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ABSTRACT The regulatory system of the lactose
operon has been “modeled” by a set of mass action equa-
tions and conservation constraints which describe the
system at equilibrium. A ‘‘base-set’’ of values of binding
constants and total component concentrations has been
assembled from the available experimental data, and the
simultaneous equations solved by computer procedures,
to yield equilibrium concentrations of all the relevant
molecular species. Considering the operator-repressor—
inducer system alone, it is shown that the in vivo basal
and induced (derepressed) levels of lac enzyme synthesis in
both wild-type and certain mutant Escherichia coli can
be accounted for only if binding of repressor and repres-
sor-inducer complexes to non-specific DNA sites is in-
cluded in the calculations as an integral component of the
overall control system. A similar approach was applied to
the RNA polymerase-promoter system to show that sigma
factor may modulate the general level of transcription in
the cell by ‘““inducing’ polymerase off non-specific DNA
binding sites, thus making it available to promoters. Com-
petitive and non-competitive models for the interaction of
repressor and polymerase at the lac operon can, in princi-
ple, be distinguished by these computational procedures,
though data sufficient to permit unambiguous differenti-
ation between the models are not available at this time.
However, for any competitive binding model the results
show that repression in the entire (operator-repressor—
RNA polymerase~lac promoter) system can occur only
because non-specific binding of the regulatory proteins
reduces the concentration of free polymerase, relative to
that of repressor, to appropriate levels.

The interaction of genome-regulating proteins (repressors,
polymerases, etc.) with their specific target sequences on DNA
can be perturbed by the relatively weak binding of such pro-
teins to the non-specific DNA sites which are present in over-
whelming preponderance within the cell. The equilibrium dis-
tribution of these proteins will depend on their relative affin-
ities for the available sites, and on the relative concentrations
of site types. Under physiological conditions the regulatory
proteins (which are often present in fairly few copies per cell)
are likely to be almost entirely complexed with non-functional
sites, i.e., the concentration (activity) of free regulatory pro-
teins in the cell will be very low. As a consequence the kinetics
of the association (and dissociation) of such proteins with
functional sites on the Escherichia coli chromosome will also
depend on the relative numbers and spatial distribution of
specific and non-specific binding sites on the DNA (1).

In this paper we consider equilibrium aspects of these
effects, as illustrated by a computer modeling study of the lac
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repressor—operator-inducer-non-specific DNA binding sys-
tem, and the coupling of these interactions with the RNA
polymerase—promoter—non-specific DNA ensemble. Experi-
mental results required for the calculations are taken largely
from the literature, though some recent direct measurements
of the binding of lac repressor to non-specific DNA made in
our laboratory are used as well (ref. 1 and manuscript in
preparation).

I. The lac repressor-operator-inducer-non-specific

DNA system

Any model for the regulation of the lac system must be quan-
titatively consistent with the following facts: (@) Repression
of the lac operon in E. coli is a consequence of repressor (R)
binding to operator (0), and induction (derepression) is due
to inducer (/) binding to R, forming an RI, complex with a
decreased affinity (relative to that of R) for O (2-5). (b) The
constitutive rate of lac enzyme production is approximately
the same in the presence of saturating inducer and in ¢~
(inactive R) mutant E. colz cells. Thus, full derepression is
possible with attainable inducer concentrations (6). (c¢) The
constitutive rate of lac enzyme synthesis is about 10? times
greater than the fully repressed (basal) rate in wild-type cells
(6). (d) An increase in intra-cellular R level decreases the basal
rate of lac enzyme synthesis in direct proportion (7, 9, 10).
(e) Inducer concentrations necessary to achieve constitutive
rates range from about 10~ to about 10~2 M for inducers with
repressor (sub-unit) association constants (K g;) ranging from
104 to 108 M 1, Repressor mutants exhibiting decreased values
of Kg; require increased I concentrations to achieve full de-
repression (8). (f) Operator single- (or double-) base-pair
mutations (O°) increase the basal rate by factors of 10- to 500-
fold. In vitro filter-binding assays show that these mutated
operator sequences display corresponding decreases in associa-
tion constant for wild-type repressor (9, 10). (g) The affinity
of the RI, complex for O is about 102 less than that of R for O
(9-11). (k) R and RI, bind to non-specific DNA with approxi-
mately equal affinity (ref. 1 and manuscript in preparation).

Equilibrium  Constderations. The following parameters
relevant to the wild-type E. coli cell have been used to estab-
lish a “base-set” of constants and constraints to describe the
coupled equilibria which apply #n vive. The internal volume of
the wild-type cell is taken as 10~ liters. We assume a total
operator concentration [Or] of about 2 X 10~° M (about 1
per cell), a total repressor concentration [Rr] of about 2 X 10~#
M (about 10 per cell), a total non-specific DNA site concen-
tration [D7] of about 2 X 10=2 M (about 107 per cell; the E.



Proc. Nat. Acad. Sct. USA 71 (1974)

coli chromosome contains about 107 base pairs, and in prin-
ciple every base pair represents the beginning of a separate
non-specific DNA binding site), and a fully-derepressing total
inducer concentration [Ir] of about 10—2 M (this applies to
the gratuitous inducer, isopropyl-8-p-thiogalactoside, termed
IPTG).

To illustrate our approach we consider the system depicted
in Fig. 1, which shows the relevant equilibrium constants and
molecular species. The definitions of the necessary binding
constants and constraints for this model, together with the
“base-set” values used, aret?:

" Kzo = [ROV/IR]- [0] ~ 104 M

Krp = [RD]/[R]- [D] > 10°M™!

Kpr = [RI)/[R]-[I] >~ 10° M ! (1]
Krro = [RIO)/[RI]-[0] >~ 1072 Ko

Kgrp = [RID]/[RI]- [D] >~ Kgp

[Or] = [0] + [RO] + [RIO]

[Br] = [R]+ [RO]+ [RD]+ [RI]+ [RIO] + [RID] 2]
[Dr] = [D] + [ED] + [RID]
(Ir] = [I]1+ [RI] + [RIO] + [RID]

Since the exact internal milieu of the E. colt cell is unknown,
the ‘“‘base-set” values adopted can only represent best esti-
mates. The most important assumption concerns the param-
eter Ko. The minimum value possible for K zo in E. coli is
about 101! M-1; this value is calculated assuming that all R
not bound to O is free in solution (4). We estimate from our ¢n
vitro measurements that Kzp is about 105 M1 under ionic
conditions likely to be found in the bacterium. (It is often
stated that the n vivo environment contains about 0.2 M KCl
and about 0.003 M Mg+, as well as high concentrations of
spermidine and other ionic species. In fact, many of these ions
must be bound to various macromolecular constituents of the
cell, so that the effective ionic strength may be appreciably
lower.) A large fraction of R will therefore be bound to non-
specific DNA sites, which, in turn, requires that Kz, be con-

t Note that we consider only a single binding interaction for J
with R in these equilibria, although it is likely that binding of
more than one inducer per tetrameric repressor is required to
bring about complete derepression. However, since we define
Krio (and Kgip) as the observed binding constants for the
repressor—inducer complex at saturating inducer concentrations,
for present purposes we can represent the situation in terms of a
single inducer binding site. By the above definition of Krso (and
Krip) the concentration of I at which the system is induced to
twice the original basal level will be independent of the actual
value of n involved in the derepressing RI, complex. On the other
hand the shape of the induction curve will depend on n. We also
list only a single mass action equation for the RD interaction,
since direct repressor binding experiments (1) show that the
predominant class of sites can be characterized by a single binding
constant, which is essentially independent of DNA nucleotide
composition and sequence and is of about the order of magnitude
indicated. However, in principle, we can sub-divide the D sites
into different types, each characterized by a separate mass action
relation (see Fig. 3). Similarly, repressor-inducer complexes of
higher inducer valence (e.g., BRI, ...; RI,O, ...; RL,D, ...; etc.)
can be incorporated into the model by adding suitable mass
action equations and modified conservation constraints.

1 Values of Kror and Krpr need not be assigned, since they are
defined by the other equilibrium constants of the model.
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Fic. 1. Model of the repressor-operator—inducer-non-
specific DNA system: in which B = repressor, O = operator,
I = inducer, D = non-specific DNA sites; RO, RD, RI, RIO, and
RID are the various complex species; and Kro, Krp, etc., repre-
sent the indicated association constants.

siderably greater than 10! M ~1; our choice of K zo = 101* M !
is based on these considerations and interpolation of in vitro
measurements of K o at various ionic strengths to reasonable
(assumed) in vivo ionic activities (12). The value for K gy (for
IPTG) has been measured by several groups (8). The relation
between Kr;o and K o is discussed above (fact g), as is the
equality of Kg;p and Kgp (fact &). It should be emphasized
that the validity of the conclusions reached below is not criti-
cally dependent on the exact values used for the ‘“base-set’
parameters; in most instances the ratios of binding constants,
rather than their absolute values, are the important quanti-

ties.

Calculations. The simultaneous Egs. 1, subject to the con-
straints of Egs. 2, were solved by appropriate iterative pro-
cedures (using a PDP-10 computer system) for the concentra-
tions of all molecular species. Calculations were performed
using the “base-set” values discussed above, and also with
different values of these parameters. This permits us to assess
the sensitivity of the results to variations in the values of the
“base-set”’ quantities. Furthermore, we can readily account
for the effects of mutations on the equilibrium distribution of
lac system components; for instance, the computations are
made using smaller values of K zo for O° mutations (9, 10), or
with smaller values of K g, for certain mutant ‘“‘superrepressors”
(11). The results are usually expressed as fraction of free
operator ([0]/[0r]) present, since this is the parameter which
is actually (indirectly) measured in vivo§.

The Basal Level. The importance of the non-specific DNA
binding process in controlling the magnitude of the observed
repression of the lac operon is illustrated in Fig. 2, in which we
plot the calculated fraction of free operator sites as a function
of either non-specific repressor binding constant or total con-
centration of non-specific sites. No inducer is present, and we
consider only one class of non-specific binding sites. At low
K gp (or low [Dy]), there is no non-specific binding and the sys-
tem is repressed to a basal rate of about 5 X 107 of the con-
stitutive level. As we increase Krp (or [Dr]) the extent of
repression decreases, approaching asymptotically the totally
unrepressed state ([0]/[0r] = 1). Note that the value of

§ Actually one measures in vivo the ratio of basal (repressed) to
constitutive intra-cellular B-galactosidase activity (Zbasal/
Zeonst.). For the physiological evidence showing that thisratioisa
direct reflection of the fraction of free operator, see references
relevant to facts (a), (b), (d), and (f) above.
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F16. 2. Control of the fraction of free lac operator in E. coli
by the binding of repressor to non-specific DNA sites. The amount
of RD complex is altered by varying either Krp (dashed curve
and upper abscissa; [Dr] taken as 2 X 10~2 M) or [Dr] (solid
curve and lower abscissa; Krp taken as 105 M 1),

[01/[07] which these calculations predict at the levels of [Dr]
and Kpp which presumably apply in the E. coli cell is >~ 1073,
which is close to the basal level actually measured in vivo (fact
¢, above). Thus, these resiilts show that in the absence of R
binding to non-specific DNA sites, the basal rate of lac enzyme
synthesis should be 3 to 4 orders of magnitude smaller than is
actually observed, and that the observed basal level is pri-
marily established by non-specific binding of R to D sites, the
latter acting as ‘“‘sinks” for R, in competition with O.

Effects of Increasing [Rr]. Calculations (data not shown)
designed to determine the repressed (basal) level of lac enzyme
synthesis as a function of [Rr], show that in mutants that over-
produce repressor the basal level is expected to decrease
linearly with increasing [Rr]. This is consistent with physio-
logical measurements (fact d, above).

Effects of Addstional Non-specific Sites. Fig. 3 shows the
calculated effects on [0]/[0z] of adding 100 stronger binding
sites to the cell, in addition to the 107 sites/cell having Kzp =
105 M 1. Such stronger sites must exhibit repressor affinities in
excess of about 101! M ~1if they are to have a significant effect
on the basal level. A small number of sites with Kgp as large
as 10! M~ would have relatively little effect on [0]/ 0719

T Gilbert and Reznikoff (personal communication cited in ref. 10)
have both reported the existence of at least one site with Kgp =~
10! M ~1in the z-gene region of the lac operon.
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Fic. 3. Effect of non-specific binding sites on the fraction of
free operator for various values of the repressor-operator associa-
tion constant (Kgro). The effects of a second class of non-specific
sites, with various association constants, are also illustrated.

Operator-Constitutive (0°) Mutations. Fig. 3 also shows that
decreases of one to two orders of magnitude in Kzp (O° muta-
tions) would still not bring [0]/[Or] to the observed wild-type
basal level in the absence -of competitive R binding to non-
specific sites (curve 1), but would indeed show just the effects
observed in the basal level with O° mutants (fact f, above)
when non-specific binding is included (curve 2).

Effects of Inducers. Fig. 4 shows the effects of inducer bind-
ing on the calculated fraction of free lac operator. From the
lower (solid) curve it can be seen that, in the absence of non-
specific binding of repressor and repressor-inducer complexes,
derepression of the lac operon, even at super-saturating con-
centrations of I, cannot take place. This follows because the
(I-saturated) RI, complex binds to O with only about three
orders of magnitude less affinity than does R itself (fact g,
above) ; thus in the absence of the non-specific sites as “sink”
for the RI, complex, the latter itself binds to O and main-
tains repression at calculated values below the basal level.

The upper curves in Fig. 4 show the effects of adding inducer
when the binding of R and RI, to non-specific sites is included;
calculations have been made for three different values of Kgp.
We note that only the curve for Kgpp = 10° M ™! starts at
the observed basal level at low [I7], and reaches approxi-
mately the constitutive level (within a factor of two) at
saturating inducer concentrations. This observation provides
an independent confirmation that the value of Kgp chosen for
the “base-set”” of parameters is indeed a reasonable representa-
tion of the in vivo situation or, more accurately, that the ratio
of Kgo to Kgp is approximately correct. Fig. 4 also shows that
derepression of the lac operon occurs at the inducer concentra-
tions observed in vivo (fact e, above) when non-specific binding
of R and RI, is taken into account, but not otherwise.



Proc. Nat. Acad. Sci. USA 71 (1974)

Finally, we have performed a series of calculations (not
shown) in which the ratio of Krro/Kgro to Kgin/Krp Was
varied. It can easily be shown by such procedures that if
Kr10/Kro > Krip/Krp, the effect of increasing inducer con-
centrations is to further repress the lac operon. Thus, a muta-
tional alteration in repressor structure producing such changes
in the binding constants could provide at least a partial ex-
planation of the behavior of the " mutant phenotype (11, 13).

II. Application to RNA polymerase-sigma
factor-promoter-non-specific DNA interactions
Chamberlin and co-workers (14, 15) have made an extensive
study of the binding of RNA polymerase [in both the ‘“‘core-”
and the “holo-" (core plus o-factor) enzyme forms] to pro-
moters and to non-specific DNA. The possible relevance of
non-specific DNA binding to the control of polymerase func-
tion was certainly, at least qualitatively, a consideration in
motivating their studies. For our purposes their most im-
portant result is that the holoenzyme appears to bind about
10% times less tightly to nonpromoter-containing DNA se-
quences than does the core enzyme. This suggested to us (in
partial analogy to the induction of the lac system), the sim-
plistic notion that sigma factor might serve as a general con-
trol element in RNA polymerase function by “inducing” the
polymerase off non-specific DNA binding loci, thus increasing
its availability to promoter sites. In this way, by controlling the
concentration of active sigma factor, the cell could exert gen-
eral transcriptional control over the intracellular level of
protein synthesis.

We have applied the computational approach and model
outlined in Egs. 1 and 2 and Fig. 1 to examine the RNA poly-
merase system, substituting o-factor for inducer, core enzyme
for repressor, and holoenzyme for the repressor—inducer com-
plex. Thus, in this Section, C represents core (RNA) poly-
merase, ¢ is sigma subunit, Co is holoenzyme, P represents
promoter sites, and D (as before) indicates non-specific DNA
sites. Mass action equations and conservation constraints
corresponding to Eqs. 1 and 2 were used, assuming the follow-
ing “base-set” parameters for the E. coli system in vivo:
Keop = 101 M~! (for the final, melted-in, complex); Kcop
=2 X 108 M_l; KCD = ch = 2 X 101 M_I;ch = 10
M- [Pp] = 2 X 107 M (about 100 promoters per cell);
[Cz] = 1 X 10~ M (about 5000 core enzymes per cell);
[Dr] = 2 X 102 M; and [o7] = 1 X 1075 M (about 5000
o-subunits per cell) .

Computations were made using both the “base-set’” param-
eters and some variations of these quantities to indicate the
nature of the resulting changes. The significant finding is that
when polymerase is present predominantly in the “core’ form
(due, perhaps, to a low concentration of active o-factor in the
cell) it would be largely unavailable to promoter sites (P sites

I Several of these assumed “base-set’’ parameters are quite
arbitrary, since the measurements available are not as complete
as those for the lac repressor system. The ‘‘base-set’” values for
Kc¢p, Keop, and Kcop are a selfconsistent equilibrium set mea-
sured by Hinkle and Chamberlin (14) for conditions comparable
to those under which the lac repressor ‘‘base-set” was determined.
It is assumed that Kcp = Kcp. No measurements for K¢, or
[o7] in the E. coli cell are available, so they are treated as ad-
justable parameters to attain a reasonable degree of Co complex
formation.
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Fic. 4. Fraction of free operator as a function of inducer con-
centration, at several values of the association constant for repres-
sor and repressor-inducer complex to non-specific DNA sites.

80 to > 999, free), because of the competition of the non-
specific sites. This competitive binding to non-specific sites is
much less for the holoenzyme, so in the presence of excess o-
factor the promoters are largely saturated. '

III. Repressor-polymerase interaction at the lac operon

We now combine the above approaches to consider quantita-
tively the interaction of lac repressor and RNA polymerase in
regulating the function of the lac operon. It is clear that a com-
plete description of lac operon control will require appreciably
more data for the entire RNA polymerase system; neverthe-
less it is instructive to consider some minimal models.

(1) Non-competitive Binding. In this model it is assumed
that the nucleotide sequences which define the operator and
promoter do not overlap, and that repressor and polymerase
bind independently. Thus, the presence of bound R on O does
not interfere with the formation of a stable, ‘‘melted-in”
initiation complex, but totally prevents extension of the
mRNA transcript through the operator region into the lac
genes. (This model is implicitly assumed in the arguments of
the previous sections.) For this model (as shown above) the
basal level of lac enzyme synthesis should be simply the prod-
uct of the probability that the operator is not covered by
repressor, and the probability that the promoter is complexed
with a functional polymerase. The latter probability enters
equally into the constitutive rate, so for this model (Zbasal/
Zeonst.) = [0]/[0Or]. From Fig. 2 or 3 we see that for our “‘base-
set” parameters for the repressor—operator system, the non-
competitive model predicts that (Zbasal/Zeonst.) =2 1072

(2) Competitive Binding. The operator and promoter se-
quences are assumed to overlap, and thus repressor and poly-
merase compete for the same binding site. Assuming equilib-
rium, i.e., that the rate constant for product (nRNA) forma-
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tion is small relative to rate constants for the formation and
dissociation of the polymerase-promoter (‘‘enzyme-binding
site’’) and the repressor—operator (‘“‘inhibitor-binding site’’)
complexes, we may apply the relations of competitive inhi-
bition from enzyme kinetics to obtain:

1+ ([Cal/Kcop)
1 + ([Co)/Kcop) (1 + Kro- [R])

We assume that all the RNA polymerase is present as the
holoenzyme. The concentrations of free holopolymerase ([Co])
and free repressor ([R]) are controlled (‘“buffered”) by the
non-specific binding equilibria; these quantities have been
evaluated using the procedures outlined in Sections I and II.
For our “‘base-set’’ binding constants and constraints, we find,
using Eq. 3, that (Zvasal/Zeonst.) =2 0.22. This value is clearly
too large, but the discrepancy should not be taken too
seriously in view of the approximate nature of the polymerase—
promoter ‘“base-set”’. Calculations made with Eq. 3 are much
more sensitive to the exact values used for binding constants,
etc. than are the conclusions reached in Sections I and II.
Thus, a decrease in the assumed values of K¢, or [or], or a
lower value of K¢,p could all decrease (Zvasal/Zeonst.) cal-
culated for this model to a more reasonable value.

We emphasize that for this (competitive binding) model,
repression would be virtually impossible in the absence of non-
specific binding, since the free concentration of polymerase
would then greatly exceed that of repressor. It is only the fact
that polymerase (in both its forms) binds much more strongly
than repressor to non-specific sites which reduces the ratio of
free polymerase to repressor concentration to manageable
levels.

(Zbass,l/Zconst.) =

(3]

(3) “Interactive’” Binding. In this model the operator and
promoter sequences do not overlap, but the binding of poly-
merase is modulated by the binding of repressor. We have
found that repressor is a double-helix stabilizing protein,
i.e., it increases the melting temperature of native DNA to
which it is bound (1). Thus, the presence of repressor on the
operator could inhibit the formation of a “melted-in” poly-
merase complex at an adjacent promoter site, even in the
absence of sequence overlap. In the limit of complete inhibi-
tion, this model would resemble the competitive binding
situation; partial inhibition would result in a situation inter-
mediate between models (1) and (2). In either case, this model
would be characterized by a distinctive temperature depen-
dence.

These models are in principle distinguishable because they
predict different responses to changes in parameters such as
component concentrations, binding constants, temperature,
ete. At present there are insufficient data available to exploit
this possibility, but the quantitative formulation presented
above can serve as a guide for experiments to discriminate
between the models.

1V. Conciusions

In vitro measurements indicate that regulatory proteins will
be bound nonspecifically to the E. coli chromosome in vivo.
Our caleculations, based on simple equilibrium considerations,
imply that the observed levels of repression of the lac operon
under a variety of physiological and genetic conditions can be
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rationalized when non-specific binding is taken into account,
and that such binding must be considered as an integral com-
ponent of any quantitative model in which the concentration
of free protein is an essential parameter.

While lack of knowledge of the exact internal composition
of the cell injects some uncertainty into these computations,
the quantitative agreement demonstrated with ¢n vivo results
is not greatly affected by changes in the values of the “base-
set” parameters. From Fig. 3, for instance, it is clear that if the
value of Kpo is in fact 1012 M~ (instead of 104 M1, as we
have used) the predicted basal level of repression in the ab-
sence of non-specific binding will still be far below that ob-
served. Furthermore, we note that even if other regulatory
proteins were to bind tightly to as much as 909, of the genome,
thus making this portion of the DNA unavailable for non-
specific repressor binding, the effect on the calculated basal
level would be relatively small (see Fig. 2, solid curve; com-
pare [0]/[07] for [Dy] = 10~3 M and 10~2 M). Similarly,
other non-specifically binding components in the cell, e.g.,
polyamines, divalent cations, etc., should reduce Kgo and
Kgp (and the equivalent polymerase binding constants)
approximately in parallel, and thus have little effect on the
ratio of these constants, which is the crucial parameter in this
model for regulation.

It is tempting to extend these ideas to a consideration of
possible roles that non-specific binding might play in the con-
trol of the function of regulatory proteins in eukaryotic cells.
For example, these results suggest that competition between
histones and regulatory proteins for non-specific, as well as for
specific, DNA sites in such cells must be considered as a com-
ponent of the complete regulatory system.
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