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Summary

The case-cohort design facilitates economical investigation of risk factors in a large survival
study, with covariate data collected only from the cases and a simple random subset of the full
cohort. Methods that accommodate the design have been developed for various semiparametric
models, but most inference procedures are based on asymptotic distribution theory. Such inference
can be cumbersome to derive and implement, and does not permit confidence band construction.
While bootstrap is an obvious alternative, how to resample is unclear because of complications
from the two-stage sampling design. We establish an equivalent sampling scheme, and propose a
novel and versatile nonparametric bootstrap for robust inference with an appealingly simple
single-stage resampling. Theoretical justification and numerical assessment are provided for a
number of procedures under the proportional hazards model.
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1. Introduction

In clinical or epidemiologic investigation of infrequent disease endpoints, cohort studies
require a large sample size, but full-cohort covariate data collection can be costly. Case-
cohort sampling (Prentice, 1986) offers an economical alternative, to collect covariates only
from the cases and a simple random subcohort. A number of statistical methods have been
developed for the proportional hazards model under such sampling. Prentice (1986) and Self
& Prentice (1988) proposed a pseudolikelihood approach. Kalbfleisch & Lawless (1988) and
Chen & Lo (1999) suggested methods to take better advantage of the data so as to improve
estimation efficiency. Borgan et al. (2000), Kulich & Lin (2004), and Nan (2004) studied a
variant of the design where some covariates or surrogate measures are available for the full
cohort. Other semiparametric models have also been investigated, including the additive
hazards model (Kulich & Lin, 2000), linear transformation models (Chen, 2001; Kong et al.,
2004; Lu & Tsiatis, 2006; Chen & Zucker, 2009), and the accelerated failure time model
(Nan et al., 2006; Kong & Cai, 2009).

Statistical challenges with the case-cohort design lie in the two-stage sampling. After the
first stage resulting in the full study cohort, the second stage selects a subcohort by simple
random sampling without replacement. As a result, interval estimation based on asymptotic
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distribution theory, which is routinely adopted and specific to each point estimation
procedure, is often cumbersome to derive and implement. Although the jackknife approach
of Barlow (1994) to variance estimation in the proportional hazards model may deal with
some of these issues, neither approach permits confidence band construction for an infinite-
dimensional quantity, e.g., a covariate-specific survival function for prediction. While a
bootstrap method would be advantageous in these regards, how to resample is not obvious
since the covariates are not available for the full cohort. The only existing bootstrap method
is due to Wacholder et al. (1989), which has been adopted for the proportional hazards
model and accelerated failure time model (Kong & Cai, 2009). However, the method fixes
the case numbers in the subcohort and full cohort. Theoretical justification is lacking and it
may not always perform well.

We propose a novel nonparametric bootstrap that involves only a single-stage resampling,
after establishing an equivalent sampling scheme for the case-cohort design. Three existing
point estimation methods under the proportional hazards model will set the stage and
illustrate our proposal.

2. Point estimation methods under the proportional hazards model

Write the survival time as T and the censoring time as C. As a result of censoring, they are
observed only through follow-up time X =T A C and censoring indicator A = I(T <C), where
A is the minimization operator and I(-) is the indicator function. Denote the covariate vector
by Z; we confine our attention to time-independent covariates. The proportional hazards
model (Cox, 1972) postulates

dA.(t)=e* dAo(t), TuC|Z, ()

where A, is the cumulative hazard function of T given Z = z, Ag is an unspecified baseline
cumulative hazard function, £ is an unknown regression coefficient, and 1L denotes
statistical independence. Under cohort sampling, the data consist of (X, A, Z;),i=1, ..., n,
as n independent replicates of (X, A, Z). Define counting process N;j(t) = Ajl (X < t) and at-
risk process Yj(t) = I(X; = t). Further, introduce empirical processes

A(t)=L 3" Ni(t), B(t)== 3 Z;N(1),
iceF icF

n
1€EF

[SH .
T 7. T 7.
U(ta ﬂ):% Z Y;.'(t)eﬁ ZZ’ ‘/(ta ﬁ):% Z S/z(t)Zleﬁ Zl'a
€T i€F

where ¥ = {1, ..., n} is the index set. The maximum partial likelihood estimator (Cox,
1972, 1975), f, is the solution of

Vs, 5)
Ul(s, )

U(8)=B(c0)=[5° dA(s).
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The Breslow (1972) estimator of Ag(t) is A(t; /)),Awith

¢ dA(s)
Ul(s,P)

At:8)=]4

These functional representations are due to Huang & Wang (2000).

However, under the case-cohort design, the covariates are ascertained only for the cases, for
whom A; = 1, and a simple random subcohort s C # of size m. Thus, U(t, £) and V(t, /) in
U(p) and A(t; p) are no longer available; they are the full-cohort empirical estimates of E{Y
(t)eﬁTZ} and E{Y(t)ZeﬁTZ}, respectively. Different replacements are made in the following
three case-cohort estimation procedures, giving rise to

¢ dA(s)
Ug(s, 8)’

lk(s )
Uk(s, 5)

Vi(B)=B(o0)= [y 7 dA(s),  An(t:8)= Jog

and subsequently estimator {,BkA A;(t; AJ}, fork=1, 2, 3. Self & Prentice (1988) adopted the
subcohort counterparts,

ZY 1z ZY )2 7,

265’ 165’

Chen & Lo (1999) showed that one can make better use of the case-cohort data. Both E{Y
(s)e"TZ} and E{Y(s)ZeﬂTZ} are weighted averages of case- and control-specific quantities,
e.g. E{Y(9¢/'2} = EQ)E{Y(8e" Z | A= 1} + {1 - E(A)}E{Y (9¢/"Z A = 0}, and
estimating the case-specific quantities may utilize the full cohort instead of the subcohort.
By taking my/mas an estimate of E(A) with my = 2./, their first method adopts

Ualt, B)=1 3% 3 Vil Ak 32 Yi(e'
F 16 0

Va(t, B)= ";3,}le<) Ze® iy L %Y() e 2,
16 70

where ng = Sy, 7 =i € F: Aj=1},and s = {i € § : Aj = 0}. If ny/ninstead is used as an
estimate of E(A), their second method has

Us(t, B)=x le(t)eﬁ Zipnom ot E;OY(t)eﬁ %,
ze ZE
Va(t, B)=1 ¥ Yi(t)Zel Ziprom L — > Yi(t)Z Zie %,
1697] €0

Rescaled estimating functions n1(5) and n¥(5), and therefore ﬂfand ﬂzA, do not require the
full cohort size, n. As pointed out in Prentice (1986), the case-cohort design does not
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necessarily require a full cohort roster and thus n need not be known; see also Chen & Lo
(1999, Remark 2). However, 3 and the three estimators of the baseline cumulative hazard
function require that the full cohort be well-defined and n known.

These regression coefficient estimators, as commonly adopted, have been well studied, and
their asymptotics-based inference procedures have been developed (Self & Prentice, 1988;
Chen & Lo, 1999). However, inference for the baseline cumulative hazard function or a
covariate-specific survival function is only available in a pointwise fashion for the method
of Self & Prentice (1988). A nonparametric bootstrap is desirable to permit simple and
automatic inference, for these as well as other procedures.

3. Equivalent sampling scheme and the proposed bootstrap

Efron’s (1979) bootstrap would mimic the two-stage sampling to resample the full cohort as
a pseudo-population, but the full cohort is not fully observed and possibly not even well-
defined. Therefore, the procedure is not applicable, as recognized by Wacholder et al.
(1989). In the sample survey literature, Gross (1980), Bickel & Freedman (1984), Chao &
Lo (1985), and Sitter (1992a,b) developed methods to construct a pseudo-population for
simple random sampling without replacement. Although these methods can be adapted, the
resulting bootstraps may not be ideal, for several reasons. First, the resampling is complex,
especially when n/mis not an integer. Second, cases outside the subcohort are not utilized.
Third, this approach does not apply when the full cohort size n is unknown. Finally, a
resample may contain only censored observations. Cohort sampling might suffer this
complication as well (e.g., Kosorok, 2008) but it can be particularly acute with typical case-
cohort studies, where the endpoint is infrequent and the subcohort has limited size.

Appealing to finite population sampling theory seems natural to deal with simple random
sampling without replacement; this tactic is also commonly taken for asymptotic studies
(e.g., Chen & Lo, 1999; Kulich & Lin, 2000; Kong et al., 2004). However, the full cohort is
a random sample, not a finite population of interest. We rather pursue a direct approach by
establishing an equivalent sampling scheme.

Proposition 1

The joint distribution of a set of random variables that are independent and identically
distributed is invariant to reordering by a random permutation.

Since simple random sampling can be implemented via permutation, the subcohort in the
case-cohort design consists of independent and identically distributed random variables, and
so does its complement. Furthermore, the two sets are independent of each other. This fact
does not contradict the well-known dependence structure from simple random sampling,
which is conditional on the full cohort. Write the complement of s as s = 7\ 8. Then, {(X;,
A, Z) . i € s} are mindependent replicates of (X, 4, Z), and {(X4, &, ZiA) ;1€ s}aren—
m independent replicates of (XA, A, ZA). This results in an equivalent single-stage parallel
sampling scheme.
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This sampling equivalence first facilitates a model-free asymptotic study for the three
estimation methods introduced in § 2.

Proposition 2

Re-define /4 as the solution of

S eﬁTZ
E{ZN(r)}— fg%dE{N(s)}:o @
and subsequently
Mot)=f S (0]

where 7= sup{t: pr(X>t) > 0}. Suppose that the subcohort fraction nvn converges to a
constant p € (0, 1) as both mand n-m approach oo, and that the conditions in the Appendix
hold. Then, foreach k=1, 2, 3, ﬂkls consistent forﬂo and Ak(t ,6'k) is consistent for Ag(t)
uniformly int € [0, 7. In addition, n"Y2{4 - f, Ax(; A) — Ao()} converges weakly to a
Gaussian process.

Remark 1—This result is slightly more general than those of Self & Prentice (1988) and
Chen & Lo (1999) as obtained under the proportional hazards model (1). The model (1)
implies the above definitions of f and Ag(:), but not vice versa.

More importantly, our proposal of parallel bootstrapping s and s naturally follows. We
adapt the multiplier or weighted bootstrap, which assigns a nonnegative random weight to
each individual and thus averts the complication of a resample without uncensored
observations (cf. Kosorok, 2008). These independent and identically distributed weights, &
fori € 7, are independent of the data and have unit mean and unit variance; the standard
exponential distribution was used in all our numerical studies reported later. However, a
typical multiplier bootstrap as applied to a single sample standardizes the weights by their
average such that the sum is fixed to the sample size (e.g., Kosorok et al., 2004; Kosorok,
2008), leading to the Bayesian bootstrap of Rubin (1981) if the standard exponential
distribution is chosen for &. In contrast, we do not carry out the standardization and
consequently our bootstrap resamples have random sizes m* and n*— m* for s and s,
respectively, where m*= .« and n* = Z..=&. While superfluous in the single-sample case,
this modification is critical in the case-cohort design particularly when the full cohort size n
is unknown and thus s is not well defined. In this circumstance, our bootstrap remains
applicable provided that the point estimator is defined.

We now detail the proposed bootstrap for the three estimation methods. Define the bootstrap
counterparts,

Biometrika. Author manuscript; available in PMC 2015 June 01.
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mi= Y A, ni= ) G4,

€S 16/

A* ()= & Ni(t), B*(t)=pnz X &ZiNi(t),

iEF
Ui (t, ﬂ>—i2& Ve, Vit B)=gr T i) Zie” %,
UQ(t’ﬂ) :Z}‘ ny Z 51 1( )e[j Zl+ Z 51 z( )e[jTZia

5 (¢, B)= ml Z le(t)Z eﬁTZZ‘F ! Z &iYi(t)Zi e Z
ic.s0

Ui(t, B)=-=1 z gy(t)eﬁ Zip o Yt A,
ieF! Lies0
Vi (t,B)=% ¥ &Yit)ZeP i Yi(t) Z;eP %
ieF! zeY
The bootstrap estimator { 3, A (¢;3,)} results from
A dA* (s
Wi(0)=B" o) [T Ean (o). M -fi o L2

Just like ,BlAand ,BZA, their bootstrap counterparts ﬁ“{ and ﬁ; do not require the knowledge of
the full cohort size n.

Adopt the definitions and conditions in Proposition 2. Suppose that the nonnegative random
variable & of unit mean and unit variance satisfies f8°pr(§1>z)1/2dx<oo. Conditionally on

the data, n1/2 {35 — By, Ar(-, A1) —Ax(-, B,)} has the same asymptotic distribution as nY2{#
= fo, A, ) — Ao(1)} foreach k=1, 2, 3.

The proposed bootstrap gives rise to robust inference, similar to Barlow (1994) but different
from model-based inference of Self & Prentice (1988) and Chen & Lo (1999). The

distribution of { 37— 3,, A;(-, 35)—Ax(-, 3, )} can be simulated to approximate that of {/ -
Lo, A, ) — Ap()}- The implementation requires trivial coding beyond the point
estimators.

Remark 2—Case-cohort sampling specializes to cohort sampling when n = m. In this case,
our proposal reduces to the multiplier bootstrap, which is different from the model-based
resampling method of Lin et al. (1994) for the proportional hazards model. Recently, Cheng
& Huang (2010) developed general theory for the bootstrap in semiparametric models under
cohort sampling. They considered the proportional hazards model as an example, but
focused only on the regression coefficients.

4. Numerical studies

We simulated under a proportional hazards model with a constant baseline hazard and two
covariates. The two covariates were independent, each with a uniform distribution between
-1 and 1; their coefficients were both unity. The censoring time depended linearly on the

Biometrika. Author manuscript; available in PMC 2015 June 01.
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first covariate, having a uniform distribution between 0 and 1.5. The full cohort size was
1000. As a realistic scenario, the baseline hazard was set to 12.5, resulting in approximately
90% censoring, and the subcohort size was set to 200. For a more comprehensive
assessment, two additional scenarios were studied as well. One reduced the subcohort size to
100, while the other changed the baseline hazard to 1 for a censoring rate of approximately
50%. With these three scenarios, the expected sizes of combined cases and subcohort were
280, 190, and 600, including 100, 100, and 500 expected cases, respectively.

To compare with the proposed bootstrap, we also evaluated asymptotics-based inference for
the regression coefficients £ and /5 as in Chen & Lo (1999, Remark 5) and the bootstrap of
Wacholder et al. (1989); asymptotics-based pointwise inference for the baseline cumulative
hazard function Ag(:) would require tedious derivation and was not examined. For both
bootstrap methods, we computed standard errors, Wald-type and percentile confidence
intervals for f1, f», a1 = log Ap(0.5), and ap = log Ag(1). Moreover, a confidence band for
the baseline survival function S(-) over time [0, 1.25] was constructed, by transformation
from the equal-precision band for log Ag(); an equal-precision band has boundaries parallel
to those of the corresponding pointwise Wald-type confidence intervals. The calculation was
based on 1000 bootstrap resamples, but our numerical experiments indicated that a much
smaller bootstrap size, say, 200, would typically suffice for standard errors and Wald-type
confidence intervals (cf. Efron & Tibshirani, 1993, § 6.4).

Table 1 reports the results from 2000 replications. The proposed bootstrap performed well
overall, more so with a larger subcohort; the performance for ; and $, was largely
comparable to that of the asymptotics-based inference procedures. The standard errors all
tracked the standard deviations closely. The Wald-type and percentile confidence intervals
had coverage probabilities reasonably close to the nominal level, but the latter slightly
outperformed the former for a; and ay. The confidence bands for S(-) also had good
coverage probabilities. In comparison, the bootstrap of Wacholder et al. was less satisfactory
except for £ and /5 in the circumstance of 90% censoring. At 50% censoring, the second
method of Chen & Lo was noticeably more efficient than their first method for £
estimation. However, the bootstrap of Wacholder et al. showed little difference in the
standard errors. In addition, the confidence intervals for a; and ap often under-covered
whereas the confidence bands for §(:) tended to over-cover.

Typical case-cohort studies involve infrequent disease endpoints, and have a fairly large full
cohort and a moderate-sized subcohort, say, in thousands and hundreds, respectively. The
preceding simulations and our other numerical experience suggest that the proposed
bootstrap is generally reliable in such circumstances. Furthermore, the bootstrap also
performs well with more frequent disease endpoints.

As an illustration, we analyzed data from the ACTG 175 trial conducted by the AIDS
Clinical Trials Group (Hammer et al., 1996). The study evaluated four treatments,
zidovudine, zidovudine plus didanosine, zidovudine plus zalcitabine, and didanosine, in
HIV-1 infected adults whose screening CD4 counts were between 200 and 500 per cubic
millimeter. A total of 2467 participants were randomized, and the mean follow-up was 29
months with 154 deaths observed. We considered a survival model with two continuous

Biometrika. Author manuscript; available in PMC 2015 June 01.
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covariates, age and log(CD4), and five binary ones, treatment indicators, hemophilia, and
presence of symptomatic HIV infection. All these baseline covariates were measured in the
dataset, and the full cohort was sampled to emulate the case-cohort design. We began with
fitting the proportional hazards model to the full cohort, and subsequently drew 100
subcohorts of size 240 and averaged the case-cohort point estimates and standard errors. The
results are summarized in Table 2, where the bootstrap size of 1000 was used. The case-
cohort estimates were, on average, all close to those from the full-cohort analysis, but more
variable. The two methods of Chen & Lo had estimates comparable to each other and more
efficient than those of Self & Prentice. Consistent with the earlier simulation results, the
standard errors from our bootstrap were very similar to the asymptotics-based ones for all
three case-cohort methods. We also estimated the survival function for an individual with
given covariates and constructed a 95% confidence band by the proposed bootstrap, using
the same approach as in the earlier simulations for the baseline survival function. Figure 1
shows the averaged survival functions and averaged confidence bands over the 100
simulated subcohorts, for the three case-cohort methods. The confidence bands for the two
Chen & Lo methods were barely distinguishable, and tighter than that for Self & Prentice.

5. Discussion

Despite using simple random sampling without replacement in the second stage, the case-
cohort design gives rise to an independent data structure. This result facilitates statistical
developments using standard tools such as empirical process theory. In the literature,
Bernoulli sampling has been suggested in place of simple random sampling, partly to have
an independent and identically distributed sample so as to exploit standard theory (e.g.,
Kulich & Lin, 2000, 2004; Nan et al., 2006). It is now clear that this alteration may be
unnecessary for the purpose.

The three procedures in § 2 are among a large collection of case-cohort estimation methods
for the proportional hazards model. Often, one method does not dominate another in both
feasibility and efficiency. For example, the first method of Chen & Lo is more efficient than
Self & Prentice when estimating the regression coefficients. However, with time-dependent
covariates, the former requires each case outside the subcohort to have its whole covariate
history available. In contrast, the latter only needs the covariate at the failure time, which is
more realistic particularly with prospective sampling. Another reason for the co-existence of
many methods is to accommodate sampling variations, e.g., stratified sampling (Borgan et
al., 2000). A general and automatic tool for inference, such as the proposed bootstrap, is thus
particularly attractive.

We have focused on the proportional hazards model because of its popularity. The proposed
bootstrap should apply to other models with justifications similar to Theorem 1. Under the
framework of our modularized proof as given, essentially it suffices to establish that a new
estimator is a well-behaved and sufficiently smooth functional of empirical processes. This
is clearly the case for the estimators of Kulich & Lin (2000) under the additive hazards
model. However, those of Lu & Tsiatis (2006) under linear transformation models and Nan
et al. (2006) and Kong & Cai (2009) under the accelerated failure time model may challenge
the proof. With the former, an explicit profile estimating function for the finite-dimensional
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1duosnue Joyiny vd-HIN 1duosnue Joyiny vd-HIN

1duosnuely Joyny vd-HIN

Huang

Page 9

parameter may not exist. In the accelerated failure time model case, the estimating functions
are not smooth. Nevertheless, existing techniques may be adopted or adapted to address
these complications.
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Proofs of Proposition 2 and Theorem 1

We impose the following fairly standard regularity conditions:

Condition Al

The upper support point zof X is finite. Further, pr(T > 7) >0 and pr(C = 7) > 0.

Condition A2

The covariate Z is bounded.

Condition A3

The matrix

e (B ezt [ Ey(sze44] " .
D=lo ( E{Y (s)e %} [ E{Y (s)e 7} ] ) BN ()

is nonsingular, where 122 = v for vector v.

Condition Al is adopted to avoid lengthy technical tail treatment.

By Proposition 1, the distribution of {4 Ak (-, ), B, Ar(-, Br)} is the same under either
case-cohort or single-stage parallel sampling, for any k=1, 2, 3. Thus, it suffices to prove

Proposition 2 and Theorem 1 under the latter sampling scheme, as we do below. We only
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present the proofs for the case of k = 2, the first method of Chen & Lo (1999). Those for the
other two methods are similar and thus omitted.

Proof of Proposition 2

We express Wy(f) and Ag(t; p) as functionals of empirical processes, and exploit empirical
process theory. Such an approach was taken by Huang & Wang (2000) and Kosorok (2008,
8 4.2.1) under cohort sampling, and becomes feasible and effective for the case-cohort
design under its equivalent single-stage parallel sampling scheme. The empirical processes
are defined for either the sub-cohort s or its complement s. Specifically, the four processes
in ¥y(p) and Ag(t; p) as given by (2) can be written as

A(f):mL Z Ni(t)+ (1-2) -3 Ni(1),

=
(t)———ZZN(t) +(1=%) 72m X ZNi(®),
i€
1 ERO Ay(t)eﬁ Zit(1-2)An Y _Avime % 577,
Us(t,B)=| = 3 A e e 1-A)Y;(t
2( /B) <mi§Y l) nszz eyA+1 )nlmzie;Ai +’” Z( ) ()e
) ’:LZ AY(tZef’ Zig(1-m) L3 AYi(t)ZeP Zi iz,
Va(t, B)= |+ X A m = 1oL +1 3 (1-A,)Yi(t) Ze
o= (53] S S D i AN

Condition Al effectively limits the time scale to finite interval [0, 7]. Let 5 be an arbitrary
compact neighborhood of /. Under Condition A2, the classes of functions associated with
these empirical processes, {N(t) : t € [0, 7]}, {ZN(t) : t € [0, 7]}, {A}, {AY(t)eBTZ :te [0, 1,
pe 5} {1 -D)YOL Z:te 0, 4, fe B}, {aY(M)ZeF Z: te [0, 1, fe 5}, and {(L -
A)Y(t)ZeﬁTZ 1t € [0, 7, f < B}, are all Donsker; see, e.g., Kosorok (2008, § 4.2.1).

Since Donsker implies Glivenko—Cantelli, the empirical processes in A(t), B(t), U(t, A), and
Vy(t, ), converge in probability to their respective limits, uniformly int € [0, 7] and S € B if
applicable. By Condition A1, the limit of U,(t, A) is bounded away from 0 for t € [0, 7] and
S € B.0ne can then show that uniformly W,(/) converges in probability to the left-hand side
of (3), which is a monotone function and admits a unique solution / by Condition A3.
Therefore, ,BzAconverges in probability to /. The same technique can be used to prove the
uniform convergence of Ag(t; £). This, coupled with the consistency of ,b’zA, establishes that
Ag(t; ﬂZS converges in probability to Ag(t) uniformly int € [0, .

By Taylor expansion,
0=T3(B5)=T2(Bo)+T5(50)(Bs—Bo)+0p(Bs—Po)

since \1/2/(5) is bounded by Condition A2. Using similar techniques as before, one can show

that \1/2(/30) converges in probability to —D, which is nonsingular by Condition A3.
Therefore,
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Ba—Bo=D""W5(Bo){1+0,(1)}.
Similarly,

Ag(t:85)—Ao(t)=Ra (:80)— Ao (t)+T (£) (B Bo)+ 0, (Bo— o)
=Nz (t;00) —Ao(t)+J (t) D~1W2(5o) {1+0,(1)},

where J(t) is the limit of 0A,(t; A)/0f 5=, Thus, asymptotically {/ - fo, Aa(t; £) - Ao()}
is a linear function of {Uy(f), Aa(t; fo) — Ap(D)}.

Given the asymptotic linearity, it remains to establish the asymptotic normality of {U»(/),
As(; fo) — Ag(D)}- Observe that A(Y), B(-), Ua(, /o), and Va(:, /) are asymptotically
equivalent when the term m/n in these expressions is replaced by its limit p. For example,

A= SN0 +H1=0) = SN0+ () {%zma)—ﬁzm@} |

€ e s i€ =7

where the last term is 0p(n"/2). The asymptotic normality of {A("), B(-), Ua(:, f0), Va(:, fo)}
then follows from the properties of Donsker classes and the functional delta method. Using
Gill (1989, Lemma 3) and the chain rule, one can show that ¥»(/%) and AZA(-; o) are
compactly differentiable functionals of {A(-), B("), Ua(:, /), Va(:, /0)}- Finally, the
functional delta method leads to the asymptotic normality of {T'2(/), AQA(-; o) — Ao()}-

Proof of Theorem 1

In parallel with A(t), B(t), Ua(t, /o), and Va(t, /o), their counterparts A*(t), B* (), U5 (¢, 5o),
and V' (¢, o) in (4) involve bootstrapped empirical processes and bootstrapped subcohort
fraction m*/n*. By Kosorok (2008, Corollary 10.14), these bootstrapped empirical processes
converge in probability to their respective limits, uniformly int € [0, 7] and S € B if
applicable. By the law of large numbers and the continuous mapping theorem, m*/n*
converges in probability to p. Then, the same argument as in the consistency proof of

Proposition 2 establishes the consistency of 3; for /& and A, (¢;35) for Aq(t) uniformly int €
[0, 7].

Similar to the proof of Proposition 2, we further obtain

o 3;;50213_1‘1’3(/5’0){1+0p(1)},
A5 (t:85)— Ao (t)=A4(t:80) — Ao () + (£) D~ W5 (5o) {1+0,(1)}-
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By Kosorok (2008, Theorem 2.6), the bootstrapped empirical processes in A*(t), B*(t),
U3 (t, o). and Vi (¢, B,) minus their expectations are all Op(n™/2). So is W (3, ). Then,
coupled with the asymptotic linearity result on £ and Ax(t; /), we obtain

o B DT () () oy (),
Ao (t:85) = Ao (t;55) =As (t;50) = Ao (t:80)+J (¢) D™ {¥5(80) —Wa(Bo) }H-0p (n/2).

Thus, asymptotically { 35— 3, Ay (t;35)— A (t:3,)} is the same linear function in terms of

{05 (50)—Ws(Bo), An(t380) Ao (t:80)} a8 U = o, Aalts ) = Ao(t)} in terms of {Wp(4),
Ao(t; fo) — Ao}

It remains to show that n'/2{W3}(6y) —W2(6o), Ay (t;60)—Aa(t;60) }, conditionally on the
data, has the same asymptotic distribution as nY2{¥»(/), Ao (t; fo) — Ag(t)}. This can be
obtained by using a conditional multiplier central limit theorem (Kosorok, 2008, Theorem
2.6) along with the functional delta method and chain rule, as argued in the asymptotic
normality proof of Proposition 2.
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Months from randomization

Fig. 1.
Estimated survival functions and 95% confidence bands over [0, 30] months, as averages

over 100 simulated subcohorts, for a 35-year-old individual in the zidovudine arm with
symptomatic HIV infection, hemophilia, and baseline CD4 count of 200. The solid, dotted,
and dashed lines correspond to the Self & Prentice, the first of Chen & Lo, and the second of
Chen & Lo methods, respectively.

Biometrika. Author manuscript; available in PMC 2015 June 01.




Page 15

Huang

9zt L2t 62T 6VT €6T 9Tz dwAsy ‘3
00T 9. vET 8t vOT  LL  L€T  TST ST 06 S0T vee as
L - 9 - 8 - L 0 € v- 8 €€ |
002 :9Z1S 110y0agns ‘940G :8el Burlosuad
L'S6 G¥6 T¥6 ¢€6 TE6 8596 O¥6 O¥6 GE€6 €6 T96 S¥6 L6 €E6 €6 'doid ‘0d
€96 9G6 8€6 L'€6 696 L'G6 0G6 8v6 TL6 TL6 TL6 196 ‘doid ‘OM
vz 8¢ 8T L6 62c 0S¢ Gee €T FASTANNNATARN £ N 01 'doud ‘3S
L'66 L06 G06 L€ 9€ G66 €06 O0T6 8€6 2€ L66 02 02 TS6 GS¥6  9dOM'Od
T€6 L€6 €66 SV6 676 8€6 £G6 V6 766 096 8.6 696 GdOM ‘OM
T0c 80z L€ &I 20z 80z 8ee LIy GGz 65 OTF 605  ddOM ‘3S
9€6  8'€6 626 L'€6 Zv6  8¢€6 dwAsy ‘OMm
€1€  06€ 61 €0V e 9gy  dwAsy ‘3S
6T¢ 02 Lz 60 7z Tee 8 Oy 96z €€z T9E  IS¥ as
€~ - L €S - wWw- Ty- 05— 09 €L |
00T :921S 1oyoaqns ‘0406 :d1el Buriosusd
€96 €¥6 vV¥6 9€6 L¥6 8596 V6 vv6 LE€6 v¥6 €96 S¥6 9¥6 L€6 Tv6 ‘doid ‘0d
096 6G6 G¥6 €6 096 096 066 T'S6 896 0.6 8G6 866 'doid ‘OM
G0z 0Tz 8Sc 8€e 10z 2Tz 197 GvE STz 6Tz Lz S9€ 'doid ‘38
G66 068 006 C¥6 L¥6 966 T68 L68 C¥6 OV6 G66 868 ¢06 8%6 676  GdOM'Od
916 G766 TG L'S6 716 G276 066 €66 T2 €6 096 666 9dOM OM
9/T 8T 997 9ve 9/T 68T 992 I¥E G8T Z6T 28 99¢  9dOM'‘3S
v6 86 0v6 L6 TY6 L¥6 dwAsy ‘OM
95z vee lS¢  geg 99z 0S¢  ‘dwhsy'3s
10z 0z 89z €€ €0z S0z 697  6EE 10z 80 6l €S as
G- Or—- Lz 6T 9- Or- 6 e 62- € 1€ 6C |
002 :9Z1S 1oyoaqns ‘0406 :8el Buriosusd
5 @ Ww Y Y &S » Ww g ¥ & w»®» W F Y
puz 107 ® LBYD BT 07 ® UBYD 20NUeId B JPS
(adom)

‘e 18 Japjoyaepn Jo densiooq ayl pue (‘dwAsy) aouaiajul paseq-sonoldwAse yum (‘doid) desisiooq pasodoud ayr aredwod 03 suoie|nwis 10yo3-ase)d

NIH-PA Author Manuscript

T alqel

NIH-PA Author Manuscript

NIH-PA Author Manuscript

Biometrika. Author manuscript; available in PMC 2015 June 01.



Page 16

Huang

‘s)nsaJ 8|qeatjddeur o a|qejreAun JayIe ayealpul sjjao Adw3

"puUBQ 99USPIJUOI 10 [RAISIUI BOUSPIJUOD 3]1IUBISd 94G6 JO
(%) abetan09 [eaudwg :Dd {feAtaiul 8duspIiu0d adAl-plepn %56 40 (%) abetanod jearidw3 ;DA H(000Tx) 10418 pepuels abelaAy :3S (000Tx) UonRIASP piepuels [eaLidw3 :ads (000Tx) selq jeouidwy :g

L'v6 O0¥6 G¥6 T¢6 <C¥6 96 E€¥6 L¥6 <CE€6 8v¥6 896 8¢€6 Gv¥6 G¢6 <C'E6 "doud ‘0d
L'v6 SV6 T¢6 V6 Sv6 L6 G€6 GV6 866 <¢S96 O0V6 066 "doud ‘OM
96 S €T 9T 0T 9L LT i1 9¢T 68 S6T 61¢ ‘doud ‘38
¢66 G06 G06 €€ GE6 ¥66 888 <C06 8¢6 6.8 L66 8G6 <¢S6 886 686 ddOM ‘Od
¢T6 806 8¢6 G€6 L'68 €06 8¢6 6.8 0€6 6T6 VV6 876 ddOM ‘OM
88 99 qct [44% 18 <9 9¢T f44) STT 6. 66T 90¢ adOM ‘IS
8'C6 816 8'€6 816 6€6 ¢v6 dwAsy ‘OMm
5 w w oy Y S w w oy ¥y 5 w w oy
pug 07 ® WLBYD T 071 ® WLBYD NVDNWLId ? JBS

NIH-PA Author Manuscript NIH-PA Author Manuscript NIH-PA Author Manuscript

Biometrika. Author manuscript; available in PMC 2015 June 01.



Page 17

Huang

'§110yoagns parejnwis QQT I8N0 sabelane ale 1019 pJepuels pue sarewl}ss 110yod-ased

‘denisjooq pasodoud ayy uo paseq :‘doid ‘paseq-sonoidwAse :1dwAsy “1o4ia pJepuels ;35

"uonoayul AIH 21ewoldwAs Jo soussald :woidwAs ‘auIqeldfez :Jpp ‘BUISOURPIP PP ‘BUIPNAOPIZ :AQZ

jrad]
§6€°0
€18'T-
jrad]
4041}
T18'T-
ELV0
9ev'0
we'1-

8v¢'0
€L9'T-

(rao)bo|

G820
v.2'0
1180
G820
6.¢°0
0780
0c€0
0T€0
8¢8'0

S/T°0
88.°0

91¥'0 ¥100 TSE0
6070 €100 6E€0
2890 E¥00 ¢S9L°0-
0¢y'0 ¥100 0S€0
9Tv'0 Y100 GvE0
8190 ¢v0'0  TSL0-
16¥°0 LT00 L.€0
LT9°0 G100 T9E0
0v.'0 700 8SL°0-
sesAJeue 110y02-ase)
€120 6000 0€C0
985°0 6€00 G89°0-
sIsAJeue 11oyod ||n4

woldwAs eljydowsy  abe PP

0€€0
¥¢€0
6T¥'0-
0€€0
6¢€°0
6T¥'0-
¢9€0
65€°0
¥0¥'0-

60¢°0
T6€°0-

opPp+AdZ

8ve0 ‘doid ‘35
8€€°0 ‘dwAsy ‘35
€69°0- puz 077 usyd
8ve0 ‘doid ‘35
EVED ‘dwAsy ‘35
269'0- 1ST 107 % UayD
v.€°0 ‘doid ‘35
T9€0 ‘dwAsy ‘35
669°0- 0nUBId 2 4185
9220 ‘dwAsy ‘35
129°0- arewnss
IPP+AQZ

¢ ?olgel

NIH-PA Author Manuscript

Apnis G/T 910V ay1 Jo S nsal sisAjeuy

NIH-PA Author Manuscript

NIH-PA Author Manuscript

Biometrika. Author manuscript; available in PMC 2015 June 01.



