
Effective Scatterer Diameter Estimates for Broad Scatterer Size 
Distributions

Eric P. Nordberg and Timothy J. Hall
Medical Physics Department, University of Wisconsin, Madison, WI, USA

Abstract

Acoustic form factors have been used to model the frequency dependence of acoustic scattering in 

phantoms and tissues. This work demonstrates that a broad range of scatterer sizes, individually 

well represented by Faran theory or a Gaussian form factor is not accurately described by a single 

effective scatterer from either of these models. Contributions from a distribution of discrete 

scatterer sizes for two different form factor functions (Gaussian form factors and scattering 

functions from Faran’s theory) were calculated and linearly combined. Composite form factors 

created from Gaussian distributions of scatterer sizes centered at 50 µm with standard deviations 

of up to σ = 40µm were fit to each scattering model between 2 MHz and 12 MHz. Scatterer 

distributions were generated using one of two assumptions: the number density of the scatterer 

diameter distribution was Gaussian distributed, or the volume fraction of each scatterer diameter 

in the distribution was Gaussian distributed. Each simulated form factor was fit to a single 

diameter form factor model for Gaussian and exponential form factors. The mean squared error 

(MSE) between the composite simulated data and the best-fit single diameter model was smaller 

with an exponential form factor model, compared to a Gaussian model, for distributions with 

standard deviations larger than 30% of the centroid value. In addition, exponential models were 

shown to have better ability to distinguish between Faran scattering model-based distributions 

with varying center diameters than the Gaussian form factor model. The evidence suggests that 

when little is known about the scattering medium, an exponential scattering model provides a 

better first approximation to the scattering correlation function for a broad distribution of 

spherically symmetric scatterers than when a Gaussian form factor model is assumed.

Introduction

Quantitative ultrasound (QUS) expands the capabilities of ultrasound beyond simple 

analysis of relative B-mode image brightness by computing the power spectrum of 

backscattered ultrasound echo signals and performing further data processing to produce 

quantitative results. Applications have been explored in various tissues including eyes, 

kidney, liver, heart and bone.1–7 QUS allows for the measurement of specific parameters 

within a given medium to obtain more specific and detailed information beyond that 

available in a typical B-mode image. Among these parameters are quantitative measures of 
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acoustic scattering and parameters derived from these estimates. One such parameter is the 

effective scatterer diameter (ESD) which has been used to study specific scattering sources 

in, for example, kidney, lymph nodes, red blood cells and breast tissue.8–11

The effective scatterer diameter is a quantitative metric estimated by comparing the 

measured data to a scattering model, called a form factor function, that describes the 

frequency dependence of backscatter. Specifically, the form factor describes deviations in 

the frequency dependence of the backscatter coefficient from that of Rayleigh scattering and 

is proportional to the Fourier transform of the autocorrelation function of acoustic 

impedance variations within a given medium.12 It is known that when the scattering source 

is small compared to the wavelength (a « λ where a is the scatterer radius), the scattering 

sources act as Rayleigh scatterers. Rayleigh scatterers display a frequency dependence of f4, 

and no more information is available about size or detailed shape. If the scattering source is 

large compared to the wavelength (a » λ), then the acoustic wave is essentially interacting 

with an interface, and the frequency dependence of scattering goes as f0 (frequency-

independent). When the size of the scattering source is between these limiting conditions, it 

is possible to extract information about its size and shape based on properties of the 

scattered waves.

Several different models corresponding to different scatterer geometries or different 

boundary conditions can be used to calculate an effective diameter from form factor data. 

Models derived from the theory of Faran,13 a fluid sphere,14 or a spherical shell12 assume 

discrete scatterers within a uniform background. In addition to modeling discrete scattering 

structures, the form factor approach can also be used to describe the correlation function for 

variations within a continuum by modeling scattering with simple, continuous functions like 

a Gaussian or exponential.6,7,15 In cases where the scattering is from a continuum, the form 

factor approach models the correlation function of the underlying acoustic impedance 

distribution – not an individual scattering structure.

Insight into correlation functions of random media can be found in an analogous system of 

x-ray scattering. Work by Debye et al. shows that in a completely random scattering 

medium made of only material and voids, the resulting correlation function takes the form of 

an exponential, e−r/a, where the free parameter a is directly related to the volume fraction of 

voids within the scattering medium -- which ranged between 15% and 50%.16 Within the 

field of acoustics, researchers later used the exponential correlation function as a default 

form when fitting experimental correlation function results.17–19 In these cases, the free 

parameter, a, was used as a default correlation length for systems where a was assumed to 

be related to the mean scatterer size within the system as opposed to being measure of 

scatterer volume fraction.

Each method of form factor calculation is based on estimates of the power spectrum of the 

received echo signals. An implicit assumption in this analysis is that the underlying 

interactions that produce the echo signals arise from (at least) a weakly stationary random 

process. This is a good assumption in homogenous, isotropic phantoms and is applied to 

backscatter analysis in many soft tissues.12, 20

Nordberg and Hall Page 2

Ultrason Imaging. Author manuscript; available in PMC 2016 January 01.

N
IH

-P
A

 A
uthor M

anuscript
N

IH
-P

A
 A

uthor M
anuscript

N
IH

-P
A

 A
uthor M

anuscript



When an ESD is calculated from experimental form factor data obtained from media with 

discrete sources, the assumption is made that the dominant scatterers within a given region 

of interest (ROI) are of a single size (or have a very narrow size distribution) and are fit to a 

model which describes a single effective size. This effective scatterer diameter approach 

produces predictable results when the scatterer properties within the observed media are 

known.12

Previous work with an emphasis on ESD analysis has been successfully performed on renal 

tissue.2, 20–25 In these tissues the assumptions of local homogeneity, system stationarity, and 

discrete scattering sources were adequately met. The series of investigations of backscatter 

from the renal cortex was particularly successful in using ESD analysis to measure and track 

changes in microstructural elements within tissue.2, 20–25 This analysis worked particularly 

well because of the relative homogeneity of the tissue samples and the sparse, regular nature 

and discrete circular symmetry of the scatterers being measured: the larger glomeruli and 

smaller afferent and efferent arterioles. Figure 1 shows a second harmonic generation (SHG) 

microscopy image of a 200 µm thick slice of porcine renal cortex tissue along with sample 

acoustic data from the same tissue sample.26 Lighter areas within the image correspond to 

areas with a higher concentration of collagen,26 a major contributor to acoustical scattering 

in biological tissues.27,28 Many of the larger, roughly 200 µm features within this image are 

examples of the glomeruli. Note that over the course of many millimeters, the character of 

the aggregate microstructure remains unchanged.

The relative homogeneity of the renal cortex stands in stark contrast to that of many other 

tissue types. Figures 2 and 3 show SHG images from two rodent mammary tumors from 

separate animals. These tumors were obtained from transgenic mice with an expressed 

polyoma middle-T oncoprotein inducing spontaneous mammary tumor generation and 

growth. These tumors, which have a high rate of metastasis, have been shown to be good 

models for similar diseases in humans.29 In contrast to Fig. 1, the tumor tissues shown in 

Figs. 2 and 3 are much more inhomogeneous — with drastic changes occurring over 

millimeter length scales. This behavior violates the assumption of a weakly stationary 

random process employed in the derivation of the signal processing methods for ESD 

estimation. Calculating a form factor from the backscatter data with such media can yield 

useful, trackable parameters, but unlike phantom measurements, for instance, where the 

microstructure is known to be sparse, random and uncorrelated, a single size Gaussian form 

factor model may not offer insight into the specific dominant scattering structure being 

probed.

Early investigations into ESD estimation were intended as a method to characterize an 

effective size from a continuum lacking discrete scattering sources and were validated with 

phantoms containing discrete, well-characterized scatters (e.g. glass spheres with known 

diameters).12, 30 These early successes have led to the assumption that a correlation length 

derived from an experimental form factor should correspond to a specific object or objects 

within a given medium.31, 32 This assumption may or may not be the case with the tissue 

being studied.
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When a scattering medium deviates from the assumption that only a single size of scatterer 

is dominant within a given ROI, and a broad distribution of scatterers is present, a single-

size ESD model can cease to be a good descriptor of the microstructure within a given 

medium. One potential consequence of increasingly complex scattering media is the over-

estimation of mean scatterer sizes. Assuming sufficient available signal bandwidth, as the 

distribution of scatterer sizes broadens and more, larger-diameter scatterers are introduced to 

the distribution, the larger scatterers dominate and ESD values increase resulting in a biased 

estimation of the mean size of the scatterers in the distribution.30, 31 It has also been shown 

that insufficient bandwidth can affect the ESD estimates for a continuum of scatterer 

diameters highlighting the need for the maximum available bandwidth when performing 

experiments involving ESD analysis.33

In order to gain an understanding of scattering media like the tumor tissue shown in Figs. 2 

& 3, where scattering sources can have complicated shapes resulting in complicated acoustic 

autocorrelation functions, sample form factor data from relatively simple distributions were 

simulated and fit to empirical form factor models. A weakly scattering medium was 

assumed, allowing each different scatterer size to contribute independently to backscatter 

data as a whole. Effective scatterer sizes and bandwidths were chosen to reflect typical 

ranges found when laboratory and clinical systems are used.

In this paper we explore the behavior of backscatter data from simulated media with broad 

scatter size distributions. Form factor data was simulated under a single-scattering 

assumption by linearly combining the contributions of individual scatterer sizes and fitting 

those compound form factors to empirical form factor models. From these simulations we 

show that a single “effective” scatterer diameter using a Gaussian model for the acoustic 

form factor is a comparatively poor descriptor of the scattering medium as the distribution of 

scatter sizes broadens whereas a single-size exponential form factor model becomes an 

increasingly better fit. Although it should not be expected that the correlation length 

obtained from an exponential model describes any particular feature within a given 

scattering medium, in media with unknown microstructural properties a good fit to an 

exponential form factor model may indicate a relatively complicated and disordered 

microstructure. In addition, a single diameter exponential model has equal or better ability to 

track changes within a medium, as a distribution of scatterers changes, than if a single-size 

Gaussian model is used.

Methods

Backscatter coefficients for broad scatterer diameter distributions were simulated by 

calculating the frequency dependent backscatter coefficients (BSC) for a series of single 

scatterer sizes, weighting each individual size by a relative concentration, and summing the 

individual contributions as shown in Eqn. 1

(1)

where na is the relative concentration of the BSC of a single size, a. Individual BSCs were 

calculated using the theory of Faran under the assumption that solid glass spheres of a single 
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size were randomly distributed within a uniform background medium. The concentration 

coefficients (normalized number density, na) were calculated assuming a Gaussian 

distribution around a median diameter (50 µm for this study).

For analysis, the summed BSC data were reduced to form factors, removing all 

dependencies but frequency and scatterer geometry. Form factors were calculated by 

dividing the backscatter coefficients by f4 (the frequency dependence of scattering by 

Rayleigh scatterers) and normalizing the data to an arbitrary value. For visual comparison, 

all simulated data was normalized to the zero-frequency limit. Mean squared error values 

between each potential single-size model and the simulated broad-distribution data were 

calculated after normalization. The single-size model and normalization that produced the 

lowest mean squared error (MSE) was selected as the best fit.

Two different scatter size distribution models were employed to calculate na: the Gaussian 

number density approach, and the Gaussian volume fraction approach. Using the Gaussian 

number density approach, the relative number of each scatterer diameter is weighted by a 

Gaussian:

(2)

where a0 is the median size and σ is the (variable) standard deviation of the size distribution. 

Using the Gaussian volume fraction approach, the total volume of scatterers of each 

diameter is weighted by a Gaussian:

(3)

In this approach, scatterers with smaller diameters will be more numerous, but still sum to 

the same volume contribution as each of the less numerous, larger scatterers at positions on 

opposite sides of the distribution’s centroid. Neither of these scatterer number density 

models should be expected to perfectly mimic a biological scattering medium; instead these 

two weighting scenarios should be thought of as idealized media that can act as guides when 

studying more complex tissues.

For both scaling models, the number of each scatterer diameter is relative and the total 

number unspecified. While size information is contained within the backscatter data, number 

density information (which is proportional to the magnitude of the backscatter coefficient) is 

lost when the BSC data is converted to a form factor. For these calculations, it is assumed 

that the total number of scatterers is small and contributes only a small volume fraction of 

the total medium, and that the scanning area is large enough to sample a statistically 

significant number of individual scatterers. These assumptions are commonly used when 

studying scattering behavior in soft tissues.12

Figures 4a and 4b show the fraction of the total number of scatterers in the distribution as a 

function of size for each weighting method with four different standard deviations as a 
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percentage of the central scatterer size: 10%, 35%, 50%, and 65%; and, for comparison, a 

5th uniform scatterer diameter distribution is included. The step size for each distribution 

was 1 µm, which has been shown to produce theoretical backscatter coefficients in good 

agreement with experiment.34 Figures 4c and 4d show the contribution to the total BSC 

from each constituent scatterer diameter. When the scatterer diameter is much smaller than 

the incident wavelength, larger sizes have a larger impact on the resultant backscatter 

coefficient due to the backscatter coefficient having an a6 dependence. As a result, Gaussian 

volume fraction scaling includes a larger number of smaller scatterers in the medium and 

they provide a larger contribution to the total compound BSC than they do with Gaussian 

number density scaling.

Normalized compound BSCs with distribution standard deviations ranging from 0% to 70% 

were generated and log-compressed. Effective scatterer diameters (ESD) were found by 

fitting each data set to three single-size backscatter models: Faran theory, a Gaussian form 

factor,

(4)

and an exponential form factor,

(5)

where k is the wave number and d is the characteristic distance of each model.13, 15 Each 

characteristic distance was converted to an effective diameter by scaling according to a 

spherical volume integral as discussed in the work by Insana et. al (1993).15 Fitting the 

Faran and exponential form factor models to compounded backscatter data was performed 

using previously generated lookup tables.*Gaussian form factor fits were performed 

analytically.35 Each fit used form factor data for frequencies between 2 MHz and 12 MHz 

with the center frequency corresponding to a ka~ 0.8 for 50 µm scatterers. While this is an 

optimistic bandwidth for current commercial clinical transducers,36 the large bandwidth 

allows more features to be captured by the simulated data. Example data created using Faran 

scattering functions with distributions corresponding to σ = 10%, 35%, 50%, and 65% of the 

center scatterer size are shown in Fig. 5.

Once the best fit (minimum MSE) form factor model was found, the resultant models were 

discussed qualitatively (shape and character of the single-parameter curve) and evaluated 

quantitatively (via mean-squared error) in order to identify trends. The MSE for each fit of 

the form factor for the simulated compound scatterer distribution to the single scatterer 

diameter model was calculated using the decadic logarithm of both:

(6)

*The lookup table was generated using the Faran model for glass beads in a uniform background medium. Diameters ranged from 100 
nm to 10 mm with logarithmic step sizes.

Nordberg and Hall Page 6

Ultrason Imaging. Author manuscript; available in PMC 2016 January 01.

N
IH

-P
A

 A
uthor M

anuscript
N

IH
-P

A
 A

uthor M
anuscript

N
IH

-P
A

 A
uthor M

anuscript



where X̂ represents form factor values corresponding to the single-diameter model, X 

represents the compound distribution-based form factor values, and n is the total number of 

points. The fit quality as measured by mean-squared error is monitored with increasing 

scatter-diameter distribution standard deviation in order to compare the quality of fit 

provided by each model.

In order to gain additional information about how these fits behave when the centers of these 

distributions change, the single-size ESD parameter and MSE for the resulting fits were 

generated for distributions centered around 50 µm: 40 µm, 45 µm, 55 µm, and 60 µm. In 

addition to identifying best fit models, the degree to which the resultant ESD parameter of 

each model changed with broadening scatterer-diameter distribution was evaluated. Models 

more sensitive to changes in the center value of the scatterer diameter at different values of 

scatterer diameter distribution are identified. This simulation was performed for compound 

BSCs generated with the Faran model and Gaussian form factors.

In order to verify some of the simulation results, two separate phantoms were created using 

glass beads in agar. Each phantom was created with bead-size distributions using Gaussian 

volume scaling centered around 50µm. Phantom A was designed to have a distribution 

standard deviation of approximately 10 µm, while Phantom B was designed to have a 

distribution standard deviation of approximately 30 µm. Sound speed and attenuation 

coefficients were measured using a narrow band through-transmission technique.37 Both 

phantoms contained the same total volume of beads.

The distributions of the scatterer diameters were measured manually using calibrated optical 

microscopy. A histogram of the bead count is shown in Fig. 6 along with the intended 

distribution overlaid as a continuous curve. Distributions for both Phantom A and Phantom 

B are plotted to display both the numerical count (Figs. 6a and 6b) and the normalized 

fractional volume (Figs. 6c and 6d) of the glass beads. The volume plots were calculated by 

scaling the numerical count histogram data by r. Despite the fact that most of the individual 

scatterers in Phantom B are smaller than 30 µm, when the volume fraction of each size is 

examined, it can be seen that a significant percentage of the scatterer volume is taken up by 

scatterers larger than 50 µm. This observation is in contrast to Phantom A were only a small 

fractional volume is taken up by these larger scatterers.

The experimental backscatter coefficients and subsequent form factors were found using the 

reference phantom approach.38–40 Scanning was performed using a Siemens Acuson S2000 

commercial ultrasound system (Siemens Medical Solutions USA, Malvern, PA) using two 

transducers (9L4 and 18L6) with a combined bandwidth ranging from 2MHz to 12MHz. 

Power spectra were estimated using the multitaper method.41,42

Results

Figure 7 shows example form factor data created using Faran scattering functions (BSC/f4 

normalized to its peak value) simulated from example distributions of scatterer diameters 

with fits using single-sized models. The resulting ESD values for each model are shown in 

Table 1.
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The ESD estimates and the MSE between the best-fit form factor model (for each model 

type), as a function of scatterer diameter distribution standard deviation are shown in Fig. 8. 

Figures 8a and 8b show the ESD parameter as a function of scatterer diameter distribution 

standard deviation for both scatterer distribution scenarios (Gaussian number density scaling 

and Gaussian volume fraction scaling). Discontinuities in the ESD value occur with the 

Faran model when the scatterer diameter distribution becomes wide enough to include 

scatterers for which ka < 2 (where another resonance in the backscatter coefficient appears) 

leading to potential ambiguity in which resonance fits best to the data. The ESD estimates 

with the Gaussian and exponential form factor models increase steadily from the initial 

values as the contribution from larger scatterers increases.

Figures 8c and 8d show the MSE for each fit as a function of widening scatterer distribution. 

Consistent with the subjective assessment of scatterer size data, the MSE values obtained 

from the Faran models show discontinuities as the fit becomes more sensitive to the second 

(and eventually third) backscatter coefficient resonance. As such, after an initial increase, 

each discontinuity allows the fit to the Faran model to maintain a roughly constant MSE 

value. This experiment was repeated by compounding Gaussian form factor scatterers 

(instead of scatterers with Faran scattering functions) to generate data similar to those seen 

in Fig. 8. The results of those simulations are shown in Fig. 9.

The simulation results shown in Figs. 8 and 9 were repeated for different mean scattered 

diameters around 50 µm: 40 µm, 45 µm, 55 µm, and 60 µm and the results are shown in Fig. 

10. The intent of this simulation was to compare the relative changes in the Gaussian and 

exponential form factor model ESD fits and MSE as the center of the size distribution 

changed. Figures 10a and 10b show ESD fit values for Gaussian and exponential form 

factors, respectively, from BSCs generated using Faran scattering functions when the 

underlying scatterer diameter distributions have Gaussian volume fraction scaling. Figures 

10c and 10d show the ESD values obtained when the underlying scatterer diameter 

distributions have Gaussian number density scaling. These calculations were repeated with a 

Gaussian scattering model. The results of those simulations are shown in Fig. 11.

The experimental form factors obtained from Phantoms A& B are shown in Fig. 12a & 12b 

respectively. The experimental form factor data is plotted on top of a theoretical form factor 

calculated from the size data displayed in Fig. 6 using the theory of Faran. The experimental 

data for all transducers and bandwidths were normalized to the theoretical curve at 6MHz 

using the 9L4 6MHz center frequency data.

Form factor data over the entire usable frequency range were averaged and fit to both 

Gaussian and exponential single-size form factor models. Phantom A, corresponding to a 

narrower distribution, nominally 10%, produced ESD values of 79 µm and 63 µm, 

respectively. Phantom B, corresponding to a broader distribution, nominally 30%, produced 

larger values of 88 µm and 81 µm as expected. More importantly, however, the MSE values 

of each of these fits changed from phantom to phantom in a manner consistent with the 

simulations presented in this paper. The Gaussian form factor fit produced an MSE value 11 

times larger for Phantom B than Phantom A, whereas the exponential fit quality increased 

with an MSE in Phantom B 70% of the value in Phantom A. For the narrow distribution, the 
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Gaussian model was the better fit with an MSE ratio between the Gaussian and exponential 

fits of 1:7, and for the broader size distribution, the exponential model was the better fit with 

an MSE ratio of 2.5:1. These results are summarized in Table 2 with the presented ESD 

values normalized to the Gaussian form factor fit of the data obtained from Phantom A for 

convenience.

Discussion

The Gaussian form factor model has been shown to be a reasonably accurate representation 

for the (spherical) Faran-like form factor over a limited bandwidth and has been used in lieu 

of Faran theory when there is a lack of sufficient input data.21 However, as shown in Figs. 

8c and 8d, when the scatterer distribution is wider than about 20% of the center value, a 

single-diameter Gaussian or Faran form factor model becomes an increasingly poor 

descriptor of the composite scattering function. The exponential form factor, on the other 

hand, becomes an increasingly better match to the simulated data as the distribution widens. 

A similar trend is seen with Gaussian form factor based data, Figs. 9c and 9d. Even though 

each model was fit to data created using the theory of Faran, the zero width limit (single 

scatterer diameter in the distribution) will not necessarily produce an ESD value of 50 µm 

for models other than the single-size Faran model.

For the narrower size distributions, both the Faran and Gaussian models produce visually 

good fits and the exponential model is clearly an unsatisfactory option. The qualitative 

appropriateness of each model becomes more ambiguous for the broader scatterer diameter 

distributions, i.e. σ = 30 µm or about 60%. As the scatterer diameter distribution broadens, 

the composite scattering functions trend from concave-down in shape to concave-up in 

shape over the bandwidth studied. As seen in Fig. 6, single-diameter Gaussian form factor 

models also display a concave-down shape, whereas single diameter exponential form factor 

models show a concave-up shape.

The ESD values for each simulated scatterer diameter distribution created using Faran 

scattering functions began at distinct values and appear to progress toward a single, 

asymptotic value as the standard deviation of the scatterer diameter distribution increased 

(Fig. 10). The rate at which the ESD value for each size converges, however, depends both 

upon the model used to generate the BSC values and the form factor model used to fit the 

data. ESD values converge much more quickly when a Gaussian model is used to fit the data 

and when fitting Gaussian number density scatterer diameter distribution data, while 

exponential model and Gaussian volume fraction scatterer size distribution data both show a 

larger contrast for each size distribution.

Like the broad distributions of scatterers with Faran scattering functions, broad distributions 

of Gaussian scatterers yield ESD values that steadily increase with broadening scatterer size 

distribution (Fig. 9). Unlike the Faran scatterer distributions, however, when the Gaussian 

number density scaling is used, all models, including the exponential form factor model, 

produce increasingly poor fits as the size distribution widens. When a Gaussian volume 

fraction distribution is used, however, the exponential form factor fit gives a consistently 

low MSE as opposed to the Gaussian form factor and Faran model functions which increase 
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drastically beyond σ > 15 µm (30%). When the center diameter of the Gaussian form factor 

scatterer distributions is shifted (Fig. 11), unlike Faran scatterers, no appreciable difference 

is seen when tracking changes with either Gaussian or exponential form factors.

In each of these scenarios (Figs. 5, 7, 8, and 9), the mean scatterer diameter is ostensibly a 

50 µm sphere, but with very different scatterer size distributions. However, the resulting 

correlation length, i.e. ESD, for each scenario varied substantially. Many virtual phantoms 

produced correlation lengths corresponding to ESD values of about 50 µm, but many did not 

and showed substantially larger ESD values. Within each virtual phantom, scatterers existed 

equal to the calculated ESD value, though this particular size should not be argued to be the 

dominant scattering source. Based upon these results, caution must be used when trying to 

assign importance to a specific scattering source based on its size in relation to an 

experimentally obtained ESD. Until a system is well characterized and tests performed to 

validate the assertions of a dominant source of scattering, ESD should be viewed as a fit 

parameter that may or may not have a direct analog within the medium being studied.21–23

Within the experimental phantoms, Phantom B contained by far more scatterers in the range 

of 20–30 µm, while there were relatively few of those sizes in Phantom A. A microscopic 

analysis of each phantom with the intent of identifying a dominant scatterer may lead to very 

different results despite very similar experimental BSC and ESD estimates. The data from 

both phantoms appeared to line up well with the theoretical Faran calculations, and aligned 

well with the simulation results. However, despite very different scatterer distributions, the 

experimental backscatter coefficients of both Phantom A and Phantom B were still quite 

similar. A measurement with a smaller bandwidth would result in very similar results 

despite the very different scatterer distributions within each phantom.

The current default when performing ESD estimation is to use a single-size Gaussian form 

factor fit.9, 21, 43 In situations where the data is low bandwidth or relatively noisy, an ESD 

obtained from Gaussian form factor fit is a good empirical metric. It has been demonstrated 

that Gaussian form factor ESD estimates are reasonably accurate when the dominant source 

of backscatter has an observed circular acoustic cross section, there is a relatively narrow 

diameter distribution, and the scatterer size/acoustic frequency product result in a ka ≈ 1. 

The work by Chaturvedi, et al.44 also demonstrated the variance reduction in ESD estimates 

as the bandwidth increases (and there is, in effect, a single scatterer size). However, as 

improvements in commercial ultrasound systems are made and broader bandwidth, lower 

noise data becomes available, an exponential form factor ESD fit may be a better option for 

a default form factor model function when the scatterer size distribution is relatively wide 

(or there is no prior information regarding scatterer sizes). Using relatively broadband data, 

D. Nicholas found that an exponential model for the correlation function for backscatter 

from liver and spleen provided a better representation for the frequency dependence of 

scattering than was found using low order polynomials.6 That work further suggested that 

the scattering sources in the liver are likely a broad distribution of sizes from the bile 

canaliculi (about 20 µm) to the vascular structure with sizes on the order of 1 mm.

When performing clinical studies, the quality of a form factor fit and its implicit use as an 

indicator of microscopic feature sizes might be of secondary importance to the ability to 
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track changes in backscatter data as tissue evolves with disease progression.45, 46 In these 

cases the ESD should be thought of as a quantity related to the correlation function of the 

scattering sources, but not necessarily representative of scattering size. As shown in Figs. 9 

and 11, when the frequency dependence of scattering is consistent with either Faran-like, or 

Gaussian form factor models, ESD estimation with an exponential form factor model tracks 

changes in these simulated media at least as well as a Gaussian form factor fit (even when a 

Gaussian form factor is an objectively better fit), and shows a greater contrast in certain 

circumstances, e.g. when the exponential form factor is an objectively better fit.

The underlying structure of biological media with similarly wide scatterer diameter 

distributions will likely be difficult to discern from BSC estimates. Each of the BSCs 

generated are not singular solutions and, with the addition of noise, identifying the correct 

scattering source may become very difficult, if not impossible. It may be possible that with 

the addition of prior knowledge of the scattering sources within a given medium, by way of 

microscopy (like SHG imaging) or other sorts of characterizations, that enough constraints 

can be placed on a particular data analysis to adequately and non-invasively characterize the 

microstructure of a given biological medium.

Conclusions

Modeling the backscatter from a distribution of spherical scatterers using a single effective 

scatterer diameter was shown to be an accurate description of the simulated BSC when the 

scatterer distribution is relatively narrow (σ< 20%; 50 µm ± 10 µm in this study). However, 

as the scatterer diameter distribution is broadened, the simple form factor models with a 

single effective scatterer diameter become an increasingly poor descriptor of the scattering 

medium. In these artificial, idealized scattering media, it appears that this approach to the 

ESD parameter estimation (comparing the spatial Fourier transform of the correlation 

function for backscatter to a simple single-particle scattering model) is an inadequate means 

of gaining a full understanding of the microstructure within an unknown sample.

Despite the inability of simple analysis to perfectly describe the complex microstructure 

described above, several potentially useful empirical observations can be made. First, when 

an exponential form factor model is a good match to the experimental data, it suggests a 

wide scatterer distribution and/or a potentially complex scattering structure. Second, as these 

distributions broaden, the fit parameters — ESD and MSE — change making the tracking of 

changes within a given medium possible despite the fact that the actual microstructure may 

be unknown. In fact, if a broad distribution can be assumed, using an exponential form 

factor model may allow finer changes to be seen than if a Gaussian form factor model is 

used.
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Figure 1. 
(a) An SHG image of a fixed 200 µm thick slice of porcine kidney cortex tissue. Many of the 

larger, sparse 200 µm features seen throughout the sample are glomeruli, one of the 

dominant acoustical scatterers within this tissue. The cross-hatch pattern seen is an artifact 

due to both the relatively large fields of view imaged and stitching process. (b) The acoustic 

form factor data are shown to fit very well to the Gaussian model, as had been found in early 

ESD studies.
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Figure 2. 
(a) An SHG image of a 100 µm thick slice from a breast tumor in a mouse model with three 

separate 3 × 3 mm regions highlighted and magnified in (b)–(d).
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Figure 3. 
(a) An SHG image of a 100µm thick slice from a breast tumor in a second mouse model 

with three separate 3 × 3 mm regions highlighted and magnified in (b)–(d).
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Figure 4. 
The fractional contribution of each individual scatter size to both the size distribution and 

the backscatter coefficient contribution for both Gaussian number density scaling and 

Gaussian volume fraction scaling. Each plot shows five distributions centered at 50 µm with 

standard deviations of 10%, 35%, 50%, and 65% as well as a uniform distribution. Shown 

here are a) the size distribution with Gaussian number density scaling, b) the size 

distribution with Gaussian volume fraction scaling, c) the fractional contribution to the 

backscatter coefficient with Gaussian number density scaling, and d) the fractional 

contribution to the backscatter coefficient with Gaussian volume fraction scaling.
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Figure 5. 
Example theoretical compound frequency dependent form factors calculated using Faran 

scattering functions with a) Gaussian number density scaling, and b) Gaussian volume 

fraction scaling. Each plot shows four different size distributions with standard deviations of 

10%, 35%, 50%, and 65% of the centroid value.

Nordberg and Hall Page 19

Ultrason Imaging. Author manuscript; available in PMC 2016 January 01.

N
IH

-P
A

 A
uthor M

anuscript
N

IH
-P

A
 A

uthor M
anuscript

N
IH

-P
A

 A
uthor M

anuscript



Figure 6. 
Bead count histograms for phantoms A(a) & B(b). (c) and (d) have been renormalized to 

reflect the volume fraction of each size instead of raw count. Overlaid on each plot is the 

target distribution.(red).
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Figure 7. 
Example simulated form factors for compound scatterer diameter distributions created using 

Faran scattering functions. Each plot shows the simulated form factor from the distribution 

of scatterer diameters and the best-fit single-diameter using a Gaussian form factor model, 

an exponential form factor model, and a Faran form factor model.
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Figure 8. 
ESD estimates and mean-squared error in the fit of single-diameter form factor models to 

simulated form factors corresponding to broad scatterer diameter distributions as a function 

of distribution standard deviation (σ). The scattering function of the individual scatterers 

was computed using the Faran scattering model. It should be noted that the exponential fit 

has the lowest MSE for broad scatterer diameter distributions.
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Figure 9. 
ESD estimates and mean-squared error in the fit of single-diameter form factor models to 

simulated form factors corresponding to broad scatterer diameter distributions as a function 

of distribution standard deviation. The scattering function of the individual scatterers was 

computed using a Gaussian scattering model. It should be noted that the exponential fit has 

the lowest MSE for broad scatterer diameter distributions.
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Figure 10. 
Estimated ESD values for a compound BSC composed of Faran-based particles as a function 

of scatterer distribution standard deviation at several center values (40 µm, 45 µm, 50 µm, 55 

µm, and 60 µm). While it appears that all of the fits converge to a single value at broad 

distributions, it also appears that exponential fits offer the greatest ability to differentiate 

among the distributions (higher ‘contrast’ to distinguish between two broad distributions at 

two different center diameters).
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Figure 11. 
Estimated ESD values for a compound BSC composed of Gaussian form factor-based 

particles as a function of scatterer distribution standard deviation at several center values (40 

µm, 45 µm, 50 µm, 55 µm, and 60 µm). In this case, it appears that there is neither a 

significant benefit nor penalty in using the exponential model instead of the Gaussian model.
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Figure 12. 
Experimental form factor data for phantoms A(a) and B(b). The dotted and dashed data is 

experimental data obtained from transducers pulsed at 4MHz (blue, dashed), 6MHz (blue, 

dotted), 8MHz (green, dashed), and 10MHz (green, dotted) as indicated within the figure. 

Experimental data was normalized as a single unit in order to maintain relative magnitudes. 

The solid data (red) is a Faran calculation based upon the histograms results shown in Fig. 6.
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Table 1

Effective scatterer diameter estimates (corresponding to the data shown in Fig. 6) obtained using the Gaussian 

form factor model (σGauss), exponential form factor model (σExp), and Faran theory (σFaran).

Distribution Model and Standard
Deviation

Effective Scatterer Diameter

σGauss σExp σFaran

Gaussian number density scaling, diameter standard deviation of 20% 78.2 µm 67.6 µm 56.0 µm

Gaussian volume fraction scaling, diameter standard deviation of 20% 71.8 µm 58.0 µm 52.1 µm

Gaussian number density scaling, diameter standard deviation of 60% 81.3 µm 87.4 µm 89.5 µm

Gaussian volume fraction scaling, diameter standard deviation of 60% 77.8 µm 73.3 µm 55.2 µm
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Table 2

The estimated effective scatterer diameter (ESD) and mean squared error (MSE) of the form factor fit to the 

aggregate experimental data obtained from Phantoms A and B. The MSE for each data set was normalized to 

the Gaussian form factor fit of the data obtained from Phantom A for convenience.

Phantom ESD Mean Squared Error

ESDGauss ESDExp MSEGauss MSEExp

Phantom A 78.7 µm 63.1 µm 1.0 6.9

Phantom B 87.9 µm 81.0 µm 11.8 4.8
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