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Purpose: The use of medical technology capable of tracking patient motion or positioning patients
along 6 degree-of-freedom (6DOF) has steadily increased in the field of radiation therapy. However,
due to the complex nature of tracking and performing 6DOF motion, it is critical that such technology
is properly verified to be operating within specifications in order to ensure patient safety. In this study,
a robotic motion phantom is presented that can be programmed to perform highly accurate motion
along any X (left–right), Y (superior–inferior), Z (anterior–posterior), pitch (around X), roll (around
Y ), and yaw (around Z) axes. In addition, highly synchronized motion along all axes can be performed
in order to simulate the dynamic motion of a tumor in 6D. The accuracy and reproducibility of this
6D motion were characterized.
Methods: An in-house designed and built 6D robotic motion phantom was constructed following
the Stewart–Gough parallel kinematics platform archetype. The device was controlled using an
inverse kinematics formulation, and precise movements in all 6 degrees-of-freedom (X , Y , Z , pitch,
roll, and yaw) were performed, both simultaneously and separately for each degree-of-freedom.
Additionally, previously recorded 6D cranial and prostate motions were effectively executed. The
robotic phantom movements were verified using a 15 fps 6D infrared marker tracking system and the
measured trajectories were compared quantitatively to the intended input trajectories. The workspace,
maximum 6D velocity, backlash, and weight load capabilities of the system were also established.
Results: Evaluation of the 6D platform demonstrated translational root mean square error (RMSE)
values of 0.14, 0.22, and 0.08 mm over 20 mm in X and Y and 10 mm in Z , respectively, and rotational
RMSE values of 0.16◦, 0.06◦, and 0.08◦ over 10◦ of pitch, roll, and yaw, respectively. The robotic
stage also effectively performed controlled 6D motions, as well as reproduced cranial trajectories
over 15 min, with a maximal RMSE of 0.04 mm translationally and 0.04◦ rotationally, and a prostate
trajectory over 2 min, with a maximal RMSE of 0.06 mm translationally and 0.04◦ rotationally.
Conclusions: This 6D robotic phantom has proven to be accurate under clinical standards and capable
of reproducing tumor motion in 6D. Such functionality makes the robotic phantom usable for either
quality assurance or research purposes. C 2014 American Association of Physicists in Medicine.
[http://dx.doi.org/10.1118/1.4900828]
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1. INTRODUCTION

A clinical target volume (CTV) is capable of undergoing
both translational and rotational motions. Although the dele-
terious effects of poor translational localization of the CTV
are well known, recent studies have shown that tumor rota-
tional localization error can also significantly affect the target
dose coverage.1–8 This is particularly concerning in the case
of highly conformal radiation therapy such as stereotactic
radiosurgery (SRS) and intensity-modulated radiation ther-
apy (IMRT). In these cases, even tumors which are well-
positioned in the X (left–right, LR), Y (superior–inferior, SI),
and Z (anterior–posterior, AP) axes can still produce signif-
icant sources of uncertainty with regard to efficacy of the
intended dose distribution in the patient, especially if they are
significantly nonspherical.8,9

The ability to track and correct for target motion in 6
degrees-of-freedom (6DOFs) has become more achievable
with the introduction of new motion monitoring techniques

and patient positioning devices. External 6DOF patient track-
ing has been performed using either infrared (IR) marker
tracking or 3D optical surface imaging.10–14 Internal 6DOF
tracking of targets within the patient has been performed us-
ing stereoscopic kV imaging, using single planar kV images
to estimate 6D motion in real-time or magnetic fiducial track-
ing.9,15–20 Devices capable of positioning patients in 6DOF
include robotic treatment couches such as the Elekta Hexa-
POD system (Elekta, Stockholm, Sweden) and the Varian
TrueBeam 6D couch (Varian, Inc., Palo Alto, CA).21–23

Despite the growth of 6D-capable motion tracking and
patient positioning technologies in the clinic, there does not
currently exists a versatile 6DOF radiation therapy-specific
motion phantom to verify that such devices are operating
within designed specifications. Previous work which charac-
terized such 6DOF technology had been limited to perform-
ing well-defined reference motions along only the translation
axes XYZ or along XYZ and the yaw axes.24 While other
research groups have explored task-specific 6DOF phantoms,
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a compact and versatile phantom with a height weight load
for integration with other anthropomorphic phantoms does
not currently exist with adequate performance characteristics
to permit replication of tumor motion at multiple sites.25 In
addition, a trend in recent research to consider 6DOF in mo-
tion tracking, artifact generation during imaging, and dosi-
metric effects promotes the necessity for a highly accurate
device capable of performing specific trajectories to verify
proposed methodologies for the reduction of motion-induced
deleterious effects.9,14,26–29 In this study, we present a robotic
motion phantom that can be programmed to perform highly
accurate motion along any X , Y , Z , pitch, roll, and yaw axes.
Moreover, highly synchronized motion along all axes can
be performed in order to simulate the real-time motion of a
target in 6D, and in this work, we focus on the 6D motion of
both cranial and prostate cases.

2. METHODS AND MATERIALS

2.A. Theory

Compared to a stacked serial kinematics 6D system, the
Stewart–Gough archetype has several significant advantages,
including improved compactness, a higher load-to-weight ra-
tio, increased longevity, higher stiffness, and a faster response
time.30,31 We consequently chose to follow the Stewart plat-
form technique for a more robust 6D device. The two funda-
mental approaches to control a Stewart platform parallel kine-
matics stage are inverse kinematics and forward kinematics;
since our application involves the generation of six leg trajec-
tories to perform a desired 6D composite motion, we were
motivated to use the former technique. This approach takes the
desired X , Y , Z , pitch, roll, and yaw positions of the top plat-
form and computes the required leg lengths for this position,
over a 6D trajectory.

The six actuator legs of the Stewart platform connect to
two universal joints each, one on the top platform at points Ti

for i = 1,. . .,6 and one on the bottom platform at points Bi for
i = 1,. . .,6. In the top platform frame and the bottom platform
frame, these positions are given by Eqs. (1) and (2), respec-
tively, for legs k = 1,. . .,6, where the angles θk and βk are the

angular positions of the universal joints on the top and bottom
platforms, respectively, and RT and RB are the corresponding
radii of the two platforms (see Fig. 1),

⇀
t k = RT



cos βk
sin βk

0



. (1)

⇀

bk = RB



cosθk
sinθk

0



. (2)

Using this geometrical formulation, one can compute the
required strut lengths sk to produce the intended top platform
6D position ⇀r and orientation relative to the bottom platform
R from the top and bottom universal joint positions in their

frame,
⇀
t and

⇀

b, respectively, by Eq. (3),

sk =
����
⇀r +R ·⇀t k−

⇀

bk

���� (3)

2.B. Design and construction

Following the geometrical consideration described above,
the robotic stage was designed under the constraints of high
compactness, weight load, and precision. Specifically, we de-
veloped the robotic motion phantom to be sufficiently compact
so as to maximize its utility in multiple applications, select-
ing a platform radius of 75 mm and a stationary height of
183 mm. Due to the lack of commercially available actuators
which matched the required sub-millimeter precision specifi-
cations, custom linear actuators, together with the top and bot-
tom platforms of the parallel kinematics device, were designed
and built in-house (Fig. 2). Each actuator was powered by a
NEMA 8 stepper motor (OSM Technology) and controlled us-
ing an 8-axis stepper motor controller [PCI-7358 National In-
struments (NI)].

The lead screw-motor system was selected to provide sub-
stantial vertical lift capabilities such that the device was capable
of performing 6DOF motions with common anthropomorphic

F. 1. Geometry of the bottom (left) and top (right) platforms. The points Bi and T j for i, j = 1, . . . , 6 correspond to the joint locations on the bottom and
top platforms, respectively, where each actuator leg connects Bi and T j when i = j . The angles db and dt correspond to the separation of the universal joint
positions between the two most adjacent joints, for the bottom and top platforms, respectively.
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F. 2. Design of the 6D robotic phantom in SolidWorks (Dassault Systèmes SolidWorks Corp., Vélizy, France) (left), the completed device (middle), and the
lab setup (right).

phantoms, such as a water-equivalent head phantom; theo-
retical expectations yield a proposed weight load capacity of
32 kg at a motor speed of 45 rotations/s following Eq. (4),
where dm is the lead screw diameter (6 mm), l is the thread
[0.64 mm, corresponding to a high-resolution 40 threads/inch
(0.64 threads/mm)], and µ is the coefficient of friction between
the Kerkote TFE-coated lead screw and the Delrin antirotation
collar (0.08 static, 0.09 dynamic),

Traise=
F ·dm

2


l+πdm

πdm− µl


. (4)

Under the formulation, the robotic stage has the capacity to
support a multitude of clinically used phantoms in order to pro-
vide controlled 6D motions to currently used phantoms. Addi-
tionally, the fine thread on the lead screw was selected to pro-
vide an exceptional accuracy of 3149 steps/mm, after tuning
the stepper motor software to produce a control at the level of
2000 steps/rotation.

2.C. Evaluation

The accuracy and reproducibility of the robotic motion
stage was characterized through comparison of measurements
of its 6DOF output trajectory to different intended 6DOF input
trajectories. The input files included repeated motions along
each single axis to verify reproducibility and test the full 6D
workspace, as well as more complicated trajectories to deter-
mine the full range of 6D capabilities of the device. Human
6D motion included prior recorded volunteer head motion over
a 15 min period and patient prostate motion over a 2 min
period.9,26 These input trajectories were then transmitted to a
LabVIEW (2012, National Instruments) application and
subsequently communicated to the six motors through the NI
PCI-7358 controller card and the two stepper motor power
drives.

Output motion of the robotic stage was tracked using an IR
optical tracking camera (Polaris, Northern Digital, Inc., Wa-
terloo, ON, Canada). Here, a 4-point reflective marker tool
was fixed to the top platform of the device whose motion was
monitored in real-time. The four markers on the tool define a
set of vectors directed to a point in space, established at the

control point of the Stewart platform, such that the resultant
6D motion of the device could be effectively compared to the
intended trajectory. To ensure proper alignment of the device
coordinate system, a transformation was performed between
the Polaris coordinate frame and the IR tool frame, which
was previously established as the Stewart platform frame of
Ref. 32. To perform this transformation, an 8-point calibration
technique was performed, wherein the robotic device moved
across a 3D trajectory to the corners of a cube and remained
stationary for 90 s (∼1000 data points at a Polaris frame rate
of 12 Hz) to provide good statistics for averaging. The trans-
lational component of the Polaris output was averaged over
the 90 s duration of all eight points of the cube corners and
compared to the input X , Y , and Z positions using singular
value decomposition (SVD).33 This methodology considers
the two reference frames xn and yn with weight wn between
each pair, for n= 1,2,. . .,8 positions and attempts to find an
orthogonal matrix U = uij which minimizes Eq. (5) below, sub-
ject to the constraint in Eq. (6), where δij are the elements of
the unit matrix,

E =
1
2


n

wn

�
Uxn−yn

�2
, (5)

k

ukiuk j−δij= 0. (6)

The elements of this orthogonal matrix U are found by
Eq. (9) below, with the unit eigenvectors of R̃R, ak and bk

defined by Eq. (7), and the elements of matrix R, rij, defined by
Eq. (8) below. Here, µk are the associated positive eigenvalues
of R̃R,

bk =
1
√
µk

Rak, (7)

rij=

n

wnynixn j, (8)

uij=

n

bkiak j . (9)

This technique permits accurate tracking of the robotic
stage in 6D, and excluding the inherent Polaris noise and min-
imal setup uncertainty is an error minimizing procedure. A
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comprehensive analysis was performed to ascertain the 6D top
platform position errors produced from the individual sources
of uncertainty. Upon completing the calibration, several trajec-
tories were transmitted to the stage and recorded using Polaris,
and the root mean square error (RMSE) was computed over
the entire duration of each motion to validate the efficacy of
the 6D system.

The 6D workspace was then tested to determine the full
range of motion capable; these values were computed for
movements performed only in the direction reported since
specific 6D orientations of the top platform can yield a myriad
of restrictions on the workspace for that particular configura-
tion (Table I). The relative directions selected for X , Y , and Z
are arbitrary, but consistent following the geometry established
in the design of the robotic stage. The maximum velocities in
each six directions were also theoretically calculated given the
limits of the stepper motors and a computed actuator maximum
speed of 31.75 mm/s. Experimentally, the actuators were found
to be capable of linear speeds of up to 20.32 mm/s, yielding
the maximum 1D speeds in all six possible directions.

Having substantiated the theoretical capabilities of the ro-
botic QA phantom with experiment, the 6D capabilities of
the device were then examined. Six 1D trajectories were first
performed to validate the reproducibility and effectiveness of
the stage in all six dimensions independently. The measured
output trajectory was then compared to the intended input
trajectory, after the calibration procedure was performed. The
full 6D capabilities of the system were then explored us-
ing previously acquired cranial motion and tracked using the
Polaris IR tracking system as before. A similar procedure was
conducted for 6D prostate motion, acquired previously using
an iterative closest point algorithm and a kV imaging system.9

For both of these sites, the input trajectory was compared to
the output trajectory as measured with the IR motion tracking
system, using an RMSE analysis. For all cases of 6DOF mo-
tion, each trajectory and subsequent RMSE comparison were
performed multiple times to further verify the reproducibility
of the device.

3. RESULTS

3.A. Experimental setup characteristics

The uncertainty in the 6D positional accuracy of the device
was analyzed assuming conservative estimates of the initial
actuator lengths and the center of the universal joint pivot

points, which define the control point of the top platform.34

Under the assumption of normally distributed initial 6D setup
errors of the robotic stage in the above elements, with stan-
dard deviations of 0.1 mm translationally in both the initial
actuator length and universal joint pivot positions, we found
the mean of the translational errors to be zero with RMSE
of 0.01, 0.02, and 0.01 mm in X , Y , and Z , respectively, and
the mean of the rotational errors to be zero with RMSE of
0.01◦ in all pitch, roll, and yaw. These values were obtained
after 10 000 simulated points sampled in a workspace ±2 mm
in X , Y , and Z and ±1◦ in pitch, roll, and yaw; this workspace
covers the 6D span of both the cranial and prostate motions.
For larger workspaces such as ±15 mm and ±15◦ translation-
ally and rotationally, respectively, if random points within this
full 6D workspace were sampled as before and included the
same normally distributed estimates of setup error, the RMSE
of the robotic stage from this uncertainty alone was found to
be at most 0.15 mm translationally and 0.08◦ rotationally.

3.B. Motion control in 6D

The results of the six independent 1D motion analyses are
shown in Fig. 3 for translational and rotational motions. We
obtained RMSE values of 0.14, 0.22, 0.08 mm, 0.16◦, 0.06◦,
and 0.08◦ for X , Y , Z , pitch, roll, and yaw, respectively. As dis-
played in the figures, the 6D system exhibited excellent levels
of reproducibility with minimal backlash over a substantial
range of motion. As can be seen in the lower plot compo-
nents in Fig. 3, which characterize the difference between the
intended trajectory and the measured output trajectory, the er-
ror does not vary substantially over time nor does it increase
significantly at the transition point in the trajectory between
linear 1D motion and rest, indicating low backlash levels and
a high degree of reproducibility.

The recorded output motion in the cranial case was com-
pared to the intended 6D trajectory, and over a 15 min trajec-
tory, we found RMSE values of 0.03, 0.04, 0.04 mm, 0.03◦,
0.02◦, and 0.04◦ in X , Y , Z , pitch, roll, and yaw, respectively
(Fig. 4). For the 6D prostate motion, the IR-recorded output
motion was once again compared to the desired trajectory over
a 110-s trajectory, and we found RMSE values of 0.03, 0.06,
0.02 mm, 0.03◦, 0.04◦, and 0.04◦ in X , Y , Z , pitch, roll, and
yaw, respectively (Fig. 5). For both the cranial and prostate
cases, the difference between the intended trajectory and the
measured trajectory, even over a 15-min trajectory, does not

T I. Summary of maximum workspace and maximum speed of the 6D robotic phantom in all six dimensions.
Values correspond to 1D motions in the recorded direction.

X Y Z Pitch Roll Yaw

Minimum position −42.2 mm −51.5 mm −15.6 mm −14.7◦ −15.0◦ −41.0◦

Maximum position 42.2 mm 39.4 mm 15.5 mm 14.3◦ 15.0◦ 41.0◦

Maximum speed
(theoretical)

55.8 mm/s 53.8 mm/s 29.3 mm/s 27.1 deg/s 28.4 deg/s 69.7 deg/s

Maximum speed
(experimental)

40.7 mm/s 38.1 mm/s 18.8 mm/s 17.4 deg/s 18.1 deg/s 44.6 deg/s
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F. 3. Comparison between input (ideal, no noise) and output (recorded, with noise) translational motions for 20 mm in X (top left) and Y (center left) and
10 mm in Z (bottom left), with resultant RMSE values of 0.14, 0.22, and 0.08 mm, respectively. Rotationally, a comparison was made for 10◦ in pitch around
X (top right), roll around Y (center right), and yaw around Z (bottom right), with resultant RMSE values of 0.16◦, 0.06◦, and 0.08◦, respectively. Below the
comparison plot is the difference between the intended input trajectory and the measured output trajectory.

vary substantially over time, and furthermore that this differ-
ence is within an envelope of ±0.15 mm and ±0.16◦ for both
cases over the entire trajectories.

4. DISCUSSION

The presented 6D robotic system has demonstrated a high
level of accuracy in replicating input 6D trajectories, while
maintaining many of the robust and important features of a
parallel kinematics machine, such as high load-to-weight ratio,
compactness, longevity, speed, and reproducibility. Further-
more, validation of theoretical characteristics of the device
was conducted experimentally, and a large 6D workspace was
established. The device was also shown to have notable speed

F. 4. Comparison between input and output 6D head motions for X , Y ,
Z , pitch, roll, and yaw, with resultant RMSE values of 0.03, 0.04, 0.04 mm,
0.03◦, 0.02◦, and 0.04◦, respectively.

capabilities, with maximum translational and rotational speeds
of up to 4 cm/s and 44 deg/s, further supporting its multi-
purpose functionality. As presented in the RMSE results and
in Figs. 3–5, the robotic system is capable of rapid direc-
tion changes; the inherent noise in the Polaris tracking system
increased the variability from set point to set point, demand-
ing swift alteration of direction and sharp increases in instan-
taneous velocity. The response time and communication lag
between the software and various hardware components were
found to be sufficiently small, providing effective motion con-
trol even over irregular trajectories, such as those for tumors.
Although such lesions are also capable of undergoing defor-
mations, this work focused on the replication of rigid 6D mo-
tion, as deformable motion trajectories are substantially more
complex and would require site-specific phantoms.

F. 5. Comparison between input and output 6D prostate motions for X , Y ,
Z , pitch, roll, and yaw, with resultant RMSE values of 0.03, 0.06, 0.01 mm,
0.03◦, 0.04◦, and 0.04◦, respectively.
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The development of a novel approach to calibrating the
phantom to the IR camera system using an eight-point trajec-
tory was effective and essential to providing valid 6D mo-
tion tracking at the sub 0.5-mm level. The eight points used
for this calibration step are not uniquely necessary, since the
SVD approach to yield a rotation matrix and translation vector
relating the IR camera frame of reference to the 6D phantom
top platform requires only six linearly independent points to
provide enough equations for the unknown variables. How-
ever, increasing the number of points, in addition to extend-
ing the “wait time” at each point, helped reduce the inherent
IR camera tracking error. Furthermore, previous studies have
examined the standard deviation of the IR camera noise to be
on the order of 0.07 mm translationally.26 Additional sources
of uncertainty during calibration included the initial length of
each actuator leg and the uncertainty in the absolute positions
of the 12 universal joint pivot points which define the control
coordinate system. These uncertainties contributed less than
0.2 mm and 0.1◦ from RMSE analysis translationally and ro-
tationally, respectively, assuming conservatively large initial
uncertainties and a workspace of ±15 mm in XYZ and ±15◦ in
pitch, roll, and yaw. Ultimately, the acquisition of an ample set
of data points at each resting point, used in conjunction with
the robust and error free method of SVD, produced an effective
methodology for tracking 6D motion in an arbitrary coordinate
system while mitigating the innate uncertainty involved in IR
tracking.

5. CONCLUSION

A versatile, accurate, and effective 6DOF robotic motion
phantom for use in radiation therapy QA and for research
purposes has been designed and fabricated under stringent
requirements for workspace, speed, precision in replicating
complex 6D motions, and ability to respond to rapid changes
in direction. In combination with the high degree of accuracy
achievable by the device and its compact size, the robotic 6D
motion system presented here has a high degree of flexibility
and can support a wide range of applications for simulating
the motion of several tumor locations and anatomical features.
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