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Abstract: By employing the pseudospectral time-domain (PSTD)
simulation technique, we analyze the propagation of monochromatic light
through a macroscopic scattering medium. Simulation results show that,
monochromatic light can be directed through a scattering medium and focus
into a narrow peak; a range of wavelengths has been simulated.
Furthermore, we compare: i) focusing monochromatic light through a
macroscopic scattering medium, and, ii) focusing monochromatic light
through vacuum. Based upon numerical solutions of Maxwell’s equations,
we demonstrate: with a fully-surrounding wavefront of specific amplitude
and phase, sub-diffraction focusing can be achieved with monochromatic
light, with or without the presence of a scattering medium.
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1. Introduction

Optical techniques are commonly limited to epithelial applications due to the shallow
penetration depth through biological tissue structures. Increasing the penetration depth
through turbid media via wavefront shaping essentially opens up new possibilities for
biomedical applications. Research effort has been devoted to direct light propagation through
scattering medium [1, 2]. A practical method to compensate the scattering effect of disordered
media has been experimentally demonstrated by [3—6]. With a transport concept framework,
the transmission matrix model based on Dorokhov’s random-matrix theory [7] is employed to
analyze light propagation through scattering medium [8—11] where light propagation is
described by a set of input-output relationships of correlated orthonormal channels [12—14].
The general objective is to propagate light through macroscopic scattering medium (e.g.

biological tissues).
0.8 0.8
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Fig. 1. (a) Light propagation through vacuum. (b) Light propagation through a scattering
medium exhibits a sinuous, complex pattern resembling a network of branching water
channels.

To enhance light penetration, a better understanding of the mechanism of light propagates
through scattering media is needed. Due to the irregular geometry, light impinging upon a
scattering medium exhibits a complex pattern of sinuous bright lines threading through space.
The specific pattern depends upon the optical wavelength and the geometry of the scattering
medium; the pattern complexity increases for a scattering medium with a larger refractive
index (n) or a larger number density of scatterers (). In general, the sinuous pattern
resembles a network of branching water channels branching through the scattering medium
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(Fig. 1), which begs the question: Does light propagate preferentially along certain routes
through a scattering medium?

The idea of light propagating through a scattering medium along specific routes is similar
to an energy transport problem. The relationship of input-light and output-light is described
by a transmission matrix. The stream-like pattern of light illuminating a scattering medium
branches out forming a complex pattern with multiple routes connecting any two points. If
light propagates preferentially along certain routes (e.g. the bright lines in Fig. 1(b)) through a
scattering medium, it can be shown that the back-propagation of phase-conjugated light falls
short to reconstruct the original outgoing light. The logic can be elaborated as follows: As
depicted in Fig. 2, between (A) the original light source and a point (B) outside the scattering
medium, there are multiple routes connecting the two points. The length of each sinuous route
is in general different; therefore, light propagating along different routes from B to A acquires
a different a phase. Therefore, if light propagates along the sinuous bright routes as shown in
Fig. 1(b), phase-conjugated light back-propagating through the scattering medium via various
sinuous paths would in general be out-of-phase and fall short to perfectly reconstruct the
original outgoing light profile.

Fig. 2. Schematics of light propagation through a scattering medium. Light propagating from A
to B along different routes (e.g. green path and red path) would in general be out-of-phase due
to the difference in optical path length.

2. Simulating light propagation via numerical solutions of Maxwell’s equations

To accurately account for the wave characteristics of light propagation through scattering
medium, numerical solutions of Maxwell’s equations are required. A widely used simulation
technique to obtain numerical solutions of Maxwell’s equations for light scattering problems
is the finite-difference time-domain (FDTD) technique. Recently a two-dimensional (2-D)
FDTD simulation analysis of light penetration using an ultrasound modulated guide star has
been reported [15], where light propagation through a region of 60-pum-by-100-um is
modeled. However, due to the intense computations involved, the FDTD technique falls short
to model macroscopic light scattering problems. Here we employ the pseudospectral time-
domain (PSTD) technique [16]; the PSTD algorithm is computationally economic and
advantageous for modeling large-scale light scattering problems [17]. Effort has been devoted
to improving the PSTD technique for light scattering simulations [18]. While achieving
comparable accuracy as the conventional FDTD, the PSTD reduces the computer storage and

the running-time by approximately 8”:1 for large electromagnetic wave interaction models in
D dimensions that does not have geometric details or material inhomogeneities smaller than
one-half wavelength [16]. The temporal derivatives are calculated using a central difference
scheme, whereas the spatial derivatives are calculated using discrete Fourier transforms:
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where E is the electric vector field, &, is the wave number, and the Fourier transform is
represented by F. Since computer calculations are based on discrete numbers, discretization
of the continuous electromagnetic fields is necessary. According to the Nyquist sampling
theorem, the spatial derivatives calculated in Eq. (1) is of spectral accuracy (meaning as
accurate as it can get with the given information), allowing the PSTD technique, with a coarse
grid of two spatial samples per wavelength, to achieve similar accuracy as the finite-
difference time-domain (FDTD) technique (FDTD requires 20 spatial samples per
wavelength.) The coarse spatial grid points enables simulating large-scale optical phenomena
with economic computational memory. In addition, an anisotropic perfectly matched layer
absorbing boundary condition [19] is implemented to absorb all outgoing waves. If all
outgoing waves never re-interact with the medium, the light scattering simulation can be
considered as practically isolated in vacuum.

In this manuscript, we model propagation of a fully-surrounding, CW wavefront through a
macroscopic scattering medium to a target position inside the scattering medium. All the
simulations reported in this manuscript are two-dimensional (2-D) simulations of TM waves:

Electric field (E.) is polarized in the z- direction, and the magnetic field (I:] =Hx+H j}) and

propagation of light lie in the x-y plane. Instead of a coupled-dipole numerical approach
where dielectric cylinders are modeled as idealized point dipole radiators [20], we analyze
light propagation through scattering medium via grid-based, PSTD numerical solutions of
Maxwell’s equations to accurately account for the wave characteristics of light. With a spatial
resolution of 0.33 um and temporal resolution Az = 0.05 fs, the propagation of CW light with
a wavelength of A = 1 pm is modeled. A 1800-by-1800 simulation grid is employed to model
a 600 um by 600 um space. The scattering medium is modeled as a cluster of N randomly
positioned, non-absorbing, dielectric cylinders with refractive index n. For each simulation, a
total of 240,000 time-steps (12 ps) are simulated. Each simulation takes typically ~8 hours to
run with 16 computing cores of an Intel 2.66 GHz processor.

3. Methods

To model the back-propagation of phase-conjugated light through a scattering medium, we
employ the PSTD technique to simulate light propagation through a scattering medium. We
model a finite-width, CW light source embedded inside a macroscopic scattering medium.
The electromagnetic field of a finite-width, sinusoidal CW plane-wave is added into space
inside the scattering medium as a “soft source” to avoid artificial scattering of a hard source.
By inserting a piece-wise continuous segment of incident field into the simulation to model a
localized CW light source, the segment of electromagnetic field is locally piecewise
continuous with minimal discontinuities at the edge, which suffices to maintain numerical
stability of the PSTD algorithm [21]. Time-wise, the CW light source is added into the
simulation at every time step with a sinusoidal period corresponding to the frequency of the
light source. By periodically adding CW light electromagnetic field into the PSTD simulation
as a piecewise continuous field, a localized, finite-width, sinusoidal CW plane-wave
embedded inside a large-scale light scattering simulation can be modeled in the PSTD
simulation.
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(a) (b)

Fig. 3. Propagation of OPC light is modeled in two stages: (a) Forward scenario: a CW light
source embedded at the center of a 40-pum-diameter empty region centered inside a scattering
medium consisting of 630 randomly-positioned (minimum edge-to-edge spacing of 0.5 pm),
10-pum-diameter dielectric (n = 1.6) cylinders. (b) Playback scenario: amplitude and phase of
the CW outgoing wave is recorded and phase-conjugated to form a circular wavefront
converging through the scattering medium.

We model a fully surrounding CW wavefront of specific amplitude and phase converging
upon a scattering medium, as depicted in Fig. 3. The amplitude and phase are obtained by
phase-conjugating the CW outgoing light originating from a virtual light source positioned at
the target position. The simulation is performed in two stages: forward scenario (Fig. 3(a))
and playback scenario (Fig. 3(b)). In the forward scenario, a CW finite-width plane wave is
generated from a virtual light source and propagates through the scattering medium; the
amplitude and phase are randomized as light multiply scatters through irregular geometry of
the scattering medium. The amplitude and phase of light exiting the scattering medium are
recorded and later used to generate the phase-conjugated light in the playback scenario. In the
playback scenario, a ring-shaped wavefront positioned outside the scattering medium is
employed to generate a fully-surrounding wavefront converging inwards via phase-
conjugation. The propagation of phase-conjugated light through a macroscopic scattering
medium can be accurately modeled by the forward scenario and playback scenario.

4. Modeling the back-propagation of phase-conjugated light

We investigate the possibility of propagating light through a macroscopic scattering medium
to a target position via multiple scattering. Recently, a simulation analysis has been reported
by Carminati et al. [20] where a scattering medium (cylindrical region of radius R = 1.91 pm)
is modeled by a cluster of idealized point dipoles. Here we model this problem on a
macroscopic scale (~300x300 times larger). Instead of treating each scatterer as an idealized
point dipole, we model the scattering medium via a grid-based PSTD simulation where the
geometry is specified by the refractive index » as a function of x and y of the entire simulation
space. As shown in Fig. 4, we demonstrate a large-scale simulation of CW light propagation
through a scattering medium to a target position with dimensions 1200 pm by 1200 um. A
CW plane wave (wavelength A = 1 um) with a cross-sectional width of 5 um is generated at
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Fig. 4. (Media 1) Simulating CW, fully-surrounding, phase-conjugated light impinging upon a
scattering medium. The scattering medium consists of 22,222 non-absorbing, randomly-
positioned, 5-pum-diameter dielectric cylinders closely packed within a circular region of 1160
um diameter; the scattering mean free path is 6.86 pm, the optical thickness is 169, and the
strength of disorder is 0.0619. The L = 1 um CW light is generated with the phase-conjugated,
CW amplitude and phase of outgoing light recorded in the forward scenario. a) A ring-shaped,
CW wavefront of light is generated periodically. b) At # = 1 ps, light propagates through the
scattering medium via multiple scattering, c) At # = 1.5 ps, light converges at the center and
then diverges outward. (d) A soft sink technique is employed to eliminate the outgoing light,
leaving only the incoming light component. A zoomed-in view of (d) is shown in (e).

the center of the simulation. The scattering medium consists of 22,222 non-absorbing,
randomly-positioned, 5-pm-diameter dielectric cylinders closely-packed (minimum edge-to-
edge spacing of 0.5 um) within a cylindrical region with a diameter of 1160 um; the
scattering mean free path is 6.86 pum, the optical thickness is 169, and the strength of disorder
(morphological disorder [22]) is 0.0619. A fully surrounding, CW wavefront converging upon
the scattering medium is shown in Fig. 4(a). As light propagates through the scattering
medium, a stream-like pattern of bright lines threading towards the center is exhibited (Fig.
4(b)). Maximum amplitude is reached as light converges at the center (target position).
Simulation results show that phase-conjugated light back-propagates through the scattering
medium and focuses coherently.
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Fig. 5. Simulation of light (A = 4 pm) back-propagated through a scattering medium consisting
of 1600 6-um-diameter dielectric cylinders, each with a refractive index (a) n = 1.05, (b) n =
1.2, (¢) n = 1.3, respectively. Inset-figures: Regardless of n, the back-propagated light
converges coherently and reconstructs the original light profile (FWHM peak width ~4 um as
measured along the white dashed line at the center).

5. Analyzing back-propagated light reaching the target position

To quantitatively analyze the propagation of light through a scattering medium, we model
light scattering through an absorption-less scattering medium. The cross-sectional electric
field E, profile measured at the target position is compared. In an ideal situation where light
perfectly back-propagates and reconstructs the original outgoing light profile at the target
position, light continues to propagate through the target position and diverge outwards (like a
light source illuminating in the opposite direction of the original light source.) Eliminating the
outgoing light component is necessary to quantify the impinging light component [23]. Based
upon the linearity of the Maxwell’s equations, we employ a soft sink simulation technique
[24] to subtract out only the outgoing light component. Analogous to the soft source in the
forward scenario, a soft sink is implemented by adding a finite-width CW plane wave
propagating in the opposite direction with the precise amplitude but 180-degree out of phase.
As shown in Fig. 4(c), a fully-surrounding, phase-conjugated light converges at the target
position then continues to diverge outwards; the field profile at the target position is
broadened as the impinging light and diverging light interfere with each other. The added
outgoing wave cancels out only the outgoing light component while leaving the incoming
light component intact, as shown in Fig. 4(d).

By subtracting out the outgoing light component, the incoming light component can be
quantitatively analyzed. A cross-sectional profile of the forward or back-propagated CW
propagating light is measured along the white dashed line at the center of the simulation grid
(as shown in Figs. 5(a) and 6(a)). The total energy of the forward and the total energy of the
back-propagated light profiles are normalized to 1, respectively. The spot size of the forward
and back-propagated light can be quantified by calculating the full-width-at-half-maximum
(FWHM) of the measured profile. The reconstruction of the back-propagated light can be
quantified by calculating the root-mean-square error of the back-propagated light profile
relative to the forward propagated light profile.

Here we simulate light propagation through a scattering medium of various optical
thicknesses. The back-propagation of light for varying the refractive index () (Fig. 5) and the
number density (V) (Fig. 6) of the scattering medium are analyzed. In Fig. 5, the scattering
medium consists of 1600 randomly positioned, uniform, 6-um-diameter dielectric (refractive
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index n) cylinders clustered (with a minimum spacing of 0.5 micron) within a 360-pum-
diameter area; for A = 4 um and refractive index n = 1.2, the scattering mean free path is 5.05
pum, and optical thickness is 71.29. With the phase-conjugated amplitude and phase recorded
in the forward scenario, a CW light (wavelength A = 4 um) propagates from outside a
scattering medium inwards while exhibiting a sinuous, stream-like pattern. If light propagates
preferentially along certain routes, back-propagation of light in general would be out-of-phase
due to difference in optical path length. Yet, as shown in Figs. 5 and 6, regardless of the
refractive index (n) or the number density (N), the CW wavefront converges coherently and
reconstructs the original light profile.

(a) (b) (c)

* | forwara || [ forward || | forward ||
playback | playback I playback
|
05, H 05 I {05 1
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8000
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Fig. 6. Simulation of light (A = 4 um) back-propagated through a 560-um-diameter scattering
medium consisting of N 2.4-um-diameter dielectric (n = 1.2) cylinders, where (a) N = 3000, (b)
N=19000, and (c) N = 16356, respectively. Inset-figures: Regardless of N, the back-propagated
light converges coherently and reconstructs the original light profile (FWHM peak width ~4
um as measured along the white dashed line at the center).

6. Focusing monochromatic phase-conjugated light through a scattering medium

Recently it has been reported that wideband light is crucial for the sub-diffraction focusing
phenomenon [20, 25]; here we simulating this phenomenon for CW, monochromatic phase-
conjugated light. With a grid-based PSTD simulation, we model light impinging upon a
scattering medium consisting of 1600 randomly positioned, 6-pm-diameter dielectric (n = 1.2)
cylinders clustered in a 180-pm-radius area. A 4-um-wide aperture is embedded at the center
of the scattering medium. Various wavelengths are simulated: (a) 1 pm, (b) 4 um, (c) 16 pm,
(d) 64 um, and (e) 256 pum. For A = | pum and refractive index n = 1.2, the scattering mean
free path is 8.29 um, and the optical thickness of the scattering medium is 43.40. Light
emitted from the aperture scatters through the scattering medium and propagates outwards.
The amplitude and phase are recorded at a distance of 290 um from the center. As shown in
Fig. 7 (Media 2), with a fully-surrounding wavefront, the phase-conjugated light back-
propagates through the scattering medium and focuses at the center; the cross-sectional
amplitude profile of light at the center of the simulation is measured and compared. The
FWHM of each forward peak is: (a) 1.3 um, (b) 3.0 pm, (c) 4.0 um, (d) 3.1 pm, (e) 3.0 pum,
respectively. Before eliminating the outgoing field component the root-mean-square error is:
(a) 9.5%, (b) 4.97%, (c) 15.5%, (d) 29.5%, and, (e) 46.7%, respectively; after eliminating the
outgoing light component, the root-mean-square error is: (a) 3.05%, (b) 0.58%, (c) 0.40%, (d)
0.24%, and, (e) 0.19%, respectively. Evidently the peak width of the forward light and back-
propagated light are identical. As shown in Fig. 7, with a fully-surrounding, CW wavefront of
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specific amplitude and phase, monochromatic light can be focused through a scattering
medium to a narrow peak, regardless of the wavelength.
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Fig. 7. (Media 2) Simulation of light back-propagated through a scattering medium to a narrow
peak. The scattering medium consists of 1600 randomly positioned, 6-um-diameter dielectric
(n = 1.2) cylinders. A 4-um-wide plane-wave light source (wavelength 1) is embedded at the
center of the scattering medium. From top to bottom: (a) L =1 um, (b) A =4 um, (c) L = 16
um, (d) A = 64 um, (e) L =256 um, respectively. In each subplot, the forward propagation light
profile (gray dashed line) is compared to the back-propagated light (blue line) and the back-
propagated light with a soft sink to eliminate the outgoing light component (black line). A
zoomed-in view is shown in each inset-figure. Before eliminating the outgoing field
component the root-mean-square error is: (a) 9.5%, (b) 4.97%, (c) 15.5%, (d) 29.5%, and, (e)
46.7%, respectively; after eliminating the outgoing light component, the root-mean-square
error is: (a) 3.05%, (b) 0.58%, (c) 0.40%, (d) 0.24%, and, (¢) 0.19%, respectively. The peak
width at FWHM is: (a) 1.7 um, (b) 3.0 pum, (c) 4.1pm, (d) 3.7 um, (e) 3.0 pum, respectively. It is
clear that the peak width of the forward light and back-propagated light profiles are identical.
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Fig. 8. (Media 3) Simulation of light back-propagated through vacuum to a narrow peak. A 4-
um-wide plane-wave light source (wavelength A) is embedded at the center of the simulation.
From top to bottom: (a) A =1 um, (b) A =4 um, (c) L = 16 pm, (d) A = 64 pm, (e) L = 256 pm,
respectively. In each subplot, the forward propagation light profile (gray dashed line) is
compared to the back-propagated light (blue line) and the back-propagated light with a soft
sink to eliminate the outgoing light component (black line). A zoomed-in view is shown in
each inset-figure. Before eliminating the outgoing field component the root-mean-square error
is: (a) 0.23%, (b) 1.84%, (c¢) 9.32%, (d) 30.29%, and, (e) 65.68%, respectively; after
eliminating the outgoing light component, the root-mean-square error is: (a) 0.17%, (b)
0.089%, (c) 0.20%, (d) 0.208, and, (e) 0.17%, respectively. The FWHM is: (a) 1.8 um, (b) 3.3
um, (¢) 5 pm, (d) 3.6 um, (e) 3.1 um, respectively. It is clear that the peak width of the forward
light and back-propagated light profiles are identical.
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7. Focusing light through vacuum

Next, we model back-propagation of light with a fully-surrounding wavefront (wavelength A)
without the presence of a scattering medium. The dimensions of the simulation are 600 pm by
600 pm; a 4-um-wide aperture is embedded at the center of the simulation. Various
wavelengths (L) are simulated: (a) 1 um, (b) 4 um, (c) 16 um, (d) 64 um, and (e) 256 um. The
amplitude and phase are recorded at a distance of 290 um from the center. With a fully-
surrounding wavefront, the phase-conjugated light back-propagates through space; the cross-
sectional amplitude profile of light at the center of the simulation is measured and compared.
In general, light is irregularly scattered from the scattering medium and causes interference
everywhere. As a result, the emerging light profile is asymmetric as it is the superposition of:
(i) a perfect Gaussian light profile emerging from the soft source, and, (ii) the interference
from irregularly scattered light of the entire scattering medium. Before eliminating the
outgoing field component the root-mean-square error is: (a) 0.23%, (b) 1.84%, (¢) 9.32%, (d)
30.29%, and, (e) 65.68%, respectively; after eliminating the outgoing light component, the
root-mean-square error is: (a) 0.17%, (b) 0.089%, (c) 0.20%, (d) 0.208, and, (e) 0.17%,
respectively. Evidently the peak width of the forward light and back-propagated light are
identical. As shown in Fig. 8 (Media 3), with a fully-surrounding wavefront of specific
amplitude and phase, light can be focused through vacuum to a narrow peak, regardless of the
wavelength. Together, Figs. 7 and 8 clearly show that the sub-diffraction focusing
phenomenon [1] can be achieved with or without the presence of a scattering medium.

Convergence analyses are presented in Fig. 9 to justify the simulation results. In principle,
an ideal simulation can be achieved with an infinitely long simulation time and an infinitely
large simulation space. However, in practice we can only model a finite number of time-steps
and a finite size simulation space. Analysis of the temporal convergence and spatial
convergence of the simulation are performed. As shown in Fig. 9(a), the accuracy of the
simulation increases with increased simulation time, which is closer to the CW steady state.
On the other hand, to model light phase-conjugated in the far field, the OPC region has to be
far enough from the scattering medium so that light scattered into arbitrary directions
impinges the OPC region at normal incidence. As shown in Fig. 9(b), the accuracy of the
simulation increases with increased distance between the scattering medium and the OPC
region, where the outgoing light impinges the OPC region at near normal incidence. The
temporal and spatial convergence analyses presented in Figs. 9(a) and 9(b) show that the
simulations reported in this manuscript is robust and accurate.
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Fig. 9. Convergence analyses of the simulation. With a soft sink to eliminate the outgoing light
component, the impinging light profile reconstructed from back-propagated light is compared
to the original outgoing light in the forward scenario. The accuracy of the simulation increases
with: (a) increased number of simulation time-steps (CW steady state), and, (b) increased
distance between the OPC region and the scattering medium, where outgoing light impinges
the OPC region at near normal incidence.
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8. Summary

By means of a grid-based PSTD simulation, we analyze light propagation through an
absorption-less, scattering medium of macroscopic dimensions (up to 1200 pm by 1200 pum).
Simulation results show that phase-conjugated light propagates and focuses through scattering
media coherently; the sinuous, stream-like pattern of bright lines (Fig. 1(a)) is the result of
constructive interference rather than actual pathways through which light propagates.

Recent simulation research reported achieving sub-diffraction focusing through a
scattering medium with broadband light [20, 25]; in this manuscript, we demonstrate sub-
diffraction focusing can be achieved with monochromatic phase-conjugated light; various
wavelengths of light has been simulated. Simulation results show that, with specific
amplitude and phase, CW light can propagate through a macroscopic scattering medium and
focus into a narrow peak. Furthermore, to analyze the effect of scattering, we compare: i)
focusing monochromatic light through a macroscopic scattering medium (Fig. 7), and, ii)
focusing monochromatic light through vacuum (Fig. 8). Based upon numerical solutions of
Maxwell’s equations, we demonstrate with a fully-surrounding wavefront of specific
amplitude and phase, sub-diffraction focusing can be achieved with monochromatic light,
with or without the presence of a scattering medium.
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