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Abstract

The mechanical microenvironment of solid tumors includes both fluid and solid stresses. These 

stresses play a crucial role in cancer progression and treatment and have been analyzed rigorously 

both mathematically and experimentally. The magnitude and spatial distribution of osmotic 

pressures in tumors, however, cannot be measured experimentally and to our knowledge there is 

no mathematical model to calculate osmotic pressures in the tumor interstitial space. In this study, 

we developed a triphasic biomechanical model of tumor growth taking into account not only the 

solid and fluid phase of a tumor, but also the transport of cations and anions, as well as the fixed 

charges at the surface of the glycosaminoglycan chains. Our model predicts that the osmotic 

pressure is negligible compared to the interstitial fluid pressure for values of glycosaminoglycans 

(GAGs) taken from the literature for sarcomas, melanomas and adenocarcinomas. Furthermore, 

our results suggest that an increase in the hydraulic conductivity of the tumor, increases 

considerably the intratumoral concentration of free ions and thus, the osmotic pressure but it does 

not reach the levels of the interstitial fluid pressure.
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Introduction

Generation and accumulation of physical forces during growth play a crucial role in tumor 

progression and response to treatment (Jain et al., 2014). Physical forces stem from both the 

fluid and the solid phase of a tumor (Stylianopoulos et al., 2013). The forces of the fluid 

phase correspond to the hydrostatic fluid pressure of the tumor interstitial space, the osmotic 

pressure owing to the transport of positive and negative ions and the existence of fixed 

charges in the tumor microenvironment, and also include the vascular pressure and the fluid 

shear stress on the luminal side of the tumor blood vessel wall (Koumoutsakos et al., 2013). 

The forces of the solid phase of tumors are divided into two types: the residual stresses 

developed due to mechanical interactions between solid constituents of the tumor 

microenvironment and particularly interactions between the collagen fibers, 
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glycosaminoglycans (GAGs: hyaluronic acid, heparin sulfate, chondroitin sulfate and keratin 

sulfate) and cells (Stylianopoulos et al., 2012), and the stresses exerted on the entire tumor 

by the surrounding normal tissue, which resists to tumor expansion.

Solid stresses in the interior of tumors are compressive and when applied directly to cancer 

cells reduce their proliferation rate, induce apoptosis and increase their metastatic and 

invasive potential (Cheng et al., 2009; Helmlinger et al., 1997; Tse et al., 2012). These 

stresses are also applied to intratumoral blood vessels causing their compression (Padera et 

al., 2004; Stylianopoulos et al., 2013). Vessel compression, in turn, reduces perfusion and as 

a result hinders the delivery of blood-borne therapeutic agents. Cancer and stromal cells, 

collagen and hyaluronic acid contribute to the generation of solid stresses, while solid stress 

alleviation by selective depletion of any of these components decompresses tumor blood 

vessels and improves perfusion and drug delivery (Chauhan et al., 2013; Stylianopoulos et 

al., 2012).

Interstitial fluid pressure (IFP) in the interior of the tumor is uniformly elevated and can be 

as high as the vascular pressure (Boucher and Jain, 1992). This eliminates pressure gradients 

across the tumor vessel wall, and hinders the transvascular transport of macromolecules and 

nanomedicines (Jain and Stylianopoulos, 2010). Significant progress has been also made on 

the role of microvascular fluid flow and vessel wall shear stress in tumor progression, 

metastasis and response to treatment (Jain et al., 2014; Koumoutsakos et al., 2013). Little 

work has been performed, however, on the effect of the osmotic pressure in the tumor 

microenvironment. The high negative charge density of GAGs attracts cations and 

establishes a Donnan distribution of diffusible species that is responsible for the osmotic 

pressure. Many tumors are rich in hyaluronic acid as well as in other GAGs and recently 

researchers hypothesized that the osmotic pressure might contribute to the compression of 

intratumoral blood vessels in a way similar to solid stress (Provenzano et al., 2012; 

Provenzano and Hingorani, 2013). The magnitude and distribution of osmotic pressures in 

tumors, however, cannot be measured experimentally and to our knowledge there is no 

mathematical model to calculate osmotic pressures in the interstitial space of tumors.

In this study, we extended our biomechanical model of tumor growth (Stylianopoulos et al., 

2013) to account for the transport of free ions and fixed charges in the tumor 

microenvironment. We correlated the concentration of fixed charges to the amount of GAGs 

in the tumor interior and calculated the levels of osmotic pressure for different 

concentrations of GAGs, using values from the literature. Our model suggests that for 

physiologically relevant GAG concentrations for tumors (i.e., on the order of 0.4 mg/g wet 

tissue), osmotic pressures are relatively low and should not contribute to the compression of 

intratumoral blood vessels. Furthermore, model predictions elucidate the dependence of the 

concentration of free ions and the levels of osmotic pressure on the hydraulic conductivity of 

the tumor interstitial space.
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Methods

Multiplicative decomposition of the deformation gradient tensor

A detailed description of the methodology can be found in the Supplementary Material. 

Tumor growth is modeled using the multiplicative decomposition of the deformation 

gradient tensor, F (Ambrosi and Mollica, 2002; Rodriguez et al., 1994). The tensor, F, is 

decomposed to three independent motions: the growth of the tumor, Fg, the generation of 

residual stresses, Fr, and the elastic mechanical interactions, Fe (Fig. 1d in (Skalak et al., 

1996)). Therefore, the final expression of F becomes,

(1)

We considered Fr to be an isotropic tensor, i.e., FrI = λr, and the value of the residual stretch 

ratio λr was calculated by a bi-exponential expression as a function of the volume of the 

tumor based on previous research (Stylianopoulos et al., 2013).

Tumor growth was also taken to be isotropic, i.e., FgI = λg, where the growth stretch ratio, 

λg was calculated as a function of the oxygen concentration in the tissue according to 

(MacLaurin et al., 2012; Roose et al., 2003) (details in Supplementary Material). The elastic 

component of the deformation gradient tensor was calculated as Fe = F(FrFg)−1.

The tumor was taken to be isotropic and governed by the compressible neo-Hookean 

constitutive equation with strain energy density function given by

(2)

where μ is the shear modulus, κ is the bulk modulus, Je is the determinant of the elastic 

deformation gradient tensor Fe, , and I1 is the first invariant of the right 

Cauchy-Green deformation tensor, evaluated from Fe.

Implementation of Triphasic theory

The equations for solid and fluid phase conservation are:

(3)

(4)

where φs and φw are the volume fractions of the solid and fluid phase, respectively and vs 

and vw are the corresponding solid and fluid velocities. Ss is the creation/degradation of the 

solid phase and Q describes the fluid entering the tissue from the vasculature and exiting the 

tissue through the lymphatics.

The quantity Ss in Eq. (3) was calculated as (Roose et al., 2003):
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(5)

where cox is the oxygen concentration, F is a parameter, which accounts for the inhibitory 

effect of solid stress on tumor growth and λc and kc are constant parameters derived from 

experimental data (Casciari et al., 1992a; Casciari et al., 1992b) (details in Supplementary 

Material).

The quantity Q in Eq. (4) was calculated from Starling’s approximation (Baxter and Jain, 

1989):

(6)

where pv, Lp and (S/V) are the micro-vascular pressure, hydraulic conductivity and vascular 

density of the blood vessels, respectively, and pl, Lpl and (S/V)l are the corresponding 

quantities for the lymphatics.

The momentum balance equations for a triphasic medium are (Lu et al., 2010; Sun et al., 

1999):

(7)

(8)

where σs is the solid stress tensor, p is the IFP, k is the hydraulic conductivity of the 

interstitial space, Fc is Faraday’s constant, Ψ is the electric potential, cf is the concentration 

of the fixed ions, ck is the sum of the free anions and cations within the tissue, and φ is the 

osmotic coefficient. A derivation of Eq. (8) is found in the Supplementary Material. Notice 

also that if we ignore the term in the square brackets on the right hand side of this equation, 

we end up having the usual biphasic, poroelastic formulation of soft biological tissues. The 

spatial derivatives in Eqs. 7 and 8 were calculated with respect to the reference 

configuration.

The Cauchy stress tensor of the solid phase, σs, in Eq. (7) was calculated by the strain 

energy density function as (Taber, 2008):

(9)

The ion transport equations for the cations, c+, and anions, c−, are (Mattern et al., 2008):

(10.1)
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(10.2)

where D+ and D− are the diffusion coefficients of the cations and anions, respectively and Ψ 

is the electric potential. Subtraction and addition of Eqs. (10.1) and (10.2), replacing where 

 and  yields:

(11.1)

(11.2)

where Da = (D+ + D−)/2 and Dd = (D+ − D−)/2 , R is the gas constant and T is the 

temperature.

Finally, the electric potential Ψ was calculated by the solution of the Poisson-Boltzmann 

equation (e.g. (Jim and Grodzinsky, 2001)):

(12)

where ε is the dielectric permittivity and c0 is the ion concentration of the tissue.

Solving the above system of equations, we calculated the solid stress, the IFP and the 

concentration of fixed and free ions. The osmotic pressure was then calculated from the 

concentration of free ions as posm = φRTck. We used the finite element method and the 

commercial finite element software COMSOL to solve the system. The boundary conditions 

and the values of the model parameters employed for our analysis are described in the 

following sessions.

Boundary conditions

We assumed a spherical tumor within a host tissue of cubic shape (Supplementary Fig. 1). 

The tumor had an initial size of 1 mm and the length size of the surrounding tissue was 

taken to be two orders of magnitude larger to avoid any boundary effects (Stylianopoulos et 

al., 2013). Because of symmetry we solved for the one eighth of the domain. Symmetry 

boundary conditions for the displacements, u, the concentrations, the phase volume fractions 

and the electric potential were employed at the symmetry planes (Supplementary Fig. 1):
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(13)

At the interface with the normal tissue the conditions for the continuity of the stresses, 

displacements and ion concentrations were automatically applied by COMSOL.

Model parameters

We modeled a murine tumor that grows subcutaneously within a period of 8 days. The 

hydraulic conductivity of the interstitial space, k, was set to 1×10−8 cm2/mmHg-s for both 

the tumor and the host tissue (i.e., mouse skin), if it is not otherwise stated (Baxter and Jain, 

1989; Netti et al., 1995). The vascular and lymphatic pressures were set to pv = 30 mmHg, pl 

= 0.0 mmHg (Baxter and Jain, 1989). The hydraulic conductivity of the normal blood and 

lymphatic vessel wall were taken to be Lp = 3.6×10−8 cm/mmHg-s, and Lpl(S/V)l = 0.05 

(mmHg-s)−1, respectively (Baxter and Jain, 1989; Netti et al., 1995). The hydraulic 

conductivity of the vessel wall for the tumor tissue is not constant. Since the production of 

cytokines, that increase vascular hydraulic conductivity and permeability (e.g., VEGF), 

increases with tumor growth and tumor growth depends on time, we have chosen the 

dependence of Lp on time. Therefore, in the model Lp is a linear function of time starting 

from the value of the normal tissue and at day 8, Lp becomes that of a tumor, Lp = 2.8×10−7 

cm/mmHg-s (Stylianopoulos et al., 2013). The vascular density of the tumor and host tissue 

was (S/V) = 200 cm−1 and (S/V) = 70 cm−1, respectively (Baxter and Jain, 1989; Netti et al., 

1995).

The concentration of fixed charges, cf, of the tumor and the host tissue were estimated from 

values of the GAG content taken from the literature (Netti et al., 2000; Wiig and Swartz, 

2012) and using a relationship to relate GAG content to cf (Jackson et al., 2009; Lesperance 

et al., 1992):

(14)

were 2 are the moles of charge per mole of GAG, ρ is the tumor density set to 1.1 g wet/ml 

(Stylianopoulos et al., 2012), [GAG] is the concentration in mg/g wet and 502.5 is the 

molecular weight of GAG (g/mole). The amount of GAG in the tumor was assumed to 

increase linearly with time from zero to a given value within an 8 days period. A nonlinear 

relationship would change the results only qualitatively. The final amount of GAG was set 

to 0.4 mg/g wet wt, which corresponds to values taken from the literature (Netti et al., 2000; 

Wiig and Swartz, 2012), unless otherwise is stated. The initial concentration of the free ions, 

ck, at day 0 was taken to be twice as much as cf (Sun et al., 1999). The physiological values 

of model parameters are summarized in Table 1.
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Results

Osmotic pressure is low for physiological values of GAG and increases with GAG content

We first performed simulations for GAG concentrations for sarcomas, melanomas, breast 

and colon cancers (Netti et al., 2000; Wiig and Swartz, 2012). The amount of GAG 

increased linearly from zero to 0.4 mg/g wet wt, in a period of 8 days. The GAG content of 

the host tissue was taken to be constant (4.5 mg/g wet wt). The results of our analysis are 

shown in Fig. 1. The concentration of fixed charges, cf, and the sum of free ions, ck, increase 

with time as the GAG content increases. The resulting osmotic pressure is negative and 

negligible compared with IFP. Subsequently, we increased the amount of GAG by an order 

of magnitude to 4.5 mg/g wet wt, keeping the GAG concentration in the host tissue at 4.5 

mg/g wet wt (Supplementary Fig. 2). An increase in the GAG content of the tumor did not 

cause any increase in the concentration of fixed and free ions or in the magnitude of the 

osmotic pressure. After day 0, the charge concentration (fixed and free) inside the tumor 

becomes comparable to the concentration outside the tumor and it increases slowly with 

time the subsequent days, as the GAG content in the tumor increases.

An increase in the tumor hydraulic conductivity increases osmotic pressure significantly

From Figs. 1 and Supplementary Fig. 2, we conclude that owing to the communication 

between the tumor and the host tissue, the ion concentrations in the two tissues take similar 

values, despite the fact that the GAG content is different in the two domains. As shown in 

these figures, IFP is uniform inside the tumor and drops rapidly at the interface with the host 

tissue. This creates a fluid flux, which oozes ions to the surrounding tissue. A regulator of 

the fluid exchange between the tumor and the host tissue is the hydraulic conductivity of the 

interstitial space. Increasing the tumor hydraulic conductivity, reduces the fluid resistance 

within the tumor and decreases IFP. As a result, pressure gradients at the tumor margin are 

not steep, which would hinder escape of ions from the tumor. Indeed, Fig. 2 presents the 

results for three different values of the hydraulic conductivity of the tumor at day 4. The 

final GAG content of the tumor is set to 0.4 mg/g wet wt. An increase in the hydraulic 

conductivity, increases significantly the ion concentration and the negative osmotic pressure 

in the tumor. On the other hand, a reduction in the hydraulic conductivity eliminates any 

difference between the tumor and the host. Furthermore, in Supplementary Fig. 3, we plot 

the ion concentrations and osmotic pressure for three different values of the hydraulic 

conductivity of the normal tissue. As the conductivity of the normal tissue decreases, the ion 

concentration inside the tumor increases and the magnitude of the osmotic pressure 

increases as well. The dependence of the osmotic pressure on the conductivity of the host 

tissue is, however, less significant than the effect of the tumor conductivity.

Dependence of tumor hydraulic conductivity on GAG content reduces levels of osmotic 
pressure during tumor progression

Thus far in our analysis, we did not consider the fact that changes in GAG content affect the 

hydraulic conductivity of the interstitial space. Empirical correlations exist that relate the 

hydraulic conductivity to the volume fraction of the collagen and GAG (Levick, 1987). We 

have used this methodology in previous research (Stylianopoulos and Jain, 2013) and we 

applied it here as well. Assuming a collagen volume fraction of 0.25 and taking the same 
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GAG concentration as in Figs. 1 and 2, the change in the hydraulic conductivity during the 

growth of the tumor is shown in Fig. 3. The decrease in the hydraulic conductivity with 

time, will eventually cause a decrease in the fixed ion concentration in the tumor, despite the 

fact that the concentration of GAG increases linearly with time. Interestingly, the 

concentration of the free ions and as a result, the osmotic pressure are not decreased (Fig. 4). 

To better observe this effect, in Fig. 4 we present results up to day 10 of the simulations.

Discussion

We developed a triphasic model of tumor mechanics to account for the transport of ions into 

the tumor microenvironment in order to calculate the magnitude of the osmotic pressures in 

tumors for different amounts of GAGs. Taking values of the GAG content from the 

literature, we reached two important conclusions. The first conclusion is that according to 

our calculations the magnitude of the osmotic pressure, even for tumors very rich in GAGs 

(Supplementary Fig. 2) is considerably lower than the magnitude of the IFP as well as the 

magnitude of solid stress, which as shown in Fig. 5 exceeds 10 kPa at the interior of the 

tumor. Therefore, it is the solid stress that compresses intratumoral blood vessels and the 

osmotic pressure should have no effects on vessel compression. The second conclusion is 

that the transport of ions inside the tumor and in the host tissue is determined in large part by 

the hydraulic conductivity. The higher the hydraulic conductivity of the tumor, the larger the 

concentration of free ions, which results in the elevation of the osmotic pressure. As far as 

the hydraulic conductivity of the host tissue is concerned, low values of the hydraulic 

conductivity inhibit fluid transport between the tumor and the host tissue and result in the 

isolation of the tumor. As a consequence, the transport of ions to the host tissue is hindered, 

ions cannot escape from the tumor and their intratumoral concentration increases.

In our analysis, we assumed the initial concentration of free ions, ck, at day 0 to be twice as 

much as the concentration of fixed ions, cf, based on previous research (Sun et al., 1999). 

The osmotic pressure is determined by the concentration of free ions and thus, this 

assumption affects the results. We repeated our analysis doubling the amount of free ions at 

the beginning of the simulation, such that ck at day 0 to be four times as much as cf. The 

final concentration of GAG was taken to be 0.4 mg/g wet wt and the baseline value of the 

hydraulic conductivity (i.e., 10−8 cm2/mmHg-s) was used for the tumor and the host tissue. 

The results are shown in Fig. 6; doubling the initial concentration of free ions in the 

beginning of the simulation, increases by approximately the same amount the values of ck 

and the osmotic pressure. The osmotic pressure is still lower than the solid stress, despite the 

fact that we assumed the amount of GAG to be an order of magnitude higher than published 

measurements (Fig. 6).

Our mathematical approach is limited in that it cannot model the contribution of GAG (e.g., 

hyaluronic acid) to the generation of solid stress (Stylianopoulos et al., 2012). Indeed, our 

model considers the tumor microenvironment to be a continuum that behaves as an isotropic 

and compressible neo-Hookean material. District incorporation of the constituents of the 

solid phase of the tumor into a unified mathematical framework is a challenging task 

because it involves structural components and interactions that span multiple length scales. 

Our mathematical framework is general and can incorporate anisotropic growth as well as 
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more sophisticated models for the growth of the tumor taking into account not only the 

concentration of oxygen but also the nutrients. The evolution of the osmotic pressures, 

however, is independent from the selection of the methodology for tumor growth. Finally, 

given the lack of experimental data for tumors, some of the values of the model parameters 

were derived from pertinent studies performed in articular cartilage (Table 1). When more 

information is available for solid tumors our model predictions can be updated.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Figure 1. Spatial distribution of the concentration of fixed, cf, and free, ck, ions, of the interstitial 
fluid pressure (IFP) and the osmotic pressure in the tumor and the surrounding normal tissue.
The GAG content of the tumor varied from zero to 0.4 mg/g wet wt at day 8. The GAG 

content of the normal tissue was set to 4.5 mg/g wet wt. Vertical lines on the plot depict the 

interface of tumor and normal tissue.
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Figure 2. Effect of tumor’s hydraulic conductivity, k [cm2/mmHg-s], on the concentration of 
fixed, cf, and free, ck, ions, of the interstitial fluid pressure (IFP) and the osmotic pressure.
The GAG content of the tumor varied from zero at day 0 to 0.4 mg/g wet wt at day 8. The 

GAG content of the normal tissue was set to 4.5 mg/g wet wt. Vertical lines on the plot 

depict the interface of tumor and normal tissue.
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Figure 3. Decrease in tumor’s hydraulic conductivity as a function of time owing to an increase 
in GAG content.
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Figure 4. Spatial distribution of the concentration of fixed cf, and free, ck, ions, of the interstitial 
fluid pressure (IFP) and the osmotic pressure taking into account the variation of the hydraulic 
conductivity of the tumor during growth. 
Vertical lines on the plot depict the interface of tumor and normal tissue.
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Figure 5. Radial component of solid stress as a function of the position from tumor center.
The GAG content of the tumor varied from zero at day 0 to 0.4 mg/g wet wt at day 8. The 

GAG content of the normal tissue was set to 4.5 mg/g wet wt. The hydraulic conductivity of 

the tumor and the host tissue was set to 10-8 cm2/mmHg-s. The radial stress is compressive 

at the tumor interior and becomes zero as we move to the host tissue.
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Figure 6. Concentration of free ions, ck, and osmotic pressure as a function of the radial position 
from the center of the tumor for two different initial concentrations of free ions, ck=2cf and 
ck=4cf.
The results correspond to day 6 of the simulations. The GAG content of the tumor varied 

from zero at day 0 to 0.4 mg/g wet wt at day 8. The GAG content of the normal tissue was 

set to 4.5 mg/g wet wt.
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Table 1
Physiological values of model parameters.

Parameter Value Reference

Fc, Faraday constant 9.64×104 [C·mol−1]

R, Gas constant 8.314 [J·(mol·K)−1]

T, Temperature 310 [K]

ε, Dielectric Permittivity 7.08×10−10 [c2·(J·m)−1] (Sun et al., 1999)

D+, Diffusivity of cations 0.5×10−9 [m2·s−1] (Sun et al., 1999)

D−, Diffusivity of anions 0.8×10−9 [m2·s−1] (Sun et al., 1999)

φ, Osmotic coefficient 0.8 (Sun et al., 1999)

k, Hydraulic conductivity of normal and tumor tissue 1.0×10−8 [cm2·(mmHg-s)−1] (Netti et al., 2000)

pv, Vascular pressure 30.0 [mmHg] (Baxter and Jain, 1989) (Stylianopoulos et al., 
2013)

pl, Lymphatic pressure 0.0 [mmHg] (Stylianopoulos et al., 2013)

Lp, Hydraulic conductivity of blood vessel wall of 
normal and tumor tissue

3.6×10−8 [cm·mmHg-s] (normal)
2.8×10−7 [cm·mmHg-s] (tumor)

(Baxter and Jain, 1989)

S/V, Vascular density of normal and tumor tissue 70 [cm−1] (normal)
200 [cm−1] (tumor)

(Baxter and Jain, 1989)

Lpl(S/V)l, Permeability of Lymphatics 0.05 [(mmHg-s)−1] (Baxter and Jain, 1989)

μ, Shear modulus of normal and tumor tissue 10.0 [kPa] (normal)
20.0 [kPa] (tumor)

(Stylianopoulos et al., 2013)

κ, Bulk modulus of normal and tumor tissue 13.3 [kPa] (normal)
193.3 [kPa] (tumor)

(Stylianopoulos et al., 2013)

λc, Growth rate parameter 0.42 [day−1] This work

kc, Growth rate parameter 8.3×10−3 [mol·m−3] (Casciari et al., 1992a; Casciari et al., 1992b)

λn, Oxygen uptake parameter 2.2×10−3 [mol·(m3-day)−1] (Casciari et al., 1992a; Casciari et al., 1992b)

kn, Oxygen uptake parameter 4.64×10−3 [mol·m−3] (Casciari et al., 1992a; Casciari et al., 1992b)

Dc, Oxygen Diffusion in the Tumor 1.55×10−4 [m2·(day)−1] (Mueller-Klieser and Sutherland, 1984)

Dc, Oxygen Diffusion in Normal Tissue 1.86×10−4 [m2·(day)−1] (Kim et al., 2011)

co, Ion Concentration 0.15 [M] Physiological value

J Biomech. Author manuscript; available in PMC 2014 December 05.


