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Summary

In this paper we propose a varying coefficient model for highly sparse longitudinal data that
allows for error-prone time-dependent variables and time-invariant covariates. We develop a new
estimation procedure, based on covariance representation techniques, that enables effective
borrowing of information across all subjects in sparse and irregular longitudinal data observed
with measurement error, a challenge in which there is no adequate solution currently. More
specifically, sparsity is addressed via a functional analysis approach that considers the observed
longitudinal data as noise contaminated realizations of a random process that produces smooth
trajectories. This approach allows for estimation based on pooled data, borrowing strength from all
subjects, in targeting the mean functions and auto- and cross-covariances to overcome sparse
noisy designs. The resulting estimators are shown to be uniformly consistent. Consistent
prediction for the response trajectories are also obtained via conditional expectation under
Gaussian assumptions. Asymptotic distribution of the predicted response trajectories are derived,
allowing for construction of asymptotic pointwise confidence bands. Efficacy of the proposed
method is investigated in simulation studies and compared to the commonly used local polynomial
smoothing method. The proposed method is illustrated with a sparse longitudinal data set,
examining the age-varying relationship between calcium absorption and dietary calcium.
Prediction of individual calcium absorption curves as a function of age are also examined.
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1 Introduction

Varying coefficient models (Cleveland, Grosse and Shyu, 1991; Hastie and Tibshirani,
1993) are extensions of parametric regression models that have attracted many applications
in diverse scientific research areas in the last fifteen years. An example is the modeling of
the time-varying relationship between virologic response and immunologic status (as
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measured by viral load and CD4+ status) and other covariates in AIDS clinical studies. As
recently reviewed by Fan and Zhang (2008), estimation in varying coefficient models for
longitudinal data is based on three main approaches: polynomial spline (Huang, Wu and
Zhou, 2002; 2004), smoothing spline (Hoover et al., 1998; Chiang, Rice and Wu, 2001) and
perhaps the most natural approach of all, local polynomial smoothing (Wu, Chiang and
Hoover, 1998; Hoover et al., 1998; Fan and Zhang, 2000; Wu and Chiang, 2000). Qu and Li
(2006) proposed penalized spline and quadratic inference functions for incorporating the
correlation structure into the estimation.

Although these approaches may be more effective for densely measured longitudinal data,
highly sparse longitudinal data combined with measurement error poses unique unresolved
challenges. Here sparsity refers to the irregular measurement times between subjects and the
availability of only a few observed repetitions per subject in longitudinal designs. With
measurement error, estimation of the varying coefficient functions by applying the above
methods will be biased. Measurement error is typical in studies of dietary intake (Carroll et
al., 2006), such as individual calcium absorption and dietary calcium in adult women
population that we consider in Section 4. Of particular interest is estimation of the age-
varying relationship between calcium absorption and dietary calcium and other baseline
measures, such as body surface area. In addition to inherent measurement errors, the data is
sparse with subject ages ranging from 39 to 58 and due to dropouts and missed visits about
40% of the subject have only two or a single measurement. For both estimation of the
varying coefficient function and prediction of individual calcium absorption curves, an
effective strategy to pool information across subjects is needed.

In this paper we take a functional analysis approach to propose multiple varying coefficient
modeling of noise-contaminated sparse longitudinal data, and to develop a new estimation
method that allows for both cross-sectional (time-invariant) and longitudinal predictors. The
main idea of the functional approach is to view the observed longitudinal data as a noise
contaminated realization of a stochastic process which produces smooth trajectories. This
approach is adopted to allow for pooling of information across subjects in order to
strengthen the estimation from sparse data. We note that functional data analysis has been
extended to sparse longitudinal data in the context of functional regression models by Yao,
Mauller and Wang (2005a). More recently Sentiirk and Muller (2009) considered estimation
in functional varying coefficient models with one covariate process that incorporates a
history index. However, as the authors point out, their estimation approach is also useful for
univariate varying coefficient models relating a longitudinal response process to a single
longitudinal predictor process. The authors represent the varying coefficient functions using
auto- and cross-covariances of the underlying stochastic processes which are then estimated
based on the entire data using functional analysis approaches. We utilize similar
representations for the varying coefficient functions and propose an estimation procedure for
multiple predictor processes, which may include cross-sectional and longitudinal covariates.
Several important distinctions of the current proposal from Senttirk and Miiller's
methodology are as follows. First, the current proposal is designed for multiple predictor
processes. Second, cross-sectional predictors are included in the functional analysis
approach proposed. We note that incorporation of cross-sectional predictor variables is not
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very common in functional linear models and functional data analysis. Our third new
contribution is developing the estimation method to accommaodate these two innovations and
to study its theoretical and finite sample properties. The proposed estimation procedure
enables a novel way of incorporating the within-subject correlation and handling sparse
noise-contaminated longitudinal designs, which leads to improved finite sample
performance relative to the commonly used local polynomial smoothing methods for
varying coefficient models.

In the next section we describe the proposed estimation procedure for the multiple varying
coefficient model with time-dependent and time-invariant covariates in its full generality
and provide uniform consistency of the proposed estimators. Consistent prediction of the
response trajectories via conditional expectation obtained under Gaussian assumptions are
given in Section 3. Also given in Section 3 is the asymptotic distribution of the predicted
response trajectories along with asymptotic pointwise confidence bands. In Section 4 the
method is illustrated with the aforementioned sparse longitudinal data set, where we
examine the age-varying relationship between calcium absorption and dietary calcium.
Simulation studies, including comparisons with local polynomial smoothing, and concluding
remarks follow in Section 5 and 6, respectively. Technical assumptions and proofs are given
in the appendix.

2 Estimation in Multiple Varying Coefficient Models

2.1 Sparse Data and Model Representation

Consider the observed data, consisting of p time-dependent and q time-independent
predictors along with a time-dependent response. The g time-independent predictors Zy;, i =
1,...,n,g=1, ..., gare assumed to have finite variance. The time-dependent predictors Xj;
and response Yj, i=1, ...,n,r=1, ..., p are square integrable random realizations of the
smooth random processes X, and Y respectively, both defined on a finite and closed interval
domain [0, T]. Predictor and response processes X and Y have smooth mean functions py,(t)
= EX((t), py(t) = EY(t), and (auto-)covariance functions Gy,x,(s, t) = cov{X,(s), X((t)},
Gyy(s, t) = cov{Y(s), Y(t)}, fors,t € [0, T]and r = 1, ..., p. Orthogonal expansions of the

covariances, i.e. Gy, x, (5, t)ZZ::1Pm¢rm(S)¢m(f) and Gy (s, t)ZZZil/\kwk(S)wk(t)
fors,t€ [0, T]and r =1, ..., p follow under mild conditions, where ¢, and yy denote the
eigenfunctions with nonincreasing eigenvalues pyy, and Ai. The sparse design (SD),
following Sentiirk and Miiller(2009), can formally be described in the following manner.

(SD) For the i-th subject one has a random number N; of repeated measurements on the rth
time-dependent predictor, Xjj = Xyi(Tjj) + &ij, and on the response, Yj; = Yi(Tj) + gj, j = 1,
..., Nj, obtained at i.i.d. random time points T, ..., Tini, Where &ij, & are zero mean finite
variance i.i.d. measurement errors. The Nj are assumed to be i.i.d and N;, Tjj, &ij, &j are
mutually independent, and also independent of the underlying processes X;, Yj as well as
Zy;. Hence the predictor and response observations can be represented as

(ee] (ee]
Xrij=Hx, (Tij)+zm:1§rim¢rm(sz)+5rij, Yij=py (Tij)Jer:lCiM/fk(Tij)JrEij, where &im,
Cik are uncorrelated mean zero functional principal component scores with second moments
equal to the eigenvalues prm and Ay, respectively.
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The representations in (SD) above follow from the Karhunen-Loeve expansion (see Ash and

Gardner, 1975), where we also assume Zmpm<00, Zk)\k <o for the eigenvalues.

Consider the multiple varying coefficient model

E{Y ()| X1(t), .., Xp(1), Z1, ., Zg}=Bo(t)+D_Br ()X (0)+> ag(t)Z,, ()
r=1 g=1

where the varying coefficient functions, /4 (t) and ag(t), are assumed to be smooth functions.
Note that for each fixed t, model (1) reduces to a standard linear model. Centering the

predictor and response trajectories, i.e. X° (t)=X,(t) — p, (1), ZgC:Zg - E(Z,)and YC(1)
= Y(t) — py(t), we can express model (1) as

E{YC(O)|X1(t), -, Xp(t), Z1, -+ Zgk=> Br(t)XT () +> ag(t)ZS .
r=1 g=1

Note that alternatively /(%) can be given as 4y (t) = > Br (D), () = Zgag(t)E(Zg),

2.2 Local Linear Smoothing

A standard method for fitting varying coefficient models (Fan and Zhang, 2008) is local
polynomial smoothing. For instance, local linear fitting would minimize

2
p q
Y5 = {Oro+0r1(t — Ti)} X1 — > {vg0t901(t =T} 25|, @
r=1 g=1

()

i=1j=1

with respect to G0, &1, 740, 7.1, leading to ,Brft) = Hr,Ao and agA(t) = ygA,o (Hoover et al.,
1998). The minimization in (2) requires a specified kernel function K(:), which corresponds
to a symmetric probability density function associated with a bandwidth h. Sentirk and
Muiller (2009) point out that local polynomial smoothing does not take advantage of the
functional nature of the underlying processes. In other words, while (2) involves each
repeated observation taken on a subject, it does not involve the cross product terms between
the repetitions which would correspond to the underlying covariance structure. They also
point out that local polynomial smoothing will be biased for the case of sparse and noise-
corrupted measurements. We will demonstrate that this bias is also present in the multiple
varying coefficient model through simulations.

2.3 Proposed Estimation Procedure

The proposed approach will utilize the functional nature of the covariate processes. Thus, we
define the auto- and cross-covariance functions:
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G () = cov{¥(s), Xe()= & 5 BlEmCu)brm(s)in(1)

GXTX , (s,t) = COV{XT(S)aXr’ (t)}: iO:l %O: E(gT””Lgr,m/)¢’f‘7’b(3)¢r(m' (t),
r m=1,,/_1
Gyzg () = COV{Y(t)? Zg}:kglE(Cng)l/)k (1)
erzg (t) = COV{XT (t)> Zg}: i;lE{§7”"LZg}¢7"m(t)a

and Gzgzy = coV(Zg, Zy). Consider the following equalities that follow directly from (1)

Cr, (61) = LB0G,, (11 X ag(t)Gs (1)
: p2 B0+ 205(t)C

p q
Gy, () = 280Gy, , O+ at)G,, ,
g r=1 9 g=1 g

forr’=1,...,pand g’ =1, ..., g. Then the varying coefficient functions of interest can be
obtained as

[BL(t), - Bp(t),0n(t),- . og(D)] =X "2 3)
where

[ GX] X, (t’ t) e GX] Xp (tv t) GX1 Z; (t) T GX1 Zq (t)
Y= le Zp tt) - GXpo (t,t) prz1 ) - przq (t) @
le Z (t) T przl (t) Gzl Z1 e Gzlzq
L X1%q (t) e przq (t) Gzl Zq T quzq

and Z; = [Gyxy (4, 1), ..., Gyxp(t, 1), Gyz1 (1), ..., Gyzq (H)]T. Estimation of the varying
coefficient functions in (3) involves first obtaining estimates of the auto- and cross-
covariances in (% and =; and then using the plug-in estimator )gt—lét. The special case of p =
1and q = 0 is considered by Sentlirk and Mller (2009) based on the relations £ (t) = Gyx(t,
t)/Gyx(t, t). The proposal here is adopted for multiple predictor processes in addition to
cross-sectional predictors. The estimation algorithm is given through the following steps.

1. Mean functions. Estimate the mean functions for the predictor and response
processes by smoothing the aggregated data (Tjj, Xjj) and (Tjj, Yij) forj =1, ..., N;,
andi=1, ..., n, with local linear fitting. Denote the estimated mean functions by
Hxr and py.

Stat Sin. Author manuscript; available in PMC 2015 January 12.



1duosnue Joyiny vd-HIN 1duosnue Joyiny vd-HIN

1duosnuely Joyny vd-HIN

Sentiirk and Nguyen Page 6

2. Raw covariances. Compute the raw covariances of Xy and Zg and the raw cross-
covariances between (Y, Xp), (Xy, Zg) and (Y, Zg) based on all observations from the
same subject, defined by

Gron o (TisTi) = (X = i, (T HX g — | (T}
ZgZ i (Z.qu - Zg)(Zg/i _ Zg/)7
G (T L) = (Y = oy (T H X =y, (T},
GX7.Zg,i(Tij) = {XW — ﬂXT (le)}{Zgi - Zg} and
GrayoTa) = Vo =iy )} 2t~ 7,

forj, /=1, ...,Njandi=1, ..., n. These raw covariances are then smoothed, giving
their corresponding final estimates described in the next step.

3. Smoothed covariances. (3A) The final estimates of the two-dimensional auto- and
cross-covariances, namely Gy x, and Gyx,- are obtained by feeding the
corresponding two-dimensional raw covariances, Gxyx, j and Gy, i from step 2,
into a two dimensional local least squares smoothing algorithm.

Remark 1. For estimation of the auto-covariances Gy,xr, the diagonal of the raw
auto-covariance matrix is removed before the two dimensional smoothing step, in
order to eliminate the effects of measurement error on the longitudinal predictors.
This covariance estimation step (inspired by the approach in Yao, Muller and
Wang, 2005a, b) achieves two major objectives. First, it eliminates the effect of the
noise contamination on the longitudinal observations. Second, through pooling of
the data across subjects, it overcomes the problems associated with the sparseness
of the design. In addition, to guarantee that the estimator of Gy X, is nonnegative
definite, we propose an adjusted estimator where we exclude the negative estimates
of the eigenvalues and corresponding eigenfunctions in the functional principal
component decomposition of the covariance function. More precisely, a
nonparametric functional principal component analysis step employed on the
smooth estimate of the auto-covariance surface yields estimators for ¢ry(t) and prm,
where details are described in Appendix A.1. Then, Gxx is given as

Zm:ﬁmwﬁm%m(S)@m(t)_ The number M; of included eigenfunctions can be
chosen by one-curve-leave-out cross-validation, the Akaike information criterion
(AIC), fraction of variance explained, or similar criteria.

(3B) Similarly, the final estimates of the one-dimensional cross-covariances,
namely észg and Gyzg, are obtained by feeding the corresponding one-
dimensional raw cross-covariances, Gxzg,j and Gyzg,j, into a one-dimensional
local polynomial smoothing algorithm. In addition the variance estimator Gzgzy is

n
givenasn! Zizlegzg/

Remark 2. Explicit forms of all one- and two-dimensional smoothing estimators are
assembled in Appendix A.1.
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4. Plug-in estimator. Estimators for the varying coefficient functions are obtained by
simply using the following plug-in estimators for y and =

[3,(¢), ...Bp(t) & (t) e Gy(1)] _X;l:t Estimator of the intercept function can
be given as ﬁo Z 5r”x Z ﬂdg(tﬁg, as noted earlier in
Section 2.1.

We note that this estimation procedure differs from the standard methods for fitting
varying coefficient models, which do not take advantage of the covariance structure
of underlying processes. Using this structure in the estimation process makes it
possible to handle the sparsity of the longitudinal data, but also allows for
incorporating additional information that is inherent in the underlying covariance
structure in the estimation step.

2.4 Uniform Consistency

The proposed estimators for the varying coefficient functions are uniformly consistent, as
summarized in Theorem 1. The assumptions and proof can be found in the Appendix
section. This result holds for sparse designs where the longitudinal predictor and response
measurements are contaminated by additive measurement errors.

Theorem 1. Under Assumptions (A) in theAppendix, the varying coefficient function
estimators satisfy

sup
te(o, T]

— 8:(8)| =Op(m), and 50 165(t) = ag(8)] =Op(ra),

forr=0,1,...,p,andg =1, ..., g where

T”:nil/Q(Zr 1hr1hr2 Zr 127‘ S h

In the above expression for z,, the bandwidths used in the two-dimensional smoothing step
of the raw covariances to obtain the cross-covariance function Gy, are hy1 and hys.
Similarly, the corresponding bandwidths used in the two-dimensional smoothing step to
obtain the cross-covariance surface Gxxr, are denoted by hy, and hy,-. Details are given in
Appendix A.1. The bandwidths are required to converge to zero, and to satisfy some other
restrictions outlined in Appendix A.2.

3 Prediction of Response Trajectories

Also of interest, in addition to estimation of the varying coefficient functions, is the
prediction of calcium absorption trajectories as a function of age, based on dietary calcium
(X*) and body surface area (Z*). More generally, prediction of an individual response
trajectory Y* based on a new subject's sparse observations from the longitudinal predictor

trajectories X7, ..., X, and the cross-sectional predictors Z7, .. ., Z; is of interest. In this
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section, we provide consistent predictors of individual response trajectories and provide
their asymptotic distribution for construction of asymptotic pointwise confidence intervals.

From the proposed model (1), the predicted response trajectory would be obtained through
the following conditional expectation

p (o] q
B{Y+)|X{(t), ... Xp (1), 27, Zgy=py ()4 _Br(1) Y Ermdrm(t)+Y_ag(t) 25, ()
r=1 m=1 g=1

where gﬁm:fg{X;‘ (t) — px, (t) }orm(t)dt is the mth functional principal component score
of Xx* To estimate the predicted trajectory in (5), we note that the estimates of py(t), £ (t)
and aq(t) were described in the previous section. Also, the nonparametric functional
principal component analysis step employed in the estimating the auto-covariance surface
Gxrxr Yields estimators for ¢rm(t) and prm, where details are described in Appendix A.1.

Thus, the only term remaining in (5) that requires estimation is ¢ .

Estimation of &7, = [ { X} (t) — tx, (t)}érm (t)dt is a challenging problem since the integral
cannot be approximated feasibly from the sparse trajectory X *(¢).However, estimation is
feasible under a Gaussian framework, following the novel work of Yao, Muller and Wang

(2005b). More precisely, let X7;=X(T;) be the jth measurement for the predictor function
X*and ij:X:j-f'&:ij be the observed noise-contaminated version of it at time 7 for a

random number of total measurements N*, j = 1, ..., N*. Further let X/ =(X ;... ,X:‘N*)T.

Assume that the functional principal component scores ¢* , the measurement errors <, and

Z, are jointly Gaussian. Then the predicted ¢* is given as the best linear prediction
~ 3T ~ T
conditional on the (N*p + ) x 1 observation vector U x =(X7 ,...,X, ,Z;,...,Z;), N*,

and locations of the observations 7"« =(T7, . .. ,T;*)T, namely
~% T —1
grm:H:mZU* (U * —[LZ) (6)

T T
In (6) i, =(1 s+ sy s Fay -+ Pz, ) is the (N*p + g) x 1 mean vector with

* * * T
/LXT:{/‘XT (Tl )7 Ry (TN*)} )

T > T > T
H;fm: { Z pm71m1¢’{m, sy Z prmmm/(]ﬁ;m/,E(ngI)a s 7E(§T‘7’an)} (M

4 ’
m =1 m =1

is the (N*p + @) x 1 covariance vector with gy iy = COV(&m, &ny) and

Oy =Abrm(T7), .., drm(Th, )}, The (N*p + q) x (N*p + g) covariance matrix . in (6)
is equal to
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x,x; X1 Xp lezl GX1Zq
§ : — Cfxlzp G~X1>Xp GXPZl GXqu
- )
Ux lezl T GXpZ1 GZ1 z; GZ1 Zq
L Txi1zg T GXqu Gzlzq o GZqu i

where the N* x 1 vector CNv'XTZ_q =cov(X,, Z}| N+, Tx), the scalars Gzgzy are as defined
jud it 3 il 3
Section 2.3 and the N* x N* covariance matrix @x, x , =¢oV(Xy, Xp/ [N+, T%) for r 2 1 and

G . =cov(X,|Nx,T«) with the (j, 4th entry (G . );.0=Cx,x, (15, T¢ )+var(e,) 850
where &= 1ifj=Zand 0ifjz £

Next, estimators of x2*, ¢* erx;, GX~ng: Gzgzg and GX}Xr that are based on the entire

data, where (G, x, ) jféx,.x,,. (T, Ty )+var(er)d;e, are substituted in (6) to obtain a plug-
in estimator for ¢* . Explicit forms of the estimator of the variance of the measurement

errors, var(e,) are glven in Appendix A.1. The covariance pm v can be estimated via /

Gxpx, A4S t)g»rm(s)(pr/ (t)dsdt and E(&mZg) can be estimated by / Gszg(t)q)rm(t)dt using
estimates of Gyyxr, Gxrzg and ¢rm(t). Finally,

PN

AT My AxT M, Ax T

HWZ{Zmlzlp,w,n,p,,/¢1m'a ce Zm/zlp,.,,l,7p,,/ G } where the numbers My, ..., Mp of
included eigenfunctions can be chosen by one-curve-leave-out cross-validation, the Akaike
information criterion (AIC) or the fraction of variance explained. This leads to

T ~ —1
grm_HT*mZU (U * —fi,), Hence, the predicted trajectories are given as

M,
uy(t)+zﬂ (t)zgr"m¢rm(t)+zaq(t)zc*a (8)
r=1 m=1

where 4 :Zlej\"[r. The following Theorem provides the consistency of the prediction

A

Y (¢)for the target trajectory
D4 B Embm(DTY ) ag(D) 25"

Theorem 2. Under Assumptions (A) and (B) in theAppendix, given N* and T*, for all t € [0,
T], the prediction for the response trajectory satisfies

lim ¥ Lt t)=Y x (t), in probability.

n—oo

Stat Sin. Author manuscript; available in PMC 2015 January 12.



1duosnue Joyiny vd-HIN 1duosnue Joyiny vd-HIN

1duosnuely Joyny vd-HIN

Sentlirk and Nguyen

Page 10

Here the number M, = M,(n) of eigen-components included in the eigen-decomposition of
Xorr=1, ..., pand hence (2/all tend to infinity as n — oco.

Next we consider construction of asymptotic confidence bands for the response trajectory

Y*, given the observed sparse and noisy data. For My, ..., M2 1, let & =(&5y,...,€%, )"

f _ M *MlT * My T ey Mr o .
orr=1,...,pand &x” =(& oo & ) . Quantities £, gnd &7 are defined
similarly. Under the Gaussian assumption, given N* and T*, &2/ — &2 ~ N(0, Q,),
where the normality, covariance matrix {24, and its plug-in estimator Q;ﬂare derived in the
proof of Theorem 3 given in Appendix A.2. Define ¢y, = {A1 () p11(0), ..., L) @rm (), ...,
Bo®@p1(D), -, ﬂp(t)</>|o,\,|p(t)}T fort < [0, T] and let (p[/:,{, be its estimate obtained from the
data. The following Theorem 3 establishes the asymptotic distribution of the predicted

. R Cau PN T N c .
trajectories ¥ . ()=£, (t)+0¢, ,&* +Zg:1a9(t)zg *, conditional on N* and T*.

Theorem 3. Under Assumptions (A), (B) and (C) in theAppendix, given N* and T*, for all t
€ [0, T], x € R, the prediction for the response trajectory satisfies

A %
i P Y (t)— E{Y * (t)|XfEt), X (), 21, 28}
n—oo w

<z|=0(z),
tot

where w, ,=¢! Q ¢, ,, @M:(;L[ Q. , 4, ,and () denotes the Gaussian cdf and My, r =
1, ..., p and hence 24, all tend to infinity as n — oc.

Hence, ignoring bias resulting from truncation at My, ..., My in Y; the (1 — a) 100%
asymptotic pointwise confidence interval for E{Y x ()| X7 (), ..., X, (t), Z7,..., Z,} is

givenby ¥, (t) = ®(1 — 0/2) V@

4 Application to Sparse Dietary Calcium Absorption Data

In a study of calcium deficiency, Heaney et al. (1989) showed a complex inverse relation
between calcium intake and calcium absorption where age and body surface area are among
the variables that affect calcium absorption efficiency We examine the age-varying
coefficient regression of calcium absorption on intake and body surface area via the analysis
of data from a longitudinal study on factors affecting calcium absorption (Davis, 2002, pg.
336). Longitudinal measurements were taken on absorption and intake among others, where
repeated measurement per subject were taken in roughly five-year intervals. We analyze the
data where patient ages are between 39 and 58, yielding 182 subjects with 1 to 4 repeated
measurements per subject. The data is sparse and irregular due to measurement times
between subjects that differed vastly and the number of total repetitions per subject is small.
Figure 1 displays the observed individual trajectories of calcium intake X;(age) and
absorption Y(age), along with the corresponding mean functions uXAand pYA. An increasing
trend with age is observed for intake and a decreasing trend is observed for absorption.
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We fit the age varying coefficient model

E{Y (age)|X1(age), Z1 }=0o(age)+051(age) X1 (age)+a1 (age) Z;

of Y (calcium absorption) on X; (calcium intake) and Z; (baseline body surface area; see
Figure 1) using the proposed estimation procedure and kernel linear smoothing, as described
in Section 2.2. The resulting estimated varying coefficient functions from both methods are
displayed in Figure 2, along with 90% bootstrap percentile confidence intervals. Bootstrap
confidence intervals are constructed from 500 bootstrap samples, generated by resampling
subjects. Bandwidths for the smoothing of the cross-sectional mean functions, the
covariance functions (Gy1z1 and Gyz1), the covariance surface (Gx1x1), and the cross-
covariance surface (Gyx;) were selected by generalized cross-validation.

The estimated varying coefficient functions from both approaches, displayed in Figures 2,
suggest a significant negative relationship between calcium intake and absorption. While the
inverse relationship between intake and absorption is declining with age (Figure 2b),
especially after age 45 in the kernel linear fit, such a decline is not observed in the proposed
fit. Both methods indicate a significant positive effect of baseline body surface area on
absorption, for ages between 43 and 55. While the effect is slowly becoming positive with
age in both methods, the effect estimated by the kernel linear fit is much larger in
magnitude. These differences in the estimated varying coefficients for the kernel linear
method are attributed to the estimation bias of the kernel linear method because of potential
measurement error and for lack of efficiency due to the fact that it does not incorporate the
underlying correlation structure into the estimation. These issues are further investigated in
the simulation studies of Section 5. The estimated positive and negative relations of calcium
absorption with intake and body surface area respectively, are consistent with earlier
findings (Heaney et al., 1989).

Next, we illustrate the prediction of calcium absorption trajectories as described in Section
3, based on sparse longitudinal intake trajectories along with baseline body surface area. The
numbers of eigenfunctions used in the expansion of the predictor trajectories given in (8)
were chosen by AIC; further details on these choices can be found in Yao, Miiller and Wang
(2005a). The predicted trajectories for 4 randomly selected subjects are given in Figure 3.
The trajectories show a decline in calcium absorption with age, which is the same pattern as
observed in the estimated smooth mean function of Figure 1. Overlaying the predictions are
90% approximate confidence intervals, as proposed in Section 3, along with observed
calcium absorption values and predictions obtained from kernel linear smoothing.
Predictions and the confidence intervals are obtained with the predicted subject's predictor
trajectory left out. The predicted values obtained from kernel linear smoothing are similar to
those obtained from the proposed method, where the average absolute prediction error from
both kernel linear smoothing and the proposed method are 0.0612 and 0.0643, respectively.

Note that even though the kernel linear smoothing estimation procedure cannot target the
true underlying varying coefficient functions in the analysis of sparse noise-contaminated
longitudinal data as will be demonstrated in the simulations of Section 5, this does not
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translate into predictions of the response values. This is a well known phenomenon in
nonparametric measurement error models, where in the nonparametric regression model Y =
g(X) + &, the predictor X is measured with additive measurement error U yielding the
observations W = X + U. Even though the nonparametric estimation of g(-) needs to adjust
for the additive measurement error, the prediction of future response values can be obtained
without adjusting for the additive measurement error via estimation of E(Y|X + U) = E(Y|W).
See Carroll et al. (2006), Carroll and Hall (1988), Stefanski and Carroll (1990) and Carroll,
Delaigle and Hall (2009) for further details and discussions on similar issues. Finally, we
note an important distinction: although the kernel linear smoothing and the proposed
estimation methodology yield similar predictions, the proposed method has the distinctive
advantage of providing predicted response trajectories for the entire length of the study,
while kernel linear smoothing and other methods can only provide pointwise predictions.

5 Simulation Studies

We assess the finite sample performance of the proposed estimation algorithm and compare
its performance to that of kernel linear smoothing via three simulation studies. While the
first simulation set-up corresponds to highly sparse designs, the second set-up reflects denser
longitudinal designs. The first two simulation set-ups involve a varying coefficient model
with one longitudinal and one cross-sectional covariate similar to the data analysis. We
study the performance of the proposed estimation algorithm for a varying coefficient model
with two longitudinal and two cross-sectional predictors in the third simulation for sparse
longitudinal data. We report results for all set-ups based on 500 Monte Carlo runs.

In the first study the number of measurements per subject are randomly chosen with equal
probability from {1, 2, 3, 4} for each of n = 182 subjects, similar to the calcium absorption
data, to reflect highly sparse designs. The locations Tj; of the measurements for the i-th
subject are generated uniformly from [0, 10]. The predictor process X is generated according
to (SD) of Section 2.1 with mean function px(t) =t + sin(t), two eigenfunctions,

$1(t)=cos(7t/10)/ /5 and ¢, (t)=sin(rt/10)/ /5, for 0 < t < 10 and two eigenvalues, p; =
2 and pp = 1, respectively. The functional principal components &, (m =1, 2) are generated
from A(0, o), and the mean zero additive measurement error «; is assumed to be Gaussian
with variance 0.2. The cross-sectional variable Z; is generated from A(0, 1), where it is the
marginal component from a bivariate normal distribution for (Z4;, &) with cov(Z4, &) = 0.3,
to allow for correlation between X1 and Z;1. The response trajectories are generated from

Yi(t)=Bo(t)+61(t) X1i(t)+aa (t) Z1i+Vi(t), (9)

according to (1), where fy(t) = 10 sin(7 + t715), pi(t) = sin(at/10), ay(t) = t/10. The
functional error V; in (9) is constructed from the same two eigenfunctions as used for X(t),
with Gaussian functional principal components generated with eigenvalues p; = 0.2 and p, =
0.1. The observed measurements on the response are further contaminated with additive
measurement errors according to Yjj = Yi(Tj;) + j, Where & are i.i.d. zero mean Gaussian
errors with variance 0.2. Under the second simulation set-up, the variables are generated in
the same way as the first set-up, except at still irregular but denser (non-sparse)
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measurement times, with the total number of repeated measurements generated uniformly
from {5, ..., 15}. The average number of repeated measurements per subject is 10 for the
dense case, compared to less than 3 observations per subject for the highly sparse case.

We compare the performance of the proposed estimation algorithm with the performance of
kernel linear smoothing under the sparse and denser set-ups using mean absolute deviation
error (MADE) and weighted average squared error (WASE) , defined respectively as

MADE = & (iof &(jﬂ)ﬂge(gr)(t)\ i, Lea(t) (o) 2] o
WASE = 3T |:T0f{ﬁr(rt£ngeﬁ (t } dat f{al(rta)ng_e aoi()t)} dt:|

where T = 10, range(/%) is the range of the function S(t) and range(a;) is defined similarly.
We also consider the unweighted average squared error (UASE) to compare the estimators,
where UASE is defined the same way as WASE, but without weights in the denominator.
Bandwidths involved in smoothing of the mean functions and the auto- and cross-covariance
surfaces are chosen by generalized cross-validation.

Results from sparse and denser simulation set-ups are given in Figures 4 and Figure 5,
respectively. More specifically, plot (d) in both figures are boxplots of logarithms of the
ratios of MADE, WASE and UASE values of the proposed method over the kernel linear
smoothing approach. The proposed estimators lead to improved finite sample performance
for both sparse and denser cases with respect to all three error criteria. More specifically, the
proposed estimators have improved performance in (85, 77, 71)% of the Monte Carlo runs
for sparse design according to (MADE, WASE, UASE) criterion respectively, while they
lead to improved performance in all Monte Carlo runs according to all three criteria in the
case of denser design. This can be attributed to the fact that the proposed method adjusts for
noise contaminated measurements and incorporates information inherent in the underlying
correlation structure of the longitudinal processes. The estimated varying coefficient
functions based on the proposed method and the kernel linear approach are provided in
Figure 4 (a)-(c) and Figure 5 (a)-(c) for both simulation scenarios. Displayed are the cross-
sectional medians of the estimated varying coefficient functions for the proposed method
and the kernel linear method, together with estimated functions corresponding to the 5% and
95% cross-sectional percentiles for the proposed method. The kernel linear smoothing fits
deviate from the underlying true functions for both sparse and denser simulation set-ups.
The bias is especially apparent in the estimation of £(t) (e.g. see Figure 5(b)) and is also
apparent in the estimation of /4 (t). The (median) estimated functions of the proposed method
target the corresponding true functions closely for both simulation scenarios (highly sparse
and dense data), and for dense data case note that they essentially coincide with the true
functions. This is not surprising since from the highly sparse case to the dense case, there is
an average of 4-fold increase in the number of repeated observations per subject. However,
the bias of estimated functions via the kernel linear method remains due to the measurement
error.
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In addition, we studied the coverage level of the proposed asymptotic confidence intervals
for the predicted response trajectories given in Section 3 under the sparse set-up of the first
simulation. Pointwise confidence intervals are constructed at a grid of time points at the 95%
level, where coverage levels are averaged over number of subjects in 100 Monte Carlo runs.
The estimated coverage levels are given in Figure 6 for sample sizes, n = 182, 400 and 1000.
A boundary effect is observed in the estimated coverage levels given over time, where the
coverage level approaches the targeted 95% for the middle time range and the region for the
boundary effect gets smaller with increasing sample size. For example, excluding boundary
regions (time 0-1 and 9-10), the coverage is between 83% and 96% for the time region 1-9
for n = 1000.

For the third simulation, the number of measurements per subject are randomly chosen with
equal probability from {4, 5, 6, 7, 8} for each of n = 400 subjects where the locations Tj; of
the measurements for the i-th subject are generated uniformly from [0, 10]. The first
longitudinal predictor process Xy is generated with the same mean function and eigenbasis
as in the first two simulations with p; = 1 and p, = 1, while the second longitudinal predictor
X5 is generated with mean function p»(t) = —(t — 5)2/2, two basis functions, ¢y (t) = (t - 5)/5
and gy(t) = 3((t - 5)/5)2 - 1)/2, for 0 < t < 10 and with mean zero variance 1 Gaussian
coefficients. The mean zero additive measurement error & is assumed to be Gaussian with
variance 0.2 for both predictor processes. In order to allow for correlations between the two
longitudinal and two cross-sectional predictors, the two cross-sectional variables Z, and Z,
are generated from Gaussian distributions with means 1 and 2, variances 2 and 2
respectively, where they are marginal components from a six dimensional multivariate
normal vector containing the two random coefficients of the two longitudinal predictors and
the two cross-sectional predictors, i.e. (i1, S1ios Sity S2is Z1is Zg2)- The 6 x 6 covariance
matrix is equal to

1 0 02 0 02 03
’V 0 1 0 02 04 O w

02 0 1 0 0.1
‘ 0 02 0 1 05 O ’

02 04 0 05 2 02

The response trajectories are generated from

Yi(t) =00 (t)+51(t) X 15 (t)+82(t) Xoi (t)+a1(t) Zri+ao(t) Zoi+Vi(t), (10)

according to (1), where fy(t) = 50 sin(7 + t7/5), (1) = 5 sin(at/10), A (t) =5 cos(at/4), ay(t)
=t/2 and ay(t) = (t - 5)2/20. The functional error V; in (10) is constructed from the same two
eigenfunctions as used for X4(t), with Gaussian functional principal components generated
with eigenvalues p; = 0.2 and p, = 0.1. The additive measurement error on the response is
generated from zero mean Gaussian distribution with variance 0.2. Boxplots of logarithms
of the ratios of MADE, WASE and UASE values of the proposed method over the kernel
linear smoothing approach along with cross-sectional medians and 5% and 95% percentiles
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of the estimated varying coefficient functions based on the proposed method and the
medians of the kernel linear approach are provided in Figure 7. The proposed method
performs better than the kernel linear smoothing according to all three criterion in 95% of
the total Monte Carlo runs. The superior performance of the proposed method can be seen
especially in the estimated /; and the two slope varying coefficient functions 5, and /%
corresponding to longitudinal predictors measured with additive measurement error. The
estimated median curves for the kernel linear smoother deviate from the true curves, not
being able to handle measurement error in covariates.

6 Discussion

In this work we proposed a multiple varying coefficient model in the context of highly
sparse longitudinal data, where the longitudinal response and predictor processes are
measured with error. The method is motivated by a study of calcium absorption and dietary
calcium intake. We note that the proposed estimation algorithm is applicable to cases with
possibly different time grids for each longitudinal covariate of a subject. Most longitudinal
regression methods such as local polynomial smoothing require that the longitudinal
predictors be observed at concurrent times as the longitudinal response variable. In practice
this requirement may not be met either by design or due to common challenges with follow-
up measurements over time and/or make-up measurements because of missed follow-up
occasions. One example is multi-center studies where all covariates may not be observed at
all centers, resulting in missing response or predictor values. While, in most longitudinal
regression methods observations with a missing pair are discarded, in the proposed
estimation procedure the observed measurements with missing pairs also contribute to the
estimation algorithm and no observation is discarded due to the unique representation of the
varying coefficient functions and the component-wise nature of the algorithm. This could
lead to favorable properties of the proposed estimation algorithm in case of missing
covariates especially for sparse designs, where imputation via smoothing techniques would
not be feasible.
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Appendix

A.1 Details on Estimation Procedures

Explicit forms of the proposed mean and covariance estimators, functional principal
components decompositions and measurement error variance estimators are given as
follows. Define the local linear scatterplot smoother for px(t) through minimizing

n i T, —t
YKy ( Z ) {Xrij —no — m(t — Ty)}?,

i=1j=1 X
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with respect to 7, 7, leading to uXA(t) = 770? Other one-dimensional smoothing estimators of
the proposed estimation algorithm, namely piy(t), Gxrzq and Gyzg can be defined similarly.
For the two-dimensional smoothers, recall

GXTX;,ﬁi(ﬂ.‘j’ L) ={Xrij = iy, (T HX,r 0 = ﬁxT, (Ti‘v’)}, and define the local linear surface
smoother for Gy,x,(s, t) through minimizing

" T7 — S T'z —t
Z Z K2 ( ;L 5 h€ ) [Gx,.XT,J(TijaTiZ) - f{na (Svt)a (Tijv,-rif)}]27 (12)

i=11<j,t<N; Xr X

where f{n, (s, 1), (Tij, Tid} = mo + m(s — Tij) + 72(t = Tig, with respect to 1= (no, 71, 1),
yielding Gx,xy (s, t) = 7. The two-dimensional smoother in the estimation of Gyy; is
defined similarly.

For the estimation of the auto-covariance Gyyxr, i.e. r = r/, the second sum in (11) is taken
over 1 <j# < N;, to leave the noise contaminated diagonal raw covariance elements out of
the smoothing procedure. For the eigen-decomposition of the auto-covariance surface Gyxr,

*

the eigenquations, ,]‘OTC? $,8) Gy (8) dS=P,brom (1) are solved under orthonormal

XTXT(
*

constraints on the eigenfunctions, where CA?XTXT is not the final but only the smooth estimator
of the covariance function. To arrive at the final auto-covariance estimator, we exclude the
negative estimates of the eigenvalues and corresponding eigenfunctions in the functional
principal component decomposition of the covariance function, i.e.

A M, oA ~

Grx, D Prrn @y (8)rmn (1),

m:p,, >0
In the original smoothing estimator of the auto-covariance surface leading to éix for
estimation of var(s), a local quadratic component is fit orthogonal to the diagonal of Gy,
and a local linear component is fit in the direction of the diagonal, resulting in a surface
estimate where the diagonal will be denoted by G,(s). In addition, a separate local linear
smoother is fit only to the diagonal values {Gyx((t, t) + var(&)} denoted by VxA(t). The
estimator of var(s;) is given as the difference between the above two smoothing estimators

for the diagonal terms, by Vﬁr(gr):(2/T)fg4/4{‘7(5) — Gr(t)}dt, if var() > 0, and var(s)
= 0 otherwise.

A.2. Assumptions and Proofs

Assumptions (A1-A6) are needed for all three theorems, (B1-B2) are needed for the
consistency of the predicted response trajectories of Theorem 2 and their asymptotic
distribution in Theorem 3, while (C) is only needed for the distributional result of Theorem
3.

(A1) The cross-sectional predictors Zg; are iid for i =1, ..., n with var(Zg;) > 0 for g =
1 ....q
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The covariance matrices y defined in (4) are nonsingular for t € [0, T].

The longitudinal predictor and response trajectories (Tjj, Xyjj) and (Tjj, Yij), i = 1,
o j=1, ... N;r=1,...,pareassumed to have the same distribution as ( 7,
Xr) and (7', Y) with joint densities gr(t, X) and h(t, y). The observation times Tj;
are i.i.d. with density f 7 (t). Let T; and Ty be i.i.d. T and X1 and X, be the
repeated measurements of X, made on the same subject at times T, and T, and
assume (Tij, Tig Xrij, Xrig, 1 <j # £<N;, is identically distributed as (Tq, T, X1,
Xr2) with joint density function gy xr(t1, to, X1, X2). It is analogously assumed
that the response measurements (Tjj, Tiz Yij, Yig, 1 <j # £<N;, are identically
distributed with joint density function gyy(ty, to, y1, ¥2). The following regularity
conditions are assumed on f7(t), gr(t, x), h(t, y), Oxrxr(ts, t2, X1, X2) and gyy(ts,
t2, Y1, Y2).

Let py, po be integers with 0 < py, pp < p = pg + p2 = 2. The derivative (dp/
dtP)f7 (t) exists and is continuous on [0, T] with f7 (t) > 0 on [0, T], (dp/dtP)g,(t,
x) and (dp/dtP)h(t, y) exist and are continuous on [0, T] x R, and

{dp/(dth]' dt}y’) } gy, x (t1, t2, X1, X2) and {dp/ (dth dth?)} g, (t1, T2, Y1, Y2) exist
and are continuous on [0, T]? x R2.

The number of measurements N; made on the ith subject is a random variable

such that v, “d a7, where N is a positive discrete random variable with P(N > 1)
> 0. The observation times and measurements are assumed to be independent of
the number of observations for any subset J; € {1, ..., Nj}and foralli=1, ...,
n, i.e. {Tij, Yij, Xrij» Zgj * ] € Ji} is independent of N;.

Let K¢(-) be the nonnegative, mean zero, finite variance, compactly supported
kernel function used in the estimating pixr, Ky, Gyzg, Gxrzg and Ka(:, -) be the
bivariate kernel function with similar properties used in estimating the
covariance surfaces Gyxr, Gyxr. Explicit forms for the estimators of these
quantities are given in Appendix A.3.

The Fourier transform () = /e UK (u)du of Kq(u) and r(t, S) =
e (utivs) oy, )dud v of Ky(u, v) are absolutely integrable, i.e. []xy(t)|dt < oo
and [ [ |ro(t, s)[dtds < oo,

Let by,, by be the bandwidths used for estimating s, Ly, (hxr, hxy) be the
bandwidths for estimating Gx,xr, (hy1, hrz) be the bandwidths for obtaining
Gyxr, hg for obtaining Gyzg and hrg for Gxyzy, where all bandwidths depend on
n.

Asn — 00, byy — 0, by — 0, hg = 00 and hyg — 0o, nb}, — o0, nb? — o,
nhg — 00, nhfg — oo and nb?{r <o, nbf,<oc, nh,2<oo and nh?g<oo. Without
loss of generality hy,/hX,y — 1, hyy/hyp — 1 and nhir — 00, phd; — coand

8
nh, <ocoand phd, <oo.
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(A7) Assume that the fourth moments of Y and X, centered at py(t) and px(t) are
finite, i.e. E[{Y — py(T)}*] < 0o, E[{(X - px(T)}*] < co.

(A8)  The number of included eigenfunctions in (8), My, ..., M, are integer valued
sequences that depend on sample size n such that infico 1jMr(n) — oo and both
infie[0,Mr(n) and supie[o, 1My (n) satisfy the rate conditions given in
assumption (B5) of Yao, Miiller and Wang (2005a).

(A9) The autocovariance operator Ag, generated by the continuously differentiable
covariance function Gyx,(s, t) is positive definite.

(B1) The number and locations of the measurements for a subject or cluster remain
unaltered as the sample size n — oo.

(B2) Foralll<isn,m=1,1<r<p,1<g<qandl<j<N;j the functional
principal component scores &im, the cross-sectional predictors Zg; and the
measurement errors &j in (SD) are jointly Gaussian.

(C)  There exists a continuous positive definite function ax such that g, as defined
in Theorem 3 satisfies axyy — oy as My, ..., Mp ... co.

Proof of Theorem 1. Uniform consistency of ux}(t) and uYA(t) follow from Theorem 1 of Yao,
Muller and Wang (2005b) and that of C:‘szg(t) and éyzg(t) can be shown similar to the
consistency of px(t) and py(t) forr=1, ..., p, g =1, ..., . The properties of Ag, in (A9)

M, . A .
imply that p., are all positive. Hence Zm:ﬁrmwprm‘?rm(s)‘?rm(t) and

M,
> PrmBrm (5)Dum (t) are asymptotically equivalent since |y, — prm|=0,{1/( VnhZ )}
by Theorem 2 of Yao, Miiller and Wang (2005b). The uniform consistency of Gy x(s, t)
follows from uniform consistency of the eigenvalue and eigenfunction estimators shown in
Theorem 2 of Yao, Miller and Wang (2005b). For the rate conditions on M, we refer the
reader to assumption (B5) of Yao, Miiller and Wang (2005a) and note that further details on
theoretical properties of functional principal component analysis can be found in Silverman
(1996), Hall and Hosseini-Nasab (2009) and Hall et al. (2006). Uniform consistency of the
cross-covariance estimators Gy xy(s, t) and Gyx,(s, t) follow from Lemma Al of Yao,
Muiller and Wang (2005a). Combining these results implies uniform consistency of »*; and
E{and Theorem 1 follows.

Proof of Theorem 2. For fixed My, ..., My and 24, let
Vi, (O=py (0+>._ B Ernom (t)+z 129(t) 25 and recall that
Vo (=py (04> B0 &b+ ag(t)ZE"

M,

Observe the following decomposition

V5,0 =V @) < V7,0 Y, OV, ) -V * (1),
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where it follows similar to Lemma 3 of Yao, Muller and Wang (2005b) that

*

Y7, (t) & Y % (t)as My, ..., Mp — oo and n — oo. The uniform consistency of (1)
follows from Theorem 1 of Yao, Miiller and Wang (2005b). Hence, using Theorem 1 of
Section 2.4, Theorem 3 and (17) of Yao, Muller and Wang (2005b) and Slutsky's Theorem,

it follows that |¥" (t) — Y (t)| — 0 as n — oo and Theorem 2 follows.

Proof of Theorem 3. Define

B AVO|X] (1), X5 (0, 21, Z3 =iy, (043 B0
and note the following decomposition

M-

m=1

*

(t)+Y", ()

It follows from the proof of Theorem 2 that limy,_, o, SUPte[o,T] |}7> (t) — }7; (t)] — 0.

Define the 24 x (N*p+q) matrix

H=cov(&x”, U |N#, T)=[Hiy, ..., H, ..., Hyy,.o. . HY " where g+ is as
defined in (7). Since &/ =HY_ (U x—pz})

cov(f*‘mN*, T*):cov(g*‘///, §*‘”|N*, T*):HZ:HT. Hence,

cov(Ex —ex”|Nx, Tx)=cov(Ex 7 |Nx, Tx)—cov (Ex 7 | N, T*):D—HZ:HT =Q,
where D = cov(&*”N*, T*) is the 24/ x 2 matrix with (r, r')th partition, a M, x M,» matrix

Ve M A A ~ —1A~T ~
(D) /:DTT,:cov(é':M ,g:/ " |N*,T*) Let QM:‘D - HZU*‘H , where D and

A A A A x A x T ~

H=(Hyy,... H,, oo Hppso o  H L) and Sy» are estimated based on the entire data
o oA ~ . . .

with Him, E(&mZg) and &m,rny as defined in Section 3. It follows that under the Gaussian

assumption for a fixed My, ..., My 2 1, U I, \(0, 2. Hence,

Ok * * * 7 D
V)= E YOI X0, 20 LY B 2~ K (0,0,,),

Under Assumption (C), letting My, ..., Mp — oo leads to Z , Doz~ (0, w;). From the
Karhunen-Loéve Theorem, we have

* % * * * * * £3 P
|E  AY @) X7 (1), ..., X;1t), Z1, ..., Zy}—E{Y %(t)| X{ (), ..., X; (), Z7, ... ,Zq}]—> 0,

as My, ..., My — oo. Hence,

limy, il V, ()= E{Y ()| X5 (8), ..., X} (), Z5, ..., Z:}] 2 Z. From
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Theorem 1 of Section 2.4 and Lemma 1 of Yao, Miller and Wang (2005a), it follows that
limmi, .., Mp—s00 liMp s o9y = ax. Theorem 3 follows by Slutsky's Theorem.
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Figure 1.
(a) Observed individual trajectories (dashed) and the smoothed estimate of the mean

function py (thick solid) for calcium intake. (b) Observed individual trajectories (dashed)
and the smoothed estimate Ly of the mean function for calcium absorption (thick solid). (c)
Boxplot of baseline body surface area values of the 182 female patients.
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Figure 2.
(a) Estimated varying coefficient function fp(age) from the proposed varying coefficient

model fit (solid) along with 90% bootstrap confidence intervals (dotted) for the calcium
absorption data. Estimated functions from the varying coefficient model fits using kernel
linear smoothing (dashed) are also displayed. (b) Estimated varying coefficient function
S1(age), the slope function of calcium intake, from both fits along with 90% bootstrap
confidence intervals. (c) Estimated varying coefficient function a4(age), the slope function
of the cross-sectional variable body surface area, from both fits along with 90% bootstrap
confidence intervals.
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Figure 3.
Observed values (circles) for calcium absorption (not used for prediction), predicted curves

(solid) and 90% pointwise confidence bands (dotted), for four randomly selected patients,
where bands and predicted curves are based on one-curve-leave-out analysis. Also displayed
(+) are predicted values from the kernel linear smoothing estimation.
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Figure4.

First simulation set-up given in (9) with highly sparse design: (a) The cross-sectional median
curves of the proposed estimates (grey) along with 5% and 95% cross-sectional percentiles
(dotted) overlaying the true varying coefficient function /(t) (solid). Also displayed are the
cross-sectional median curves from fits using kernel linear smoothing (dash-dotted).
Similarly, for (b) () and (c) a4(t). (d) Boxplots for the logarithm of the ratios of error
measures (MADE, WASE and UASE) for proposed estimates over kernel linear smoothing.
Values smaller than zero show that the proposed method is superior.
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Figureb5.
Second simulation set-up given in (9) with denser design: (a) The cross-sectional median

curves of the proposed estimates (grey) along with 5% and 95% cross-sectional percentiles
(dotted) overlaying the true varying coefficient function /(t) (solid). Also displayed are the
cross-sectional median curves from fits using kernel linear smoothing (dash-dotted).
Similarly, for (b) () and (c) a4(t). (d) Boxplots for the logarithm of the ratios of error
measures (MADE, WASE and UASE) for proposed estimates over kernel linear smoothing.
Values smaller than zero show that the proposed method is superior.
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Figure®6.
Estimated coverage levels for the 95% asymptotic confidence intervals of the predicted

response trajectory proposed in Section 3 under the sparse design of the first simulation for n
= 182 (dotted), n = 400 (dash-dotted) and n = 1000 (solid).
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Figure7.
Third simulation set-up given in (10): (a) The cross-sectional median curves of the proposed

estimates (grey) along with 5% and 95% cross-sectional percentiles (dotted) overlaying the
true varying coefficient function f(t) (solid). Also displayed are the cross-sectional median
curves from fits using kernel linear smoothing (dash-dotted). Similarly for (b) £1(t) (c) 5 (d)
a1(t) (e) ax(t). (f) Boxplots for the logarithm of the ratios of error measures (MADE, WASE
and UASE) for proposed estimates over kernel linear smoothing. Values smaller than zero
show that the proposed method is superior.

Stat Sin. Author manuscript; available in PMC 2015 January 12.



