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Summary

We introduce effective balancing scores for estimation of the mean response under a missing at
random mechanism. Unlike conventional balancing scores, the effective balancing scores are
constructed via dimension reduction free of model specification. Three types of effective
balancing scores are introduced: those that carry the covariate information about the missingness,
the response, or both. They lead to consistent estimation with little or no loss in efficiency.
Compared to existing estimators, the effective balancing score based estimator relieves the burden
of model specification and is the most robust. It is a near-automatic procedure which is most
appealing when high dimensional covariates are involved. We investigate both the asymptotic and
the numerical properties, and demonstrate the proposed method in a study on Human
Immunodeficiency Virus disease.
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1. Introduction

In social and medical studies, the primary interest is usually the mean response, the
estimation of which can be complicated by missing observations due to nonresponse, drop
out or death. The data observed are triplets {(Y;, &, X;), i =1, -, n}, where Y; is the
response, & = 1 if Yj is observed and & = 0 if Y; is missing, and X; is the vector of covariates
and always observed. Under the missing at random mechanism (Rosenbaum & Rubin,
1983); that is, Pr(6=1] X, Y) =Pr(6= 1| X), estimation of E(Y) is mostly developed using
the parametric form of the missingness pattern 7(X) = Pr(6=1 | X) or the response pattern
m(X) = E(Y | X). Important methods include regression estimation (Rubin, 1987; Schafer,

© 2007 Biometrika Trust



1duosnue Joyiny 1duosnue Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Hu et al.

Page 2

1997), inverse propensity score estimation (Horvitz & Thompson, 1952), augmented inverse
propensity weighting estimation (Robins et al., 1994), and their modified versions such as
D’Agostino (1998), Scharfstein et al. (1999), Little & An (2004), Vartivarian & Little
(2008), and Cao et al. (2009). A review of most methods can be found in Lunceford &
Davidian (2004) and Kang & Schafer (2007). Consistency and efficiency of these estimators
rely on correct model specification. Even for the “doubly robust” estimators, either 7(X) or
m(X) needs to be correctly specified for consistency and both correctly specified for
efficiency (Robins & Rotnitzky, 1995; Hahn, 1998). When X € RP is high dimensional,
model specification is challenging: it is hard for a parametric model to be sufficiently
flexible to capture all the important nonlinear and interaction effects yet parsimonious
enough to maintain reasonable efficiency.

One family of estimators are built upon the balancing score. According to Rosenbaum &
Rubin (1983), a balancing score b(X) has the property E(Y | b(X)) = E(Y | b(X), §=1).
Therefore, E(Y) can be estimated via b(X) over the complete cases {(V;, &, Xi) : § =1}. The
most well known balancing scores include the propensity score (Rosenbaum & Rubin, 1983)
and the prognostic score (Hansen, 2008). The mean response can be estimated via the
balancing score by such nonparametric approaches as stratification (Rosenbaum & Rubin,
1983) and nonparametric regression (Cheng, 1994). Of course, the naive balancing score is
X. However, estimation using X as a balancing score is subject to the curse of dimensionality
when X € RP is high dimensional (Abadie & Imbens, 2006).

Balancing scores have been estimated through parametric modeling. In comparison to the
other estimators, balancing score based estimators are less sensitive to model
misspecification, largely due to the nonparametric approaches to utilize the balancing score
(Rosenbaum, 2002). One important property of the balancing score based estimator, which
has rarely been utilized, is that full parametric modeling is actually unnecessary. For
example, if 7(x) = f{b(x)} for some function b(X) and unknown function f, then E(Y) can be
estimated via b(X) through stratification or nonparametric regression as subjects with similar
values in b(X) have similar values in 7(X). Provided that we can find such a function b(X),
there is no need for the full parametric form of 7(X).

In this work, we introduce the effective balancing score. Like the propensity score and the
prognostic score, the effective balancing score creates a conditional balance between the
subjects with response observed and the subjects with response missing. Unlike the
conventional balancing scores, estimation of the effective balancing score is free of model
specification via the technique of dimension reduction (Li, 1991; Cook & Weisberg, 1991;
Cook & Li, 2002; Li & Zhu, 2007; Li & Wang, 2007). The effective balancing score carries
all X information about the missingness or the response in the sense § L X |SorY L X|S,
where S stands for the effective balancing score and L stands for conditional independence.
It thus leads to consistent estimation of E(Y) with little or no loss in efficiency. As a
parsimonious summary of X, the effective balancing score is of dimension much smaller
than p. Compared with existing methods, the effective balancing score based estimator has
the following advantages: (1) It relieves the burden of model specification and is the most
robust with potentially optimal efficiency; (2) Through the technique of dimension
reduction, the effective balancing score is of low dimension which enables the effective use
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of stratification and nonparametric regression; (3) It avoids the shortcoming of inverse
propensity weighting, i.e., instability caused by estimates of #(X) that are close to zero.

2. Effective balancing score

2.-1. Effective balancing score

Let R be the response from X € RP. Usually ® relates to X through only a few linear

combinations; that is, Z L X|(51X, e ,ﬁ;{X) with A € RP : k=1, -, K distinctive
vectors. Let B = (5, -, fk) with S, -, fik orthonormal and K the smallest dimension to
satisfy the conditional independence, then B is a basis of the central dimension-reduction
space s=x with K the structural dimension (Cook, 1994). The columns of B are arranged in
descending order of importance; that is, 11 = 1o = -+ = Ak > 0 where 1, measures the amount

of X information carried by ﬁ,;X and is explained in 83.2. In general, K is much smaller than
p. If we let S = B’X, then S € RK is a parsimonious summary of X: it is of lower dimension
than X but carries all X information about ®. In this paper, we refer to B = (41, -, fk) as the
effective directions.

Let = = §and Bgbe the effective directions of s, then

§ L X|BsX, ()

and we refer to 5;=B; X as the effective propensity score.

Let ® =Y and denote By as the effective directions of v, then
Y LX|B,X. (2

Obviously, B;X is a prognostic score satisfying the definition of Hansen (2008). We refer

to S, :B;X as the effective prognostic score.

Each effective score creates the conditional balance

Y L4, @

where S is either Sgor Sy. For S = S, (3) follows similarly as in Theorem 3 of Rosenbaum &
Rubin (1983). For S = Sy,

Pr(6=1]Y, )= E{E(|Y, X)|Y. S}=E{E(3|X)|Y, $}= B{E(3]X)|S},

where the second equation is due to missingness at random and the last equation to (2).
Since the last expectation is E(5| S) = Pr(6=1S), (3) follows. It is immediate from (3) that
both effective scores are balancing scores.
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Example 1—Suppose Y | X is normal with mean m(X) = X1 + exp(Xy + X3) + X1 X4 and
variance o?( X )=X?+ X3, with the probability of observing Y as
7(X)=expit(0.1X74 X+ X3). Then, the prognostic score is {m(X), o*(X)} and the
propensity score is 7(X). The effective prognostic score is { (X,+X3)/ V2, X1, X,} and the
effective propensity score is { (X,+X3)/v/2, X1}

The effective balancing scores may have higher dimensions than their conventional
counterparts. However, estimation of the propensity score and the prognostic score requires
correct model specification and is subject to the challenges discussed in 81. The effective
balancing scores, on the other hand, can be obtained without model specification.

We can also let ® = (&, Y) be a bivariate response. Denote By as the effective directions for
wi, then

§ L X|B;X and Y L X|B)X. (4

In other words, B(’i X carries all X information about both §and Y, and creates both
propensity balance and prognostics balance. We refer to 5,= B;l X as the effective double
balancing score. In Example 1, S;={(X5+X3)/ V2, X1, X4} is the same as Sy.

Remark 1—As shown by (1) and (2), so long as either independence in (4) holds, Sq is a
balancing score satisfying the conditional balance (3). It is for this reason that we refer to Sy
as the effective double balancing score.

In summary, both the effective prognostic score and the effective double balancing score
have the properties

Y L6S and Y LX|S.

The first property implies E(Y | S) = E(Y | S, 6= 1), which ensures unbiased estimation of
E(Y) via S from the complete cases. The second property implies that S carries all X
information about the response, which ensures efficient estimation of E(Y) via S. The
effective propensity score possesses only the first property and is not as efficient as the other
two. We will show in 83 and 84 that Sy can improve over Sy under certain situations.
Without loss of generality, we assume E(X) = 0 and cov(X) = I, the identity matrix.

2-2. Estimation of effective balancing score

To find the effective balancing scores is to find the effective directions: the effective
directions of < for the effective propensity score and the effective directions of ¢ for the
effective prognostic score. For the effective double balancing score, we need the effective
directions of e,
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Remark 2—Under missingness at random, there is the relationship Sevix = Sax for
continuous response Y. The effective directions of s«vix can be estimated through the
univariate response &Y. A similar approach applies if Y is categorical. See Appendix 1.

There are many dimension reduction methods for estimating the effective directions. The
most fundamental methods are the sliced inverse regression (Li, 1991) and the sliced
average variance estimation (Cook & Weisberg, 1991). Both methods are developed under
the linearity condition; that is, E(X | B’X) is a linear function of B’X. Many new methods
have been developed to improve over these two. To improve estimation efficiency, there are
the likelihood based methods of Cook (2007), Cook & Forzani (2008) and Cook & Forzani
(2009). To relax the distribution assumption, Li & Dong (2009) and Dong & Li (2010)
proposed methods to remove the linearity condition, and Ma & Zhu (2012) successfully
applied a semiparametric approach to eliminate all distributional assumptions. These
methods lead to root-n consistent estimates under proper conditions. As to be shown in
Theorem 2, the proposed estimation of E(Y) requires only the effective direction estimates to
be root-n consistent. In this work, we adopt the fitted principal component method of Cook
(2007) in the numerical studies unless stated otherwise. More information about these
dimension reduction methods is given in 86.

Remark 3—Under missingness at random, there is the relationship

 syyx =span(y v, Sy x)

(68Y 51X Y|X

following Chiaromonte et al. (2002). That is, the effective directions of s« include both
the effective directions of s and the effective directions of &,

In addition to the method in Remark 2, Remark 3 suggests a pooling method for the
effective directions of s«»ix. Since dand Y are mostly related, there is likely overlap between
s and $vx, Therefore, the pooling method needs to be followed by such a method as Gram-
Schmidt’s orthogonolization to remove redundancy.

3. Mean response estimation via effective balancing score

In this section, let S stand for the effective balancing score and B the matrix of effective
directions. We first consider B as known and later investigate the impact from the estimation
of B. As S = B’X consists of linear combinations of X, it is always observed. As B has
columns of orthonormal vectors, S has the identity covariance matrix. Since S carries all X
information about the missingness or the response, we can use S € RX instead of X € RP for
the estimation of E(Y) through stratification or nonparametric regression. In this work, we
focus on nonparametric regression.

3:1. Nonparametric regression via effective balancing score

Let m(S) = E(Y | S) be the conditional mean response given the effective balancing score,
then E(Y) = E{m(S)} can be estimated through the estimation of m(S). To obviate model
specification, we estimate m(-) by nonparametric kernel regression (Silverman, 1986)
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m(s):Z@yi%/H (si—s)/Z&»%/H (5i—5), (5)
=1 i=1

where Sj = B’X;, £#(u) = det(H)™1 x£(H™1u) for u = (uy, -, uk) with H the bandwidth matrix
and £(-) the kernel function. Since S has identity covariance, we take H = h,lx with h,, a
scalar bandwidth (Hardle et al., 2004). We then estimate E(Y) by

ﬂ:nilzm(si). 6)
i=1

We refer to as the nonparametric regression via effective balancing score estimator, or
briefly the nonparametric balancing score estimator. By the result of Devroye & Wagner
(1980), m(s) converges in probability to E(8Y | S)/E(S] s). It is immediate from (3) that E(SY |
s) = E(5| s)E(Y | s). Therefore, m(S) converges in probability to m(s), and consequently (6) to
u = E(Y).

Theorem 1—Under the regularity conditions, the nonparametric balancing score estimator
u is asymptotically normally distributed. If as n — oo, hy — 0 and nAX — o, then

n*?(p—p) — N (0,02)
with
o=var(Y)+E [{n(S) ' —1}var(Y|S)].

where 7(S) = E(5] S).

For S =Sy or S = Sy, due to (2) and (4), we have Y L X | Sand thus var(Y | S) = var(Y | X). It
follows that

ol=var(Y)+E [{W(X)_l—l}var(Y|X)} ,

, which is the optimal efficiency for the semiparametric estimators of E(Y), see Hahn (1998).
This means that the nonparametric balancing score estimation via Sy or Sy is both consistent
and optimally efficient. For S = Sg, as var(Y | S) = var(Y | X), the optimal efficiency may not

be reached.

Theorem 2—With B replaced by its root-n consistent estimate B,Athe nonparametric
balancing score estimators have the same asymptotic properties as in Theorem 1.
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Proof of Theorem 1 and 2 are given in the Appendix. Due to Theorem 2, we will use S, Sy,
and Sy for the effective balancing scores whether B is known or estimated.

3-2. Dimension of effective balancing score

To determine the dimension of the effective balancing score is to determine K, the number
of effective directions. A simple approach is the sequential permutation test of Cook & Yin
(2001).

The dimension of the effective balancing score affects performance of the proposed
estimator through nonparametric regression (5). Following Theorem 1, the impact from
nonparametric regression is asymptotically negligible for h, ~ n ¢ with 0 < a < 1/K. For
larger K, selection of hy, is more constrained as « falls in a narrower range. More

specifically, nonparametric regression introduges bias n2 2% and variance (n2p X )_1'1/ to p,A
see Appendix 2. The mean squared error of i is minimized at hop ~ n ~2/(K+4) At hgpy, the
asymptotic variance is n =1 o2 + n 8/(K*4) v_|f K < 3, pt is root-n consistent and the variance
from nonparametric regression is asymptotically negligible. If K =4, u is root-n consistent
but the variance from nonparametric regression is not asymptotically negligible. If K> 4, u )
converges slower than n=1/2, 1deally, we would like S of dimension no more than 3 to reach
the minimum mean squared error, root-n consistency, and negligible impact from
nonparametric regression. Note that without dimension reduction; that is, S = X € RP, the
proposed estimator reduces to the nonparametric regression estimation of Cheng (1994)
which can perform poorly for large p.

We compare the three effective balancing scores. The effective double balancing score and
effective prognostic score improve over the effective propensity score, as Sy and Sy lead to
more efficient estimation than Ssas shown by Theorem 1. The effective double balancing
score can improve over the effective prognostic score when v is more than three-
dimensional but s is less than three-dimensional. Here is a hypothetical example. Suppose
svx has 5 effective directions, s+ has one effective direction, and Bq = (B, By) has the
effective propensity direction Bsas the most important. To maintain conditional balance (3),
Sy needs to be of dimension 5. For Sy, we can use only the first three components: while the
first component ensures conditional balance and thus consistency, the other two components
enhance efficiency.

We can use S*=(3, X, 3, X, 3, X) in case of K > 3, which shows generally good
performance in numerical studies. Most dimension reduction methods estimate /’s as the
eigenvectors of a kernel matrix, and the corresponding eigenvalue A, reflects the amount of

X information carried by ﬂ,;X, see §6. When the first three components carry enough X
information in the sense that (11 + Ay + A3)/(41 + -+, Ak) is no less than 0.90, S* leads to
good estimation. We refer to S™ as the dimension further reduced effective score. If K > 3
and the first three components carry a low percentage of X information, which rarely
happens in practice, we can use generalized additive modeling for the estimation of E(Y | S).
That is, instead of the multivariate kernel regression (5), E(Y | S) is estimated through the

additive model Y=g, (3, X)+ - - - +35 (ﬂ;,X)an, where each g is nonparametric and
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estimated by smoothing on a single coordinate, see Hastie & Tibshirani (1986). Though the
generalized additive model is a bit restrictive by assuming the additivity, it relieves the curse
of dimensionality that hinders multivariate kernel regression when K is big.

3-3. Estimation procedure

Step 1. Estimate the effective directions B and determine the dimension K;

Step 2. If K < 3, compute the effective balancing score S = B’f(; if K>3, let
S5*=(8, X, 8,X, 3,X) be the dimension further reduced effective score;

Step 3. Estimate E(Y) by nonparametric regression via the effective balancing score S or
the dimension further reduced effective score S™.

For bandwidth selection, the optimal bandwidth is hop; ~ n~2(<*4) which minimizes the
mean squared error of p and can be estimated by the plug in method (Fan & Marron, 1992),
see Appendix 2. This optimal bandwidth is smaller than the conventional bandwidth h,, ~n
~U(K+4) which is optimal for the estimation of conditional mean m(S) (Hardle et al., 2004).
At the conventional bandwidth, though the proposed estimator does not attain the minimal
mean squared error, the bias and variance from nonparametric regression are asymptotically
negligible. Therefore, when the sample size is large, we can use the conventional bandwidth
which is easier to determine (Sheather & Jones, 1991).

For variance estimation, we can use the asymptotic variance formula in Theorem 1. The
asymptotic variance leaves out the negligible terms; that is, the variability introduced by the
estimation of the effective directions and the nonparametric regression of m(S). We
recommend bootstrap for variance estimation: bootstrap n samples from the original triplets
{(Yi, X;, &) :i=1, -, n} with replacement; compute the nonparametric balancing score
estimate u(® over the bootstrapped data {(Y;, X;, &)® : i =1, -, n}: repeat these two steps
many times and use the sample variance of u(B) as the estimate of var(u).A The bootstrap
estimate includes all sources of variation.

4. Numerical Studies

We investigate the numerical performance of the proposed estimators: |J§AUSES the effective
propensity score, pYAuses the effective prognostic score, and pdAuses the effective double
balancing score. Also computed are the commonly used model based estimators: the
parametric regression estimation pr;g, the inverse propensity weighted estimator pi;W, and
the augmented inverse propensity weighted estimator pa;pw. In the model based estimations,
we use linear regression for m(X) and linear logistic regression for 7(X). In all simulations,
200 datasets with n = 200 or n = 1000 are used.

In simulation 1, X = (Xq, -+, X10) has components of independent N(0, 1), 7= expit(X;) and
Y = 3X; + 5X5 + e with £ of independent N(O, 1). Estimation results are in Table 1. With
m(X) linear and 7(X) logistic linear, both working models are correct for the model based
estimations. We see the nonparametric balancing score estimators have comparable
performance to the model based estimators. Due to adoption of the nonparametric
procedures, additional bias and variation are introduced to the proposed estimators.
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However, the additional bias and variation diminish as sample size gets large. The
estimators py  and Ug  reach the optimal efficiency, and 5 is less efficient. The last
observation agrees with the discussion following Theorem 1.

In simulation 2, X = (X4, -+, X10) has components of independent N(0, 1), 7=
expit{exp(Xp)} and Y = (X4 X3)—10X3 +5exp(Xy+X5)— X3( X4+ X5)+e With £ of
independent N(O, 1). Estimation results are in Table 2. As m(X) is nonlinear and 7(X) is log-
logistic, the working models are incorrect and we see large bias in the model based
estimators. The nonparametric balancing score estimators show negligible bias and good
efficiency.

In this simulation, s has one effective direction, ¢ has four effective directions, and ey
has four effective directions. For uYAand udA, we use only the first three components of the
estimated Sy and Syq. Among its first three components, Sq has X, as information conveyer
for dand the other two components as primary information conveyers for Y. Therefore, the
dimension reduced score 5 still maintains the conditional balance (3) and leads to
consistent estimate with good efficiency. For Sy, its first three components carry around

93% X information about Y. The dimension reduced score S* does not maintain the
conditional balance, but it conveys enough X information for the proposed estimation: uY
has much smaller bias and is more stable than the model based estimators. This simulation
also shows that udAcan outperform pgAand uYA: it outperforms the former in efficiency and the
latter in consistency.

Dimension reduction methods are mostly developed under certain distributional
assumptions. It is thus worth investigating robustness of the proposed estimation to the
distribution assumptions under which the effective directions are estimated. For this
purpose, we have the following simulation. In simulation 3, Z;, -+, Z4 are independent N(O,
1), m=expit(=Z1 + 0.5Z,-0.25Z3-0.1Z4), and Y = 210 + 4Z; + 2Z, + 2Z3 + Z4 + &. Suppose
the covariates actually observed are X = exp(Z1/2), Xo = Zo/(1 + exp(Z1)), X3 = (Z1Z3/25 +
0.6)3, X4 = (Z3 + Z4 + 20)2, X5 = X3X4, and Xg, -+, X1 of independent uniform (0, 1). This
setup mimics that of Kang & Schafer (2007). Here we use the sliced inverse regression to
estimate the effective directions, even though X does not satisfy the linearity condition, to
explore robustness.

Estimation results are in Table 3. Here we see that the proposed estimation is quite robust to
mild violation of the linearity condition. This is not surprising, as sliced inverse regression is
not sensitive to the linearity condition (Li, 1991). The effective balancing scores are all 4-
dimensional, and we use the dimension reduced effective scores in the proposed estimation.
Though the dimension reduced effective scores lose some X information, the proposed
estimators still outperform the model based estimators. The inverse propensity weighting
estimator pi;W has huge bias and variability, demonstrating the instability associated with
inverse propensity weighting. The doubly robust estimator ua;pw has poor performance,
exemplifying the drawback of doubly robust estimators whose performance relies on model
specification.

Biometrika. Author manuscript; available in PMC 2015 September 01.



1duosnue Joyiny 1duosnue Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Hu et al.

Page 10

In summary, the proposed estimators have comparable performance to the model based
estimators when the parametric models are correctly specified, and outperform the model
based estimators otherwise. The proposed estimators also show roughly root-n consistency.
When the effective balancing score is more than three dimensional, its first three
components lead to good estimate.

5. Application

We demonstrate the proposed estimation by an Human Immunodeficiency Virus study,
where 820 infected patients received combination antiretroviral therapy and had baseline
characteristics measured prior to therapy, see Matthews et al. (2011). The baseline
characteristics included weight, body mass index, age, CD4 counts, HIV viral load,
hemoglobin, platelet, SGPT, and albumin. We are interested in the CD4 counts 96 weeks
post therapy. Due to drop out and death, around 50% patients were lost to follow-up at 96
weeks. It is plausible to assume missing at random; that is, whether a patient stayed in the
study depended on his/her baseline characteristics. In this study, X is the vector of baseline
characteristics and Y is the CD4 counts at 96 weeks. Our interest is the mean CD4 count
E(Y).

We first fit the response pattern m(X) = E(Y | X) by linear regression and the propensity

score 7(X) = Pr(5= 1| X) by linear logistic regression. Figure 1 shows poor fit of m(X) and T
(X). With X of dimension 9, it is nearly impossible to try out all possible higher order terms
for m(X) and #(X). This casts doubt on the reliability of model based estimators. We turn to
the effective balancing scores for the estimation of E(Y).

The estimates of E(Y) are in Table 4, where the standard deviations are estimated by
bootstrap with 200 replications. In the proposed estimation, the effective propensity score
Ss: is 1-dimensional, the effective prognostic score Sy and the effective double balancing
score Sq are 2-dimensional, where the dimensions are determined by the sequential
permutation test (Cook & Yin, 2001).

Diagnostic analysis indicates overlapping of s and ¢x. More specifically, the first effective
direction of ~ and that of < are close, both close to the first effective direction of S«vix. As
the first effective direction of ¢« conveys about 70% X information about Y, the three
nonparametric balancing score estimates are quite close. The inverse propensity weighting
estimator m;W shows big bias and variability due to the poor fit of 7z(5() and the sensitivity
associated with inverse weighting. In spite of the poor fit of m(X), the regression estimator

- . . .. . - —1 n A~
Hreg Se€ms to have little bias. This is because the bias of pireg is 7 Zizl{m(Xi)—m(Xi)},
and averaging over the samples can sometimes mitigate the point-wise bias in m(X).

6. Discussion

Most dimension reduction methods recover B = (4, -+, fk) as the eigenvectors of a kernel
matrix. The sliced inverse regression takes cov{E(X | ®)} as the kernel matrix and the sliced
average variance estimation uses E[{l — cov(X | ®)}?], both estimated through slicing the
response R. The eigenvectors corresponding to the K largest eigenvalues are the estimates.
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Both methods give root-n consistent estimates under the linearity condition, which is
satisfied if X has an elliptically symmetric distribution. The sliced average variance
additionally assumes cov(X | B’X) to be constant.

The principal fitted component method of Cook (2007) is an extension of the sliced inverse
regression. The method first finds a basis function Fy = {f1(y), -, fr(y)} for the inverse
regression X | Y, and then estimates the effective directions through Pg X, the projection of X
onto the subspace spanned by Fy. Though derived from normal likelihood function, the
method is not tied to normality. It has “double robustness” in the sense that root-n
consistency is attained under either normality or Fy is well correlated to E(X | Y).
Appropriate selection of Fy allows more effective utilization of the inverse regression
information than the sliced inverse regression. Approaches for finding Fy include the inverse
response plot of X versus Y (Cook, 1998), spline basis, and inverse slicing. When the inverse
regression X | Y has isotropic errors, estimates of 5, -+, fk are simply the K largest
eigenvectors of cov(Pg X). Cook (2007), Cook & Forzani (2008) and Cook & Forzani
(2009) give details about this method under various scenarios. Ding & Cook (2013) further
extends this method to matrix-valued covariates.

Recently, Ma & Zhu (2012) proposed the semiparametric dimension reduction method. It is
the only method that requires no distributional assumptions for root-n consistency. The
estimation of B = (f3, -+, ) is from an estimating equation derived from a semiparametric
influence function. By appropriately defining the terms in the influence function, this
semiparametric method includes many dimension reduction methods as special cases. For
example, one estimating equation takes the form

E ([E(X|Y)-E{E(X|Y)|BT X }{X~E(X|B"X)}")=0,

which reduces to the sliced inverse regression under the linearity condition. Consistency is
achieved if either E(- | Y) or E(- | BT X) is correctly specified, and nonparametric regression
is proposed for estimating the two conditional means to circumvent model specification.
This method can also handle categorial covariates so long as at least one covariate is
continuous. This is a powerful method for dimension reduction but involves intensive
computation.

As mentioned in 82, any root-n consistent dimension reduction method is good for finding
the effective directions in the proposed method. We can pick a method of our convenience
so long as the distributional assumptions are satisfied.
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Appendix 1. Proof for =

Denote By as the basis for s«vix and By« as the basis for s»x. From (4),
§ L X|ByX, Y 1X|B,X.
It follows that §Y" | X| B, X and S C e,
Note that
Pr(6=0|X)=Pr(5Y =0| X )—Pr(Y =0, =1|X)=Pr(§Y =0/ X),

where the second equation is due to Pr(Y = 0| X) = 0 for Y continuous. Since By is the basis

for v, the right hand side of the above equation is a function of B/, _x. Thus § 1 X|B), X
and Six C S,

Note that
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Pr(Y <y,0=1|X)=Pr(¢Y < y|X)—Pr(6=0|X)I(y <0), and
Pr(Y < y,6=1|X)=Pr(Y < y|X)Pr(6=1]|X).

The second equation is true due to missing at random. In the above equations, Pr(dY <y | X)
is a function of B;*X as By~ is the basis for S+, Pr(6= 0| X) and Pr(5= 1| X) are functions
of B;*X as s C swx, Therefore, Pr(Y <y | X) is a function of B;*X. It follows that

Y L X|By, X and S C S,

As S C Swx and S C oo it follows from Remark 2 that Sevix C S,

If Y is categorical, we can perform a shift transformation Y* = Y + ¢ such that Y* > 0. It

follows that Sevix = Sevox = S,

Appendix 2. Proof of Theorem 1
Theorem 1 is developed under the following regularity conditions:

1. The kernel function satisfies: fu x(u)du =0, [ uu £(u)du = **l,, and [ x*(u)du
= 7k, with 7 < oo and 7« < oo.

2. 7(x) is bounded away from 0.
3. The density of x is bounded away from 0.

We write nY2(i - ) as
with

A,=n~! :zn:lm(Si)—/,L,
B=n"1 Y B{in(S)~m(S)|:},
i=1
Cn:n_ly'zzl 7a(S;)—m(Ss)— E{i(S;)—m(S;)| 63},

3

where o = {(X;, Y}, &) : j # i}. It is obvious that n'/2A,, converges in distribution to N (0,

var{m(S)}).

By (5),

M(Si)=n""Y 8555, (Si=85)n Y 8K, (Si—S;),

Jj=1 Jj=1
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with ”_12]»:151% (8i—5;3)=m(5:) f (Si)+0p(1) and f(s) the density of S. It follows that

1Ny K (Si= )Y —m(S;
Pn= ]z::lé]E[ m(Si) f(Si)

1 61{140,(1)).

Similar to the argument for Theorem 2.1 of Cheng (1994), it can be shown that
Vn(B,—B})=0,(1) with

s Y;—m(S;)
Bi=n"1y ¢, L "I
2

T

Due to conditional independence (3), .'/2B* converges in distribution to N (0, E{var(Y |

)/ A(S)}).

For Cp, E(Cp) = 0 and nE(C2) < E[{#m(S)—m(S)}2]=0({tr(HHT)} +{ndet(H)} ),
thus Cp, = 0p(n"%2). As A, and B are independent, n'/2(i — ) is asymptotically normal of
mean 0 and variance var{m(S)} + E{var(Y | S)/#(S)}.

Following Ruppert & Wand (1994), the negligible terms involving H are

E(B,) =B{1i(8)~m(S)}=btr{HT A, (S)H]},
n{var(C,)}  =E[{m(S)-m($)}*)={ndet(H)} 'E [var(Y|S){£(S)m($)} )7

With H = hylg, E(B,)=h22% and n{var(C,)}=(nhX) "' ¥,

B :%tr{Am(S)},
¥V =E[var(Y[S){f(S)n(S)} |7,

In the above expressions, A,,,(S)=E{#,(S)+2V 1, (S)V /7 f(S)}7,. Where Vp(s) and
Hw(S) stand for the gradient and the Hessian matrix of m(s), respectively, V4 7f(s) = {#(s)
Vi (S) + VS)f(S)H{A(s)I{ n(s)f(s)} with V(s) and V% (s) the gradients of 7(s) and f (s),
respectively.

The mean squared error is
E{(ﬂ—p)z}:hi,@z—l—(nzhn)7K“//—|—n*102.

The optimal bandwidth, which minimizes the mean squared error, is
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Ropi={ K7 /(428%)} /D=2 00,

which can be estimated by the plug-in method.

Appendix 3. Proof of Theorem 2

Denote the proposed estimator under B,Athe root-n estimate of B, as /; which is given as in
(6) except that

W(Si)=n""Y 0¥, (8i=85) /ntY_0;,,(8i-5;),
j=1 j=1

with $= BX.

The difference between 7 and comes from that between (Si—Sj and .7, (ﬁi—ﬁj). With

H = hnlk, #;, (Si—S;)=h, K #{(S;—S;)/hn} and #;, (S;—S;)=h, K #{(5:=S;)/hn }-
The latter can be further written as

S;—S; (B—B)(X;—X,
hnK%( Zh, iy )}E i .7))7

At optimal bandwidth h, ~ n"2/(<+4) and B - B = Op(n~*2), the second term inside the

kernel function is O{n~K/(2K*8)} = o;(n"1/2). It follows that \/n (fi—fz)~o,(1), and f is
asymptotically equivalent to .
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Fig. 1.

Parametric fit to the response and the missingness. On the left is the observed response
versus the fitted response from linear regression. On the right is the box plot of the fitted
propensity score from linear logistic regression: 0 for the subjects with Y missing and 1 for
the subjects with Y observed.

Biometrika. Author manuscript; available in PMC 2015 September 01.



Page 18

Hu et al.

Author Manuscript

§GG66 096 996 SG96 096 996
610 ¥¢0 6T0 020 0¢0 Vveo
610 €0 6T0 020 0¢0 €20
610 €0 6T0 6T0 0C0 €20
000 ¢00 000 SO0 w00 <00
066 096 0S6 GSS6 O0¥V6 996
er’0 190 ¢€¥0 8¥0 S¥0 €90
€0 850 €¥0 9¥0 vr0o LSO
€y’0 850 ¢v0 S¥0 EY0 LS0
€0'0- 000 ¥00- 600 600 ¥00
mdreyy mdiyy Baip P A n

dd
asa
S
as
selg 000 =U
do
as3
ES
as
selg 00z=u

‘suonealjdal 00z Yum desisiooq Wods [eAIsiul 82UsPIFUOI %466 aUl JO (dD) abriusaiad abeianod pue
(@s3) uoneinap plepurels payewnss ayl pue ‘(3ISINY) J0aia patenbs ueaw 1004 ‘(QS) uoneIASp plepurls ‘(seig) seiq 01D 3UOA ;T UOIRINWIS 10} S} NSy

T alqel

Author Manuscript

Author Manuscript

Author Manuscript

Biometrika. Author manuscript; available in PMC 2015 September 01.



Page 19

Hu et al.

Author Manuscript

0'¢8 §'08 088 09 G956 066
¢S, 6v'L 16'€ 99¢ [9€ €8¢
60'ST YI'ST 6V €€ B8EE 98¢
S¥'0T L90T 90 <¢€€ 8EE€ 98¢
88'0T- v.0T- 16T ¥00 TT0 900
0'v6 §'€6 08. G¢6 0¢6 9€6
96'9T 69¢T S¥’. G€8 G688 0C6
S6'v¢ ¥9'sc 056 16, L¥'8 088
€8'€C Sy've 868 16. L¥'8 088
6€'L- ¢L’l—  ¢rT'e 900 ¥T0 800
ndiey miy B b Ad o

dd
asa
S
as
selg 000 =U
do
as3
ES
as
selg 00z=u

‘suonealjdal 00z Yum desisiooq Wods [eAIsiul 82UsPIFUOI %466 aUl JO (dD) abriusaiad abeianod pue
(@s3) uoneinap plepurels payewnss ayl pue ‘(3ISINY) J0aia patenbs ueaw 1004 ‘(QS) uoneIASP plepurls ‘(seig) seiq 0]1eD 3UOA g UoIRINWIS 10} S} NSy

¢ ?olgel

Author Manuscript

Author Manuscript

Author Manuscript

Biometrika. Author manuscript; available in PMC 2015 September 01.



Page 20

Hu et al.

¢8L  c6e8c S€0 T  ¢0  ¥C0  ISWNY

879 900TT €20 6T0 610 020 as

8¢v- ¢L19¢ [L¢0 600- L0O ¥1°0- selg Q00T =u
O0cy Ge80€ L[S0 v¥'0 €¥0 €50 ISNY

e €¥8T 9¥0 <¥0 2Z¥'0 0S50 as

0L¢- T¢lve €0 ¢10- 800 LT0- seig 00c=u
mdreyy mdip Baiy P Arl o

(3SINY) Jo.ua pasenbs ueaw 1004 ‘(dS) uoneIASp piepuels ‘(selg) selq ojJeD 3UOIA € UOIR|NWIS 10) S1Nsay

€9l|qel

Author Manuscript Author Manuscript Author Manuscript

Author Manuscript

Biometrika. Author manuscript; available in PMC 2015 September 01.



Page 21

Hu et al.

6'8 ¢'ee '8 8'8 8'8 9'8 as
G'8¢€ 9089 tv'¢ce 0€CE €€E L'gee 8lewnsy

mdrey mdiyy Baiy P A o

-mdrery jo1ewinse BunyBiam Ansuadoud asianul pajuswbne ayy pue 08 Jjojewnse

uoissaiBas oy “MA Jorewnse Bunybram Ansuadoad asieaur ayy ‘Pl pue ‘Arl r Jojewnss pesodoid ay) :$39aM 96 e SIUN0I FAD UBsW JO Sajews

v alqel

Author Manuscript Author Manuscript Author Manuscript Author Manuscript

Biometrika. Author manuscript; available in PMC 2015 September 01.



