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SUMMARY

Stratified permuted block randomization has been the dominant covariate-adaptive randomization 

procedure in clinical trials for several decades. Its high probability of deterministic assignment and 

low capacity of covariate balancing have been well recognized. The popularity of this sub-optimal 

method is largely due to its simplicity in implementation and the lack of better alternatives. 

Proposed in this paper is a two-stage covariate-adaptive randomization procedure that uses the 

block urn design or the big stick design in stage one to restrict the treatment imbalance within each 

covariate stratum, and uses the biased-coin minimization method in stage two to control 

imbalances in the distribution of additional covariates that are not included in the stratification 

algorithm. Analytical and simulation results show that the new randomization procedure 

significantly reduces the probability of deterministic assignments, and improves the covariate 

balancing capacity when compared to the traditional stratified permuted block randomization.
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1. INTRODUCTION

Randomization in clinical trials provides broad comparability of treatment groups and 

validates the use of statistical methods for the analysis of results [1], [2]. Rosenberger and 

Lachin distinguish randomization procedures into four classes: complete randomization, 

restricted randomization, covariate-adaptive randomization, and response-adaptive 

randomization [3]. Both complete randomization and response-adaptive randomization are 

not commonly used [2]. Restricted randomization is employed when it is desired to have 

equal numbers of patients assigned to each treatment group [3]. The primary motivation is to 

maximize power of the trial [2]. However, it is well known that the power loss due to 

treatment imbalance under complete randomization is trivial, unless the sample size is 

extremely small [2][4]. Covariate-adaptive randomization is the most commonly used 

treatment assignment procedure for randomized controlled clinical trials. Imbalance in 

important baseline covariates can yield misleading results [2]. The motivation of using 
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covariate-adaptive randomization is to reduce the imbalances between treatment groups with 

respect to certain known covariates. To achieve this goal, three different approaches have 

been proposed. Stratified randomization controls treatment imbalances within each covariate 

stratum [5][6]. The minimization method proposed by Taves [7], and Pocock and Simon [8] 

controls treatment imbalances in covariate margins. The optimal allocation procedure 

proposed by Begg and Iglewicz [9], and Atkinson [10] attempts to minimize the variance of 

the estimate of the treatment effect in the presence of covariates. The use of the 

minimization method in its deterministic format has been controversial due to lack of 

randomness in the treatment allocation [11]. It is estimated that among all randomized 

controlled trials, less than 2% use the minimization method [12]. Trials using optimal 

allocation procedures are even rarer. The overwhelming majority of covariate-adaptive 

randomization procedures are based on stratified randomization, where a restricted 

randomization design is employed within each stratum independently.

Stratified permuted block randomization [13] is the most popular covariate-adaptive 

randomization procedure currently used in clinical trial practice, and is recommended by 

regulatory guidelines for multicenter trials [14]. It uses the permuted block design (PBD) to 

consistently control treatment imbalance within each stratum to a pre-specified maximal 

tolerated imbalance (MTI), which equals the half the block size. This procedure can be 

easily implemented in multicenter trials without requiring sophisticated technologies. 

Unfortunately the stratified permuted block randomization inherits disadvantages from both 

the PBD and the stratified randomization procedure. First, the PBD lacks treatment 

allocation randomness and is vulnerable to selection bias [15]. Its use in clinical trials has 

been strongly criticized [16]–[19]. Second, limited by the sample size and the total number 

of strata, a stratified randomization procedure usually balances no more than two or three 

covariates [3][14][20]. Nevertheless, primarily due to the lack of better alternatives, 

stratified permuted block randomization remains the most popular covariate-adaptive 

randomization procedure in clinical trial practice.

In section 2, a two-stage covariate-adaptive randomization procedure is proposed to reduce 

the probability of deterministic assignment and to allow balancing more covariates that are 

not included in the stratification algorithm. Stage one uses stratified randomization with the 

block urn design or the big stick design to restrict treatment imbalance within each stratum. 

Stage two uses the biased-coin minimization method to control imbalances in the 

distribution of additional covariates not included in the stratification algorithm. Stage two is 

triggered when the stage one algorithm yields a complete random assignment. Section 3 

compares the proposed randomization procedure to the stratified permuted block 

randomization and the minimization method under different trial settings. Section 4 

discusses the implementation and limitations of the proposed randomization procedure.

2. METHOD

The disadvantages associated with the stratified permuted block randomization can be 

overcome by the following two steps. First, replace the permuted block design by a 

restricted randomization design that has lower probability of deterministic assignment while 

preserving the same maximal tolerated imbalance (MTI). Second, when no balancing effort 
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needed within the stratum, employ a covariate-adaptive randomization procedure to control 

the imbalances in the distribution of additional covariates between the treatment arms. These 

two steps are further explored below.

2.1. Better alternatives to permuted block design

Stratified randomization procedures use a restricted randomization design within each 

stratum. The permuted block design (PBD) [21] is the most common restricted 

randomization design used in stratified randomization procedures. Several other restricted 

randomization designs have been proposed in the past few decades. Some of them, such as 

the random allocation rule [4], the truncated binomial design [22], and the maximal 

procedure [23], enforce perfect balance between the two treatment arms at the end of the 

trial. They require the number of total subjects (that is, the length of the treatment allocation 

sequence) be specified at the beginning of the study. These designs are not applicable for 

stratified randomization procedures, because the size of each stratum is usually unknown 

before the end of the study. Other designs, including Efron’s biased coin design [24], Wei’s 

urn design [25], and Smith’s generalized biased coin design [26], do not restrict the 

treatment imbalance by the pre-specified maximal tolerated imbalance (MTI), and therefore 

are also not considered here. Soares and Wu’s big stick design (BSD) [27], and Zhao and 

Weng’s block urn design (BUD) [28] are potential alternatives to the PBD. Like the PBD, 

both the BSD and the BUD apply the MTI restriction throughout the study. Unlike the PBD 

which enforces perfect balance at the end of each block, the BSD and the BUD do not have 

the block issue. They are restricted only by the two boundaries formed by the MTI.

The randomization process for the PBD, the BSD, and the BUD can be illustrated by a 

model with two urns, one active and one inactive. The trial starts with an empty inactive urn 

and a full active urn, in which there are δ white balls for arm A and δ black balls for arm B. 

When a treatment assignment is requested, with the PBD and the BUD, a ball is randomly 

selected from the active urn. For the BSD, if a pair (one white and one black) of balls is 

available in the active urn, one ball from this pair is randomly selected. Otherwise, when all 

balls in the active urn are of the same color, one ball from the active urn is picked. The 

treatment assignment is made according to the color of the selected ball. Then, this ball is 

placed in the inactive urn. Under the BUD and the BSD, whenever a pair of balls (one white 

and one black) is available in the inactive urn, the pair of balls is returned to the active urn 

immediately. For the PBU, all balls (δ white and δ black) are returned to the active urn when 

the active urn is empty.

The treatment assignments for the PBD, the BSD, and the BUD can be made based on the 

conditional allocation probability. Consider a stratum in a two-arm trial with an equal 

allocation ratio, let δ = MTI, and b = 2δ be the block size for the PBD. For the ith subject in 

the stratum, let ni−1,A and ni−1,B be the number of subjects previously assigned to arm A and 

B respectively, ki−1 = int ((i − 1)/b), where function int(x) rounds a number x down to the 

nearest integer, be the number of completed blocks and  be the 

number of completed pairs (one A and one B) in the previous(i − 1) subjects. The conditional 

allocation probabilities for the PBD, the BUD, and the BSD can be defined as follows:
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(1)

(2)

(3)

The treatment assignment Ti is made by comparing pi,A to the value of a random number Ri 

with a uniform distribution on (0, 1). The subject is assigned to arm A if Ri ≤ pi,A, otherwise 

to arm B. Treatment assignment Ti is defined as deterministic if pi,A = 1 or pi,A = 0, and is 

considered as complete random if pi,A = 0.5.

The statistical properties of the PBD, the BSD, and the BUD have been well studied [13] 

[19] [27][31]. With the same value of the MTI, treatment allocation randomness is the focus 

of the comparison for the three randomization designs. Probability of deterministic 

assignments and correct guess probability are two commonly used measures for treatment 

allocation randomness. Deterministic assignment is defined based on the conditional 

allocation probability (1–3). Correct guess is defined based on the Blackwell and Hodges’ 

convergence strategy [22], in which the next assignment is always guessed as the arm 

currently has enrolled fewer patients. In case of perfect balance, the guess is made 

completely at random. The analytical results of the probability of deterministic assignment 

and correct guess probability for the PBD, the BSD, and the BUD are provided by Matts and 

Lachin [13], Kundt and Chen [30][31], and Zhao and Weng [28] respectively, as shown in 

Table 1. The maximal procedure (MP) is included in the comparison. It assigns an equal 

probability for all possible treatment allocation sequences under the restriction of the MTI 

and the pre-specified allocation sequence length. The MP is not easy to be implemented in a 

stratified randomization procedure due to two reasons. First, the stratum size is usually 

unknown before the end of the study. Second, the MP does not have an analytical format for 

the conditional allocation probability. The MP is included in Table 1 for comparison 

purposes due to its excellent treatment allocation randomness. Data for the MP are obtained 

through computer simulation using the MP randomization sequence generation algorithm 

proposed by Salama et al. [32]. The simulation program uses a sample size of 300, in order 

to obtain stable assessments comparable to those obtained based on analytical formulas for 

the other three designs.

The BUD has the lowest probability of deterministic assignment and this probability 

decreases as the MTI increases. For example, when MTI = 3, the probability of deterministic 

assignment for the BUD is only 5.9%, compared to 25% for the PBD. When the MTI is 

greater than 3, the risk of selection bias caused by deterministic assignment becomes trivial 

for the BUD. The BSD has the lowest correct guess probability. The MP has a probability of 
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deterministic assignment and a correct guess probability between those of the BSD and the 

BUD. Among the four restricted randomization designs compared in Table 1, the PBD has 

both the highest probability of deterministic assignment, the highest correct guess 

probability, and is the most vulnerable design in terms of selection bias. Replacing the PBD 

with either the BUD or the BSD in a stratified randomization procedure can significantly 

enhance the treatment allocation randomness, and reduce the risk of selection bias.

2.2. Balancing covariates beyond stratification

In a traditional stratified randomization procedure, a restricted randomization design is 

employed independently within each covariate stratum. When the treatment imbalance 

occurs within the stratum, a biased coin or a deterministic assignment is used to reduce the 

imbalance. When the two arms are perfectly balanced within the stratum (for the PBD and 

the BUD), or when the treatment imbalance within the stratum is less than the MTI (for the 

BSD), the conditional allocation probability for the current subject will be pi,A = 0.5. This 

complete random assignment makes no contribution to the control of the treatment 

imbalance within the stratum. However, it creates an opportunity to balance the distribution 

of other baseline covariates that are not included in the stratification algorithm. This led to 

the proposed two-stage covariate-adaptive randomization procedure. Stage one uses 

stratified BUD or BSD to restrict treatment imbalances within each stratum. A complete 

random assignment from the stage one triggers the stage two of the randomization 

procedure, using a covariate-adaptive randomization to balance the distribution of additional 

covariates. The covariate balancing capacity of stage two depends on the amount of 

complete random assignment left from stage one and the covariate-adaptive randomization 

design used in stage two. Table 2 lists the expected probability of complete random 

assignment for the PBD, the BSD, and the BUD based on formulas in [13][28][30][31].

The BSD has a higher probability of complete random assignment than the BUD and the 

PBD have. When MTI = 3, the probability of complete random assignment for the BSD, the 

BUD and the PBD is 83.3%, 26.5% and 36.7% respectively. As the MTI increases, the 

probability of complete random assignment increases in the BSD, but decreases in the PBD 

and the BUD. The selection between the BSD and the BUD as the within stratum 

randomization design depends on the tolerance levels on the probability of deterministic 

assignment, and the number of additional covariates to be balanced.

The second stage uses a covariate-adaptive randomization procedure to balance the 

distributions of covariates beyond the stratification algorithm. Possible candidates include 

Efron’s biased coin design (BCD) [24], Chen’s biased coin design with imbalance tolerance 

(BCDWIT) [33], and the biased-coin minimization method (BCM) [34]. The BCM is a 

better choice than the BCD and the BCDWIT, because it can simultaneously balance the 

distributions of multiple covariates. Let ni−1, j,A and ni−1, j,B be the number of subjects in the 

study with the category of the jth (j = 1, 2, ···, m) covariate same as current subject (the ith 

subject of his/her stratum). Let  and 

 be the weighted sums of absolute marginal imbalances 
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assuming the current subject is assigned to arm A, and B respectively. The conditional 

allocation probability for the BCM is defined as:

(4)

(5)

Here pbc > 0.5 is the biased coin probability; Gi is the difference between the weighted sums 

of the absolute marginal imbalances under the two treatment assignment assumptions.

3. RESULTS

To evaluate the performance of the proposed two-stage covariate-adaptive randomization 

procedure, and compare it to the traditional stratified permuted block randomization, a two-

arm multicenter trial with an equal allocation ratio is considered. Potential confounding 

factors include clinical site and a few other covariates. In actual trials, covariates may be 

correlated to each other, and each has different distribution among study subjects. To 

simplify the simulation program, all covariates are assumed independent and have a 

binomial distribution of B(1, 0.5) for each study subject. All covariates included in the 

randomization procedure are weighted equally. The chance the current subject is enrolled in 

any site is assumed equal.

The simulation program includes the following parameters:

• n: sample size of the trial

• s: number of clinical sites

• m1: number of covariates included in the stratification algorithm in addition to site

• MTI: maximal tolerated imbalance within stratum

• m2: number of covariates to be balanced in stage two

• pbc: biased coin probability for the minimization method in stage two

Randomization procedures included in the simulation study for performance comparisons 

are:

P1) Complete randomization

P2) Stratified (by site only) permuted block randomization

P3) Stratified (by site and additional covariates) permuted block randomization

P4) Deterministic minimization method balancing multiple covariates

P5) Stratified (by site only) big stick block randomization plus biased-coin 

minimization method balancing additional covariates
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P6) Stratified (by site only) block urn randomization plus biased-coin minimization 

method balancing additional covariates

The performances of these six randomization procedures are evaluated based on measures in 

three domains: treatment allocation randomness, treatment imbalances, and covariate 

imbalances. Treatment allocation randomness is measured by the probability of 

deterministic assignment DA, and the correct guess probability CG. They are estimated as 

follows:

(6)

(7)

(8)

Here n is the sample size, nsimu is the number of simulation runs, piA is the conditional 

treatment allocation probability for subject i, ni−1,site,A and ni−1,site,B are the numbers of 

subjects previously assigned to arm A and B respectively within the site of subject i, Ti is the 

treatment assignment for subject i, and Guessi is the guess of Ti, made based on the within 

site treatment imbalance.

Treatment imbalances include the overall imbalance and the within site imbalance. Let njA 

and njB be the total number of subjects assigned to arm A and B respectively at the end of the 

study in simulation j, nj,k,A and nj,k,B be the number of subjects in site k assigned to arm A 

and B respectively in simulation j, dj = nj,A − nj,B be the overall treatment imbalance 

observed in simulation j, and dj,k = nj,k,A − nj,k,B be the treatment imbalance within site k in 

simulation j. The overall imbalance Doverall and the within site imbalance Dsite are estimated 

by:

(9)

(10)

The overall treatment imbalance is quantified by the standard deviation of the observed 

imbalance in each simulation run. With multiple sites involved in the study, the maximal 
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absolute within site imbalance from each simulation run is averaged as the measure for 

within site imbalance.

Covariate imbalance is measured by the difference of treatment arm sizes within covariate 

marginal. Because all covariates are considered independent and having the same binomial 

distribution B(1,0.5) for all subjects, imbalances in all covariates controlled by the stage two 

will have the same distribution. Let nj,x,A and nj,x,B be the number of subjects in a covariate 

margin x assigned to arm A and B respectively in simulation j, dj,x = nj,x,A − nj,x,B be the 

imbalance within the covariate margin x in simulation j. The covariate imbalance is 

measured by:

(11)

It is noticed that the p-value of the baseline covariate distribution test has been used in 

practice as a measure of covariate imbalance. A small p-value is often considered as an 

indicator for serious covariate imbalances and potential selection bias. For example, Berger 

identified 30 trials with direct trial-level evidence of selection bias [35], 19 of them were 

identified primarily based on the p-values of covariate imbalance tests. In this simulation 

study, a Chi-square test is performed at the end of each simulation run to exam the 

distribution of covariate X between the two arms. The 1st percentile and the 5th percentile of 

the p-values of these tests from all simulation runs are calculated as measures of covariate 

imbalances, denoted as pp1X and pp5X respectively. For example, pp1X = 0.3 indicates that 

there is a 1% chance the imbalance test for covariate X has a p-value less than 0.3; pp5X = 

0.8means that there is a 5% chance the imbalance test will have a p-value less than 0.8. It is 

important to remember that under complete randomization, there are pp1X = 0.01 and pp5X 

= 0.05. Table 3 shows the computer simulation results comparing the proposed 

randomization procedure to other commonly used randomization procedures under different 

trial settings.

Scenario 1 uses the complete randomization without any restrictions on the treatment 

assignment. Each subject has 50% chance being assigned to either arm A or arm B. When 

sample size n is large, the standard deviation of the overall treatment imbalance can be 

estimated based on the binomial distribution, 

, which is very close to the result 

observed in the simulation. As expected, the 1st and 5th percentiles of the covariate 

imbalance test p-value are approximately 0.05 and 0.01 respectively. With the highest level 

of treatment allocation randomness, the largest treatment imbalance, and lowest p-value 

percentile for covariate imbalance tests, this scenario is included as a reference point for 

other randomization procedures.

Scenarios 2 and 3 use the permuted block randomization stratified by site only, with the 

block size of 4 and 6 respectively. This design is aimed to control the overall treatment 

imbalance and the within site imbalance. While both imbalances are properly controlled, the 
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probability of deterministic assignment is high, and the covariate imbalance is not 

controlled.

Scenarios 4 and 5 use the permuted block design stratified by site and three additional 

covariates, with the objective of controlling covariate imbalances. Due to the inclusion of 

the three covariates, the total number of strata becomes 25 × 23 = 200, and the average 

stratum size is reduced to 2.5, smaller than the block size. In this case, most blocks are 

incomplete. The overall treatment imbalance control becomes weak. When block size of 6 

(i.e. MTI=3) is used, the performance of the randomization procedure is close to that of the 

complete randomization.

Scenario 6 is the deterministic minimization method controlling the marginal imbalances in 

site and four additional covariates. Simulation results demonstrate that, the minimization 

method offers the most tighten control on multiple covariate imbalances. The 1st percentile 

of the covariate imbalance test p-value reaches 0.854, indicating that among the 10,000 

simulation runs, only 1% time a covariate imbalance test yields a p-value less than 0.854. 

The cost paid for the tighten covariate balance is the 87.2% deterministic assignment, which 

is the primary reason the minimization method has been criticized for the concern of 

selection bias.

Scenarios 7 and 8 use the proposed two-stage covariate-adaptive randomization procedure; 

with the big stick design in stage one controlling treatment imbalances within site and the 

biased-coin minimization method in stage two controlling imbalances in the distributions of 

four covariates. This randomization procedure provides an effective control on treatment 

imbalances and covariate imbalances comparable to those of the deterministic minimization 

method, but has a lower probability of deterministic assignment, 22.9% for MTI = 2 and 

13.8% for MTI = 3.

Scenarios 9 and 10 use the two-stage randomization procedure with the block urn design in 

stage one and the biased-coin minimization method in stage two. This procedure 

significantly reduces the probability of deterministic assignment while maintaining a 

sufficient control on treatment imbalances and covariate imbalances. The 5th percentile of 

covariate imbalance test p-value is 0.373 for MTI = 2, and 0.290 for MTI = 3 respectively. 

The chance covariate imbalances become a concern due to a small p-value in imbalance 

tests is practically eliminated.

Among the above six randomization procedures compared for a medium size trial with a 

sample size of 500 from 25 sites, the two-stage BUD+BCM procedure exhibits the best 

overall performance, and is therefore recommended to replace the stratified permuted block 

design when the controls of both treatment imbalances and covariate imbalances are needed.

A small trial with 100 subjects from 5 sites and 2 covariates, and a large trial with 1500 

subjects from 50 sites and 4 covariates are included in the computer simulation. The MTI is 

set to 2 for the small trial and 3 for the large trial. Computer simulation results in Table 3 

(scenarios 11–16) shown that performances of the BUD+BCM procedure and the BSD

+BCM procedure are better than those of the stratified PBD for both the small and the large 
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trial, with regard to the treatment allocation randomness, the treatment imbalance control, as 

well as the covariate imbalance control.

The biased-coin probability use in stage two affects the performance of the biased-coin 

minimization procedure. Figure 1 indicated that as the biased-coin probability increase, both 

the overall treatment imbalance and the covariate imbalance decrease. It is suggested that 

the biased-coin probability be selected based on the 1st or the 5th percentile of the covariate 

imbalance test p-value. For example, with pbc = 0.75, the 1st percentile for the imbalance 

test p-value is 0.211. It indicates that a Chi-square test for the imbalance of a covariate will 

have 99% chance being greater than 0.211. The chance any one of the three covariates 

having an imbalance test p-value less than 0.211 is about 97%. If pbc = 0.65 or pbc = 0.85 

was selected, the 1st percentile of the p-value will be 0.106 and 0.277 respectively. It is 

suggested that pbc = 0.75 be used when the number of covariates to be balanced is no more 

than 3. Otherwise, a slightly high biased-coin probability can be considered.

4. DISCUSSION

The implementation of the proposed two-stage covariate-adaptive randomization procedure 

in multicenter clinical trials requires a centralized subject randomization system. Based on 

the conditional treatment allocation probability functions (2–5), a real-time randomization 

algorithm can be developed without complex programming. The proposed method can be 

used in multicenter trials when preventing serious imbalances in the distributions of multiple 

covariates are desired.

It is also noticed that a statistical test for the distribution of baseline covariate is a 

controversial topic. The purpose of using the test p-value as a measure of covariate 

imbalance in this paper is to compare the effectiveness of covariate balancing for different 

randomization procedures. A small p-value could trigger challenges on suspicious selection 

bias, although it could simply be a small chance random phenomenon. To protect the trial, it 

is a natural choice to include those important covariates in the randomization algorithm, in 

order to reduce the chance of seeing a p-value less than 0.05 from 5% to a comfortable level 

like < 0.5%.

The intention of this paper is to present an alternative to the commonly used stratified 

permuted block randomization procedure. In fact, if the restriction of the maximal tolerated 

imbalance within each stratum is released, one can apply the biased-coin minimization 

method directly to the study to gain good covariates balancing without any deterministic 

assignment. When the imbalances in covariate margins are controlled, the overall treatment 

imbalance will be well controlled.

Like all covariate-adaptive randomization designs, the use of the proposed randomization 

procedure may affect the way the trial data be analyzed. Balancing of baseline covariates 

does not remove nor reduce the confounding impacts of these covariates on the estimation of 

the treatment affect. A conventional method is to adjust all covariates used in the 

randomization algorithm in the analysis model. It is clear that adjusting baseline covariates 

with confounding factors will increase the power of the trial, disregards whether or not they 

have been balanced in the randomization model. However, the inclusion of multiple 
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covariates in the analysis model may make the interpretation and acceptance of the trial 

results hard.

When design a randomization procedure for a clinical trial, it is necessary to make sure that 

the baseline covariate balancing does not create practical risk for selection bias. In trials with 

a medium or large sample size, the concern for the power loss due to treatment imbalance is 

baseless. Tighten covariate balancing is also not necessary for randomized controlled 

clinical trials. The focus is to ensure the treatment allocation randomness to prohibit 

potential selection bias and to prevent statistically significant covariate imbalances that 

could raise concerns on suspicious selection bias.
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Figure 1. 
Impact of the biased-coin probability on the performance of the Minimization Method

Sample size = 500; number of sites = 25; number of covariates = 3;

Stage one: Block urn design stratified by site;

Stage two: Biased-coin minimization balancing three covariates;

DOverall: Standard deviation (over simulations) overall treatment imbalance.

pp1X, pp5X: The 1st, the 5th percentile of the p-value of the chi-square test for the 

distribution of the covariate X between the two arms.

Number of simulations: 5000 per scenario.
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Table 2

Proportion of Equal-Probability Assignment

Maximal Tolerated Imbalance Permuted Block Design Big Stick Design Block Urn Design

1 0.500 0.500 0.500

2 0.417 0.750 0.333

3 0.367 0.833 0.265

4 0.332 0.875 0.225

5 0.306 0.9 0.199

6 0.294 0.917 0.180

7 0.270 0.929 0.166

8 0.256 0.937 0.154
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