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Abstract

Focused ultrasound with microbubbles is an emerging technique for blood brain barrier (BBB) 

opening. Here, a comprehensive theoretical model of a bubble-fluid-vessel system has been 

developed which accounts for the bubble’s non-spherical oscillations inside a microvessel, and its 

resulting acoustic emissions. Numerical simulations of unbound and confined encapsulated 

bubbles were performed to evaluate the effect of the vessel wall on acoustic emissions and vessel 

wall stresses. Using a Marmottant shell model, the normalized second harmonic to fundamental 

emissions first decreased as a function of pressure (>50 kPa) until reaching a minima ("transition 

point") at which point they increased. The transition point of unbound compared to confined 

bubble populations occurred at different pressures and was associated with an accompanying 

increase in shear and circumferential wall stresses. As the wall stresses depend on the bubble to 

vessel wall distance, the stresses were evaluated for bubbles with their wall at a constant distance 

to a flat wall. As a result, the wall stresses were bubble size and frequency dependent and the peak 

stress values induced by bubbles larger than resonance remained constant versus frequency at a 

constant mechanical index.

Index Terms

Acoustic emissions; Blood–brain barrier (BBB); finite element analysis; focused ultrasound 
(FUS); microbubbles; vessel wall stresses

I. INTRODUCTION

Focused ultrasound exposure with microbubbles is an emerging technique to open the blood 

brain barrier (BBB) for targeted drug delivery [1]. Its advantages over other techniques are 
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that it is non-invasive, transient, image-guided and localized. The BBB is a selective barrier 

separating the blood from the parenchyma of the central nervous system [2]. The BBB 

restricts more than 98% of the therapeutic agents from traveling into the brain tissue [3]. 

Many successful experiments using low power ultrasound and microbubbles to mediate 

BBB opening have been reported. Comprehensive reviews on this field are given in [4]–[6]. 

A bubble model confined within the vasculature could provide useful information to guide 

BBB opening experiments.

Previously, acoustic emissions from bubbles were shown to be correlated with BBB 

opening. During BBB opening, a significant increase in second and third harmonics of the 

ultrasound transmit frequency (2f0 and 3f0) due to Optison™ microbubbles were observed 

[7]. In that study, BBB opening occurred without observation of erythrocyte extravasations 

or wideband emissions, which are indicators of inertial cavitation. Arvanitis et al. [8] 

recently demonstrated the use of harmonic emissions from Definity® microbubbles to direct 

BBB opening without broadband emissions. From their BBB opening experiments, Tung et 

al. [9] proposed the fourth and fifth harmonics, which in their BBB opening experiments 

only appeared in the presence of microbubbles, could be used as indicators of BBB opening. 

The objective of the present study is to assess the harmonic emissions from various bubbles 

in microvessels, using a confined bubble model.

We have hypothesized that the mechanical stresses generated by microbubbles could play an 

important role in the BBB opening. Therefore, this study investigates the mechanical 

stresses generated by oscillating bubbles in order to shed light on the relationship between 

the induced mechanical stresses and BBB opening. McDannold et al. [10] reported that the 

BBB opening threshold was constant when described by the mechanical index (MI, ratio of 

acoustic pressure in MPa to square room of acoustic frequency in MHz). The stresses 

generated by various bubble sizes at a flat wall were calculated as a function of frequency, 

for a constant MI as well.

The overall purpose of this study is to utilize a numerical model of a fully coupled bubble-

fluid-vessel system to examine the effect of the vessel wall on acoustic emissions and vessel 

wall stresses, in order to guide future experiments for treatment monitoring and control.

II. METHODS

In this study, unbound bubbles (situated unconfined within fluid) and bubbles confined 

within microvasculature were simulated. The coupled bubble-fluid-vessel system was solved 

numerically. The numerical part was solved using the finite element method (FEM) in 

Comsol Multiphysics 4.2 (COMSOL AB. Burlington, MA). The acoustic frequency was set 

to 0.551 MHz based on its use in prior experimental studies [11] and its suitability for 

transmission through human skull [12]. This frequency was used throughout this study 

unless otherwise mentioned. The acoustic pressure amplitude was varied from 50 to 275 kPa 

in increments of 25 kPa. Notations for all variables used are shown in Table I.

The shell properties used for Definity® microbubbles (Lantheus Medical Imaging, North 

Billerica, Massachusetts) are indicated in Table II, and were within the range that has been 
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previously reported [13], [14]. Definity bubbles are poly-disperse [15] and were simulated 

for various radii. In this work bubbles were either in an infinite fluid, or confined within 

vessels of various size (radius ranging from 3–10 µm).

A. FEM Simulations

A fully coupled model of a confined bubble within a microvessel was developed and 

previously validated [16]. This model accounts for non-spherical bubble oscillations as well 

as the effects of confinement.

A shell model proposed by Marmottant et al. [17] was adopted and the bubble surface 

tension, γ(A) was defined as follows:

(1)

The three conditions above represent buckling, elastic and ruptured states of the 

encapsulating shell. It was assumed that Abreak-up = 4πRbreak-up
2 and Rbreak-up, the radius at 

which the bubble shell breaks, was set to  according to Marmottant 

et al. [17]. The bubble's initial surface tension, γ(A0), was assumed to be 0, meaning that it 

was at the buckling point.

At the bubble-fluid interface the normal stresses should satisfy the following equation:

(2)

where P, Pg, Pγ, Pµ and Psv are the pressure in the fluid, gas pressure, Laplace pressure, 

fluid viscosity and shell viscosity pressure terms respectively. As for the fluid-bubble 

boundary condition, the following normal pressure was applied to the bubble wall:

(3)

where Pf-b is the pressure on the fluid just outside the bubble wall minus the Laplace 

pressure. This pressure accounts for fluid and shell viscosities, and assumes that a uniform 

acoustic pressure is acting on the bubble wall. The Laplace pressure was Pγ = κγ(A) (where 

γ(A) is the surface tension described above and κ is the total curvature). Pγ was evaluated 

using a weak form of the fluid-bubble boundary condition and it accounts for non-spherical 

bubble oscillations (for more information on the details of the FEM modeling, refer to [16]). 

Pg in (3) is the gas pressure. From the polytropic gas law, , where V is the 

bubble volume, Pg0 is the gas pressure at the resting state (Note that Pg0 = P0 + 2 γ(A0)/R0 

reduces to the ambient pressure P0 as the initial surface tension was assumed to be zero, 

γ(A0) = 0), and V0 is the initial bubble volume. The bubble volume was calculated at each 

time step and was then updated in (3). The fluid viscosity and shell viscosity pressures in (3) 
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were defined as  and  respectively, and Req is the bubble equivalent 

radius. These viscous terms were derived for spherical bubbles. Here, they were assumed to 

be uniform on the bubble wall and independent of the bubble wall curvature. Req was 

calculated by equating the bubble surface area with the surface area of a sphere of radius 

Req.

The elastic vasculature and the fluid were coupled in a two way manner with a boundary 

condition of equal fluid-structure velocities at the wall. The Navier-Stokes equations for a 

viscid incompressible Newtonian liquid and equations for an elastic vessel were solved 

simultaneously:

(4)

where σ was the stress tensor. The linear elastic constitutive equation is given as

(5)

where δij is the Kronecker delta (if i = j, δij= 1, and if i ≠ j, δij = 0) and σij and εij are the ijth 

components of the stress and strain tensors, respectively. The vessel wall was chosen to be 1 

µm in thickness. The microvessel was surrounded with a 114 µm layer of tissue structure. 

Fig. 1 presents the schematic illustration of the simulated domain. Figs. 1a, 1b and 1c 

represent the simulations performed on confined bubbles in the middle of microvessels, 

unbound bubbles and bubbles at a flat vessel wall, respectively. The parameters and values 

used in this work are presented in Table II.

The ultrasound waveform was tapered at the start of the burst to avoid any subtle numerical 

instabilities and represent a realistic burst from an ultrasound transducer. An example of 

corresponding ultrasound waveforms, non-spherical bubble oscillations and wall shear stress 

is shown in Fig. 2 for a bubble with 2 µm radius within a 5 µm radius vessel sonicated at 

0.551 MHz and 75, 100 and 125 kPa. The changes in the bubble oscillation between the 

compression dominated oscillations (at 75 kPa, Fig. 2b) to near expansion dominated 

oscillations (at 125 kPa, Fig. 2h) related to the transition from buckling to elastic and rupture 

states in the shell model, respectively. In Fig. 2i it is apparent that the transition to greater 

expansions is directly linked to greater shear stresses. Most of the results in the following 

section were generated from confined bubbles within 5 µm vessels. This vessel size was 

chosen because the BBB opening experiments with two-photon microscopy revealed that 

smallest vessels (2.5–12.5 µm in radius) are most susceptible to permeabilization [23], [24].

At certain threshold pressures bubbles in these vessels underwent collapse along the z axis. 

Here the collapse is defined when opposing bubble wall sides along the vessel axis rapidly 

came into contact. The simulations stopped following this point. Figs. 3a presents an 

example of bubble collapse from a 4 µm bubble at 125 kPa within a 5 µm vessel during its 

contraction phase. At the final stage the two axial bubble walls came into contact.
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At lower pressures, Fig. 3b shows the stable oscillation of the same bubble at 100 kPa 

during one cycle. The periodicity of non-spherical bubble oscillation is at the transmit 

frequency, 0.551 MHz. Fig. 4 depicts the pressure threshold at which bubbles within 5 µm 

vessels underwent collapse. The results in the following sections are necessarily generated 

for pressures that were below the collapse threshold.

B. Acoustic Emissions

The acoustic emissions radiated from a spherical oscillating bubble at a distance r can be 

calculated using the following equation [25]:

(6)

where r is the radial distance to the bubble in spherical coordinates. However, since a 

confined bubble within a vessel is oscillating non-spherically, the assumptions leading to (6) 

do not hold. Therefore, in this study the Helmholtz equation was solved to calculate the 

scattered acoustic emissions from confined bubbles:

(7)

where Pac is the acoustic pressure wave. The acoustic waves propagated in a 30×30 µm 

domain. Fig. 1a and 1b show a schematic of this model. The non-spherical bubble wall 

acceleration was coupled to the acoustic model and acted as a source of wave generation. 

The acoustic emissions from the bubble was calculated at a fixed point (i.e. at point P on 

Fig. 1a and 1b). A normal acceleration boundary condition was applied on the bubble wall 

with the following equation:

(8)

where a0 is the bubble wall acceleration which was taken from the solution in the previous 

section. It is important to note that point P on Figs. 1a and 1b might have been angel 

dependent, however it was not the focus here and this fixed point was used for all of the 

simulations. At the edge of the numerical domain, a spherical wave radiation boundary 

condition was used where an outgoing wave leaves the modeling domain with minimal 

reflections.

(9)

r is the radial axis in the spherical coordinate. Acoustic emissions were assessed for 1.1–3 

µm bubbles within 3–10 µm vessels.

C. Bubble Population

As Definity bubbles are polydisperse, acoustic emissions from a bubble population was also 

calculated (Psum). A Definity bubble distribution in number density was taken from the 
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measurement performed on fresh bubble population by Faez et al. [15]. Psum was calculated 

using a summation of scattered pressures from different bubbles, weighted to their 

distribution, Psum = ΣiPaciwi Bubbles with radii ranging from 0.5 to 3 µm were used here, in 

increments of 0.5 µm.

D. Signal Processing

The acoustic pressure emitted from a non-spherical bubble was calculated at point P during 

(Figs. 1a and 1b). The time domain signal was 40 µs long (about 22 cycles of oscillation at 

0.551 MHz). Frequency spectra of the calculated pressure waveforms were produced using a 

Fourier transform of the unmodified time domain signal. This Fourier transform was done 

on Pac from a single bubble and Psum from bubble populations. The area under the peaks at 

the fundamental, second, third, fourth and fifth harmonics +/−27 kHz (approximately ±3 dB) 

were calculated. Acoustic emissions plots represent the area under the curve for each 

acoustic signal. This method was in line with the signal processing performed by 

McDannold et al. [7]. The acoustic emissions assessment in this study was performed at 

pressures below the bubble collapse. In Fig. 5, the acoustic emissions versus acoustic 

pressure for a 2 µm bubble within a 5 µm vessel is shown (corresponding to the example 

given in Fig. 2).

E. Stress Calculation

On the vessel wall, circumferential stress (along the vessel circumference), shear stress 

(along the vessel axis) and transmural pressure (pressure in the radial direction) induced by 

bubbles within 5 µm vessels were calculated. The circumferential stress for a thick wall 

cylinder was calculated using the following equation [26]:

(10)

The vessel wall shear stress was calculated as below:

(11)

where u and w are fluid velocity components in the r and z directions, respectively. 

Transmural pressure was calculated as the difference between the inside and outside 

pressures on the vessel wall. The maximum values of the above stresses are reported in the 

results section.

In a realistic situation, bubbles of different radii are located within different vessel sizes. 

Wall stresses depend on the bubble wall to the vessel wall distance which requires a range of 

simulations comprised of different bubble and vessel size combinations. In order to reduce 

computational time to feasible levels, and decouple the bubble-vessel distance dependency, 

bubbles ranging from 1.1 to 9 µm in radius were placed in proximity to a flat wall (Fig. 1c). 

Transmural pressure and shear stresses were calculated for bubbles at a flat, elastic wall with 

the same elastic properties used in the previous sections. All bubbles were initially placed at 

a distance of 2 µm from the wall. Note that the effect of acoustic radiation force was not 
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taken into account here. Bubbles during their oscillations translated towards the vessel wall 

and simulations were terminated when bubbles reached a distance of 1 µm away from the 

wall. At a constant mechanical index, three frequencies of 0.551, 1 and 1.5 MHz were used. 

The corresponding acoustic pressures were 100, 134 and 164 kPa (constant MI=0.134).

F. Model Validation

The finite element model (FEM) has been previously validated against experimental 

observations [16]. The FEM was further validated against ordinary differential equation 

(ODE) bubble models of two extreme scenarios; 1) when the bubble was within an unbound 

fluid and 2) when the bubble was within a completely rigid vessel. The ordinary differential 

equation (ODE) of a modified Rayleigh–Plesset equation for an unbound 1.1 µm bubble was 

solved using MATLAB (version 7.11, The MathWorks, Natick, MA). Leighton [27] derived 

an ODE equation of motion for a bubble wall within a finite rigid tube while accounting for 

the fluid inertia (Equation 12 in [27]). The rigid tube ODE of a 1.1 µm bubble inside a 4 µm 

rigid tube was solved with the addition of Marmottant shell terms using MATLAB. Both 

ODE solutions of bubble wall as a function of time are plotted in Fig. 6. FEM simulations 

were performed for the same parameters while adopting unbound bubble and rigid vessel 

cases (similar to Figs. 1b and 1a respectively). For the unbound bubble, the plots from the 

ODE and FEM were identical. In the rigid vessel case, the FEM bubble expansion was 5% 

lower than the ODE solution.

III. RESULTS

A. Acoustic Emissions

1) Effects of Vessel Radius—Fig. 7 illustrates the acoustic emissions from confined 

bubbles within 3, 5 and 10 µm vessels, as well as unbound bubbles. Figs. 7a and 7b 

represent a 1.1 µm bubble at 250 kPa and a 2 µm bubble at 150 kPa, respectively. These 

acoustic pressures were below the bubble collapse threshold (shown in Fig 4). Fundamental, 

second, third, fourth and fifth harmonics are plotted for comparison. Bubble oscillations and 

consequently acoustic emissions were mitigated when bubbles were confined compared to 

the unbound case.

2) Effects of Acoustic Pressure—In this section, the acoustic emissions were assessed 

for bubble radii of 1.1, 1.5, 2, 2.5 and 3 µm within 5 µm capillaries. In order to enhance the 

effects of acoustic emissions, the results of harmonic emissions are normalized to the 

fundamental at each corresponding pressure. Normalized harmonic emissions are plotted in 

Fig. 8 for unbound and confined bubbles. The normalized second harmonic had a consistent 

trend in all bubbles where it reached a minima ("transition point") followed by an increase. 

This transition point was associated with the transition from “compression dominated” 

oscillations in the shell buckling regime (Marmottant et al.) occurring at lower pressures, to 

the “rupture state” for higher amplitude oscillations. An example of this behavior is shown 

in Fig. 2. For larger bubbles, their normalized second harmonic had its minima at lower 

pressures. This transition point occurred at 175, 125, 100, 100 and 75 kPa for 1.1, 1.5, 2, 2.5 

and 3 µm bubbles respectively. For larger bubbles, where the bubble to vessel radius ratio is 
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closer to 1, the differences in the normalized emissions of confined and unbound bubbles is 

more evident.

For a more clinically relevant case, the acoustic emissions from populations of confined and 

unbound bubbles were calculated. The normalized harmonics are shown in Fig. 9. Here, the 

transition point for the normalized second harmonic occurred at 100 kPa for the unbound 

case and 125 kPa for the confined case. The acoustic emissions for some harmonics in 

confined bubbles were larger than those in the unbound case. The second harmonics of the 

confined bubble population within 5 µm vessels at 100 kPa was 60% larger than that of 

unbound bubbles (the normalized second harmonics was 73% larger). Also, at 125 kPa the 

fourth harmonics was 80% larger than the unbound case (the normalized fourth harmonics 

was 105% larger).

B. Vessel Wall Stresses

Fig. 10 presents stresses induced by confined bubbles within a 5 µm vessel, according to the 

geometry in Fig. 1a. The shear stress, circumferential stress, and transmural pressure versus 

acoustic pressure induced by 1.1, 1.5, 2, 2,5 and 3 µm bubbles are plotted. Above the 

transition point, the stresses increase with a steeper slope.

Fig. 11 shows the stress values induced by bubbles on a flat wall, according to the geometry 

in Fig. 1c. While varying bubble size and acoustic frequency, the maximum shear stress and 

transmural pressure are shown for a mechanical index of 0.134. The stresses in Fig. 11 reach 

a peak at bubble sizes of 3, 4 and 7 µm which are larger than the resonance size at each 

frequency. Among the three frequencies chosen here, the shear stress and the transmural 

pressure peaks reached about 12 kPa and 400 kPa respectively.

IV. DISCUSSION

A. Acoustic Emissions

A bubble oscillating within a compliant small elastic vessel will experience increased 

damping and a resonant frequency shift upwards. For the majority of conditions examined 

here the bubbles are well below the resonant size (6 µm in the unbound case; 6.5 within a 10 

um vessel) at 0.551 MHz. As such the effects of damping and resonant frequency shift will 

act to reduce the oscillation amplitudes and therefore acoustic emission levels (Fig. 7).

A shift in the harmonic energy was observed and normalized second harmonics had a 

"transition point" which was bubble size dependent (Fig. 8). Simulations of unencapsulated 

bubbles did not exhibit the transition point (data not shown), meaning that the appearance of 

this feature is attributed to the bubble shell. As shown in Fig. 2, this appears to be associated 

with a transition from compression dominated oscillations, which occur within a regime 

where shell buckling dominates, to expansion dominated oscillations. The second harmonics 

in our simulations had a dramatic rise with pressure above the transition point (the absolute 

values of acoustic emissions presented a dramatic rise as well as shown in Fig. 5). This was 

generally in line with the observations by McDannold et al. [7], where the second harmonic 

had a dramatic rise at pressure amplitudes that correlated with BBB opening. The transition 
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point could potentially serve as an in vivo pressure calibration and should be experimentally 

tested for its value to guide and control BBB opening.

The emissions from a bubble population were investigated, taking into account the expected 

bubble size distribution. The transition point for confined bubbles within 5 µm vessels 

occurred at a higher pressure in comparison to that of unbound bubbles (Fig. 10). This was 

due to larger damping of the vasculature and an upward shift in the resonant frequency. 

Furthermore, the second and fourth harmonics of confined bubble population (at 100 kPa 

and 125 kPa respectively) were larger than that of unbound bubbles. In the future, the 

transition point pressures and acoustic emissions (particularly second and fourth harmonics) 

from a confined versus an unbound bubble population should be tested experimentally. This 

would provide a mean for the confined versus unbound bubble separation.

Although the transition point for confined and unbound bubble populations were different, 

the pressure dependency of transition point can be more distinct when mono-disperse bubble 

distributions are used. Thus, using mono-disperse bubbles in the future (such as those 

developed in [28] for therapeutic purposes) could provide a more accurate mean to monitor 

and control the BBB opening experiments.

B. Vessel Wall Stresses

In Fig. 10, a steeper slope in the stresses above the transition point is observed. From a 

physical perspective, this transition is associated with entry into a regime where the 

expansion phase of the bubble oscillations is more prominent which is in term associated 

with inducing a proportionally higher level of fluid flow (and therefore shear stress) at the 

vessel wall. At 0.551 MHz, the experimental threshold for BBB opening occurred from 0.18 

MPa (with a mean at 0.28 MPa) [11]. The wall stresses at pressures above the transition 

point could be correlated to pressures that cause BBB opening. It is important to note that 

the shear stress, circumferential stress and transmural pressure have similar trends with the 

acoustic pressure. Therefore, at the current stage it is not clear that which one is responsible 

for the BBB opening. The experimental measurements revealed a safe BBB opening at the 

pressure levels used here, and only a few cases of red blood cell extravasations were 

observed [11].

The stresses reported here were from numerical calculations. To the best of our knowledge, 

currently there are no experimental techniques to measure the vessel wall stresses directly at 

a few micrometer scale and megahertz frequencies. The shear stress is typically calculated 

using the Micro Particle Image Velocimetry (µPIV) or temperature anemometer; however, 

these techniques are limited to larger bubbles (a few hundred microns) [29], [30]. Previously 

circumferential stress was measured by varying the intravascular pressures of frog 

microvascular endothelium [31]. In their study, exceeding the vascular strength of 0.8 MPa 

caused vascular ruptures leading to red blood cell extravasations. However, this experiment 

was performed in static conditions without bubbles. The stresses calculated from other 

numerical simulations [32] are in the same order of magnitude as those reported in the 

current study. Furthermore, our bubble model was validated previously with experimental 

data, in which vessel wall movements were measures and resultant vascular wall stresses 

were calculated [16].
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The results in Fig. 11 show that wall stresses are bubble size and frequency dependent. If 

large bubbles are considered to be present (specially at 0.551 MHz), then the stress peaks 

induced from bubbles above resonance (i.e. 3, 4 and 7 µm bubbles) are approximately 

constant at each frequency. McDannold et al. [10] found that BBB opening was constant at a 

constant MI. This could indicate that bubble induced stresses are related to the BBB 

opening.

It was previously shown that the extent of BBB opening varied with the bubble size [33]. 

They reported thresholds for BBB opening of 0.30–0.46 MPa when 1–2 µm in diameter was 

used at 1.525 MHz transmit frequency. This threshold was 0.15–0.30 in case of 4–5 µm 

bubbles in diameter. In Fig. 10, the stress calculations from larger bubbles inside 5 µm 

vessels was higher. In addition, our results in Fig. 11 shows that at 1.5 MHz, 4–5 µm 

bubbles in diameter exert larger wall stresses compared to 1–2 µm bubbles in diameter. In 

the future, BBB opening experiments with high resolution imaging techniques (e.g. two-

photon fluorescence microscopy), preferentially using mono-disperse bubbles, together with 

simulations are needed to bring further insights into the stress values related to the BBB 

opening and vessel wall damage.

C. General Discussion and Model Limitations

In this study, some of the acoustic pressures used in the simulations might be smaller than 

the required pressure for BBB opening. First, the maximum pressures that are reported 

correspond to the point at which a collapse occurs, with collapse defined as being when the 

two opposite side of the bubble come into contact. After that point, the simulations cannot 

continue, but it is reasonable to expect that in reality bubbles may continue to oscillate after 

this point and this is simply a limitation of our simulations. Second, it is notable that the 

maximum pressures employed decrease with bubble size, in other words the collapse 

threshold increases with decreasing bubble size. For a 1.1 micron bubble, this occurs at 330 

kPa and therefore we are able to examine stresses for this bubble size up until 300 kPa. For 

this size, a transition point occurred in the vicinity of 175 kPa and stresses increase rapidly 

until 300 kPa. This is close to the experimentally measured threshold of 280 kPa reported in 

[11], which itself was subject to uncertainty related to path length attenuation. Given that 

93.5% of Definity bubbles measured experimentally have a radii smaller than 1.1 µm [15], it 

is not unreasonable to suggest that these values are within a range that is consistent with 

previous experiments. It should also be noted that in vitro measurements of bubble sizes 

may differ from in vivo sizes due to changes while circulating.

In experiments performed by O’Reilly and Hynynen [11], ultraharmonics (harmonics of the 

subharmonic, i.e. 3/2 or 5/2 of the transmit frequency of 0.551 MHz) were detected and used 

as a control parameter for the BBB opening. In their experiments, ultraharmonics appeared 

in the second half of the 10 ms pulse. However, our numerical simulations were limited to 

40 µs, and subharmonics or ultraharmonics were not detected. It should also be noted that 

modeling of the subharmonic oscillations for the purposes of quantitative interpretation is a 

challenge (arguable much more so than for harmonics) in that the results are highly sensitive 

to the form and initial state of the elasticity and viscosity values as a function of radial 

strain. In addition, lipid encapsulated microbubbles with a size between the resonance and 
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twice the resonance have lowest thresholds for subharmonic emissions (e.g. Katiyar and 

Sarkar [34]). At 0.551 MHz, an unbound 6 µm bubble in radius is at resonance. Therefore, 

subharmonic emissions are expected to arise from 6 µm bubbles or larger, and most of the 

bubble sizes in our simulations were below 6 µm.

The presence of such large bubbles in the microvasculature is debatable as majority of 

Definity bubbles are below 3 µm in radius [15]. However, the long acoustic bursts which are 

used for therapeutic ultrasound could cause microbubbles to coalesce [35]–[37] or undergo 

rectified diffusion [38], leading to the formation of larger bubbles. In our numerical model, 

coalescence or rectified diffusion were not taken into account. The model used here was 2-

dimensional and axis-symmetric, and bubbles were assumed to be in the middle of the vessel 

to reduce computational complexity. In reality, bubbles may be pushed towards one side of 

the microvessel wall due to the primary radiation force. However our simulations still 

accounts for the general effects of confinement on the bubble oscillation.

As shown in Figs. 2 and 3, bubbles underwent non-spherical oscillations. Note the 

periodicity of these oscillations, under conditions that produce stable oscillations, is at the 

transmit frequency. This differs from surface mode oscillations which have oscillation 

periods that are twice that of the insonation frequencies. Surface modes were also observed 

in the simulations (data not shown), but for higher transmit frequencies as the surface mode 

resonant frequencies are for bubble sizes that are larger than the microvessel sizes examined 

in this study (e.g. Versluis et al. [39]).

It was also observed that bubbles collapsed within 5 µm vessels (Fig. 4), where the collapse 

pressure threshold was lower for larger bubbles. The same unbound bubbles at the 

corresponding threshold pressures did not collapse, but rather underwent stable oscillations. 

This implies that confined bubbles are more likely to undergo inertial cavitation. 

Fragmentation, shell rupture and shedding, and gas release could be the potential 

mechanisms following the bubble collapse. However, our numerical model is limited and 

does not take these mechanisms into account. In previous studies, the appearance of inertial 

cavitation was associated with the bubble fragmentation [40], [41]. Postema et al. [42] 

reported that in most of the fragmentation cases other bubbles were present near the 

fragmenting bubble which may induce surface instabilities. The same analogy can be used 

where the presence of an elastic nearby vessel wall could have the same effect on oscillating 

bubbles and thus lowering the inertial cavitation threshold. However, the focus of the current 

study was rather on acoustic emissions and vessel wall stresses evaluated at pressures below 

the collapse threshold.

The results reported here were necessarily constrained to specific parameters for the vessel 

properties and microbubble shell properties. The selected values were within a reasonable 

range of what is expected to be realistic, but the results are influenced by these values. For 

example, bubble oscillations would be more damped within more rigid vasculature, which 

may represent a tumorous tissue with high interstitial fluid pressure levels. Definity bubbles 

are widely approved and used clinically for diagnostic purposes and has been widely 

investigated in pre-clinical BBB opening experiments. In this study, the properties of 

Definity bubbles were chosen to correlate with the former experimental study [11]. It is 
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speculated that the bubble behaviour observed here could be extended to other phospholipid 

agents (e.g. SonoVue) as well. In order to investigate the sensitivity of the results to the shell 

elasticity and viscosity parameters, a test simulations was performed on an unbound 1.1 µm 

bubble at 150 kPa using the Marmottant model (at 0.551 MHz). SonoVue bubbles (another 

agent used for the BBB opening experiments) were chosen that have lower shell elasticity 

and viscosity values than Definity [43]. When the shell viscosity was reduced six-fold (from 

1.2×10−8 kg s−1 to 2×10−9 kg s−1), the maximum bubble expansion increased by 3% at 150 

kPa. A decrease in the shell elasticity by 50% (from 0.7 N/m to 0.35 N/m) resulted in a 3% 

(for both 150kPa) increase in the maximum bubble expansion. Therefore, the results were 

not sensitive to changes in the shell elasticity and shell viscosity at 150 kPa. In this study, 

we used the Marmottant shell model which is a widely employed model that accounts for 

strain dependant shell elasticity based on heuristic assumptions (i.e. the presence of 

buckling, elastic and rupture regimes). It was assumed that the bubble is initially at the 

bucking state (γ(A0) = 0), while in reality initial effective surface tension, γ(A0), is an 

unknown parameter and there can be variation in this value in practice. In order to 

investigate the influence of the initial surface tension on the transition point, a test 

simulation on a 1.1 µm bubble close to the buckling state in an unbound fluid was 

performed. The initial surface tension was set to γ(A0) = 0.005 and Pg0 = P0 + 2 γ(A0)/R0 

was replaced with Pg0 = P0 in (3). This was performed at 0.551 MHz and at 100– 200 kPa. 

As the result, for γ(A0) = 0.005 the pressure corresponding to the transition point was 

unchanged compared to the case of zero initial surface tension. Future experimental 

interrogations on individual phospholipid bubbles as well as bubble populations could 

validate the occurrence of transition point and calibrate the pressures at which it happens.

V. CONCLUSION

A comprehensive model of a coupled bubble-fluid-vessel system has been developed and 

numerical simulations were performed. In the context of blood-brain barrier opening, this 

study aims to assess the effects of the vessel wall on acoustic emissions and vessel wall 

stresses. Bubbles confined within small vessels presented with non-spherical oscillations. 

The acoustic emissions from bubbles excited at pressures below the collapse threshold were 

assessed. At 0.551 MHz, a bubble oscillating within a small vessel experienced increased 

damping and a resonant frequency shift upwards. This led to lower acoustic emissions in 

confined bubbles. The normalized second harmonic to the fundamental increased with 

acoustic pressure followed by a minima, called a transition point, which was bubble size 

dependent. This harmonic could potentially be used in treatment monitoring. The transition 

point of an unbound compared to confined bubble populations occurred at different 

pressures providing a means for confined and unbound bubbles separation. The stresses 

induced by different bubbles on 5 µm vessels were calculated. Following the transition point 

these stresses rose with a steeper slope which could be correlated to BBB opening. Bubbles 

of different sizes were placed close to an elastic wall and driven at various acoustic 

frequencies (constant mechanical index) to assess the mechanical stresses. The wall stresses 

were bubble size and frequency dependent. The stress peaks induced by bubbles above the 

resonance (i.e. 3, 4 and 7 µm bubbles at 1.5, 1 and 0.551 MHz respectively) were constant at 

each frequency. Numerical simulations of a coupled bubble-fluid-vessel system could 
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provide insight into BBB opening for control, pressure calibration and bubble 

manufacturing.
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Fig. 1. 
Schematic diagram of the FEM domain. Bubble, fluid, vessel and flat wall are labeled as B, 

F, V and W (a) A confined bubble in the middle of the vessel, (b) An unbound bubble inside 

free fluid, and (c) A microbubble placed close to a flat vessel wall (Color online).
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Fig. 2. 
A 2 µm radius bubble within a 5 µm radius vessel with the corresponding applied ultrasound 

pulse (top), bubble wall radial (black solid line) and axial (red dashed line) oscillation 

(middle), and shear stress (bottom). (a, b and c) at 75 kPa, (d, e and f) at 100 kPa, and (g, h 

and i) at 125 kPa. At 75 kPa bubble is within the elastic regime of Marmottant shell model 

and exhibits compression dominated oscillation (b), At 100 kPa bubble enters the rupture 

state (e), and at 125 kPa bubble shows expansion dominated as it is mainly in rupture state 

(h) (Color online).
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Fig. 3. 
Examples of bubble collapse and non-collapse during the bubble contraction phase, (a) A 4 

µm bubble within a 5 µm vessel at 125 kPa with collapse, (b) A 4 µm bubble within a 5 µm 

vessel at 100 kPa without collapse which continuous with a stable oscillation shown at one 

cycle. The periodicity of non-spherical bubble oscillation is at the transmit frequency (e.g. 

0.551 MHz).
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Fig. 4. 
Bubble collapse threshold of different size bubbles driven at 0.551 MHz within 5 µm 

vessels.
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Fig. 5. 
Effects of acoustic pressure on acoustic emission from a 2 µm within 5 µm vessels at 0.551 

MHz.
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Fig. 6. 
ODE and FEM comparison for an unbound bubble (black) and a bubble within a rigid vessel 

(red). ODE solution for unbound and confined bubbles are shown in bold dashed line and 

dotted line respectively. FEM solution for unbound and confined bubbles are in solid line 

and bold line respectively. The bubble radius, acoustic frequency and pressure were 1.1 µm, 

0.551 MHz and 250 kPa, respectively (Color online).
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Fig. 7. 
Effect of vessel radius on acoustic emissions from a (a) 1.1 µm radius bubble at 250 kPa, 

and (b) 2 µm radius bubble at 150 kPa.
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Fig. 8. 
Acoustic emissions normalized to fundamental versus the incident acoustic pressure for (a 

and b) 1.1 µm, (c and d) 1.5 µm, (e and f) 2 µm, (g and h) 2.5 µm, (i and j) 3 µm bubbles 

within 5 µm vessels (a, c, e, g and i) or unbound bubbles (b, d, f, h and j) at 0.551 MHz.
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Fig. 9. 
Acoustic emissions normalized to the fundamental from a bubble population versus the 

incident acoustic pressure for (a) bubbles within 5 µm vessels, and (b) unbound bubbles.
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Fig. 10. 
(a) Shear stress, (b) Circumferential stress and (c) Transmural pressure exerted by 1.1, 1.5, 

2, 2.5 and 3 µm bubbles on 5 µm vessels at different acoustic pressures. Filled squares 

indicate the pressure at which the transition point occurs.
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Fig. 11. 
Stresses induced by different bubbles at a flat wall, sonicated at 0.551 MHz (Dash-dotted 

line with inverted triangles), 1 MHz (Dashed line with diamonds) and 1.5 MHz (Solid line 

with circles) at a constant MI = 0.134, (a) Shear stress, and (b) Transmural pressure.
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TABLE I

Notations

Symbol Definition of symbol

r Radial direction in cylindrical coordinate system (m)

z Axial direction in cylindrical coordinate system (m)

vf Fluid velocity (m/s)

ρL Fluid density (kg/m3)

µ Dynamic viscosity of the fluid (Pa.s)

P Pressure in the fluid (Pa)

Pac Acoustic pressure wave (Pa)

Psum Acoustic pressure from a bubble distribution (Pa)

Pf−b The pressure applied on the fluid-bubble interface (Pa)

Pg Gas pressure (Pa)

Pg0 Gas pressure at resting state (Pa)

P0 Ambient pressure in microvessels (Pa)

Ps Scattered pressure from bubbles (Pa)

R0 Initial bubble radius (m)

R Bubble radius (m)

κ Total curvature (m−1)

γ(A) Surface tension as a function of bubble area (N/m)

Pγ Laplace pressure (Pa)

κ Polytropic index

Pi Intravascular pressure (Pa)

Pµ Fluid viscosity pressure term (Pa)

Psv Shell viscosity pressure term (Pa)

P(t) Ultrasound pressure pulse at the bubble wall (Pa)

Pout Pressure on the outer diameter of vessel wall (Pa)

ri Inner vessel diameter (m)

ro Outer vessel diameter (m)

χ Shell elastic modulus (N/m)

κs Shell viscosity (kg/s)

γwater Surface tension of water (N/m)

A Bubble area (m2)

Abuckling Bubble area at shell buckling regime (m2)

Rbreak-up Bubble radius at break-up regime (m)

Abreak-up Bubble area at break-up regime (m2)

Req Spherical bubble's equivalent radius (m)

a0 Bubble wall acceleration (m/s2)

σij The ijth components of the stress tensors

εij The ijth components of the strain tensors
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Symbol Definition of symbol

δij Kronecker delta

E Young’s modulus (Pa)

v Poisson’s ratio

wi Weighting factor

τrz Shear Stress (Pa)

n The outward unit normal
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TABLE II

Parameters and Values

Parameters Value Reference

Polytropic index, k 1.07

Shell viscosity, κs 1.2×10−8 kg s−1 Tu et al. [13], Helfield and Goertz [14]

Fluid viscosity, µ 0.002 Pa s

Shell elasticity, χ 0.7 Nm−1 Tu et al. [13], Helfield and Goertz [14]

Surface tension of water, γwater 0.072 N/m Gilányi et al. [18]

    Vessel elastic modulus, Ev 1 MPa Duck [19], Smaje et al. [20]

    Tissue elastic modulus, Et 0.5 MPa Duck [19]

Ambient capillary pressure, P0 104.6 kPa Burton [21]

Poisson's ratio, v 0.49 Melbin and Noordergraaf [22]
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