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We have investigated the Lamb wave propagation in cellular metamaterial plates constructed by
bending-dominated and stretch-dominated unit-cells with the stiffness differed by orders of magnitude at
an ultralow density. The simulation results show that ultralight metamaterial plates with textured stubs
deposited on the surface can support strong local resonances for both symmetric and anti-symmetric modes
at low frequencies, where Lamb waves at the resonance frequencies are highly localized in the vibrating
stubs. The resonance frequency is very sensitive to the geometry of textured stubs. By reasonable design of
the geometry of resonant elements, we establish a simple loaded-bar model with the array of oscillators
having a gradient relative density (or weight) that can support multiple local resonances, which permits the
feasibility of a broadband Lamb wave trapping. Our study could be potentially significant in designing
ingenious weight-efficient acoustic devices for practical applications, such as shock absorption, cushioning,
and vibrations traffic, etc.

O
ver the past two decades, the propagation of acoustic waves in highly dispersive materials, such as
phononic crystals and acoustic metamaterials, has been intensely studied due to the possibilities of
existing acoustic band gaps1–3 as well as anomalous dispersions associated with Dirac-like cones4,5

and near zero6–12 or negative13,14 group velocities. Artificial materials with these intriguing properties have found
myriad potential applications, such as acoustic cloaking15–19, vibration isolation20–25, wave guiding26,27, acoustic
energy filtering and trapping12,28–30, etc. For the constituent material of phononic crystals and metamaterials with
contrasted properties, it is normal that stiff material has a larger mass density than that of soft one. However, it is
exceptional that one material and its allotropic form of comparable densities can have very different elastic
properties due to the rather different configurations on the molecular level. In nature, there are two well-known
allotropes of carbon: graphite and diamond31. In graphite, carbon atoms are bonded to form a two-dimensional
(2D) network composed of hexagonal rings, and the resulting 2D sheets are loosely stacked via van der Waals
forces. That weak bonding force between stacking sheets will lead to the crystalline instability. While in the more
compact allotrope diamond, each carbon atom is bonded tetrahedrally to four other atoms, thus building up a
topologically stable three-dimensional (3D) network that forms the most rigid material in nature to the best
knowledge. Analogously, we can find a way to achieve ultralight metamaterials of widely varying elastic properties
by evolving topologically stable and unstable cellular frameworks32–35. Exploration of elastic wave propagation in
such composite cellular structures offers a new door to acoustic metamaterials with rich physics and useful
functionalities, where ingenious weight-efficient acoustic devices can be designed for practical applications, such
as shocking absorption, cushioning, and vibrations traffic, etc.

Results
For simplicity, we only consider 2D cellular structures with two typical unit-cells which are named bending-
dominated (BD) structure and stretch-dominated (SD) structure, respectively, as schematically shown in Figs. 1
(a) and 1(b). For the two square unit-cells, lengths of each side are LBD and LSD, and the thicknesses of bars are tBD

and tSD, except for the additional crossing bars in the SD structured unit-cell with the thickness being tSD

. ffiffiffi
2
p

. We

choose steel as the constituent material for which the material density, longitudinal wave velocity, and transverse
wave velocity are rs 5 7850 kg/m3, cl 5 6145 m/s, and ct 5 3095 m/s, respectively. It needs to be mentioned that
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the fabrication of cellular steel frameworks can be made possibly by
projection microstereolithography or 3D metal printing35. The rela-
tive densities of BD and SD structured unit-cells in Figs. 1(a) and 1(b)
are concisely expressed as

�rBD~
4LBDtBD{4t2

BD

L2
BD

ð1Þ

and

�rSD~
6LSDtSD{9t2

SD

L2
SD

ð2Þ

Here, the relative density is defined by the density of cellular struc-
tures over the density of steel, where the detailed derivations can be
found in the Supplementary Information. In the following simula-
tions, we set LBD 5 LSD 5 L 5 2 mm as an example, with the
thicknesses of bars tBD and tSD both tunable parameters for tailoring
the relative densities of BD and SD structured unit-cells.

The BD and SD structured unit-cells can be further simplified into
pin-jointed frameworks with locked joints, which are shown in
Figs. 1(c) and 1(d), respectively. Their topological stability can be
judged by a simple yet fundamental rule: Maxwell’s stability criterion35:

M~s{2jz3
§0 , stable

v0 , unstable

�
ð3Þ

where s and j are the numbers of struts and joints. For the BD struc-
tured unit-cell [Fig. 1(c)], M 5 21 , 0, according to Eq. (3). As a
consequence, the unit-cell is topologically unstable, where bars in this
structure will bend easily under the action of an external force.
However, for the SD structured unit-cell [Fig. 1(d)], M 5 1 . 0.
The structure becomes both statically and kinematically determinate,
indicating the SD structure is much stiffer than BD one in the pre-
scribed directions due to the fact that the crossing bars can carry
tension or compression when an external force is applied.

In elastic mechanics, the stiffness of a solid material can be char-
acterized by its elastic moduli or the associated elastic wave velocities.
In order to investigate the effective mechanical properties of BD and
SD structures in the long wavelength condition, we have calculated the
band structures of 2D periodic superlattices with BD and SD struc-
tured unit-cells, and further obtained the effective longitudinal and
transverse wave velocities in all directions by using nl(t) 5 vl(t)/kl(t),

where kl(t) R 0. During the calculation, the relative densities of
BD and SD structures are set to be �rBD~�rSD~�r~0:19, while the
magnitude of Bloch wave vector jkl(t)j is 0.02p/L. It is noted that the
Bloch wavelength ll(t) 5 2p/jkl(t)j5 100L is much larger than the size
of unit-cells (side length: L). Therefore, the BD and SD structures can
be regarded as homogeneous metamaterials for the propagating
elastic waves at low frequencies. The effective longitudinal and trans-
verse wave velocities of BD and SD structures in all directions are
displayed in Fig. 2(a), where the 0uand 45u represent C-X and C-M
directions, respectively. It clearly reveals that the wave velocities in
BD structured metamaterial have much greater variation along with
different directions than those in SD one. It denotes the BD structure
is much more anisotropic than the SD structure. Specifically, in the
C-X direction, the transverse wave velocity of SD structured meta-
material is over one order of magnitude larger than that of BD struc-
tured one, indicating the BD structured metamaterial is much more
flexible in this case. We then set our focus on the C-X direction and
map out the relation between the ratio of effective shear modulus
meff(SD)/meff(BD). (here meff ~rs�rv2

t for both BD and SD structured
metamaterials) and relative density in Fig. 2(b). It is interesting to find
out that the contrast of meff will rapidly increase as the relative density
decreases. For example, at an ultralow relative density �r~0:06, the
ratio of meff between SD and BD structured metamaterials can be as
large as , 332. These two cellular metamaterials with different topol-
ogies exhibit a remarkable stiffness contrast at low densities, which
provides a unique route towards the next generation of ultralight
acoustic devices for various wave manipulation applications.

Taking advantage of the great contrast of effective shear moduli in
the C-X direction of metamaterials with SD and BD structured unit-
cells, we can construct locally resonant elements by purposely assem-
bling these two typical unit-cells. The resonant element is shown
schematically in Fig. 3(a), which is featured by 5 3 3 arrayed SD
structured unit-cells in the substrate, with a pair of composite stubs
made of a 1 3 3 SD structured cap on a 1 3 3 BD structured base
deposited on both sides of the substrate. The geometrical parameters
of SD and BD structured unit-cells are the same as those presented in
Fig. 2(a). Since the SD structured cap is much less flexible than the
BD structured base, this composite stub can be regarded as a res-
onator where a stiff load is fixed at the end of a soft bar, viz. a loaded-
bar system10. Due to the strong coupling of Lamb waves propagating
in the substrate and the local resonances of the composite stub pairs,
several flat bands in low frequencies can be clearly observed in the
band structure as shown in Fig. 3(b). All these flat bands are the
mixtures of two degenerate resonant modes: anti-symmetry modes
(A) and symmetry modes (S).

To give an intuitive understanding of the local resonances in the
system, we have plotted in Figs. 3(c) and 3(d) the displacement field
distributions of eigenmodes [marked by A0 and S0 in Fig. 3(b)] at the
lowest flat band near the edge of the Brillouin zone to present how the
composite stubs vibrate under those conditions. The eigenfield dis-
tribution of A0 mode shows that the composite stubs on two sides of
the substrate plate are vibrating out-of-phase. While for S0 mode, the
vibrations of two stubs are in-phase. For each vibrating composite
stub, it gives a remarkable resemblance to the first-order bending
mode in a loaded-bar system. The phase differences between the two
degenerate resonant modes are actually originated from the vibration
features of anti-symmetry and symmetry Lamb wave modes10. Since
the SD structured cap is viewed as the mass load, its density or weight
will greatly influence the resonance frequency. The dependence of
resonance frequency on the relative density of SD structured caps is
sketched in Fig. 3(e). It distinctly reveals that the resonance fre-
quency is very sensitive to the density of SD caps, especially in the
lower density situation. In the lower density region (,0.2), the res-
onance frequencies of A0 mode and S0 mode have a small discrep-
ancy. However, as the relative density of the caps increases (or
becomes heavier), these two modes will eventually be degenerate.

Figure 1 | The schematic diagram of two typical unit-cells. Unit-cells of

(a) the bending-dominated (BD) structure and (b) the stretch-dominated

(SD) structure. Pin-jointed frameworks of (c) the BD structure and (d) the

SD structure for analyzing the stability of cellular unit-cells. The inset is the

irreducible Brillouin zone.
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Figure 2 | Effective mechanical properties of the cellular metamaterials. (a) The effective elastic wave velocities for cellular metamaterials of the BD

structure (longitudinal: red solid line, transverse: black solid line) and the SD structure (longitudinal: pink dashed line, transverse: blue dashed line) along

different directions, where the relative density is 0.19 for both cases. (b) The ratio of effective shear modulus of the SD structure to the BD structure versus

the relative density of cellular metamaterials along the direction C-X.

Figure 3 | Eigenmodes and eigenfields of cellular metamaterial plates with periodic composite stubs. (a) One unit-cell of cellular metamaterial plates

with a pair of stubs, where the lattice constant a 5 5L 5 10 mm. The unit-cells are periodically arrayed in x-direction, whose band structure is calculated

in (b). For the lowest locally resonant eigenmodes marked by an arrow in (b), the displacement eigenfield distributions with scaled deformations are

shown in (c): anti-symmetry mode (A0) and (d): symmetry mode (S0), respectively. (e) The resonance frequencies of A0 mode and S0 mode versus the

relative density of SD caps in the composite stubs. Here and hereafter, the frequency is normalized by 2pct/a.
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Thanks to the zero group velocities of the flat bands as well as its
sensibility to the resonator geometries, a judicious design of a tailored
resonant element array is possible to achieve Lamb wave trapping,
with some intriguing properties: trapping vibrations in a deep sub-
wavelength scale, in a broad frequency band, and for both anti-sym-
metric and symmetric modes.

In previous works, many plate systems with stubbed surfaces
were employed to achieve broadband Lamb wave23 or surface wave
trapping12. In our case, the cellular metamaterial plate for broadband
Lamb wave trapping is shown in Fig. 4(a), which consists of an array
of resonant elements in Fig. 3(a) with tailored properties along the x-
direction. The resonant elements, grouping in threes, have a linearly
increasing relative density for the SD structured caps. The number
of groups is 10 (the total number of resonant elements is 30) and
the relative density of SD structured caps in the group i is
�ri~0:19z0:02(i{1). According to the curves in Fig. 3(e), our sys-
tem can trap Lamb waves in the frequency region from ,0.0103 to
,0.0133. We note that this trapping frequency bandwidth can be
further broadened by adding more tailored resonant elements. The
displacement field distributions of three selective frequencies, viz.
0.0129, 0.0116, and 0.0107, are numerically calculated and sketched,
for both A0 mode and S0 mode in Figs. 4(b) to 4(d). According to
Fig. 3(e), when the resonance frequencies of A0 mode and S0 mode

are set to be 0.0129, the relative densities of corresponding SD struc-
tured caps should be about 0.2 and 0.21, respectively. Therefore, we
can observe that A0 mode and S0 mode are trapped in the left part of
our system with some differences in the trapping position. In a sim-
ilar way, for the frequency of 0.0116 (the relative density of corres-
ponding SD structured caps is approximately 0.27), both A0 mode
and S0 mode will be trapped in the middle part of the system with a
smaller difference in the trapping position. When the frequency
decreases further down to 0.0107 (the relative density of correspond-
ing SD structured caps is approximately 0.33), Lamb waves are
trapped in the right part of the system, while A0 mode and S0 mode
are localized nearly at the same positions. The results in Figs. 4(b)–
4(d) are in good agreement with the theoretical predictions in
Fig. 3(e). From the above, we demonstrate that a broadband Lamb
wave trapping in a cellular metamaterial plate is physically realizable
by purposely introducing multiple local resonances through tailoring
the weight of stub caps, let alone its unprecedented weight efficiency.

Discussion
In summary, we have investigated cellular metamaterials of two typ-
ical structures: BD structure and SD structure, which possess super-
ior bulk-scale elastic properties, such as greatly contrasted stiffness at

Figure 4 | The numerical demonstration of Lamb wave rainbow trapping. (a) A schematic view of the cellular metamaterial plate for broadband Lamb

wave trapping. (b)–(d) Displacement field distributions for A0 mode and S0 mode stimulations of three selected driving frequencies, respectively.
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an ultralow density. By purposely arranging BD and SD structured
unit-cells, we have developed a prototype of cellular metamaterial
plates with composite textured stubs deposited on the surfaces for
producing strong local resonances. Since the resonance frequency is
very sensitive to the relative density (or weight) of the stub caps, a
broadband Lamb wave trapping is therefore realizable by tailoring
the geometry of resonant elements. In this paper, we only focus on
the lowest flat bands for the Lamb wave trapping. At the lowest flat
bands, the motion of resonant stubs is mainly a shear vibration, for
which the shear modulus meff plays a dominant role in local reso-
nances. Therefore we can ignore the effects of the other Lamé coef-
ficient leff. As a matter of fact, we can also achieve Lamb wave
trapping at the flat bands of higher frequencies. In this case, more
complicated compression and extension will kick in for the resonant
stubs, so that leff also needs to be considered. Further studies should
be performed for exploring trapping properties of metamaterials
with 3D cellular frameworks (see the Supplementary Information),
as well as the sample fabrication and experimental characterization.
Our system could find its significance in designing myriad ultralight
devices for elastic wave guiding and filtering, as well as acoustic
energy harvesting.

Methods
Throughout this paper, numerical simulations are carried out by the finite element
solver in commercial software COMSOL Multiphysics with the help of a high per-
formance computing cluster. In Fig. 2, we use BD and SD structures as the unit cells
and calculate their band structures. Then we employ the linear dispersion lines in the
long wave approximation to calculate their effective wave velocities and shear moduli.
In Fig. 4, a uniform steel layer is added at the left side of trapping structure and an
external normal/tangential oscillating stimulus is loaded on the left boundary to
provide an input of longitudinal/transverse waves. The amplitude of force load per
unit area is set to be 1 Pa. A perfectly matched layer (PML) is added at the right side to
prevent reflections.
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