was imputed, resulting in 80 baseline covariates. This was a simple,
crude approach to imputing the missing values, and we can apply other more sophisticated
approaches in general. Regardless of the approach, the indicator values for imputation must
be created to ensure that the original information collected is preserved in the imputed data.
Additionally, we created dummy variables for each of the categorical variables, resulting in
162 variables. Of the 1054 subjects in the placebo group, 337 died, and of the 1072 subjects
in the test drug group, 306 died.

The hypothesis test for the research question is expressed as follows:

Ho: P(Y =1|A=1)— P(Y =1|4=0)=0.01
Hy:P(Y=1|A=1)—P(Y=1|A=0)<0.01.

If the upper limit of the 100(1-2a)% confidence interval (CI) for P (Y =1 | A=1)-P (Y 0=1|
A=0) is less than 0.01, then the null is rejected, and the conclusion is that the mortality rate
of the test group is similar (i.e., not much inferior) to that of placebo using a 1% equivalence
margin. This is equivalent to testing the previously mentioned hypothesis test at a level of a.
The International Conference on Harmonisation guidelines state ‘The approach of setting
Type | errors for one-sided tests at half the conventional Type | error used in two-sided tests
is preferable in regulatory settings’ [17]. Because the generally accepted level for a two-
sided hypothesis test is 0.05, we set the type | error level for this one-sided test to 0.025.

We note that a second test for superiority is expressed as,

Ho:P(Y=1|A=1)—P(Y =1|A=0)=0
Hy:P(Y=1|A=1)—P(Y =1|A=0)<0.

This test can be similarly performed at the 0.025 level as the aforementioned formula by
observing whether 95% upper confidence limit is less than O (i.e., test drug is superior to
placebo).
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To illustrate the proposed general methodology for extraction of covariate information to
improve estimation efficiency over the standard unadjusted estimation approach used in
clinical trials, we compare results from both approaches for this latter test in addition to the
results from the noninferiority test described previously.

3. Covariate adjustment with logistic models

To illustrate the decrease in estimation efficiency from logistic models, conditional on
treatment and baseline covariates, relative to unadjusted logistic models, we fit such a
conditional logistic model to the dataset and compare the corresponding estimate of the odds
ratio with the unadjusted odds ratio. An estimate of the conditional odds ratio is easily
obtained from a logistic model by simply exponentiating the coefficient for A. Note that this
applies when there are no interaction terms between the treatment A and covariates W in the
parametric model used. In this section, we place focus on the odds ratio representation of the
effect of interest versus the aforementioned risk difference measure because it is not clear
how one typically derives a marginal risk difference from a model conditioning on W. We
do provide a method in later sections based on averaging over the covariates W to obtain a
marginal risk difference estimate from a logistic model, conditional on treatment and
baseline covariates; however, here we focus on the comparison of odds ratios to replicate
and further illustrate published results [3, 18].

For clarity, we base covariate adjustment on a single covariate BULTRA, the indicator
variable that a bilateral compression ultrasound was performed. We chose this covariate
because it is most correlated with the outcome. We later explain this selection criterion in
Section 6.2. The following logistic model was thus fit,

logit(P(Y=1|4, W))=8o+B1 A+ 51V,

where W= BULTRA.

We provide the estimate ﬂlAand the corresponding standard error (SE) for ﬂlt in addition to
the unadjusted estimates, in Table I. Note that the odds ratio estimate is given by exp(ﬁﬁ and
that the SE for ,BlAis indeed larger for the conditional estimate from the logistic model with
BULTRA than the unadjusted SE. However, the upper confidence limit of the conditional
estimate is lower than the unadjusted because of the face that the point estimate is further
from the null as compared with the unadjusted, —0.217 and -0.163, respectively. Thus, one
would reject the following test based on the conditional but not unadjusted method,

H;:log(OR)<0 (OR<1).

These results are consistent with those previously demonstrated [3, 18].
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Furthermore, note that these results are based on models conditional on treatment and
baseline covariates with no interaction terms between the treatment variable and covariates.
With the presence of an interaction term, the logistic model becomes

logit(P(Y=1|A, W))=00+81 A+ B W +35 AW,

and similar to the risk difference, it is not clear what one should report as the estimate of the
causal odds ratio of interest. We note that this issue also applies in the linear model setting,
and thus no interaction terms are typically included in linear models. This observation will
be helpful in understanding the apparent loss in estimation efficiency from logistic models
for covariate adjustment and will be revisited in Section 5 when we reconcile the empirical
results from this section with the theoretical results from MLE estimation from which one
expects a gain in estimation efficiency through covariate adjustment even with logistic
models.

4. Counterfactual framework

Despite the example in the previous section, it is nevertheless expected from theory that
proper covariate adjustment can improve estimation efficiency even with logistic models.
We present such an estimation approach in the next section and illustrate its ease of
implementation. This method is based on the causal inference framework for observational
studies that we present now with the counterfactual notation required to clearly outline our
covariate adjustment method as well as its properties.

Causal effects of A on Y are defined based on a hypothetical full data structure X = (W, (Yy :
a € A)) ~ Fx containing the entire collection of counterfactual or potential outcomes Yy
under treatment regimen a for a ranging over the set of all possible treatments 4. In our
study example, 4 = {0, 1}. The observed data structure O only contains a single
counterfactual outcome Y = Yp corresponding to the treatment that the subject actually
received. The observed data O = (W, A, Y = Y,) is thus a missing data structure on X with
missingness variable A. We denote the conditional probability distribution of treatment A
given the full data X with g(a|X) = P (A = a|X) and refer to it as the treatment mechanism.
The no unobserved confounders (NUC) assumption, also referred to as the randomization
assumption or coarsening at random assumption, states that A is conditionally independent
of the full data X, given W, g(AlX) = g(A|W). In words, the NUC assumption requires that the
treatment mechanism be a function of observed covariate(s) W only. In most RCTs, the
treatment is assigned completely at random, and by design the NUC assumption holds (g(A|

X) = g(A)). In our application, §(1)=%27:1[(A:1):3:0.504 and g(0) = 1 5= 0.496.

The primary causal parameter of interest in this article (i.e., the causal risk difference) is
defined as E(Y1) — E(Yp). In words, it is the average difference over all subjects between the
counterfactual outcomes corresponding with treatment (A = 1) and no treatment (A= 0). In
an RCT, when no confounding is present, this parameter is equal to Ep (Y [A=1) = Ep, (Y|
A =0), which explains why causal effects can be estimated based on observed differences in
the outcome between treatment groups. As stated in the introduction, an estimator based on
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the latter representation (i.e., the unadjusted estimator) is not a nonparametric MLE, rather a
reduced data nonparametric MLE, because it ignores covariates W. We can easily derive the
nonparametric MLE approach to the estimation of the effect of interest by rewriting the
parameter of interest as follows:

B, (Y)-E,_ (Yo)=E,_(E, (|W)-E,_(Y[W))
NUC @

=" Ep, (Ep, (Y]A=1, W)—Ep, (Y[A=0,)).

F

In the next section, we show how this representation of the causal effect can be used to
derive the non-parametric MLE that properly incorporates covariate information to increase
estimation efficiency over the unadjusted estimator. We first explain why covariate
adjustment through simple fitting of a logistic model, conditional on treatment and baseline
covariates, as described in Section 3, does not permit increased estimation precision and
revisit the issue of covariate adjustment with models, conditional on treatment and baseline
covariates, that include interaction terms between treatment and covariates.

5. Covariate adjustment through maximum likelihood estimation

From the representation of the estimator in the previous section, we can now clearly
distinguish the effect estimands from logistic models, conditional on treatment and baseline
covariates, versus the effect estimands from unadjusted logistic models. From Equation (1),
it is indeed clear that the adjusted estimate obtained by simple fitting of a model for Q(A, W)
= E(Y| A, W) is not a consistent estimate of the parameter of interest, E(Y7) — E(Yp), in
general. The estimand based on a model, conditional on treatment and baseline covariates,
represents in fact a conditional (subgroup specific) causal effect under the NUC and thus not
actually the population-level effect of interest, that is, the marginal effect of Aon'Y
represented by E(Y1) — E(Yp). An additional step of integration (averaging) over the
covariates W s required to obtain a marginal effect estimate from the fit of a model,
conditional on treatment and baseline covariates, as it is made explicit by Equation (1).

One possible explanation for the lack of explicitly noting this previously in the applied
literature is due to the fact that the estimand from an adjusted analysis is equivalent to that of
an unadjusted analysis when the model for E(Y |A, W) and E(Y |A) are linear and have no
interaction terms between the treatment and covariates. We explain this result in the
following text.

Suppose the observed data are again given by O = (W, A, Y) where the outcome Y is now
continuous. Let the parameter of interest be the marginal effect of A on Y represented by
E(Y1) — E(Yp) and equal to the parameter ¢ in the model yp + 4 Afor E(Y| A) inan RCT.
For a continuous outcome Y, Q(A, W) = E(Y |A, W) is typically estimated using a linear
regression model. In the case that this regression model does not contain any interaction
terms between A and W, the coefficient for treatment coincides with ¢4 and is estimated at
least as precisely as 4. When this regression model contains one or more interaction terms
between A and W, one must integrate out the covariate(s) W from Q(A, W) (Equation (1)).
The corresponding estimator is the MLE, and it has also been referred to as the G-
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computation estimator in the causal inference literature introduced in [19, 20]. Concretely,
the MLE estimate of the marginal effect of interest is as follows:

1N A A
=3 QW) =Q(0. 7).
i=1

Note that the MLE implementation described previously is not limited to problems
involving a linear model for Q(A, W). For example, when the outcome is binary, one could
use a logistic regression model to estimate Q(A, W) and average over the covariates W in the
same way as the aforementioned formula to obtain the MLE of the causal risk difference.
Unlike with the linear model case, however, the coefficient for treatment defined from the
logistic regression model with no interaction terms between A and Wis not typically
equivalent to the effect estimand of interest, ¢, and thus when the outcome is binary, the
additional integration step over W is always necessary for proper MLE estimation whether
or not the model for Q contains interaction terms between treatment and covariates. It has
been shown that integrating over the covariates even in the logistic setting does indeed
improve efficiency in comparison with the unadjusted method [11]. However, if this
additional integration step is not performed, then the effect estimates are less precise as
illustrated in Section 3 and represent estimates of conditional effects instead of estimates of
the marginal effect of interest [3, 18]. Finally, note that the MLE of the relative risk and
odds ratios can be similarly obtained [11].

We now illustrate the implementation of the MLE estimator for the effect of interest in the
data analysis based on the saturated logistic model (i.e., the model that includes all
interaction effects between the A and W) involving the covariate BULTRA, that is, Q(A, W)
= (1+exp(-(Lyt S A+/W +4AW))) "1 and W= BULTRA. For each of the n subjects, we use
the logistic model to predict the probability of death when the subject receives the drug (A =
1) and when the subject receives the placebo (A = 0). Thus, for each subject, we compute
two predicted probabilities and the difference in these probabilities. The average of these n
differences is the MLE estimate of the causal risk difference of interest.

Table Il provides this MLE estimate (MLE (BULTRA)) and the corresponding SE based on
the bootstrap procedure. We provide the unadjusted estimate for comparison. A clear
increase in precision is achieved including only this single covariate as observed by the
relative efficiency (RE) (1.196), estimated as the unadjusted SE divided by the adjusted
estimate SE.

We now consider a second model, where W is now AGE75, which is the indicator that the
subjects are older than 75 years. We provide the results corresponding to this model in Table
Il, “MLE (AGE75)’. There is now no decrease in the width of the Cls; however, the point
estimate shows a marked difference as compared with the unadjusted. This is a result of an
imbalance in treatment between the older and younger patients in addition to the fact that
age is associated with the outcome. The probability of being treated among those patients
older than 75 years is 0.55 as compared with 0.49 for those younger than 75 years. Thus, the
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MLE has accounted for the empirical confounding by age in the data, which results in an
increase in precision through a shift in the point estimate.

These two simple examples demonstrate how covariate adjustment in an RCT with a binary
outcome can result in a gain in estimation efficiency (precision) of a marginal effect through
either a decrease in the SE or/and a shift in the point estimate.

In both examples, Wwas binary, and the models chosen for Q(A, W) were saturated models
and thus correctly specified. Therefore, the gain in precision could not be attributed to model
misspecification. However, if W were continuous and such a saturated (nonparametric)
model were not possible, one may question whether consistency of the MLE is based on the
model for Q(A, W). In observational settings where treatment is not assigned completely at
random and thus confounding is present, this is indeed true. In RCT settings, consistency of
the MLE estimator does however not rely on the model for Q(A, W), and the MLE estimator
remains consistent even when the model is misspecified. To establish this fortunate property
of the previously mentioned MLE estimator in RCT, we introduce TMLE developed in [21]
and link it to MLE estimation discussed in this section.

6. Targeted maximum likelihood estimation

Maximum likelihood estimation aims for a trade-off between bias and variance for the
whole density of the observed data. Investigators however are typically not interested in the
whole density of the data O but rather a specific parameter of it (in our case, the risk
difference). Procedures that aim at optimizing the trade-off between variance and bias for
that specific parameter result in more desirable estimators of the parameter of interest
compared with the MLE estimator. TMLE is such a procedure that carries out a bias
reduction specifically tailored for any parameter of interest. This estimation procedure is
based on altering an initial model for the density of the observed data such that the resulting
substitution estimator of 34 derived from this updated density model solves the efficient
influence curve estimating equation for the parameter of interest. The model fluctuation is
chosen such that bias associated with the estimation of ¢4 decreases at the cost of a small
increase in the likelihood compared with the likelihood associated with the initial model for
the density of the observed data. The estimator from this approach is referred to as the
TMLE. For technical details about this general estimation approach, we refer the reader to
[21]. Here, we underscore two important results from TMLE estimation that can be applied
to improve estimation efficiency through covariate adjustment in RCT: (i) the TMLE
equivalence with the MLE in RCT and (ii) the double robustness property of the TMLE.

Moore and van der Laan [11] provided the TMLE for the risk difference in an RCT. The
authors showed that in RCT, the TMLE estimator is equivalent to the MLE estimator.
Properties from the TMLE estimator thus transfer to the MLE estimator in RCT. Note that
the MLE does not typically coincide with the TMLE. One important such property of the
TMLE is its equivalence to the DR estimator from the causal inference literature. Note that
this equivalence is not restricted to the RCT setting but is instead a general result.

Many authors have studied extensively double robust estimators [1, 22—-24]. They rely on
estimation of two nuisance parameters: the treatment mechanism, g, and another parameter,
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Q, which in our RCT setting is defined as Q(A, W) = E(Y | A, W). Their name (DR) relies on
their consistency property. DR estimators are consistent if they rely on either a consistent
estimator of the treatment mechanism g or a consistent estimator of Q. When the treatment

is assigned completely at random, like in RCT, the treatment mechanism P (A]W) = P (A) is
always known, and thus the DR estimator is always consistent whatever the estimator for Q
on which it relies. That is, even when the estimator Q(A, W) of Q(A, W) is inconsistent (e.g.,
if it relies on a misspecified model), the TMLE remains consistent, and one should hence not
be concerned with estimation bias with this method in RCT. More specifically, if Q (A, W)
converges to Q*(A, W) # Q(A, W), then DR estimators remain asymptotically linear and
consistent in RCT. In practice, this means that the investigator is protected against bias at
large sample sizes even when the a priori specified model selection algorithm selects a
misspecified model for Q(A, W). Note that if Q ZA, W) is a consistent estimator of Q(A, W),
then the DR estimator is consistent but also efficient. These results transfer to the TMLE
estimator in RCT because as discussed previously, the TMLE is equivalent to the DR
estimator in RCT. Note that Tsiatis et al. and Zhang et al. [5, 6] had previously proposed DR
estimators for applications in RCT; however, they did not explicitly noted the fact that the
MLE coincided with the DR estimator.

Based on these properties, using an a priori specified method for the model selection for
Q(A, W), bias is not a concern in RCT with large sample sizes when applying the MLE/
TMLE method. We note that the estimation method outlined in Section 3 is based on logistic
regression, conditional on treatment and baseline covariates. Estimation consistency is hence
entirely dependent on the correctness of the logistic regression model used.

We note that with the TMLE method, the model for Q(A, W) is not selected for the purpose
of describing or estimating subgroup specific or conditional effects. Rather, its purpose is for
improving the precision of the marginal effect estimate.

We proceed with presenting our results under the TMLE framework because the MLE and
TMLE are equivalent in RCT. In particular, we now provide a formula to estimate the
variance of the TMLE estimator and discuss the relation between the cross-validated
coefficient of determination (R?) of the regression of Y on W (implied by the regression Q(A,
W) of Y on Aand W) and efficiency gain from the TMLE.

6.1. Inference with the targeted maximum likelihood estimation

For the results presented thus far, the bootstrap procedure has been implemented to estimate
the SEs of the estimators described. Although this general approach may also be applied to
obtain accurate estimates of the SE of the TMLE estimator, the computation time associated
with the bootstrap can be a barrier to the practical application of the TMLE procedure,
particularly in settings involving a large number of covariates.

A closed-form formula for the asymptotic SE of the TMLE can be used instead for inference
purposes:
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where IC denotes the TMLE influence curve

I(A;=1)

(4;=0)
o 1

Vi—G(1, 1))~ LA=Y)

IC(0;)= -3 (Y;i=Q(0, W;)+Q(1, W;)—Q(0, ;).

It can be shown that the variance of the TMLE (i.e., IC) is minimized at the true value for
Q(A, W), that is, when Q EA, W) = Q(A, W). It is important to note here that the IC in the
aforementioned formula provides a fast, analytical mean to estimate the variance of the
TMLE in practice. The correctness of inference based on the IC relies on the assumption
that the model for Q, used to derive Q (A, W), is not an overfit of the true nuisance
parameter Q(A, W). In such a situation, the asymptotic results on which the correctness of
the 1C-based inference rely do break down and one may run the risk of underestimating the
variance with the IC, that is, artificially attributing the gain in precision to covariate
adjustments. This is due to the fact that IC-based inference is based on first-order
asymptotics, whereas in finite samples, second-order terms can affect the inference [25,
Chapter 3]. We can avoid this problem by fitting Q(A, W) with an appropriate criterion that
will be discussed in the following sections.

We note that we have not studied finite sample behavior of the 1C-based inference for very
small sample sizes. The simulation studies provided in [11] showed that the IC-based SE
resulted in appropriate 95% coverage probabilities for a sample size of n = 500.

6.2. Relation between R2 and efficiency gain with targeted maximum likelihood estimation

In [11], a formula was given that describes the relationship between the RZ of the regression
of Y on Wand the RE of the TMLE to the unadjusted estimator. Let Q(W) = E(Q(A, W) | W)

= E(Y|W). The formula demonstrated that as RZ(W) :1—% increases, so does the
gain in RE of the TMLE over the unadjusted estimator. This formula (see Appendix B for
the proof) is based on the assumption that P (A =1) = P (A= 0) = 0.5 and thus is consistent
with the result in [12], which states that ‘adjustment is either neutral or helps’ when P (A=

1)=P (A=0)=0.5:

_o*(TMLE(Q(A, ))) _
RE— T TMIE(OLA) =1-R} . @

where Q(A)=E(Y |A), c2(TMLE(Q(A, W))) is the variance of the TMLE influence curve at
Q(A, W) (see previous section) and o?(TMLE(Q(A))) is the variance of the influence curve
at Q(A) (i.e., the variance associated with the unadjusted estimator). In short, the outcome
prediction with W implied by the model for Q(A, W) (Q(W) = 0.5Q(0, W) + 0.5Q(1, W))
must outperform outcome prediction through the simplest intercept model (E(Y)) to achieve
a gain in efficiency with the TMLE approach.
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This relation was derived based on the ratio of variances of the influence curves. These
variances are based on first-order asymptotics, and thus the relation in the aforementioned
formula only holds in first order. In the case that the model for Q used to derive Q(:A, W) is
an extreme overfit of the true nuisance parameter Q(A, W), the relation may not hold as
second-order terms may influence the behavior. However, as we discuss in Section 6.4, it is
our experience that the use of cross-validation will prevent one from selecting an overfit
model for Q(A, W).

The RE formula is valid only in the model that only assumes A is randomized and P (A= 1)
= 0.5, that is, if the data collection protocol relies on not only treatment randomization but
also matching (balancing) on some covariates, then this formula may not apply. In the latter
scenario, one could condition on the matched covariates to make use of this formula because
it would then hold within each stratum. Ongoing research includes the formal development
of this stratum-specific approach as well as results that establish the link between covariate
adjustments and gains in efficiency with the TMLE when matching on baseline covariates.

6.3. Empirical confounding and the origin of efficiency gain with the targeted maximum
likelihood estimation

In this section, we conjecture that, for a given sample, the gain in efficiency from the TMLE

is not only a function of the correlation between the covariates and the outcome (RQM y >0
as described previously) but also a function of imbalances in these covariates with respect to
treatment. More specifically, we conjecture that the origin of efficiency gain through
covariate adjustment is empirical confounding, that is, if one had perfect balance in all
covariates affecting the outcome, the adjusted estimate should not be more precise than the
unadjusted estimate even though the covariates used for adjustment could be predictive of

the outcome, that is, &, ,,,, >O0.

To support our conjecture and illustrate the efficiency gains with the TMLE in the presence
and absence of empirical confounding, 10,000 datasets of size n = 1000 were simulated with
a binary treatment A, such that P (A=1) = P (A =0) = 0.5, two binary covariates, W = (W,
W), such that P (W; = 1) = 0.4 and P (W, = 1) = 0.6 and an outcome Y with logit (P (Y =1|
A W) = 5A-3W;-3W.. The true risk difference is 0.616 with E(Y71) = 0.761 and E(Yp) =
0.145. In the first setting, the treatment arms were balanced (matched) perfectly on W, and
W, in the second setting, the treatment arms were balanced on Wy only, and in the third
setting, the treatment arms were not balanced perfectly on either covariate. We computed the
unadjusted estimate and three adjusted estimates (TMLE) under each of these three settings
where the three adjusted estimates correspond to adjusting for Wy and W2 (Q(A W) =Q (A

Wi, W5)), Wi only (Q (A, W) = Q (A, Wa), and W only (Q (A W) = Q (A, W5)).

We provide the mean squared error (MSE) results for each simulation setting and TMLE
estimate in Table I11. In the first setting where there is perfect balance of treatment on both
covariates, no gain in MSE is achieved through covariate adjustment with any of the three
TMLE estimates, even though both covariates have an effect on the outcome Y. In the
second setting where treatment is perfectly balanced on W only, a small amount of
empirical confounding by W5 is present, and a precision gain is achieved by adjusting for
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W,. Note that even though no gain is achieved by adjusting for W, only, adjusting for Wy
and W, results in a slightly lower MSE than adjusting for W, only. This may at first seem
counterintuitive; however, although Wy and W, are independent, for any given sample, a
small amount of correlation exists between the two variables. Because Wj is not perfectly
balanced on W5, adjusting for it as well as W, is akin to adjusting for empirical confounding.
Therefore, even if there is a perfect balance of treatment on a covariate, adjusting for it when
there exists another covariate on which there is not a perfect balance will provide a further
gain in efficiency.

These results supports the conjecture that in the extreme scenario of a perfectly balanced
trial in all covariates, one could not obtain an increase in precision through covariate
adjustment, even if the covariates are strongly predictive of the outcome. The TMLE method
of adjustment can then be viewed as an attempt to mimic this ideal setting in which perfect
balance is present in all covariates. This is evidenced by comparing the MSE of the adjusted
estimate in the third setting where treatment was not perfectly balanced on either covariate
and the MSE of the unadjusted estimate with perfect balancing on W in the first setting. The
MSE are almost equivalent, indicating possibly an efficiency bound for the adjusted
estimate.

We note that empirical confounding results in covariate imbalances that are typically quite
small. In our dataset, only four covariates had significant associations with treatment (p-
values < 0.05). For example, the probability of receiving treatment among those patients
older than 75 years is 0.55 as compared with 0.49 for those younger than 75 years, and
adjusting for age results in a change in the point estimate. Note however that adjustment for
variables not significantly associated with treatment but affecting the outcome, that is,
whose imbalances are very small with respect to the treatment, can still result in a gain in
precision. Thus, testing for a significant imbalance is not a valid strategy because one could
miss a covariate that is strongly associated with the outcome with only a small imbalance.
Furthermore, it has been pointed out that tests for covariate imbalance do not make sense in
RCT because by definition, all imbalances are due to chance. Thus, such a test is a test of a
null hypothesis that is by definition true [14,26,27]. Because a perfect balance is very
unlikely, it is a better strategy to include those covariates in the adjustment that are
predictive of the outcome, based on the relation in formula (2), as recommended in [2, 4, 14,
27]. The findings here agree with the discussion of random imbalances and blocking in [16].

6.4. Selection of the covariate adjustment for targeted maximum likelihood estimation

The implementation of the TMLE estimator relies on estimating the nuisance parameter
Q(A, W), which will typically be based on a parametric model in practice (e.g., logistic

model). Given Equation (2), the relation between Ré(m and efficiency gain, one may be
tempted to include as many covariates as possible in the model for Q(A, W) because the

corresponding observed RZ(“,) increases as one increases the set of covariates W to predict
Y. As already noted in Section 6.2, we caution that such an approach may result in
overfitting Q(A, W), which in turn can lead to incorrect (optimistic) inference from the
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influence curve associated with the TMLE and more seriously also result in loss of
estimation efficiency because formula (2) does not apply in this context.

To demonstrate this issue with the data analysis, we fit a model for Q(A, W) including all
162 covariates as main terms. The SE computed based on the influence curve was 0.016,
whereas the corresponding SE based on the bootstrap procedure was 0.0229, a 43.4%
increase. We note that as a comparison, the unadjusted influence curve and bootstrap SEs
were equivalent (within 0.3%). It thus appears that the bootstrap estimate of the TMLE
variance is accounting for second-order terms contributing to the variability of the TMLE
estimator that are ignored by the first-order asymptotic approximation of the TMLE variance
with the influence curve. In fact, the bootstrap-based estimate of the TMLE SE associated
with the overfit model for Q(A, W) is even higher than that of the unadjusted estimate and
demonstrates that overfitting Q(A, W) results in a loss of efficiency.

The phenomenon illustrated previously does not invalidate formula (2) but instead can be
explained by noting that the observed R;W} calculated on the same sample as the one on
which Q(A, W) is fit, is not a good estimate of the true Ré(m. To obtain an appropriate

estimate of the Ré(Ww cross-validation is typically applied [28]. This cross-validated R;w)

can subsequently be used as a model selection criterion for Q(A, W) to avoid overfitting the
nuisance parameter, which results in incorrect inference from the influence curve and more
importantly, in a loss in estimation efficiency. As noted previously, if the standard (non-

cross-validated) RZW,) was used in practice to select a model for Q(A, W), one would always
use a model for Q(A, W) that includes the maximum number of covariates because the

associated Rfmv would be largest. This is not necessarily the case if the cross-validated

R? , (cv—R2 )is applied instead.

In V -fold cross-validation, the data are divided into V subsets of equal size. Of the V
subsets, V — 1 are selected to be used as a training set, and the remaining subset is used as
the validation set. The process is repeated V times such that each time a different subset acts

as the validation set. To compute CV—RZ(W) for Q(W) = 0.5Q(0, W) + 0.5Q(1, W) witha V -
fold cross-validation splitting scheme, one fits the model for Q(A, W) on each of the V

training sets and computes the associated RZ(M with the observations from the
corresponding validation sets. The mean of the V estimates for RZW) from each validation

set is the CV—Ré(W) associated with the model for Q(A, W) on which the TMLE is based.

Returning to our example with overfitting of Q(A, W), the corresponding observed R<2;><w>

was 0.35 as compared with the fivefold (V = 5) CV—wa,) of 0.23. When the model for Q(A,

W) only involves one single covariate, the observed Rz(n,) is 0.23 and the CV—RfQ(W) is 0.22.
These results clearly demonstrate that the model for Q(A, W) based on a single covariate
does not overfit Q(A, W) and thus the near equivalence between the cross-validated and
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standard R?;mww whereas the very large model for Q(A, W) shows a large difference in the
two estimates signaling an overfitting problem.

Applying a cross-validated model selection criterion, one can avoid such overfitting issues
when the algorithm is not overly aggressive. There exist algorithms that use cross-validated
criterion such as the deletion/substitution/addition algorithm, which searches through a large
space of possible polynomial models using the cross-validated risk as the selection criterion
[29]. This algorithm can be computationally intensive. Other model selection algorithms that
are based on a likelihood criterion, such as stepwise based on AIC, do not ensure an increase

in cv—wa,) (decrease in risk) and thus do not guarantee a gain in efficiency.

A model selection procedure that uses the CV—Ré(W) as a criterion would guarantee a gain in
efficiency, given that P (A= 1) = P (A =0) = 0.5. We have provided such a procedure in
Appendix C. However, this procedure is quite involved and uses logistic regression only for
the model for E(Y | W) and requires a linear model for Q(A, W). Because we focus only on
logistic modeling in this paper, we present a simpler procedure for covariate adjustment that
does not directly use this criterion. Instead, our proposal involves first building a logistic

regression model for E(Y | W), which we denote with V (W), using CV—Ri(m as the
selection criterion. We then obtain an estimate for Q(A, W) by adding to V(W) a main term

for A. This method ensures that Ri(m >0, rather than RZ(W) >0, Although it is unlikely that

2

Rf,m,) >0and RZ(W) < 0, we can however check directly that 22, ,,,, >0 using cross-

validation using the relation Q(W) = 0.5Q(0, W) + 0.5Q(1, W).

We applied a practical, simple, and fast variant of the backward deletion algorithm for the
selection of V(W) and thus Q(A, W) (obtained by adding a main term for A to V(W)) based

on the maximum fivefold CV—R?,(M (see Appendix D for details).

We provide results from the application of the method described previously to select the
model for Q(A, W) but also include results from the more simple approach of selecting the
model for Q(A, W) based on the identification of the covariate most associated with the
outcome. The single covariate selected and used to derive the model for Q(A, W) in this
second approach was the BULTRA covariate discussed earlier. We based the Cls
corresponding with the tests discussed in Section 2 on the bootstrap procedure. For each
bootstrap sample, we ran the entire model selection process, including the ranking of the
covariates by their false discovery rate (FDR)-adjusted p-values and the model selection
procedure. Thus, the honest bootstrap procedure accounts for all sources of variability,
including the second-order terms discussed earlier. For each of these two methods for
estimating Q(A, W), the risk difference was estimated based on the TMLE method. SEs were
computed using three methods: the influence curve (IC), the cross-validated IC (cv-IC), and
the bootstrap procedure based on 20, 000 bootstrap samples. The cv-1C, as opposed to the

standard IC was applied based on the same reasoning for using the CV—R@(W) as opposed to

the Rf,(w). However, if the model selection algorithm is based on Rf,m,) , the standard IC can
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be used for inference because the use of cross-validation avoids the issue of overfitting Q(A,
W). We note that the cross-validated variance of the IC itself could also be used as a
criterion for model selection; however, in this paper, we present results based on the

2 . .
cv—R_ . criterion only.

The single most associated covariate (BULTRA) had a strong univariate association with the
outcome (p-value = 5.4e — 78). We used this covariate as a main term (with intercept) only
model for the first method of selecting Q(A, W). The backwards deletion method selected a
model with 15 covariates, not including the treatment variable A. We provide the plot of the

cross-validated Rz(w) in Figure 1 with the solid circle highlighting the maximum cross-
validated Rf,m,) corresponding with a model with 15 covariates. This plot shows that there is

little change in the cross-validated CV—R‘Q,W) for models with 15 through 22 covariates. The
largest gain results from adding a single covariate.

Table IV provides all estimates including the unadjusted and TMLE methods. We first note
that the upper confidence limit of the unadjusted test is greater than 0, and thus we would
conclude that there is no evidence that the test drug is superior to the placebo at the 0.025
level. However, when we adjust for covariates using TMLE, using only the single most
associated covariate, the upper confidence limit is reduced to 0 with an RE of 1.14. The RE

is calculated as ;{;ﬁ where g is the unadjusted SE and S]Eadj is the adjusted SE. Applying
the backwards deletion algorithm, the upper confidence limit is reduced even further and the
RE increases to 1.211, and we now have evidence to reject the null hypothesis and conclude
that the mortality is lower in the test group as compared with the placebo. We note that the
research hypothesis was that the mortality for the test drug could be tolerated up to an
increase of 1% in comparison with placebo. In this case, all of the upper confidence limits
fall below 0.01 and the conclusion of noninferiority is the same using both the unadjusted or
TMLE methods. It would still be of interest to the investigator that although the mortality
falls within the prespecified margin, the observed reduction in mortality in the treated group

is statistically significant.

Figure 2 shows that as the fivefold CV*Rz(W) increases, so does the RE. Because this dataset
contains highly predictive covariates of the outcome and the study design did not balance

treatment on covariates, the large gain in CV—RQ(W) also translates into a gain in estimation
efficiency.

The results outlined in the previous text are based on SEs computed based on the bootstrap
procedure. Table V provides a comparison of the IC, cv-1C, and bootstrap SEs. The SEs for
the unadjusted, single covariate, and backwards deletion estimates are almost identical using
the bootstrap as compared with the IC and cv-IC. The bootstrap SE for the overfit method is
43.4% higher than the 1C-based SE. However, the cv-IC method accounts for some of the
overfit in that it is significantly higher than the IC method. We again note that the 1C-based
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inference is valid in the first order. However, with serious overfits, second-order terms can
play a role and the bootstrap procedure is indeed picking up these second-order effects. We
include this example as an extreme case to demonstrate when the methodology breaks down.
It is our experience that using a cross-validated criterion in the model selection algorithm

. . 2 ,
would avoid such a scenario. In our example, based on the cv—£_ . the overfit model
would not have been selected.

It important to note that the error in the bootstrap based method is on the order of

1/ V (20000)=0.007 where 20, 000 is the number of bootstrap samples. The difference in the
SEs are within this margin. Second, we note that the SEs for the IC and the other two
methods differ quite significantly (although, still within this margin) for the overfit model.
These results indicate that the cross-validated criterion is performing well with respect to not
overfitting the data. They also indicate that when cross-validation is not used in the model
fitting procedure, as in the overfit method, then the cv-1C and IC-based estimates differ.
Thus, one should always rely on the cv-IC or bootstrap-based SEs in such situations.

The results also show that the point estimates for the TMLE and the unadjusted methods
differ. This difference can be attributed largely to the empirical confounder AGE (Section
5), which is highly associated with the outcome (p-value=7.4e —13). The TMLE estimate
using the backward deletion method for selecting Q(A, W) includes the covariate AGE.
Thus, this estimate has adjusted for this small amount of empirical confounding and changes
the point estimate from —0.034 to —0.042. The gains in efficiency are reflected in the SE
estimate as well as the point estimate. When the covariate AGE is removed from the
backward deletion selected model and the TMLE is computed, the estimate becomes —0.038.
The RE however is 1.196, and thus a gain is still achieved. The remaining difference in the
point estimate and precision from the unadjusted after removing AGE indicates that there
remains some empirical confounding because of variables other than AGE.

8. Recommended strategy for analyzing randomized trial data

A clear strategy needs to be outlined in the study protocol detailing the analysis of RCT
data. We provide an approach based on our theoretical and simulation results presented in
this paper. The strategy is as follows:

1. Asdiscussed throughout this paper, gains in efficiency are related to gains in

Ré(m. Thus, one should attempt to collect covariates known or speculated to be
predictive of the outcome and outline them in the study protocol.

2. Estimate the model for Q(A, W).

« Based on a model a priori specified in the study protocol (for example,
include age only), or

»  Apply the model selection algorithm a priori specified in the study
protocol and based on a cross-validated criterion (cv-R2 or cross-validated
variance of the IC) such as the backwards deletion algorithm provided in
this paper or the approach described in Appendix C.
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3. If CV—RfQ(W) (or cross-validated variance of the IC) associated with the model for
Q(A, W), is significantly different than 0 according to a test (work on such a test is
in progress, see Section 9), then proceed to step 4. Otherwise, no gain in efficiency
can be achieved by the covariate adjustment procedure a priori specified and the

unadjusted estimate should be used (i.e., the next steps are skipped).

4. Apply TMLE based on the fitted model for Q(A, W) obtained from the previous
step to derive an estimate of the parameter of interest.

5. Estimate the SE based on the IC or the bootstrap procedure. For honest bootstrap
estimates, one must perform the entire model selection procedure (if used) on each
bootstrap sample.

Note that steps 2 and 3 could involve a double layer of cross-validation. However, this can
be replaced with a single layer of cross-validation if the algorithm is not overly aggressive,
that is, the algorithm does not search over an overly large space of basis functions, involving
many possible terms. This can be achieved by not allowing interaction or high-order terms
and by specifying a maximum model size, such as 30 observations per main term.

9. Discussion

In this paper, we have shown that covariate adjustment for binary outcomes using logistic
models can increase the estimation efficiency (precision) for the marginal effect of treatment
when the probability of receiving treatment is 50%. The difference from conventional
approaches for covariate adjustment using logistic models, conditional on treatment and
baseline covariates, lies in the fact that the method presented in this paper averages over the
covariates in the logistic model to obtain a marginal (unconditional) effect estimate that can
be compared with the standard unadjusted effect estimate. The logistic models presented in
this paper are not meant to describe subgroup effects but rather have the purpose of
increasing efficiency in the estimation of the marginal effect.

The gain in efficiency can have real implications in phase 111 RCT as was demonstrated with
the fact that the test for superiority would provide different conclusions using either the
unadjusted or adjusted estimation approaches.

Using an a priori specified algorithm for covariate adjustment protects the investigators from
guiding their analyses in the direction that provides the most desirable results. The
comparison of the bootstrap and analytic-based (IC and cv-IC) SEs demonstrated the need
for a cross-validated criterion for the selection of the covariate adjustment (Q(A, W)) to
avoid the problem of overfitting, which results in incorrect inference with the influence
curve and a loss in the possible precision gain from covariate adjustment. We provided a fast
and easily implementable algorithm based on a cross-validated R? criterion that resulted in
an RE of 1.211 as compared with the unadjusted method. Even adjusting for the single most
associated covariate resulted in a significant gain. These results indicate that predictive
covariates of the outcome that do not have a perfect balance in treatment can significantly
increase efficiency. This gain in efficiency is reflected in the reduction of the SE and also
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possibly a change in the point estimate because of sampling bias. We conjecture that this
gain in efficiency is the sole result of adjustment for empirical confounding.

Ongoing work includes studying and formalizing the relation between efficiency gain and
empirical confounding. Based on this relation, a model selection algorithm could be
developed using this relation as a basis for the selection criterion. In addition, future work

involves developing a formal test for the hypothesis R<29<w> >0, either a nonparametric
permutation test of independence between W and Y or a model-based test for the fixed model
approach similar to the likelihood ratio test comparing the model for Q(W) with the intercept
model.
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APPENDIX A. Extensions of the methodology

We note that the covariate adjustment methodology presented in this paper can be extended
beyond the risk difference. In fact, investigators may be interested in the relative risk or odds
ratio, given by,

Epg (P(Y|A=1,W))/(1—Epy (P(Y|A=1,7)))
Po = ¥ (po) =, (P [A=0.W) [I=E,e (P(Y]A=0.7)))
_p/(I—p1)

" po/(1—po)”
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Note that under the assumptions listed in Section 4 for the risk difference, this parameter can

be interpreted as the causal odds ratio, Z&1)/(-E()) The TMLE estimator of this parameter
E(Yp)/(1-E(Yp))

is described in the following text (see [11] for details):

. (R’ am) /(112 Q’ )
12 Q 0,m0) / (1-22,Q (0, W)

OR—TMLE (

In Section 3, we discussed the issues involved in obtaining an estimate of the odds ratio
based on the logistic model such as

logit(P(Y'=1|A, W))=8o+B1 A+ 5, W,

We pointed out that exp(/;) is the conditional odds ratio, whereas our parameter of interest
is the marginal odds ratio. Both parameters are different in general, and using the
conditional logistic method to estimate the marginal odds ratio is thus entirely model-
dependent as opposed to the TMLE. Thus, we can extend the TMLE to any number of other
parameters. In particular, the TMLE has been extended to survival problems with right-
censored data, and we intend to apply it to other datasets of this nature in future work.

Table VI includes the estimates of the odds ratio using the logistic model, conditional on
treatment and baseline covariates, method as well as the unadjusted and TMLE methods. We
use the 95% upper confidence limit to test the hypothesis that the OR was greater than 1 at
the 0.025 level. Note that if we were interested in testing within a margin of equivalence,
then the margin would need to be specified a priori according to this parameter of interest. In
the study presented in this paper, the margin was determined a priori according to the risk
difference. Because we do not have access to the data upon which this margin was
determined, we could not translate this margin to a margin for the odds ratio. The results are
similar to that of the risk difference, that is, one would reject the null based on the TMLE
using either a single covariate or the backwards deletion. The conditional logistic method
would also reject the null, however, the precision has actually decreased as compared with
the unadjusted method, whereas the point estimates is much lower than the unadjusted. The
latter fact is what actually drives the upper confidence limit below one for the conditional
logistic method.

APPENDIX B. Proof of relation between RQ(W)2 and relative efficiency

In this appendix, we prove that given P(A=1) = P(A=0) = 0.5,

_P(TMLE(Q(A, W) . 4BV -EM)P’R:

A= MLEQA) | AMIEQA))

Useful results for the proof:
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I(A=0)+I(A=1)=1 @)
P(A)=P(A|W)=0.5 (5)

E(Y|[W)=0.5E(Y |A=0, W)+0.5E(Y |A=1,V) ()

. 2
(1—2I(A_o)) .
0.5

The SE for the TMLE of = E(Y;) — E(Yp) can be derived based on the influence curve,
IC(O), given in Section 6.1:

o2(TMLE(Q(A, W)))=E(IC(0)?)
(:)E(I(A U (y—E(Y]|A=1,W))- 1420 (v _ B(Y]|A=0, W)+ E(Y|A=1,W)—E(Y|A=0, W ))

Y E (2280 +E(v]A=1,) [1- 1551 ] +E(v]A=0, W) [-1 (Q.g‘))D
@ E(71*2{)§g‘=0>Y+E(Y|A=1,W) {70-52{?—0)} +E(Y|A=0,W) [7*0-')+({§A:0)])2

= (Y + = (B (Y| A1, W)+ B(Y [ A=0, 1))
=B (4 =0y + A0S0 (0.5B(Y | A=1, W) +0.5E(Y | A=0, W)))2
© g (1 21(A Oy, = 1+2](A ) g (Y“V))
) (M(Y E(Y|W)))2
D uB(y —E(YW))?

Similarly, the SE for the MLE of = E(Y;) — E(Yp) can be derived based on the influence
curve, IC(O), given in Section 6.1 where Wis nil:

o2 (TMLE(Q(A)))=E(IC(0)?)
© i (4522~ (¥ | A=)~ G5 — (¥ | A=0)+ B(Y A=) E(¥ | 4=0))
@ (1 2A=0)y | p(y|a=1) [ L= 1)}+E Y |A=0) [ e 0)])
@ E(172{)(.?_0)Y+E(Y‘A:1) {M} _|_E(Y|A 0) [%&4—0)})2
_9I(A= —0. (A= 2
— 7 (A2 A (B(Y |A=1)+ B(Y]4=0)))
B - 2
=B (S y + 20 A 0.5 B (Y| A=1)+0.5E(Y | 4=0))
—E (1*26(.?:0)1/4_ A0HIAZ0) Bl0.5E(Y|A=1, W)+0.5E(Y | A=0, W)])2
(6) A= = A=
9 p (L2a=0y 2= EE§Y|I1 ))
=E (S0 (v —E()))

D 4By -—EX))?
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We thus have

o2(TMLE(Q(A,W))) _ 4E (Y —E(Y|W))?
o2(TMLE(Q(A))) — 4E(Y—-E(Y))?

_1_4E (Y—E(Y))2—4E (Y —E(Y|W))?
- 4E (Y—E(Y))?

We also have

E(Y-E(Y|W))?
~ B(Y-E(Y))’

R (Q(W))=1

and thus
AE (Y—E(Y))*RY(Q(W)=4| E (Y —E(V))’~E (Y —E(Y|W))*].

From this last result, we can rewrite

o(TMLE(Q(AW))) _ 1 _ 4 (Y—E(Y))*R*(Q(W))
o2(TMLE(Q(A))) 4E (Y—E(Y))?

=1-FX(Q(V))

APPENDIX C. Model selection algorithm for Q(A, W) that ensures cv-
RQ(W)2>0

We propose an algorithm for estimating Q(A, W) that guarantees CV—Rf)(W) >0, We first

observe that formula (2) can be expressed as,

o?(TMLE(Q(A,W))) E(Y-E(Y|W))?
A(TMLE(Q(A)))  E(Y—EY)?

Therefore, to ensure a gain in efficiency, the following must hold:

E(Y-EY|W))?<E(Y-EY))% ()

Thus, to ensure that CV_R%(W) >0, the following relation must hold to ensure gain in
efficiency with the TMLE:

E(Y—=0.5Q(1,W)—0.5Q(0,W))*<E (Y—E(Y))%. (10)
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To guarantee that the previously mentioned relation holds, we propose the following for
estimating Q(A, W):

1. Regress Y on W using a logistic regression model, denoted by W), selected with
cross-validation such that it is ensured that E(Y - QW))2 < E(Y - E(Y))? (e.g., using
the deletion/substitution/addition algorithm approach).

2. Using a linear model, regress Y on 4W) and /A — E(A)), with W) set as an offset,
that is,

Q(A, TW)=0(W )+~ (A—E(A)).

Note that setting AW) as an offset fixes its coefficients rather than refitting the
whole regression. To justify that these two steps guarantee that relation (10) holds,
we observe that because A L W,

Q(W)=E(Q(A, W)[W)
=0(W)+(E(A[W)—E(A))
=0(W)+(E(A)-E(A))
=0(1V").

Therefore, this means that we only need to guarantee that W) has a higher R? than the
intercept model.

APPENDIX D. Backwards deletion model selection algorithm for selecting
Q(A, W)
The algorithm is as follows:

1. Find all marginally associated covariates with FDR-adjusted p-values less than
0.01. Let there be M such covariates.

2. Fit multivariate logistic regression including all M covariates and compute
2

CV—RV Wy
3. Delete covariate with largest p-value based on multivariate fit from the previous
step.
Fit new model with deleted covariate and compute new CV—R‘Q,M,).
5. Repeat steps 3 and 4 until only one covariate remains in the model.
Select the model among the M models with the largest CV—R;W) and add the

treatment A to this model to obtain the model for Q(A, W).

Note that we applied the FDR procedure in the first step because of the multiple tests
performed to assess the univariate association of each covariate with the outcome [30].
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Figure 1.

Cross-validated R?,(W) by number of covariates in model.
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Table |
Conditional (BULTRA) and unadjusted log odds ratio estimates.

log(OR) SE  95%ClI

Unadjusted -0.163  0.095 (-0.348,0.023)

Conditional ~ -0.217  0.108 (-0.428, -0.006)

OR, odds ratio; SE, standard error; Cl, confidence interval.
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Table Il

Maximum likelihood estimation and unadjusted risk difference estimates.

Estimate SE RE

Unadjusted -0.034 0.020 1.0
MLE (BULTRA)  -0.035  0.017 1.2
MLE (AGE75) -0.039 0.020 1.0

SE, standard error; RE, relative efficiency; MLE, maximum likelihood estimation.

RE = SE(unadjusted)/SE(adjusted).
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Table llI

Mean squared errors for simulation results.

Balanced on  Adjusted for

MSE

W and W, None

W and W, W, and W,

W, only None
W; only W, and W,
W; only W; only
W, only W, only
None None
None W; and W,

4.31e -04
4.31e -04
5.19¢ -04
4.34e -04
5.19¢ -04
4.35e -04
6.12e -04
4.36e —04

MSE, mean squared error.
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Table IV

Estimates based on unadjusted and targeted maximum likelihood estimation.

Estimate  95% ClI RE
Unadjusted -0.034 (-0.073,0.005) 1.000
TMLE 1 Cov -0.035 (-0.07, -0.00) 1.140
TMLE BD -0.041 (-0.074,-0.009) 1.210

1 Cov, single most associated covariate; BD, backward deletion; SE, standard error; RE, relative efficiency.

RE = SE(unadjusted)/SE(adjusted).
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Comparison of influence curve, cross-validated influence curve, and bootstrap-based (boot) standard errors.

Table V

SEIC

Unadjusted  0.0199

1 Cov 0.0175
BD 0.0166
Overfit 0.016

SEcvIC SEBoot % Diffin SE
0.0199  0.02 0.3
0.0175  0.0175 0.1
0.0167  0.0165 -0.4
0.0175 0.0229 43.4

SE, standard error; IC, influence curve; cvIC, cross-validated IC; 1 Cov, single most associated covariate; BD, backward deletion; overfit, all

covariates.

% Diff in SE = ((SE Boot — SE IC)/SE 1C)*100.
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Table VI

Unadjusted, targeted maximum likelihood estimation, and logistic model estimates of the odds ratio.

Estimate  p-value 95%ClI RE
Unadjusted 0.849 0.042 (0.706, 1.022)  1.000
TMLE 1 Cov 0.845 0.021 (0.718,0.995) 1.137
Logistic 1 Cov 0.804 0.021  (0.651,0.994) 0.878
TMLE BD 0.821 0.006 (0.703,0.958) 1.200
Logistic BD 0.751 0.012 (0.600, 0.940) 0.826

TMLE, targeted maximum likelihood estimation; 1 Cov, single most associated covariate; BD, backward deletion; SE, standard error; Cl,
confidence interval; RE, relative efficiency.

RE = SE(unadjusted)/SE(adjusted).
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