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3Departamento de Óptica, Facultad de F́ısica, Universitat de València, Burjassot, Spain
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PURPOSE. To assess the prediction accuracy of a novel dynamic structure–function (DSF)
model to monitor glaucoma progression.

METHODS. Longitudinal data of paired rim area (RA) and mean sensitivity (MS) from 220 eyes
with ocular hypertension or primary open-angle glaucoma enrolled in the Diagnostic
Innovations in Glaucoma Study or the African Descent and Glaucoma Evaluation Study were
included. Rim area and MS were expressed as percent of mean normal based on an
independent dataset of 91 healthy eyes. The DSF model uses centroids as estimates of the
current state of the disease and velocity vectors as estimates of direction and rate of change
over time. The first three visits were used to predict the fourth visit; the first four visits were
used to predict the fifth visit, and so on up to the 11th visit. The prediction error (PE) was
compared to that of ordinary least squares linear regression (OLSLR) using Wilcoxon signed-
rank test.

RESULTS. For predictions at visit 4 to visit 7, the average PE for the DSF model was significantly
lower than OLSLR by 1.19% to 3.42% of mean normal. No significant difference was observed
for the predictions at visit 8 to visit 11. The DSF model had lower PE than OLSLR for 70% of
eyes in predicting visit 4 and approximately 60% in predicting visits 5, 6, and 7.

CONCLUSIONS. The two models had similar prediction capabilities, and the DSF model
performed better in shorter time series. The DSF model could be clinically useful when only
limited follow-ups are available. (ClinicalTrials.gov numbers, NCT00221923, NCT00221897.)
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Glaucoma is a group of progressive optic neuropathies that
have in common the chronic progressive degeneration of

retinal ganglion cells (RGCs) and their axons. This degeneration
results in distinctive changes in the structure of the optic nerve
head and retinal nerve fiber layer, with associated visual field
loss.1 Histological studies have shown the existence of a
relationship between the number of RGCs and visual function
in both monkeys2–4 and humans.5,6 Similarly, clinical observa-
tions in glaucoma patients have shown correlations between
structure and function.7–9 Although multiple quantitative
models have been developed to describe the association
between structure and function in glaucoma,10–13 the strength
and nature of this relationship are not yet fully understood.14

Initial studies suggested that structure and function were best
defined by a curvilinear relationship.15–17 More recent studies
have demonstrated that the structure–function relationship
may be linear when both measurements are expressed in linear
units.7,13,18 In addition, structure–function relationships have
been shown to be influenced by sample composition (e.g.,
glaucoma severity),19–21 units of measurements,7,21,22 measure-
ment variability,23 and statistical methods.22

Although structural loss has been reported to be detectable
before functional loss in glaucoma,6,14,24–26 many studies show
that functional loss can also be detected before structural
loss.2,6,14,24,25,27 Results from several large clinical trials show
that structural changes can be detected before recognizable

functional changes in some patients, while in others, glau-
comatous functional loss appears without detectable structural
changes.28–30 Given that structural and functional measure-
ments may each provide unique information about the
presence of the disease and its progression, it may be useful
to use both jointly to monitor glaucoma with a model that
makes no strong assumptions about its development.

Several approaches have been developed to combine
structural and functional measurements to detect glaucoma
progression. The combination of structural and functional data
using machine learning classifiers may improve diagnostic
accuracy and detection of progression in comparison with
human observers and/or current automated techniques.31

Nevertheless, a recent study with machine learning classifiers
showed that including both structural and functional measure-
ments to assess progression did not provide better diagnostic
power than including structural measurements alone.32 Bayes-
ian models that combine structural and functional measure-
ments provide promising ways to improve the estimates of
glaucoma progression.33–35 In the present study, we propose a
novel dynamic structure–function (DSF) model that uses
structural and functional data jointly and that may be used as
an intuitive graphical tool to monitor glaucoma progression in
clinical practice. We test the predictive capability of the DSF
model against that of ordinary least squares linear regression
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(OLSLR), which has been commonly used to assess glaucoma
progression.36–38

METHODS

Participants

The study included 220 eyes of 150 subjects selected from the
Diagnostic Innovations in Glaucoma Study (DIGS, 69 eyes of 52
subjects) and the African Descent and Glaucoma Evaluation
Study (ADAGES, 151 eyes of 98 subjects). The DIGS and
ADAGES studies have been described in detail elsewhere.39 In
brief, these ongoing longitudinal studies are prospectively
designed to assess structure and function in glaucoma. These
multicenter studies were approved by all appropriate Institu-
tional Review Boards, adhered to the tenets of the declaration
of Helsinki for research involving human subjects, and were
performed in conformity with the Health Insurance Portability
and Accountability Act (HIPAA).

All participants underwent a comprehensive ophthalmic
examination, including review of medical history, best-correct-
ed visual acuity, slit-lamp biomicroscopy, intraocular pressure
(IOP) measurement, gonioscopy, and dilated funduscopic
examination. The studies required at least one good-quality
stereoscopic photograph and one reliable static automated
perimetry (SAP) at baseline. All participants had open angles,
best-corrected acuity of 20/40 or better, spherical refraction
within 5.0 diopters, and cylinder correction within 3.0
diopters. Participants were excluded if they had a history of
intraocular surgery (except for uncomplicated cataract sur-
gery); secondary causes of glaucoma (e.g., iridocyclitis,
trauma); other systemic or ocular diseases known to affect
the visual field (e.g., pituitary lesions, demyelinating diseases,
human immunodeficiency virus positive or acquired immune
deficiency syndrome, or diabetes); medications known to
affect visual field sensitivity; an inability to perform visual field
examinations reliably; or life-threatening diseases.

Inclusion Criteria for the Present Study

The current study included participants with ocular hyperten-
sion (OHT, 68 eyes, 30.9%) or primary open-angle glaucoma
(POAG, 152 eyes, 69.1%) classified at baseline. Among the
POAG eyes, some eyes had glaucomatous optic neuropathy
only (56 eyes, 25.5%); some eyes had abnormal visual field test
result only (37 eyes, 16.8%), while others had both abnormal
visual field test result and glaucomatous optic neuropathy (59
eyes, 26.8%). The classification criteria for each category have
been reported by Sample et al.39 In each structure–function
data pair (considered as a visit), the structural measurement
was performed within 1 month of the functional measurement.
A minimum of 3 months separated each pair of structure–
function data. All the eyes had at least 11 longitudinal
structure–function data pairs. If eyes had more than 11 visits,
we included the first 11 visits.

Structural Measures

Imaging of the optic disc was obtained by confocal scanning
laser ophthalmoscopy with the Heidelberg Retina Tomograph
II (HRTII, software version 3.1; Heidelberg Engineering,
Heidelberg, Germany). The HRT software acquires three
individual images for each eye during the initial scanning,
from which it automatically computes a mean topography
image. An experienced technician outlined the optic disc
margin on the mean topography image while viewing
simultaneous stereophotographs of the optic disc.39 Only the
images with mean pixel height standard deviation less than 50

lm were used, based on the recommendation of the
manufacturer.40

Visual Function Measures

We included the results from SAP tests taken with the 24-2
pattern and Swedish interactive thresholding algorithm41 on
the Humphrey Field Analyzer (Carl Zeiss Meditec, Dublin, CA,
USA). All visual fields were evaluated by the Visual Field
Assessment Center at the Department of Ophthalmology,
University of California-San Diego.42 Unreliable visual fields,
defined as more than 33% fixation losses, false-negative
responses, and false-positive responses, were excluded. Visual
fields with artifacts (e.g., lid and lens rim artifacts, fatigue
effects) were also excluded. The two locations above and
below the blind spot were excluded. The sensitivities in
decibels (dB) at each of the remaining 52 test locations were
first converted to the linear scale in 1/Lambert (1/L)18 and then
averaged to obtain the mean sensitivity (MS) value. The
rationale for converting from logarithmic to linear units before
averaging has been outlined by Hood et al.43

Conversion of Units for Structural and Functional
Measurements

To quantify the structural and functional measurements in a
comparable scale for the DSF model, the rim area (RA) and MS
were expressed as percent of mean normal.44,45 Mean normal
values were 1112.63 1/L for MS and 1.44 mm2 for RA, as
calculated from an independent dataset of 91 eyes from 91
healthy subjects.21 We calculated the percent of mean normal
by scaling the values obtained for each eye using this sample of
normal eyes as a reference; the values after the conversion
could therefore be larger than 100% for some eyes. We can also
convert these values from percent of mean normal to 1/L for
MS and to mm2 for RA through a simple rescaling. For example,
a rate of change of �5% of mean normal per year would
correspond to a rate of change of�5/100 3 1112.63¼�55.63
1/L per year and of �5/100 3 1.44 ¼�0.072 mm2 per year.

Dynamic Structure–Function Model

The DSF model quantifies the structural and functional changes
over time and is presented with two descriptors, a centroid
and its velocity vector. Figure 1 illustrates the DSF model in a
two-dimensional space with MS on the x-axis and RA on the y-
axis. The centroid is the central location of the longitudinal
paired structural and functional measurements and is an
estimate of the current stage of the disease. If vision of an
average eye were intact, the centroid would be in the upper
right corner of the two-dimensional plot, with approximately
100% of mean normal values for MS and RA. If all vision were
lost, the centroid would be in the lower left corner of the plot,
with 0% of mean normal MS and a percentage of mean normal
RA corresponding to the residual tissue composed of glial and
other nonretinal ganglion cells.10 In the hypothetical example
presented in Figure 1, the patient currently has approximately
50% of mean normal RA and MS (as shown by the latest
centroid X̄4). The velocity vector describes the direction and
rate at which the RA and MS are jointly changing over time.
The velocity vector may point toward one of the four
quadrants labeled Q1 to Q4. When the velocity vector points
toward the third quadrant (Q3), there is observed worsening in
both structure and function. Worsening can also be observed
on structure only (vector pointing toward Q4) or function only
(vector pointing toward Q2). Velocity vectors pointing toward
Q1 indicate observed improvement in both structure and
function. In addition to their direction, the length of the
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velocity vectors provides visual information about the rate of
glaucoma progression, with short vectors indicating slower
progression and long vectors indicating faster progression.

The DSF model makes no assumption about the nature of
the associations between structure and function (e.g., linear or
nonlinear). And unlike previously presented models that take
structure as a prior or give it more weight for early glaucoma,
equal importance is given to both the structural and functional
measurements in the DSF model. Based on the latest centroid
and velocity vector, the expected observations at the next visit
can be predicted (gray circle in Fig. 1) in the DSF model.
Details for the implementation of the descriptive and
predictive parts of the DSF model are presented in the
Appendix.

Statistical Analysis

For each eye, paired longitudinal RA and MS data from the first
three visits were used to predict the RA and MS at visit 4 with
the DSF model. Then data from the first four visits were used to
predict RA and MS at visit 5, and so on until predictions for visit
11 were obtained. Predictions for the fourth to 11th visits were
also obtained with the OLSLR model by fitting OLSLR
separately to RA and MS over time. Accordingly, there were a
total of eight predictions for each eye with each model.

The prediction accuracy of the OLSLR and DSF models was
assessed by the magnitude of the prediction error (PE, in
percent of mean normal) defined as the L2-norm of the vector of
differences between predicted values and actual measurements,
that is, the square root of the sum of the squared differences for
each dimension. The Wilcoxon signed-rank test was used to
determine whether differences in PE between the OLSLR and
DSF models were statistically significant. A similar analysis,

comparing root-mean-square prediction error for series of visits,
was performed by Russell et al.35 All analyses were carried out in
R,46 SPSS (version 20.0; IBM, Armonk, NY, USA), and Igor Pro
(version 6.34A; WaveMetrics, Portland, OR, USA). The R
package visualFields47 was used to process the visual field data.

RESULTS

The mean age of the 150 subjects included in this study was
58.8 with a standard deviation of 9.5 years at baseline. Eighty
subjects (53.3%) were female. The Table shows the mean,
median, and first and third quartiles for the structural and
functional data at baseline, the follow-up period, and the
intervals between visits.

Figure 2 shows comparisons in the PE between the OLSLR
and DSF models at each visit. The PE obtained with the DSF
model were, on average, significantly lower than with the
OLSLR for the predictions of the fourth, fifth, sixth, and
seventh visits by 3.42%, 1.70%, 1.19%, and 2.37% of mean
normal, respectively (P < 0.0001 in predicting the fourth to
sixth visits; P ¼ 0.02 in predicting the seventh visit). There
were no significant differences in predicting the eighth and

FIGURE 1. An illustration of the dynamic structure–function (DSF)
model is presented. Four longitudinal paired measurements of rim area
and mean sensitivity for a subject (black solid circles, labeled from X1

to X4) are plotted in a two-dimensional space showing structural and
functional values. Structural and functional measurements are
expressed in percent of mean normal, which could be greater than
100% in an individual eye. In the DSF model, the centroid (empty

circles, labeled from X̄1 to X̄4) is an estimate of the current stage of the
disease. The velocity vector (arrow) describes the direction and rate at
which structure and function are jointly changing over time. The
velocity vector may point toward any of the four quadrants (labeled
from Q1 to Q4 in counterclockwise order). Q1, observed improvement
on both RA and MS; Q2, observed worsening of MS and improvement
of RA; Q3, observed worsening in both RA and MS; Q4, observed
worsening of RA and improvement of MS. Based on the last centroid X̄4

and an estimated velocity vector, the future state (gray solid circle

labeled X̂5) can be predicted.

TABLE. Characteristics of Study Sample at Baseline

Mean Median

First

Quartile

Third

Quartile

RA, mm2 1.25 1.23 1.03 1.44

MD, dB �2.34 �1.14 �3.24 �0.02

Follow-up period, y 8.4 8.1 7.5 9.0

Intervals between visits, mo 11.0 10.1 6.6 13.2

MD, mean deviation.

FIGURE 2. Comparisons of prediction errors in predicting RA and MS
for visit 4 to visit 11. The empty and solid circles represent the median
PE with the OLSLR and the DSF model, respectively. The horizontal

bars show the 95% confidence intervals for the median PE. The
asterisks denote the significant differences between the OLSLR and the
DSF model based on Wilcoxon signed-rank test.
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subsequent visits. As shown in Figure 2, both the OLSLR and
DSF model showed a trend toward improved prediction
accuracy with longer follow-up, as more data become available.
For the prediction of the RA and MS for the fourth visit given a
series of three visits, the DSF model performed better than
OLSLR in 70% of the 220 eyes. For the predictions of RA and
MS for the fifth, sixth, and seventh visits, the DSF model
performed better than the OLSLR on approximately 60% of the
eyes (range, 58.64%–60.45%). For predictions of the eighth to
11th visits, this ratio was close to 50% (range, 49.09%–51.82%).

Figure 3 shows mean-difference plots of the predictions
between the OLSLR and DSF models. Even though perfor-
mance of the DSF model was significantly better up to the
prediction for visit 7, Figure 3 shows that these differences
were not very large. Across all series, the absolute difference of
PE between the two models were smaller than 10% of mean
normal for more than 70% of the eyes (range from 70.91% in
predicting visit 5 to 80.45% in predicting visit 8). There was
slightly better agreement when more observations were
available (see dashed lines in Fig. 3 that represent the limits
of agreement).

DISCUSSION

The ability to detect glaucoma progression when only limited
follow-up examinations are available is clinically useful. We
developed a novel model that describes glaucoma progression
using longitudinal structural and functional data jointly, and we
assessed its prediction accuracy on 220 eyes with OHT or
POAG. On average, the DSF model provided significantly more
accurate predictions for up to the seventh visit compared to
the OLSLR model. For longer follow-up periods, the two
models had similar prediction accuracy.

The European Glaucoma Society recommends that a
minimum of six tests over 2 years be taken for newly
diagnosed glaucoma patients to monitor early progression,
and the current Humphrey Field Analyzer requires at least five
visual field tests to perform the progression analysis.48 In
clinical practice, it is not always possible to obtain sufficiently

long follow-up series due to either limited time or financial
resources. Moreover, early detection of progression can help
make early clinical decisions that might help reduce vision loss
in some patients. In the present study, we showed that the DSF
model performed better than the OLSLR, on average, for the
first three to six visits, with approximately 60% to 70% of the
eyes having more accurate prediction with the DSF model.

The DSF model provides an intuitive graphical representa-
tion of the current status of the disease and its progression.
This representation could help clinicians to engage their
patients in a conversation about their disease and allow them
to effectively convey the progression information of the
disease. As mentioned in Methods, velocity vectors that point
toward the third quadrant (Q3) indicate observed progression
on both structure and function. Velocity vectors that point
toward either Q4 or Q2 indicate either worsening in structure
with improvement in function or worsening in function with
improvement in structure as captured by the structural and
functional indices, respectively. Velocity vectors pointing
toward Q1 indicate that both indices are improving. An
increasing trend in visual function can be due to learning
effects.49 An increasing trend in structural indices can be due
to reversal changes in optic nerve head owing to, for example,
a reduction in the IOP,50 although any pattern can be the result
of test–retest variability.

Examples of prediction with the OLSLR and the DSF models
are shown in Figure 4. For each subject, one prediction was
selected with a short time series and another with a longer
one. Subjects 1 and 2 were classified as POAG with both
abnormal visual field test result and glaucomatous optic
neuropathy at baseline. For subject 1, the DSF model provided
more accurate predictions than the OLSLR for both visit 5 and
visit 8. At visit 5, the OLSLR mainly overestimated the RA
progression compared to the actual measurement. The
prediction accuracy of OLSLR improved when the first seven
visits were used to predict the eighth visit. For subject 2, who
seems to have a rapid deterioration in visual sensitivity, the DSF
model underestimated functional progression at both visit 5
and visit 10, whereas the OLSLR made more accurate

FIGURE 3. Limits of agreement between the OLSLR and the DSF model on the prediction errors for visit 4 to visit 11. The horizontal axis shows the
mean PE of the OLSLR and DSF model for each eye. The vertical axis shows the PE difference calculated by the DSF model minus the OLSLR model.
The solid lines and the dashed lines represent the mean difference and corresponding 95% limits of agreement. Six eyes (four eyes with an absolute
difference in PE larger than 50% of mean normal and two eyes with a mean PE larger than 80% of mean normal) are not shown for clarity, but they
were used in the calculation of the limits of agreement.
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FIGURE 4. Patient examples with the OLSLR and the DSF models based on series of RA and MS measurements. In each part of the figure, paired RA
and MS data are plotted as circles coded with the numbers that identify the chronological order of the visits. The black triangle represents the
predicted RA and MS measurements with the OLSLR model. The gray circle represents the latest centroid, and the black circle represents the
predicted RA and MS measurements with the DSF model, respectively. The arrow shows the vector of change connecting the latest centroid and the
predicted measurements in the DSF model. The predictions of the OLSLR and DSF models are compared with the actual RA and MS measurements at
that future visit (black square).
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predictions. Remarkably, the RA showed an improvement from
visit 3, while there was a clear reduction in function.
Worsening in function with improvement in structure is an
observation that is not often reported in the literature. Subject
3 was classified as an OHT patient at baseline. For subject 3,
the DSF model provided comparatively closer prediction than
the OLSLR given a series of six visits, and there was little
difference between the two models in predicting visit 9.

Because the DSF model is based on centroids calculated
from all visits, there is a higher risk of making more
conservative predictions for increasingly longer series of visits.
This is noticeable for subject 2 (prediction at visit 10) in Figure
4 where the latest centroid has a higher MS than any of the
most recent five observed measurements used for prediction
and lower RA than any of the most recent four observed
measurements. Yet the direction of change is well captured by
the model. The model may underestimate the amount of
change in progressing eyes increasingly when larger series of
visits are taken into consideration.

To assess the impact of underestimation of the DSF model in
progressing eyes with respect to the OLSLR, we selected a
subset of 94 eyes that showed progression defined as a
significant negative slope over the 11 visits using OLSLR (P <
0.05). Other definitions of progression could be used, but this
one biases, if anything, the results toward OLSLR and against
the DSF model we are assessing. With this progression
criterion, 10 eyes showed progression on both RA and MS;
51 eyes showed progression on RA only; and 33 eyes showed
progression on MS only. Figure 5 shows that the DSF model has
significantly better prediction accuracy than OLSLR in predict-
ing visits 4 and 5 and similar prediction accuracy in predicting
all other visits, with the exception of visit 10, for which OLSLR
was significantly better. This finding is not surprising in light of

the facts that OLSLR provides unstable predictions for short
series of visits, and that the predictions of the DSF model
become increasingly conservative with longer series. Gardiner
et al.51 showed that trend analyses applied to short series
(between six and nine visual field tests) was better to monitor
progression compared to longer series (24 visual field tests)
when the rate of change is not constant throughout the series.
Nevertheless, here we show that the DSF model has better
prediction accuracy than OLSLR in shorter series. Because
early detection of progression is important clinically, improved
prediction accuracy in short series for progressing eyes is a
valuable advantage of the DSF model.

We further tested whether OLSLR made closer predictions
than the DSF model as the magnitude of changes in MS and RA
(absolute values of slopes) increased. As shown in Figure 6, no
systematic differences are evident in the difference in the PE
between the DSF model and OLSLR as a function of the
magnitude of changes. In eyes with the largest magnitude of
MS change (slopes greater than 0.6% of mean normal per
month), the DSF model made better predictions than OLSLR in
11 eyes, whereas OLSLR made better prediction than the DSF
model in seven eyes.

In any model that combines structural and functional
measurements, it is necessary to use a common scale. In our
study, the PE summarizes the error in structural and functional
measurements and thus requires that both have comparable
units. Percent of mean normal has been used in previous
studies.44,45 It is a relative scale, and the anchor points for both
structure and function are the mean values based on a sample
of healthy subjects.21 For structure, a value of 10% of mean
normal RA is not equivalent to 10% of RGCs, as other
nonfunctional tissue surrounding ganglion cell bundles,10 for
example, the glial cells, forms part of the optic nerve head. Rim
area can therefore be greater than zero even after all RGCs are
lost. On the other hand, a value of 0% of mean normal MS is not
equivalent to absolute blindness, but rather represents an
inability to perceive the highest intensity that the perimeter is
able to present. Percent of mean normal for MS would have

FIGURE 5. Comparisons of prediction errors for visit 4 to visit 11 in the
subset of 94 eyes that are progressing significantly according to OLSLR.
The empty and solid circles represent the median PE with the OLSLR
and the DSF model, respectively. The horizontal bars show the 95%
confidence intervals for the median PE. The asterisks denote the
significant differences between the OLSLR and the DSF model based on
Wilcoxon signed-rank test.

FIGURE 6. Analysis of the impact of the magnitude of changes
observed over time on the differences in PE between the DSF model
and OLSLR for 220 eyes. The absolute values of the slope of MS using
OLSLR (in percent of mean normal per month) for the first seven visits
are plotted on the x-axis, and the differences in PE between the DSF
model and OLSLR at visit 7 are plotted on the y-axis. Each dot is shaded

according to the magnitude of the absolute values of the slope of RA
using OLSLR for the first seven visits: Light shades represent shallower
slopes and dark shades represent steeper slopes.
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been very different if we had used a decibel scale instead of a
linear scale. In our normative sample,21 the mean normal MS
was 30.46 dB, which corresponds to 1112.63 1/L. Therefore, in
the linear scale, 50% of mean normal is 556.32 1/L and
corresponds to 27.45 dB. For measurements lower than 10 dB,
which are considered statutory blindness in the United States,
the percent of mean normal using the linear scale would be
0.90% of mean normal, which is more representative than the
corresponding 32.83% of mean normal using dB.

Teasing out true glaucomatous progression from variability
is challenging. Both test–retest variability and between-subject
differences can affect the determination of progression. In the
context of the DSF model, between-subject differences can
affect the location of the centroids, and test–retest variability
can affect the direction and rate of change of the velocity
vectors. Therefore, a vector of the same length pointing toward
the same direction may indicate statistically significant
progression in a patient with low test–retest variability and
nonsignificant progression in a different patient with high
variability. Hood et al.23 reported that between-subject
differences accounted for up to 87% and 71% of the total
variance, respectively, in retinal nerve fiber layer thickness and
visual field measurements for healthy subjects. Maŕın-Franch et
al. (Maŕın-Franch I, et al. IOVS 2013;54:ARVO E-Abstract 2247)
demonstrated that between-subject differences account for
more dissociation between RA and MS than test–retest
variability. Dissociation due to between-subject differences
sets a strong limitation to the performance of any method that
uses population statistics to assess glaucoma progression. In
the present study, we assessed the prediction accuracy, but no
significance test for progression is provided based on the DSF
model. A natural next step in the development of the DSF
model is to devise individualized statistical tests for glaucoma
progression.

Since we used MS and RA, both the OLSLR and the DSF
model could capture structural and functional deterioration
due to aging.52 For the purpose of comparing prediction
accuracy of both models, age effects are unimportant; but for
the clinical monitoring of glaucoma, it would be essential to
have age-corrected structural and functional measures. Both
models assume that the rate of change remains constant after
the last observation, which can lead to errors, especially if we
make predictions far in the future. For those subjects with two
eyes eligible, we included both eyes for the analysis. To ensure
that the possible correlation between the two eyes did not
impact the results of the study, we replicated the analysis after
selecting one eye at random for each subject and found similar
results. In conclusion, the graphical description in a two-
dimensional space provided by the centroid and the velocity
vector of the DSF model allows for a more comprehensive view
of glaucoma progression and may lead to further insights about
its dynamics.
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APPENDIX

The DSF model describes change in structure and function
using estimates of the current state and of the direction and
rate of change. The model can be split into two key parts: a
descriptive part and a predictive part. The descriptive part is
updated as more structural and functional observations
become available and is the basis for the predictive part of
the model.

Imagine that a subject who has already visited the clinic k�
1 times comes back tk months after the last visit. This patient
has visited the clinic, on average, every

t̄k ¼
1

k� 1

Xk

i¼2

ti

months. The estimated present state, or centroid x̄k, can be
estimated recursively from the estimated state at the previous
visit and the present observation xk as

x̄k ¼
ðk� 1Þx̄k�1 þ xk

k
;

and the direction and rate of change, or velocity vector v̄k can
be estimated as

v̄k ¼
1

kt̄k

ðxk � x̄k�1Þ:

The velocity vector in this model can be interpreted as the
observed change in structure and function per month, but we
could also express it as rate of change per year or decade if we
expressed time between visits in those units. Given the
centroid of the previous visit x̄k�1, the average time between
visits up to visit t̄k, and velocity vector in the current visit v̄k,
we can calculate the current centroid x̄k; thus

x̄k ¼ x̄k�1 þ t̄kv̄k;

where the first centroid starts at the first observation (i.e.,
x̄1¼ x1), we take the reference time to be that of the first visit

(i.e., t̄1¼0), and we set v̄1¼0. The rate of change v̄k is updated
from visit to visit, and hence it changes with the incorporation
of each new visit.

To predict the state in the next visit kþ 1 after a period of
time tkþ1, we need to provide an estimation of the velocity
vector at k þ 1. Different approaches could be employed to
provide this estimation, and the one we propose here is to first
calculate all rates of change from visit to visit,

v̂i ¼
xi � xi�1

ti
; i ¼ 1; :::;k;

and to average them; thus,

v̂kþ1 ¼
1

k� 1

Xk

i¼2

v̂i:

Although there is a lot of noise from visit to visit, this
approach allows for the overall trend to be captured in the
averaged velocity vector. The direction of the predicted vector
is the average direction of all the historic changes from visit 1
to visit k weighted by the time lapse between visits. This
vector of change is different from the velocity vector used if we
wanted to predict the centroid at k þ 1, which can be
calculated by dividing the vector of change by kþ1, to account
for the number of observations (plus the prediction). That is,
ˆ̄vkþ1 ¼ v̂kþ1=ðkþ 1Þ.

Finally, since the average time between the k þ 1 visits is

t̄kþ1 ¼
1

k
tkþ1 þ ðk� 1Þt̄k½ �;

we predict the structural and functional values x̂kþ1 as

x̂kþ1 ¼ x̄k þ t̄kþ1v̂kþ1:

The accuracy of the predicted value, x̂kþ1, depends on the
accuracy of estimates of current state and of the predicted
vector of change, and relies on the assumption that both
direction and rate remain unchanged between visits k and kþ1.
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