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Abstract

We investigate numerically and analytically the coupled dynamics of transmembrane voltage and
intracellular calcium cycling in paced cardiac cells using a detailed physiological model, and its
reduction to a three-dimensional discrete map. The results provide a theoretical framework to
interpret various experimentally observed modes of instability ranging from electromechanically
concordant and discordant alternans to quasi-periodic oscillations of voltage and calcium.

I. INTRODUCTION

Over the last decade, there has been a growing recognition that dynamic instability of the
cardiac action potential can play a crucial role in the initiation of life-threatening
arrhythmias [1-6]. Most studies to date have focused on the dynamics of the transmembrane
voltage governed by the standard equation

‘/: - (Iion+lext)/cma 1)

where Cy, is the membrane capacitance, ljop, is the total membrane current, which is the sum
of the individual currents for Na*, K*, and Ca* ions depicted schematically in Fig. 1, and
lext is @ current stimulus applied at equally spaced time intervals T. A widely used approach
to model the nonlinear dynamics of voltage is the one-dimensional discrete map Ans+1 = f(T
—Ay,) which relates the action potential duration (APD) at two subsequent beats via the
restitution curve, An+1 = f(Dp), where Dy, is the interval between the end of the previous
action potential and the next [1-6]. The periodic fixed point of this map corresponding to the
stable 1:1 rhythm undergoes a period-doubling instability to alternans, a sequence of long
(L) and short (S) (LSLS...) APD, when the slope of the restitution curve is >1.

Even though this map has been successful to model the unstable dynamics of voltage in
some ionic models [3] and experiments [4], its predictions are inconsistent with a wide range
of observations [5-8]. For example, Hall et al. [5] found that alternans can be absent even
when the slope of the experimentally measured restitution curve is significantly larger than
one, and conversely alternans are observed under ischemic conditions in which the
restitution curve is flat [8]. Furthermore, recent experimental [7,9,10] and theoretical studies
[11] suggest that alternans may result from an instability of intracellular calcium cycling.
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This result clearly indicates that the dynamical behavior of a cardiac cell is governed by
nonlinear processes that are not taken into account by the restitution relationship.

In this article we explore the coupled nonlinear dynamics of voltage and calcium cycling in
paced cardiac cells using a physiologically based ionic model. We demonstrate that a paced
cell can be unstable to three distinct dynamical modes: concordant alternans with a long/
short APD corresponding to a large/small calcium transient on alternate beats, discordant
alternans with a long/short APD corresponding to a small/large calcium transient, and
modulated voltage/calcium alternans with amplitudes that vary sinusoidally in time. The
physiological conditions which favor a given dynamical behavior are explained. Finally, we
interpret the model results in terms of a three variable iterated map which describes the beat-
to-beat dynamics of calcium and voltage.

Il. IONIC MODEL

A. Calcium cycling

To describe the electrophysiology of a cardiac myocyte we integrate a recently developed
model of calcium (Ca2*) cycling [11], with an established ionic model due to Fox et al. [12]
that is based on the Luo-Rudy currents [13]. The ionic currents, along with elements of the
calcium cycling system, are illustrated in Fig. 1. The movement of calcium inside the cell is
described by
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where ¢, ¢j, and ¢; are the concentrations of free calcium in a thin layer just below the cell
membrane (submembrane space), in the bulk myoplasm, and the sarcoplasmic recticulum
(SR), with volumes vg, vj, and v, respectively, where the SR volume includes both the

junctional SR (JSR) and the network SR (NSR); c; is the average JSR concentration in the
whole cell as defined in Ref. [11]. The concentrations cgand ¢; are in units of UM, whereas

¢j and c;» are in units of uMwug/v;. All calcium fluxes are divided by v; and have units of
UM/s. Instantaneous buffering of calcium to SR and calmodulin sites in v; and vg is
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accounted for by the functions Bs = p(cs) and fj = B(c;), and the currents 75" describe time-
dependent buffering to troponin C [11].

Calcium release from the SR is triggered by calcium entry into the cell via calcium-induced
calcium release (CICR) [14]. Release occurs at a very large number of junctions where
several L-type calcium channels (Ic;) and a few release channels (ryanodine receptors;
RyRs) face each other in close proximity. Only one of these junctions is shown in Fig. 1 for

. . N(t)
clarity. The total release current for the whole cell is the sum Imlzzk:l I, of local

currents 1% at each junction where release channels are activated. The number of sparks
N(t) varies in time since sparks are recruited stochastically and extinguish. The spatially
localized nature of release is described by the dynamical equation for the release current
[Eq. (6)], which captures phenomenologically three key experimental observations: (i)
sparks are recruited at a rate proportional to the whole cell Ic,, or N~ Ic4 [16], which insures
that calcium release is graded with respect to calcium entry [15,17], (ii) the spark lifetime <,
is approximately constant, and (iii) the amount of calcium released increases with SR
concentration (SR load) [18].

B. Instability mechanisms

Calcium alternans, a period-doubling sequence of large (I) and small (s) calcium transient
(Isls...peak ¢;), can occur independently of voltage alternans in experiments with a single
cell paced with a periodic voltage wave form [9]. Both theoretical analyses [11,19] and
recent experiments [10] support that a steep dependence of release on SR load is the
underlying mechanism of these alternans. The sensitivity of release to SR load is controlled

’

in the model by the slope of the function Q(c;) at high load
u= dQ/dc;-. @

For a large enough slope, the model produces calcium alternans when paced with a periodic
voltage wave form [11] as in the experiments of Ref. [9].

Steep APD restitution in the absence of calcium alternans can also induce APD alternans.
This steepness is especially sensitive to the recovery from inactivation of the calcium current
[12,13]

ICa:d.f.fCa 'iCa’ (8)

where i, is the single channel current and d(f) is a fast (slow) voltage-dependent activation
(inactivation) gate. For the intermediate range of pacing rates studied in the present work,
increasing the time constant t; of the f gate in the equation f = [f.(V) — f]/t steepens APD
restitution and promotes voltage alternans.

C. Voltage-calcium coupling

The mutual influence of voltage and calcium during the action potential is controlled by the
membrane currents that depend on intracellular calcium concentration. These include I,
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and the sodium-calcium exchanger Inaca- A larger calcium transient following a larger
release enhances inactivation of I, via the calcium-dependent gate fc,, and hence shortens
the APD, but increases the chemical driving force for calcium extrusion from the cell via the
exchanger. Since three Na* ions enter the cell for every CaZ* ion extruded, this increase in
driving force increases the inward membrane current which prolongs the APD. Therefore,
depending on the relative contributions of I, and Inaca, increasing the magnitude of the
calcium transient can either prolong (positive coupling) or shorten (negative coupling) the
APD, as illustrated in Fig. 2. The sign of this coupling can be changed in the model by
varying the exponent v in the phenomenological expression

oo 1
fca_1+(cs/5s)’v 9

for the steady-state value of fc,, where the constant cg'sets the concentration range for
inactivation. Increasing y enhances calcium-dependent inactivation of I, and tends to make
the coupling negative.

. NUMERICAL RESULTS

The dynamics of the system was studied numerically as a function of the two instability
parameters u and s which promote calcium and voltage alternans, respectively, and for two
values of vy that were found to yield a positive (y = 0.7) and a negative (y = 1.5) coupling
between voltage and calcium. All the other parameters are the same as in Refs. [11,12]. We
study the stability of the periodic fixed by computing the steady-state APD, and the

corresponding peak calcium transient (cyeark). The APD is computed by measuring the time
interval to 80% repolarization. In Fig. 3 we plot the stability boundaries as a function of the
model parameters at a fixed pacing rate of T = 300 ms.

The results plotted in Fig. 3 highlight the crucial role of the coupling between voltage and
calcium in the dynamics. For positive coupling, the instability of the 1:1 periodic state
always occurs through a period-doubling bifurcation to electromechanically concordant
alternans with the long (short) APD corresponding to a large (small) calcium transient,
independently of whether voltage or calcium is the dominant instability mechanism. In
contrast, for negative coupling, three distinct modes of instability are found that correspond
to: (i) concordant alternans, as for positive coupling, but only when the instability is
dominated by voltage (large s and small u), (ii) electromechanically discordant alternans
with the long (short) APD corresponding to a small (large) calcium transient when the
instability is dominated by calcium (small < and large u), and (iii) quasiperiodic oscillations
of APD and calcium transient amplitude with a phase and a Hopf frequency that vary with
and u for the in between case where the instability is driven by both voltage and calcium.
Both electromechanically concordant and discordant alternans have been widely observed
experimentally under various conditions [20]. In addition, there is experimental evidence for
quasiperiodicity in recordings of voltage [21] and, more recently, calcium [22].
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IV. ITERATED MAP ANALYSIS

A. lterated map of voltage-calcium dynamics

The numerical findings in the previous section were found to apply at a wide range of
pacing intervals T. To interpret our results, and investigate the generality of the findings, we
extend the two-dimensional (2D) iterated map developed in Ref. [11] for calcium cycling
when the cell is paced with a fixed periodic voltage wave form, to the present case where the

voltage is unclamped. To a good approximation, cs~ ¢; and c;- ~ c; preceding a stimulus
[11], such that we only need to track beat-to-beat changes of ¢; and ;. Furthermore, we
assume for simplicity that buffering of calcium is instantaneous such that there exists a
unique nonlinear relationship between the concentration of free calcium cj(cj) and total

calcium (free plus bound) cZ.T(cJT). The basic variables of the map (Fig. 4) are then ¢ and c;r
at time t, = nT of the nth+1 stimulus, defined by z,, = ¢/ (¢,,) and y, = (vsr/ui)c?(tn)
where both x, and y,, are in units of pM, and the APD corresponding to this stimulus, An+1.

The map is obtained by extending the restitution map to include the effect of calcium on the
APD and by integrating the calcium flux equations

ézT:Irel —Lup — I, + 1y, (10)

é?:(vi/vsr)(_lrel"{”jup)a (11)
from time t, to time tn41. This yields

An+1:F(Dn7 Tn, y’n)> (12)
xn+1:mn+Rn - Un+An; (13)

Yn+1=Yn — Bn+Un, (14)

respectively, where R, Uy, and Ap are the integrals of Iy, Iyp, and —lca+Inaca OVer the time
interval [ty th+1], respectively, and are functions of (Dy, X, Yy) for a fixed pacing period;
ViR, and vjUp, are the total amount of calcium released from and pumped into the SR over
one beat, respectively, and v;A, is the net total calcium entry into the cell over one beat
which can be positive (negative) if the exchanger extrudes more (less) calcium from the cell
than I, brings into the cell.

B. Stability analysis

To make contact with the numerical stability boundaries in Fig. 3, we study the stability of
the fixed point of the iterated map. The fixed point will be denoted by (A*x", y*). To begin,
we exploit the fact that the total amount of calcium inside the cell is approximately constant
during steady-state pacing. Hence, we can approximate the three-dimensional (3D) map
[Egs. (12)-(14)] by a 2D map by assuming that z, ~ z*, where vjz, = vi(X,+Yy) is the total
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calcium in the cell at time t,. This 2D map is given by Egs. (12) and (13) with D, = T-Ap,
An =0, and y, = Z'—xp. A linear stability analysis of this 2D map yields the eigenvalues

1
A=A = A £ Ve — A)244C), (15)
where we have defined the quantities

L _oF
v aDn ) (16)

O(R,, — Un)+8(Rn —-U,)
ox,, Oy,

Ac=—1- 7

C_B(Rn—Un)(8F 8F>
=~ oD, oy, 0z, ) 1©

which are evaluated at the fixed point of the map. Here, \,, and A govern the degree of
instability of the voltage and calcium systems, respectively, while C determines the sign of
the coupling between the two systems. Making APD restitution (0F/dDy,) or the relationship
between release and SR load (0R./0yp) steeper by increasing ¢ and u in the ionic model is
equivalent to increasing A, and A, respectively. Graded release implies that d(R,\—Uy)/0Dy, is
positive for high pacing rates where I, depends on Dy, such that the sign of C is governed
by 0F/dy,—dF/0x, where the latter reflects the effect of the magnitude of the calcium
transient on APD via ¢, and Inaca (Fig. 2). The periodic fixed point undergoes a period-
doubling bifurcation when |\_| = 1 and a Hopf bifurcation for (\,~Ac)2+4C<0 when the pair

of complex eigenvalues A, = ré/(™®), with ,.— ,/x_x_ — ¢ and

tanw= \/—4C — (Ae — Ao)?/(AetAo), crosses the unit circle (r = 1). For the latter case, the
beat-to-beat oscillations of voltage and calcium are modulated with a period 2n/m.
Examination of the eigenvectors for C<0 reveals that alternans are discordant when \_ is
real and Ac>\y,.

In Fig. 5 we plot the corresponding stability boundaries for positive and negative coupling in
the (Ag,Ay) plane. We find that the boundaries of stability are remarkably isomorphic to that
obtained by simulations of the ionic model in the (u,v) plane of Fig. 3. Note that we have
not used explicit functional forms for the map terms, but only exploited the basic structure
of the map given by Egs. (12)-(14), along with the important assumption that total calcium
is constant from beat to beat. This agreement shows that the coupled dynamics of voltage
and calcium can be understood qualitatively in terms of the basic features of the system.

V. CONCLUSION

The numerical study of both the ionic model and the map in the nonlinear regime reveals the
existence of a rich dynamical behavior including higher order periodicities (3:3, 4:4, etc.) as
well as transitions to chaos mediated by a period-doubling cascade or intermittency
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depending on the parameters. Moreover, this model naturally contains memory [21,23] due
to the slow change of total calcium concentration over several beats. Both of these aspects
will be discussed in more detail elsewhere.

In conclusion, we have outlined the essential three-dimensional parameter space that
controls dynamic instability of membrane voltage coupled to calcium cycling, and we have
presented a theoretical framework in which to interpret experiments beyond the limitations
of the one-dimensional restitution relationship. The main axes of this parameter space are
the degree of instability of the voltage and calcium systems, and the sign of the coupling
between the two systems, which is an important parameter to emerge from this work. These
results provide a starting point to explore the role of calcium cycling in the spatiotemporal
dynamics of tissue scale phenomenon. For instance, it will be interesting to see how the
more complex single cell dynamics presented here, influences the dynamics of spiral waves
in tissue. Studies in this direction may shed light on the role of calcium cycling on cardiac
rhythm disorders.
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Myoplasm

submembrane

space
t-tubule
FIG. 1.
Illustration of currents that control the dynamics of voltage and intracellular calcium
cycling.
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(a)

Calcium

Voltage

FIG. 2.
Illustration of the effect of an increase in the magnitude of the calcium transient, which can

prolong or shorten the APD for () positive and (b) negative coupling, respectively. The sign
of the coupling depends on the relative contributions of I, and Inaca to the APD. The solid
or dashed lines correspond to the same beat.
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Stability boundaries in the ionic model for positive (dashed line; y = 0.7) and negative (solid
line; vy = 1.5) coupling. T = 300 ms. Examples of steady-state dynamics close to the stability

boundaries are illustrated by plots of peak calcium concentration (cf’Cak) vs APD for a few
labeled points. Higher order periodicities and irregular dynamics are observed further away
from these boundaries.
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FIG. 4.
Definition of map variables.
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stable \

FIG.5.
Stability boundaries from the map analysis for positive coupling C = 0.1 with concordant

alternans along the dashed line, and negative coupling C = —0.1 (solid line), with concordant
alternans, discordant alternans, and quasiperiodicity along the segments a-b, c—d, and b—c,
respectively.
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