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Abstract

In biomedical studies, covariates with measurement error may occur in survival data. Existing
approaches mostly require certain replications on the error-contaminated covariates, which may
not be available in the data. In this paper, we develop a simple nonparametric correction approach
for estimation of the regression parameters in the proportional hazards model using a subset of the
sample where instrumental variables are observed. The instrumental variables are related to the
covariates through a general nonparametric model, and no distributional assumptions are placed
on the error and the underlying true covariates. We further propose a novel generalized methods of
moments nonparametric correction estimator to improve the efficiency over the simple correction
approach. The efficiency gain can be substantial when the calibration subsample is small
compared to the whole sample. The estimators are shown to be consistent and asymptotically
normal. Performance of the estimators is evaluated via simulation studies and by an application to
data from an HIV clinical trial. Estimation of the baseline hazard function is not addressed.

Keywords
Generalized methods of moments; Nonparametric correction; Survival

1. INTRODUCTION

Survival data often arise in biomedical studies where the outcome of interest is time to an
event of interest (failure). The proportional hazards model is the most widely used survival
model to characterize the relationship between survival time and covariates. However, some
covariates, say X, could be measured with error in practice. For example, important
covariates such as CD4 counts in HIV studies are subjected to substantial measurement error
due to both imperfect instruments and biological fluctuation.

It is well-known that the naive approach that ignores measurement error can lead to biased
estimation and erroneous inference (e.g. Prentice, 1982). Various approaches have been
proposed to deal with measurement error. The regression calibration (Prentice, 1982; Wang
et al. 1997; Dafni and Tsiatis, 1998; Liao et al., 2011) approximates the hazard function
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conditional on the observed covariates. It can reduce estimation bias but is still inconsistent.
Likelihood based approaches are usually computationally intensive (e.g. Wulfson and
Tsiatis, 1997; Hu, Tsiatis and Davidian, 1998, Song et al., 2002a; Wang, 2008). Consistent
estimation based on corrected scores (parametric correction) was first proposed by
Nakamura (1992) which required no distributional assumption on the underlying true
covariates, but the standard deviation was assumed known. Huang and Wang (2000)
developed a nonparametric correction approach that further relaxed the distributional
assumption on the measurement error, but required repeated measurements. The correction
approaches were extended to more general measurement error models (Hu and Lin, 2002;
Wang, 2006; Tapsoba et al., 2011) and more general error assessment sets (Huang and
Wang, 2006). A related approach is the conditional score (Tsiatis and Davidian, 2001; Song
et al., 2002b), which is asymptotic equivalent to the corrected score. The conditional score
approach has better finite sample performance (Song and Huang, 2005), but still depends on
the normality assumption of the error. Motivated by the difference in the corrected score and
conditional score estimating functions, Song and Huang (2005) proposed refined parametric
correction and nonparametric correction approaches. The refined parametric correction
estimator has comparable finite sample performance as the conditional score estimator.
While the literature of proportional hazards regression with covariate measurement error is
rich, to our knowledge, existing approaches require either knowledge of the measurement
error standard deviation, repeated error-prone measurements, longitudinal error-prone
measurements, or a validation set. Such information may not be available in practice.

Instead, instrumental variables may be observed in a subset of the sample. Instrumental
variables are variables correlated with X, independent of the measurement error, and
independent of the outcome given the covariates (Carroll et al., 2006, chapter 6; Stock and
Watson, 2010, chapter 12). They are widely used in econometrics when the covariates are
correlated with disturbance due to omitted variables, errors-in-variables, or simultaneous
causality (Stock and Watson, 2010, chapter 12). Standard approaches that ignore the
correlation between the covariates and disturbance usually lead to inconsistent estimators.
Instrumental variables are used to obtain consistent estimators of the regression coefficients
under this situation. Here we consider the case when the instrumental variables are observed
in a subset of the sample. An example is AIDS clinical Trials Group (ACTG) 175, a
randomized trial to compare zidovudine alone, ziduvudine plus didanosine, zidovudine plus
zalcitabine, or didanosine alone in HIV-infected subjects on the basis of time to progression
to AIDS or death (Hammer et al., 1996). It is of interested to assess the effect of treatments
on survival time adjusted for baseline CD4 counts X. The closest CD4 measurement within
one week before randomization was taken as the baseline CD4 measurements. It is well
known that observed CD4 counts are contaminated by substantial measurement error.
Among the 2174 randomized patients with at least one baseline CD4 measurements, there
were no replicated baseline CD4 measurements on the same day. However, 989 patients had
at least one CD4 measurement between one to three weeks prior to randomization. Since the
underlying true CD4 counts might change over time, these CD4 measurements were not
simple replication of baseline CD4 counts. But they may be used as instrumental variables.
Figure 1 shows the scatter plot and a Loess smooth of log CD4 counts within one to three
weeks versus one week before randomization. The logarithmic transformation was applied
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to CD4 counts to achieve approximate constant variance. The Loess curve indicates a
possible nonlinear relationship between log CD4 counts during these two time periods.

Instrumental variables have been used in literature to deal with measurement error when
there are no replicates or validation datasets (Carroll et al., 2006, chapter 6), mostly based on
a parametric model between the instrumental variables and the covariates. But it may not be
easy to identify the relationship between the instrumental variables and the covariates when
the covariates are measured with error. Carroll et al. (2004) relaxed the parametric model
assumption and adopted a varying coefficient model that is linear in X. The linearity
assumption may still be too restricted as indicated in Figure 1. In this paper, we adopt a
more general nonparametric model for the instrumental variables. The instrumental variables
may be observed only in a subsample as in the ACTG 175 study. As in Huang and Wang
(2001, 2006), we assume a functional measurement error model with no specification on the
error distribution. We develop novel nonparametric correction methods under this general
framework. The methods will have broader applications than those described by Huang and
Wang (2006) due to the flexibility of the instrumental variable model.

The paper is organized as follows. In Section 2, we give the model definition. We develop a
simple nonparametric correction estimator in Section 3 and propose an improved
generalized methods of moments nonparametric correction estimator in Section 4. The
asymptotic properties are derived with the proofs given in the Appendix. The performance
of the estimators is assessed by simulations in Section 5 and illustrated by an application in
Section 6. The paper concludes with a discussion in Section 7.

2. MODEL DEFINITION

Let T denote the survival time and C the censoring time. The observed survival data are V =
min(T, C) and A = I(T < C), where I(*) is the indicator function. Let X denote a vector of p
covariates that can be measured with error and Z denote a vector of q accurately measured
covariates. The hazard of failure depends on covariates X and Z through the proportional
hazard model

A(t)=Xo(t)exp (35 X+74 Z),

where Ag(t) is an unspecified baseline hazard function, and (/4 yp) are the regression
parameters. We assume that the survival time T is independent of the censoring time C given
X, 2).

Suppose that the true value of X is not observable. Only an error contaminated measurement
W is available, which satisfies the classical measurement error model

W=X+e,
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where e denotes the additive measurement error with E(e) = 0, and X and e are independent.
In addition, measurements are available on an instrumental variable R in a subset of subjects
such that

R=¢(X,Z,e), ()

where g(+) is an unknown function, and ¢ is a set of unspecified random variables that are
independent of (T, C) given (X, Z) and independent of e. This includes as special cases the
replicates R = X + ¢, linear instrument R = ag + a1X + ¢, varying coefficient instrument R =
ag(2)+a1(2)+ £ (Carroll et al., 2004), and nonparametric instrument R = g=(X, Z) + &, where
g+(X, Z) is an unspecified function of (X, Z). The instrumental variable R may depend on
both X and Z. It may also depend on other variables as included in & but R and (T, C) are
independent given (X, Z). The dimension s of R should satisfy s = p to ensure identifiability.
For simplicity, we assume s = p. An extension to s > p is discussed in Section 7. Assume
that the errors e and s are independent of (T, C, X, Z) and each other. Note that no other
assumptions are placed on X, e, £and the function g(-). Let 7= I(R is observed) be the
indicator of whether the instrument variable is observed. Assume 7 is independent of {T, C,
X, Z, ¢, &}

Suppose {Tij, Ci, Vi, &, X;, Wi, Z;, €j, &, i} are independent and identically distributed
samples of {T, C, V, A, X, W, Z, ¢, & n} and the observed data set is {(Vi, Ai, 7, Wi, 7Ri,

Z;j) 1i=1, ..., n}. For brevity of notations, we may drop the subscript i throughout the paper
when there is no confusion. We focus on estimating the regression parameters

T
eo:(ﬁoTa ’Y(?)

3. SIMPLE NONPARAMETRIC CORRECTION

Huang and Wang (2000, 2006) proposed nonparametric correction estimation based on (V,
A, W). The essential idea is to correct the naive estimating function such that the bias is
removed. However, their approach requires replicated measurements on W or a linear
instrument variable, and thus cannot be used directly in our case. Alternatively, using the
instrumental variable R, we may develop a nonparametric correction estimator in the same
spirit.

Let 6= (4", y")T, Nj(t) = I(V; < t, Aj = 1) be the counting process of failures, and Y;(t) = 1(V;
>1) the at risk process. For any scalar, vector or matrix Hi, let Fi(t, &, H, X) = Y;(t)H;
exp(STX; + y7Z;). Here H; can be either fixed or random. Note that F; also depends on (Z;, Vi,
A;), which are dropped in the notation for simplicity. Let

G(t,0:H, X)=n"">"" Fi(t,6:H, X)and G(t, &, H, X) = E{Fi(t, &; H, X)}. Note that G(t,
&, H, X) is a fixed function of t and .

The naive estimating function replaces the true covariates X by W in the partial likelihood
function and can be written as
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. G, 0,WwT, 20" w
U 0:0vT, 27" ) —n*lz JEQ W, Z0y - oW, 27) W) dN(t)
G(t,6;1,W)

at a given time L. This estimating function is biased (Prentice, 1982), which is essentially
due to the “bias” of the ratio term G(t, & (WT, ZN)T, W)/G(t, & 1, W) from G(t, & (X, Z")T,
X)/G(t, @ 1, X) when replacing X by W. When the measurement error is normal with known
variance, Nakamura (1992) proposed a corrected score approach which added a correction
term to compensate the bias. In the same spirit, Huang and Wang (2000) took an
nonparametric correction when replications of W; were available. The key idea of Huang
and Wang (2000) was to substitute different replicates for W in the ratio term. Due to the
independence of the errors in the replicates, the bias of the ratio term is corrected. The

estimating function can be represented by Onr(&: (U . (0;(W T, 27", W), ZT)T, W) with
W= being another replicate of W and averaging over all possible combinations of replicates.
We do not have a replicated Wx, but we may consider replacing W« by R in Ung(&;

( ﬁNR (6,(”{?7 ZT)T7 ‘Tr)v ZT)Tv W)

As R is only observed on a subset of the subjects, we consider

n A T
_ G(t,0m(RT,ZT)" , W)
U (0)=n"'S"ftn, § (RT, 27T -0 ’ AN;(1)=0. (2
C( ) i:1f077 {( () ) ) G(t,@,n,ﬂ’) ( ) ( )

Note that Uc(6) converges to

T T na
it [t {277 -CLEULD A )]

When R = X, Up(6) is the limit of the standard partial likelihood estimating function. Let 7
®) = {N;j(u), Yj(u), X;, Wi, Rj, Z; : u< t}. By lemma 1 and the independence of 7 from (V, A,
W, R, Z2), with iterated expectations,

E{[§n(RT, 27 an ()} =EmE [E {[§(RT, 27)" aN (1) Zi(t) }]
=E(n)E {fOLG(t,e;(RT, Z7) ,X)dt} .

In addition, we have E {fgﬂdN(t)} =E(n)E {ng(t,@ LX)dt} G(t, & 5, W) =
E(n)E{exp(fTe)}G(t, 4 1, X),and

G(t,0:m(RT, ZT\" ,W)=En)E {exppTe)} G(t,0,(RT, 2T)", X).
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Hence it can be easily seen that Uy(6) = 0. Therefore Uc(é; (RT, ZT)T, W) is asymptotically
unbiased and (2) is a simple nonparametric correction equation.

Let

T yxr ; T 11r ; ;
(taQO;(RTazT) (”’Tva)’u/) G(t’60;<RTvZT) 7n/)G(taQOQ(”’TazT%”/)

T(00)=f% | & - AB{N(1)}.

G(t,00;1, W) G2(t,00;1, W)

We derive the asymptotic properties of the simple nonparametric correction estimator using
empirical process theory.

Theorem 1
Under conditions A-E given in the Appendix, a solution 0= (F", )T of (2) exists and
converges to ¢ almost surely. Further, n¥/2(6- @) is asymptotically normal with mean zero

and variance ‘fC:{F;l(QO)}T var {wni(60)} T, (60), where

_ (L | Gt0om(RT 2D (WT 2TV W) G (t.00in(RT.ZT)T W) G (£,00:n(WT,ZT), W)
In(00)=Jo EEC T ST S e dE{nN ()}

and

r_G(t,0n(RT,ZT)" )\ {dw) Fi(B:1, W)dE{nN(0)}
G(t,60;n, W) ! G(t,00;:n, W) '

wi(60)=ni [ ((RiTv Z7)

A consistent estimator of the variance can be obtained by substituting ofor ¢ and the
empirical means for the population means in the variance formula.

Remark

Condition E requires T'(¢) to be nonsingular. It can be easily shown that T'(6y) = 0 when R is
independent of X. Thus R and X should be dependent. But R and X may have a nonlinear
association, for example, R = X2 + e with X having a distribution symmetric around zero and
£ independent of X, although the linear correlation is zero. This is due to the nonlinearity of
the model, which is different from the linear instrumental model in econometrics (Stock and
Watson, 2010, chapter 12).

To better understand what factors affect the variance of &We expand V¢ in Theorem 1
although it is not needed for estimation of V. With some algebra, it can be shown that I'( &)
= T'«(6), where T'x(&) is T'(6h) with W replaced by X, that is,
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(tv 00;(RT7 ZTaX)T(XTa ZT)) G (taeo;(RTazT)TaX) G (t700;(XT7 ZT)7X)

G
T.(00)=[%
(B0)=o Gt 6011, X) G2 (00iL, X)

dE{N(t)}.

Further,
Vo=E () (V,4V,), )
where
V,={T;'(60)}" slwo;(RT,ZT)QX)F:%@O),
V,={T,1(00)}" Sa(005(RT, 27)", X)T', 1 (60),
with

)T

G(T,00;1,X)
S3(60;(RT, 27)", X)= {Eeeidl 1}« p {f o ((RT,ZT)T—G{tﬁomRT,ZT)T,X}) Fy(1,01.X)dE {N<t>}]®2_

$1(00;(RT, 27)", X)=E {fé (<RT,zT>T—G<t»"°;<RT’ZT 7X>) x [dVi (1)~ BOELXME (NO}] L,

E2 {exp(67e)} G(t,00;1,X) G(t,00;1,X)

It can be easily seen that V| is the variance of Owhen var(e) =0, and V is a nonnegative
definite matrix. Expression (5) indicates that the efficiency of efmproves with the increase
of Pr(n= 1) = E(1) or the decrease of E{exp(2/4)EZ{exp(/Te)}. When the error e is
normal, E{exp(2/7e)}/E2{exp(/'e)} = exp{3/var(e)/#2} is an increasing function of
var(e). In the special case that R = g=(X, Z) + e with ¢ independent with (V, A, X, Z, e), it can
be shown that V. increases with the increase of var(s). Although the variance Ve may
depend on the variance of e and other unknown quantities, estimation of V¢ does not require
estimating these quantities.

A drawback of the simple nonparametric approach is that it only uses the calibration
subsample Q¢ = {(Vi, Ai, Zj, Wi, R;) : 7 = 1} where both the error contaminated variable W;
and the instrumental variable R; are observed. The information in the non-calibration
subsample Q¢ = {(Vi, Ai, Zj, W;) : 7 = 0} with missing R; is not used. When the calibration
subsample is small compared to the sample size, it can be very inefficient. It is expected that
the efficiency can be improved if we could use the whole sample 2 = Q¢ NQ¢. This
motivates us to develop an improved estimator.

4. GMM NONPARAMETRIC CORRECTION

Note that the nonparametric correction based on W; only uses the whole sample (Song and
Huang, 2005; Huang and Wang, 2006). The corresponding estimating equation can be
written as

J Am Stat Assoc. Author manuscript; available in PMC 2015 December 01.
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r Gt 0,(WT, zT)"
G(t,0;1,W)

—n’lzfo (WT 20" +(<7(6),07) ""/’))dm(t):o, ©

where

E{eexp(8Te)}

c(f)= E{exp(pTe)} -

However, to estimate &based on (6), the correction term c(6) needs to be estimated by
replicated measurements on W;, which is not available in our case. Note that, if @is known,
we may estimate cq = c(¢h) based on the first p-equations of (6). As we have already
obtained an estimate @based on (2), we may plug it in (6) and obtain an estimator of cg
based on the calibration subsample Qc,

WAV

(t,0
W dE{nN()}| ,

e=e(@)=—[ JEaE (nN(1)}] b [dE{WTN@}

~ . . A _ n
where E is the operator for empirical mean such that £ (a)=n lzizla

To utilize the information on the whole sample, we propose an improved nonparametric
correction estimator &A) by minimizing the quadratic form

QOs2, A)=U" (6:2) AT (6:0),
where Alis a (2p + g) % (2p + q) nonzero semi-positive definite matrix and

n [5771 {Ri_é(t’ 9;77Ra Hr)/é(tv 0;777 VV)} sz (t)
U0:0)=n""3" | [o {Wite—G(t,0,W, W) /G(t,6;1, W)} dN;(t)
I\ S z-G0.2,w) /G0, W)} any(e)

The (2p + q) dimensional vector U(&; é) contains the estimating functions in (2) and (6),
which include the information on the whole sample Q. Since the number of estimating
functions in U(&; é) is larger than the number of parameters (p + q), there is generally no
estimate for U(&; é) = 0. To derive an estimator, the quadratic form Q(&; é A) is minimized
instead. The derivation of the improved estimator has adopted similar techniques for the
generalized methods of moments (GMM) (Hansen, 1982), and thus we call it the GMM
nonparametric correction estimator. The GMM is a general methodology in econometrics
literature (e.g. Cragg, 1983; Newey 1988; Newey and McFadden, 1994; Stock and Wright,
2000). It combines economic data with population moment conditions to produce estimators

J Am Stat Assoc. Author manuscript; available in PMC 2015 December 01.
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of parameters in statistical models. It is an extension of the method of moments to allow
more moment conditions than the parameters to estimate. The GMM estimator is obtained
by minimizing a quadratic form in the sample moments conditions.

The matrix A plays a role similar to weights for the estimating functions. The estimator will
be different with a different choice of the matrix A. Our goal is to find an optimal matrix
Aopt such that the estimator &{Aqpt) is most efficient among such estimators.

For this purpose, we first derive the asymptotic properties of Q(A). Let I denote an s-
dimensional identity matrix.

Theorem 2

Under conditions A-H, 6(A) is a consistent estimator of &. Further, nl’z(G(A) - &) is
asymptotically normal with mean zero and variance

V(A)={DT(89)AD(60)} ' DT (6) AB(8) AD(8o) { DT (o) AD(60)} ",

where

D(00)=diag(E(n)T,, T,1,) [E{G (t,60;(RT, WT, ZT)T (W7, ZT), W)

_ G(t00;(R" W21 W)G(t.00;(WT.2T) W) | _dE{N(1)}
G(t,00;1,W G(t,00;1,W)°

B(6o)=var {:(00) } with ¢:(80)=p(60)+(0F, 77 (60), 0, i (60)=(p", (60), T, (60), P (60)) "
P (00)=mi [ (Ri= Selett) ) o [aNi(t) — i dE (nN (1)}

par (O0)=I5 (Wi Gy | > [N~ ] el aN()

2005 (2= Giaitmy) x [aN:(0) - GamidE (IN )]
7T(60)=E { [§dE{Ni()}} {&(00)+G:(60)},
W (B0 W -1
&(00)== [kar (1N @) o (Wi St} < [ANi(t) — B dE N (£)}] ~[ B N @)} eo { [EmdNi(2)
G(00)=—[ fLdB (aN (1)}] [} [l ) —G“"’“’"Wz”’”“%’"WT’”’)} dE (AN ()} x {E(T(60)} " wi(6o)-

G(t,00,n,W) G2(t,60,m,W)

A consistent estimator of the variance can be obtained by substituting H(A) for &y and the
empirical means for the population means in the variance formula.

To find the optimal matrix Aopt, We minimize the variance V(A) of the estimator Q(A). This
can be achieved by simple matrix algebra by analogy to the generalized methods of
moments (Newey and McFadden, 1994) and the result is given in the following theorem.

Theorem 3

Under conditions A—H, the most efficient estimator of Q(A) is achieved at Agp; = B (&)
with the variance V(Aqp) = {DT()B1D(6h)} L.

J Am Stat Assoc. Author manuscript; available in PMC 2015 December 01.



1duosnue Joyiny vd-HIN 1duosnue Joyiny vd-HIN

1duosnuely Joyny vd-HIN

Song and Wang

Remark

Page 10

The GMM estimator H(AOPt) is generally more efficient than the simple estimator 0This can
be easily seen when there is no Z is the model. Specifically, without Z, noting that

U(0;0)=(0" (6;(RT, zT)"), 0 (e-é))T the simple nonparametric correction estimator
minimizes Q(6, é A¢) with A¢ = dlag(lp, Ogxq), Where Ogxq is a g x q zero matrix. In
practice, Agpt can be approximated by Agpt =B~ 1 with B =n1 Z{q)(@ E(0)3®2, where
q(@ is obtained by substituting the unknown quantltles in (pi(@ by their emplrlcal estimates.
The variance of 6(Aopt) can be estimated by {DTAOpt D} 1DT Aopt B AoptD{D Aopt D} L,
where D = ~90(AAop))/0dT, and B = S{gi(AAop) ~ Ep(APop)}®2

There could be a few variations of the above estimator by varying the data set used in
estimating the correction term cq and the data set in the objective function Q(-)
corresponding to the covariates W. Let ©. denote the former and ©q the latter. Both data
sets could be elements of {2, Q2c, Qc} as long as ©¢ # Oq. Our numerical studies indicate
that the performance of the GMM estimator seems similar for various choices of ©¢ and ©¢q
except in some extreme cases, such as a very small sample calibration subsample or non-
calibration subsample. We use ©¢ = ©¢ and ©g = Q2 in our illustration.

5. SIMULATION STUDIES

Simulation studies were conducted to evaluate the performance of the estimators. First, we
considered the case of a single covariate X, which was generated from a standard normal
distribution. The instrumental variable was set as R = 0.5X2 + 2X +1+0.5¢1 +X&; +&, where
& was generated from a standard normal distribution correlated with X with correlation —0.3
which may denote a variable that was not in the proportional hazard model, and &, from a
normal distribution independent of X with mean 0 and variance 0.4 which may denote
independent noise. The error e was generated from a normal or a skewed bimodal mixture of
two normals as described in Davidian and Gallant (1993, mixing proportion p = 0.3 and
distance between the means equal to sep = 2 times standard deviation) with mean 0 and
variance ¢ = 0.1 or 0.2. The true Cox model coefficient was taken to be /4 = —1. The
baseline hazard Ag(t) = exp{-2}t~9-5. The censoring time was generated from a uniform
distribution on [0,40], leading to a censoring rate of about 37%. The proportion of
calibration subsample Pr(7 = 1) was set to 0.3, 0.5 or 0.7.

We carried out simulations for n = 500 and 2000. In each scenario, 1000 Monte Carlo data
sets were simulated. For each data set, we fitted the model using (i) the “ideal” approach, in
which the true values of X were used; (ii) the naive approach, in which W substituted for X
in the partial likelihood estimating equation; (iii) the simple nonparametric correction
estimator 9,~(iv) the GMM nonparametric correction estimator Honpt). For each estimator,
the 95% Wald confidence interval was constructed.

The results are shown in tables 1 and 2 respectively for the normal and the mixture normal
error models. The naive estimator is biased with a coverage probability well below the
nominal level. The performance gets worse with the sample size growing or the error
variance increasing. The nonparametric correction estimators have negligible bias close to
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the unachievable “ideal” estimator and the coverage probabilities are close to the nominal
level. Their performance improves when the sample size increases or the error variance
decreases. The GMM estimator is more efficient than the simple estimator, especially when
Pr(n= 1) is small. For either correction approach, the standard deviations are close to the
standard errors, and the efficiency improves with the increase of the proportion of
calibration subsample or the decrease of the magnitude of measurement error.

Next we added a covariate Z = & to the proportional hazards model with yy = -1. The
censoring rate was 38%. The results for the normal error model with ¢? = 0.1 and var(sy) =
0.4 are shown in Table 3. We observe similar results for estimation of /& as above. The
estimation of yy shows similar pattern. Note that the naive estimator of y, also shows some
bias and the coverage probability is only 83% for n = 500 and 52% for n = 2000. This
indicates that estimation of the coefficient of the error free covariate Z can be affected by the
measurement error on X as well.

The relationship between R and X may impact the performance of the estimators as well. We
conducted simulations in the case of one covariate with normal error as described above
with different instrumental variables. We considered two cases when R and X were non-
linearly associated with zero linear correlation, R = X2 + sand R = X* + ¢, and compared
them to the case when R = X + ¢, where & was normal and independent of X with mean 0 and
variance 0.2. The results for 02 = 0.1, Pr(n= 1) = 0.5 and n = 2000 are shown in Table 4.
The nonparametric corrections estimators still work when R = X2 + gor X4 + ¢, but the
standard errors are larger than when W = X + &. The performance is better when R = X2 + ¢
than when R = X4 + &.

We also conducted simulations to assess the sensitivity of nonparametric correction
approaches to the assumption that R is independent of (T, C) given X and Z. In the single
covariate model described above, the proportional hazards model can be rewritten as log(T)
=a+ 2X + 2+, where a is a constant and &x is an extreme-value-distributed random variable
with variance 7%/6 and independent of X. We replaced v the instrumental variable by

R=X+b \/(_35*/(1071') so that R and T are correlated given X if b # 0. We show the results for
b =0, 0.5, 1, 2 with normal error, 0 = 0.1, Pr(n= 1) = 0.5 and n = 500 and 1000 in Table 5.
The nonparametric correction estimators are not consistent in this case. Their performance
tends to get worse with increasing b, which represents an increasing association between R
and T given X. The bias may be large if violation of conditional independence is not small.

6. APPLICATION

We applied the approaches to the AIDS Clinical Trial Group (ACTG) 175 study. Our aim
was to evaluate the effect of treatments for the time to AIDS or death adjusted for baseline
CD4 counts. The primary analysis found ziduvudine alone to be inferior to the other three
therapies; thus, further investigations focused on two treatment groups, zidovudine alone
and the combination of the other three.

This dataset has been analyzed previously. By definition, baseline CD4 counts should be
true CD4 counts at randomization. However, CD4 counts were only measured for less than
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50% of the patients on randomization day. Huang and Wang (2000) assumed the CD4
measurements within three weeks of randomization were replicates of the underlying
baseline CD4 counts. As the underlying CD4 counts may change over time during the three
weeks period, these CD4 measurements may not be simple replicates of the baseline CD4
counts. We took an alternative strategy here. Assuming the CD4 counts is relatively stable
within a short period, say one week, the closest measurement W within one week before
randomization was taken as the baseline CD4 measurement. The closest measurement R
between one to three weeks before randomization was used as an instrumental variable.
Among the 2174 subjects with baseline CD4 measurement, the instrumental variable was
observed among 989 patients. The median follow up time was 33 months. A total of 275
events was observed.

A proportional hazards model was adopted with two covariates, the true baseline X =
log(CD4) and the treatment indicator Z = I(treatment # ziduvudine). The logarithm
transformation was applied to the CD4 counts to achieve approximate constant variance.
The same transformation was applied on the observed CD4 counts W and R. We first
examine whether R is an appropriate instrumental variable. It is reasonable to assume that R
is independent of the measurement error at baseline. Under this assumption, Figure 1
indicates that R is correlated with X. To be an instrumental variable, R needs to be
independent of the time to AIDS or death given X and Z. This assumption seems to be
appropriate based on our understanding of CD4 counts and AIDS risk, but cannot be tested
from the data (Stock and Watson, 2010, chapter 12). Note that the assumption that R is a
instrumental variable is weaker than R and W are replicates.

We estimated the regression coefficients using the naive, simple and GMM non-parametric
correction approaches. The results are shown in Table 4. Both baseline CD4 and treatment
are significant. The nonparametric correction estimates show stronger effects than the naive
estimates, and the GMM estimates have smaller estimated standard errors than the simple
estimates.

7. DISCUSSION

We have proposed nonparametric correction estimators for the proportional hazards model
with error-contaminated covariates. The estimators are useful when no replicated
observations are available on the error-prong covariates while observations available on
instrumental variables.

For simplicity, we only consider the case when the dimension of the instrumental variables s
equals the dimension p of the error-prone covariates. In the case of s > p, #may be obtained

by minimizing the quadratic form UZAC U, and the optimal AC can be obtained by analogy
to Aopt- The GMM estimator &; can then be derived similarly as in section 4.

The function g(-) and the variables ¢ are unspecified in (1), this allows great flexibility in
adopting instrumental variables. However, the format of g(-) may affect the efficiency of the
simple and the GMM nonparametric correction estimators. The instrumental variables need
not be linearly correlated with X, but cannot be independent of X. The proposed methods
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may break down if the instrumental variables are only weakly related with the underlying
true covariates.

Our simulation studies reveal that the performance of the approaches depends on the
magnitude of the measurement error, the sample size and the relationship between the error
contaminated variables and the instrumental variables. When the measurement error is large,
the methods might not work properly for small sample sizes with the possibility of
nonconvergence and outlier estimates. This is a common issue for parametric/nonparametric
correction approaches (Song and Huang, 2005). A possible improvement for the finite
sample performance is to use the refined non-parametric correction technique (Song and
Huang, 2005). The bootstrap confidence interval may work better when the measurement
error is large (Huang and Wang, 2001).

Acknowledgments

This research was partially supported by NIH grants RO1ES017030, HL121347 (Wang and Song), CA53996
(Wang) and CA152460 (Song), NSF grant DMS-1106816 (Song), and a travel award from the Mathematics
Research Promotion Center of the National Science Council of Taiwan (Wang).

References

Andersen PK, Gill RD. Cox’s Regression Model for Counting Processes: A Large Sample Study. The
Annals of Statistics. 1982; 10:1100-1120.
Carroll RJ, Ruppert D, Crainiceanu CM, Tosteson TD, Karagas RM. Nonlinear and Nonparametric
Regression and Instrumental Variables. Journal of the American Statistical Association. 2004;
99:736-750.
Carroll, RJ.; Ruppert, D.; Stefanski, LA.; Crainiceanu, CM. Meaurement Error in Nonlinear Models.
New York: Chapman & Hall/CRC; 2006.
Cragg JG. More Efficient Estimation in the Presence of Heteroskedasticity of Unknown Form.
Econometrica. 1983; 51:751-763.
Dafni UG, Tsiatis AA. Evaluating Surrogate Markers of Clinical Outcome Measured With Error.
Biometrics. 1998; 54:1445-1462. [PubMed: 9883544]
Davidian M, Gallant AR. The Nonlinear Mixed Effects Model With a Smooth Random Effects
Density. Biometrika. 1993; 80:475-488.
Ding J, Wang JL. Modeling Longitudinal Data With Nonparametric Multiplicative Random Effects
Jointly With Survival Data. Biometrics. 2008; 64:546-556. [PubMed: 17888040]
Hammer SM, Katezstein DA, Hughes MD, Gundaker H, Schooley RT, Haubrich RH, Henry WK,
Lederman MM, Phair JP, Niu M, Hirsch MS, Merigan TC. for the AIDS Clinical Trials Group
Study 175 Study Team . A Trial Comparing Nucleoside Monotherapy With Combination Therapy
in HIV-infected Adults With CD4 Cell Counts From 200 to 500 Per Cubic Millimeter. New
England Journal of Medicine. 1996; 335:1081-1089. [PubMed: 8813038]
Hansen LP. Large Sample Properties of Generalized Method of Moments Estimators. Econometrica.
1982; 50:1029-1054.
Hu C, Lin DY. Cox Regression With Covariate Measurement Error. Scandinavian Journal of Statistics.
2002; 29:637-655.

Huang Y, Wang CY. Cox Regression With Accurate Covariates Unascertainable: A Nonparametric
Correction Approach. Journal of the American Statistical Association. 2000; 95:1209-1219.

Huang Y, Wang CY. Consistent Functional Methods for Logistic Regression With Errors in
Covariates. Journal of the American Statistical Association. 2001; 96:1469-1482.

Huang Y, Wang CY. Errors-In-Covariates Effect on Estimating Functions: Additivity in Limit and
Nonparametric Correction. Statisitica Sinica. 2006; 16:861-881.

J Am Stat Assoc. Author manuscript; available in PMC 2015 December 01.



1duosnue Joyiny vd-HIN 1duosnue Joyiny vd-HIN

1duosnuely Joyny vd-HIN

Song and Wang

Page 14

Li Y, Ryan L. Survival Analysis With Heterogeneous Covariate Measurement Error. Journal of the
American Statistical Association. 2004; 99:724-735.

Liao X, Zucker DM, Li Y, Speigelman D. Survival Analysis with Error-Prone Time-Varying
Covariates: A Risk Set Calibration Approach. Biometrics. 2011; 67:50-58. [PubMed: 20486928]

Nakamura T. Proportional Hazards Model With Covariates Subject to Measurement Error. Biometrics.
1992; 48:829-838. [PubMed: 1420844]

Newey W. Adaptive Estimation of Regression Models via Moment Restrictions. Journal of
Econometrics. 1988; 38:301-339.

Newey, W.; McFadden, D. Handbook of Econometrics. VVol. 36. Elsevier Science; 1994. Large Sample
Estimation and Hypothesis Testing.

Prentice R. Covariate Measurement Errors and Parameter Estimates in a Failure Time Regression
Model. Biometrika. 1982; 69:331-42.

Song X, Davidian M, Tsiatia AA. A Semiparametric Likelihood Approach to Joint Modeling of
Longitudinal and Time-to-Event Data. Biometrics. 2002a; 58:742-753. [PubMed: 12495128]

Song X, Davidian M, Tsiatia AA. An Estimator for the Proportional Hazards Model With Multiple
Longitudinal Covariates Measured With Error. Biostatistics. 2002b; 3:511-528. [PubMed:
12933595]

Song X, Huang Y. On Corrected Score Approach for Proportional Hazards Model With Covariate
Measurement Error. Biometrics. 2005; 61:702—714. [PubMed: 16135021]

Song X, Wang CY. Semiparametric Approaches for Joint Modeling of Longitudinal and Survival Data
with Time Varying Coefficients. Statistica Sinica. 2008; 27:3178-3190.

Stock, JH.; Watson, WW. Introduction to Econometrics. New-York: Addison-Wesley; 2010.

Stock JH, Wright JH. GMM With Weak Identification. Econometrica. 2000; 68:1055-1096.

Tapsoba JD, Lee SM, Wang CY. Joint Modeling of Survival Time and Longitudinal Data With
Subject-Specific Change Points in The Covariates. Statistics in Medicine. 2011; 30:232-249.
[PubMed: 21213341]

Tsiatis AA, Davidian M. A Semiparametric Estimator for the Proportional Hazards Model With
Longitudinal Covariates Measured With Error. Biometrika. 2001; 88:447-458.

Tsiatis AA, DeGruttola V, Wulfsohn MS. Modeling the Relationship of Survival to Longitudinal Data
Measured With Error: Applications to Survival and CD4 Counts in Patients With AIDS. Journal of
the American Statistical Association. 1995; 90:27-37.

Xu J, Zeger SL. The Evaluation of Multiple Surrogate Endpoints. Biometrics. 2001; 57:81-87.
[PubMed: 11252622]

Wang CY. Corrected Score Estimator for Joint Modeling of Longitudinal and Failure Time Data.
Statistica Sinica. 2006; 16:235-353.

Wang CY. Non-parametric Maximum Likelihood Estimation for Cox Regression With Subject-
Specific Measurement Error. Scandinavian Journal of Statistics. 2008; 35:613-628.

Wang CY, Hsu L, Feng ZD, Prentice RL. Regression Calibration in Failure Time Regression.
Biometrics. 1997; 53:131-145. [PubMed: 9147589]

Wulfsohn MS, Tsiatis AA. A Joint Model for Survival and Longitudinal Data Measured With Error.
Biometrics. 1997; 53:330-339. [PubMed: 9147598]

APPENDIX A: PROOFS

Regularity Conditions

We assume the following mild regularity conditions.
A. o(u) is continuous in [0, L].
B. Pr(v=L)>0.
C. E(X™X) < o0, E{RTR < o0, E(Z7Z) < o0, E(e"e) < <.
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For a compact neighborhood v (¢b) of &,

E [ woevin XTX exp {2(F™X + y72)}< oo,

E [ s ZTZ exp {2(67X + 1T2)}]< oo,

E [ v RTR exp {2(6™X + y72)}< oo,

E [ *woevien exp {2(6 €)}< oco.

E(r) > 0.

The matrix I'(¢) defined in (4) is nonsingular.
Pr(T<C, T<L)>0.

© m m O

The matrix A is positive definite.

Suppose Hi is a predictable random vector with respect to the filtration 7 (t) = {N;(u), Y;(u),
Xi, Wi, Rj, Zi: u < t}. If E[ H H;]<oo, then

E'[H;N;(t)]=Xo(t)G(t, 00;:H, X).

Proof—Note that M; (¢)=N; (t)— [t Xo(u)Y; (w)exp (81 X +va Z)dt is a martingale with
respect to the filtration #(t) as Nj(u) is independent of (W;, R;) given (X;, Z;). By iterated
expectations and the predictability of H;,

E{H;M;(t)}=E| E{H; M;(t)|Z;(t—)Y|=E[ H; E{ M;(t)|.Z(t—)}]=0.

Substituting M; by N; (t)— [ Ao(u)Yi(u)exp(Ga X +~¢ Z)dt in the left side of the above
equation, we have

E{H;Ni(t)}—E { H; [{20(w)Yi(w)exp (5] Xi+1] Zi)du } =0.

Taking derivative with respect to t, under conditions A and C together with E[ AT H;] <,
we obtain

E'{H;Ni(t)}—E { Hixo(£)Yi(t)exp (35 Xi+73 Zi)}=0.

This completes the proof.

Proof for Theorem 1: First consider the consistency. Conditions B-D ensure G(t, &, ) and
G(t, & 1) are bounded away from zero in & (&). Note that Uc(6) can be rewritten as
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A T >
0 =(0)=J% {dﬁf (BT 27 () GO ZT) )} aE VD). @

G(t,0;n, W)

Follow the extended strong law of large numbers as given in Appendix 111 of Andersen and
Gill (1982), under condition C, the four empirical processes in (7) converge almost surely
(a.s.) to their limits uniformly for t € (0, L) and &€ ~'(&). By the chain law, Uc(6)
converges uniformly a.s. for 6 € ~ (&) to

T . T 7T\T 11/
U.(0)=/F {dE {(BT, 27) N (1)) - S8z ) } dE {nN(t)}

)T

. T 7T
=5 {am (7, 27Ty () - SHELI0 N ap v ).

By Lemma 1 and the independence of 7 from (V, A, X, Z), we have

dE {nN(t)}=Xo(t) E(n)G(t,00;1, X)dt,
dE {(RT, ZT) nN () }=o(t) E(n)G(t, 003(RT, 2T)", X)at.

It follows that Uc(&h) = 0. Similarly it can be shown that dUc(6)/00 converges uniformly a.s.
to I';{6) = E(n)I'(@) for O v (). Under Condition E, & is the unique zero crossing for
Uc(d) in a neighborhood of &. The consistency of &then follows.

Next, we show the asymptotic normality. By a Taylor expansion of UC(6)~at &,

A~ ~ A~

0=07(B)=0 . (60)+ ~20 . (5" )(G—00),

to0T

where & lies between & and 6 Thus

. 8 ~ 1 .
n1/2(9—00):{87TUC(9 )} n20 . (6p).

With a functional Taylor expansion and straight algebra,

/) “1/25~, . (L T G (t00;n(RT, 20T, W
e (0)=n 1/21;17%]0 <(RiT’Zi) —k %?tsoom,wg )> dN(t)

)T

L ( Fi (4,60;n(RT,ZTYT W) F; {60;n,W) G (t,60:n(RT, 2T W 12 &
—Jo ( ( Col(ntfeo;n,W) )L i }612(7(5,90?7773§1/) ) )) x dEnN (t)+op(1)=n 1/221%(90)4'%(1)-
iz

This, together with the uniform convergence of d0c(6, (RT, ZT)7)/94", establishes the

asymptotic normality. One can then show the consistency of the variance estimator with
similar arguments.
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Proof of Theorem 2: First, we consider the asymptotic properties of the estimator é Under

condition F, [XdE{N;(t)}>0. By similar arguments as for the consistency in Theorem 1,
we have

G(t,00;nW, W)

e 2o [ [amuN )] Ik B TN -G

dE{nN()}| - (9)
With some simple algebra, it can be shown that

G(t’ 00777”77 VV) G(tv GO;Xa X)
= Co.
G(ta 0037%”7) G(t’ 60;1’X) 0

By Lemma 1, we have dE {/N(t)} = Ao(DE(7)G(t, tb; 1.X) and dE {7WN(t)} = dE [/XN(t)]
= Jo(ME(n)G(t, &;X,X). Thus the right side of (9) equals ¢cg. With a functional Taylor
expansion and some algebra, it can be shown that

W2 (8(00)—co})=n~Y23 ei(00) +op(1). 10)

i=1

Applying a Taylor expansion at &, together with (8), we have

w2 {&(8)-2(00) } =n /23 G(00) +o, (1)
=1

A combination of (10) and (11) gives
n?{e—eo}=n"12Y"{£&(60)+Gi(60) }Hop(1).  (12)
=1

Now we consider the asymptotic properties of QEA). By the consistency of éand empirical
process theory, U (¢, é) converges uniformly a.s. to

dE {n;R;N;t)} GT(t,0;R, W)
UO)=[¢ dE{W;N;(t)}+codE{N;(®)} |+ | GT(t,0;W, W) | {G(t,0;1, W)} " s xdE{nN(t)}.
Z; GT(t,0;W, W)

Note that U(¢h) = 0. Under condition C, ¢ is the unique solution to U(p+1;p+2q)(€) =0,
where Up+1:p+2q)(60) denote the p+1 to p+2q elements of U(6) (Huang and Wang, 2000).
Thus &, is the unique solution to U(#) = 0 and hence the unique minimum of UTAU. The
consistency of 6(A) then follows.

Next we consider the asymptotic normality. Note that U (¢, c) is linear in ¢, and
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8U(0 c)

VU (6;8)=v/nU (6;c0)+ Vn(e—cy), (13)

AT AT
where 8U" (6;¢)/9¢=(0pxp, OU (41,2 (85¢)/ ¢, Opxp),
AT
O (1,20 (0:6) [Oe=n"" S [FAN:()T, =2 | [FAB{N(t)}] T,

and Opxp is a p % p zero matrix. It can be shown by a functional Taylor expansion that

VD 00)=n 23 pi(0) 0, (1),

i=1

Substituting this and (12) into (13), we have
VU (6;2) 1/22% )+0,(1

Since O(A) is the minimum of Q(¢: ¢, A),

U (aéA)3C)AﬁT(é(A);a).
By a Taylor expansion on DT(Q(A); ¢) at 6, we have

AT oA AT A
WAU(GO,é)—i—ZBU (géA);C)AaU(ae(f) c)( 0(A)—0),

0=2
o0

where & A(A) lies between H(A) and &. Thus

AT A R A Ak A
SR A)—@U):—<8U G A@U(gg(f»c)) 00" O 59,0,

It can be shown that —0U (& é)/da’ converges uniformly a.s. to D(6). Therefore,
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\/ﬁ(é(A)—90)Z{DT(90)AD(90)}71DT(90)Anfl/zi%(%ﬂop(l)-
=1

where DT(6h)AD(6) is positive definite under conditions D, E and G. The asymptotic
normality follows from the central limit theorem and the Slutsky Theorem.
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log(CD4) between 1 to 3 weeks before randomiztion
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log(CD4) within 1 week before randomization
Figure 1.

Scatter plot of log(CD4) within one to three weeks versus one week before randomization.
The curve was obtained by Loess smooth.
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Table 6
Results for ACTG 175 data.

logCD4 (B) Treatment (9)

Est SE Est SE
Naive -1.465 0.162 -0.474 0.129
SNC  -2359 0.398 -0.618 0.193
INC -2.562 0.358 -0.581 0.133

SNC, simple nonparametric correction; INC, GMM nonparametric correction.
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