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Abstract

The immune system is a complex system of chemical and cellular interactions that responds 

quickly to queues that signal infection and then reverts to a basal level once the challenge is 

eliminated. Here, we present a general, four-component model of the immune system’s response 

to a Staphylococcal aureus (S. aureus) infection, using ordinary differential equations. To 

incorporate both the infection and the immune system, we adopt the style of compartmenting the 

system to include bacterial dynamics, damage and inflammation to the host, and the host response. 

We incorporate interactions not previously represented including cross-talk between 

inflammation/damage and the infection and the suppression of the anti-inflammatory pathway in 

response to inflammation/damage. As a result, the most relevant equilibrium of the system, 

representing the health state, is an all-positive basal level. The model is able to capture eight 

different experimental outcomes for mice challenged with intratibial osteomyelitis due to S. 

aureus, primarily involving immunomodulation and vaccine therapies. For further validation and 

parameter exploration, we perform a parameter sensitivity analysis which suggests that the model 

is very stable with respect to variations in parameters, indicates potential immunomodulation 

strategies and provides a possible explanation for the difference in immune potential for different 

mouse strains.
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1. Introduction

1.1 Overview

When a pathogen enters a host, a complex sequence of responses takes place to remove the 

challenge and prevent any further damage. In most instances, a healthy body’s immune 

system is successful in eliminating the foreign microbes; however, there are several possible 

complications that can arise. The infection may become endemic, or there may be 

reoccurring bouts of infection followed by periods of relative inactivity. Each of the 

outcomes hinge on the interplay between the immune system and the bacterial dynamics. 

The goal of this investigation is to determine if a simple compartmental model which 

incorporates the known major interactions can reflect each of the outcomes of recent 

experimental results for mice challenged with osteomyelitis due to Staphylococcal aureus 

(S. aureus). The model presented serves to develop and test treatment methods as well as a 

building block for more detailed biofilm models.

There are many layers to the immune system involving cellular, chemical and neural 

pathways. We used a simplified system of components: the pro-inflammatory response, 

which in regard to the experiments described later, represents the inflammatory cytokines 

and cells of the Th1 and Th17 responses (IL-2, IL-12p70, IL-6, IL-17, TNF-α, IL-1β, 

neutrophils) and the anti-inflammatory response for the Th2 and Treg responses (IL-4, 

IL-10). Another component of the model is ‘inflammation’, which is used as a general 

compartment which we choose to represent higher blood flow, cellular damage and pro-

inflammatory chemical signalling. Before a challenge, the immune system is maintained at a 

low level of activation with no active response and low levels of passive/innate response 

components (Delves & Roitt, 2000b). Under ideal circumstances, the interplay between the 

pro-inflammatory, anti-inflammatory and ‘inflammation’ components will bring the body 

back to a basal or healthy level.

Finding the best course of treatment for pathogens that overwhelm the immune system’s 

response such as persistent infections due to S. aureus, both Methicillin Sensitive and 

Methicillin Resistant (MRSA) strains, and Streptococcus spp. is a difficult problem. One of 

the goals of this study is to develop a model that incorporates current observations—in 

particular, how different parameter regimes reflect observable outcomes regarding bacterial 

clearance, proper immune response and vaccine strategies. In the next section, we overview 

the specific biological observations that we incorporate into the model.

1.2 Biological background

It is difficult to eliminate and prevent aggressive infections using standard treatment 

protocols (Shirtliff et al., 2001). Treatment is often complicated for infections caused by 

strains that are resistant to an array of antimicrobial agents, such as MRSA (Gould et al., 

2012). This pathogen is a rising problem, not only from infections such as skin, soft tissue, 

pneumonia or musculoskeletal infections, but also due to the burgeoning increase in the use, 

and the resulting infections of, indwelling medical devices such as intravenous catheters and 

prosthetic implants. MRSA has a number of genetically encoded resistance mechanisms, 

such as efflux pumps, antibiotic-degrading/deactivating enzymes or altering the antibiotic 
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target. MRSA can also tolerate high levels of antibiotics to which it is normally sensitive 

due to its growth as a community of microbes termed biofilm. Biofilms are formed by 

bacteria attaching to a surface and embedding themselves in an extracellular hydrated slime 

matrix derived from both the microbes themselves and the host (Shirtliff et al., 2002). This 

forms a source of infection that resists clearance by the host immune response and 

antimicrobial agents.

Despite genetically encoded resistance mechanisms, the antibiotic tolerance enjoyed by the 

microbes within a biofilm is due to a variety of protective mechanisms including reduced 

antibiotic penetration, low metabolic rate and specialized phenotypic expression (Gilbert et 

al., 1990; Proctor et al., 1998; Stewart & Costerton, 2001; Thien-Fah et al., 2001; Stewart, 

2003). These tolerance mechanisms enable 102- to 103-fold increased tolerance to 

antimicrobial agents compared with their free-floating, planktonic counterparts. There is 

also growing evidence that the biofilm mode of growth increases the spread of advantageous 

mutations that induce drug resistance (Cogan, 2006). Therefore, biofilm infections usually 

cannot be resolved using antimicrobial agents alone, and once a mature biofilm forms within 

the host, surgical removal of the biofilm becomes necessary to eliminate the infection, 

causing significantly more morbidity, mortality and complications for the patient 

(Prabhakara et al., 2011b).

In this study, the pathogen is treated as a growing population whose growth depends 

explicitly on the inflammation and damage—which we generalize as our ‘inflammation’ 

component of the model. Studies have shown that biofilm infections can benefit from 

inflammatory responses which increase the level of nutrients to the area. One example of 

this is Helicobacter pylori, which infects a nutrient poor area of the stomach between 

epithelial and mucosal layers. Activation of the pro-inflammatory response makes nutrients 

available to these bacteria for growth (Baldari et al., 2005). In addition, there is evidence 

suggesting that S. aureus can induce pro-inflammatory cytokines (Assenmacher et al., 1998; 

Sinha et al., 1999; Breuer et al., 2005). In inducing a pro-inflammatory response, S. aureus 

can then lyse leucocytes and blood cells brought by increased blood flow using a variety of 

different toxins, and then subsequently use several types of uptake systems to collect 

nutrients (Dinges et al., 2000). This is in addition to the eukaryotic extracellular matrix 

proteins brought to the infection which the bacteria target to attach and promote 

colonization. The pro-inflammatory component of the immune system decreases the 

pathogen level as leucocytes attack the infection. Simultaneously, the bacteria increase the 

damage to the host. In the beginning stages of biofilm development, a flood of proteins are 

expressed by S. aureus to promote adherence and colonization. Many of these proteins cause 

damage to the host to harvest nutrients for colony growth. This formation of biofilm is the 

root of osteomyelitis, which is the focus of the biological experiments that the model reflects 

(Brady et al., 2006). This coupled interaction between the infection and inflammation/

damage is a distinction of the current study.

The Shirtliff group at the University of Maryland has been interested in identifying new 

ways to prevent these biofilm infections such as vaccines and immunomodulation. They 

have performed a series of experiments to identify different aspects of the immune response 

to osteomyelitis in mice. In these experiments, S. aureus biofilms were grown on a pin and 
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implanted into the tibia of mice. At multiple days, post-infection, samples were collected in 

order to determine local cytokine production, regulatory T-cell (Treg) frequency and 

neutrophil infiltration and culture of bones was done to detect the presence of infection 

(Brady et al., 2011; Prabhakara et al., 2011a,b; Shirtliff et al., 2012).

Three different strains of mice were used in these experiments, the main two being: BALB/c 

and C57BL/6. These mice strains have biased immune responses where C57BL/6 mice have 

dominant pro-inflammatory response (Th1 and Th17 cellular responses), and BALB/c mice 

have stronger anti-inflammatory responses (Th2 and Treg cellular responses) (Chen et al., 

2005; Prabhakara et al., 2011a). Inflammation results in increased blood flow and 

inflammatory cell influx into areas of infection, which can often eliminate the invading 

pathogens. However, if not specific or overly activated, host tissue damage can result from 

uncontrolled inflammation. Contrasting these responses are the anti-inflammatory responses 

that reduce inflammation through host immune cells, cytokines and chemokines (Delves & 

Roitt, 2000a).

The first of a series of experiments compared the immune responses of BALB/c and 

C57BL/6 mice. The infection was less severe in BALB/c mice than the C57BL/6 mice. 

BALB/c mice had increased anti-inflammatory (Th2 and Treg) cytokine levels, while 

C57BL/6 mice had increased inflammatory cytokines (IL-12, IL-17, TNF-α and IL-β).

In addition, they compared the neutrophil infiltration (damage caused by neutrophils moving 

into the infected area) at the pin implant site of the C57BL/6 and the BALB/c mice. After 

staining the tibia of the infected mice, they observed significant physiological disruption to 

the C57BL/6 tibia, whereas the BALB/c tibia looked like the C57BL/6 tibia implanted with 

sterile pins.

To test the hypothesis that a robust Th2 response allows the BALB/c mice to resolve the 

infection, they performed the same experiment on another strain of mice, STAT6 KO 

BALB/c. The STAT6 gene has well-documented roles in the differentiation of Th2 cells, 

expression of cell surface markers and class switching of immunoglobulins. Therefore, the 

knockout strain has a Th2 defect due to lack of this important component of the Th2 

signalling pathway. The STAT6 KO BALB/c experiment resulted in chronic infection for all 

the mice compared with clearance in the majority of wild-type BALB/c mice. This suggests 

that the Th2 is necessary to eliminate S. aureus biofilm infections for BALB/c mice. 

However, these mice had similar gross morphology and bacterial numbers in their tibia to 

the wild-type BALB/c mice. Evidently, either the STAT6 KO BALB/c mice have a 

compensatory mechanism, like higher Treg levels, or the intense Th1 and Th17 responses of 

the C57BL/6 mice increased the severity of their infections (Prabhakara et al., 2011b).

By treating the BALB/c mice with anti-CD25 antibodies, the Shirtliff group was able to test 

whether the Treg response was also necessary for the BALB/c mice to eliminate the 

infection. These antibodies effectively eliminate the majority of Treg cells in the mice. From 

this experiment, they found that most of the BALB/c mice were no longer able to clear the 

infection without their Treg cells (Prabhakara et al., 2011b).
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To determine if the pro-inflammatory (Th1 and Th17) responses of the C57BL/6 mice 

exacerbate the infection, they treated these mice with two different types of antibodies. First, 

they treated with antibodies against a Th17 cytokine (anti-IL-6) and then antibodies against a 

cytokine common to both Th1 and Th17 immune responses (anti-IL-12p40). They observed 

a slight reduction of infection in the mice overall for the first antibody treatment, but with 

the combined antibody treatment, there was a significant reduction (Prabhakara et al., 

2011b).

Finally, the Shirtliff group developed two different vaccines for osteomyelitis caused by 

MRSA. Efforts towards vaccine development for MRSA is important due to their antibiotic 

resistance and ability to form a biofilm. However, S. aureus presents major challenges to 

current vaccine strategies which are not addressed by the majority of these vaccine 

development efforts (including polymicrobial infection, biofilm maturation and host carrier 

status). For a full discussion on the development of vaccines for S. aureus, see (Harro et al., 

2010). Bacterial vaccines can consist of various types (killed-whole bacteria, live-

attuentuated bacteria, toxoid, protein only, polysaccharide only and protein–polysaccharide 

conjugate (Harro et al., 2010)); the two vaccines described here use target proteins specific 

to the S. aureus biofilm as antigens.

Without vaccination, it is understood that the C57BL/6 mice would not have a quick or 

strong enough immune response to these antigens before a protective biofilm matrix forms 

at the implant site. The first vaccine showed some protection against an S. aureus biofilm 

infection. However, since the vaccine was composed of biofilm-specific antigens only, 

adjunctive antibiotic therapy was required in these studies to clear the free-floating, and 

antibiotic-sensitive, planktonic populations (Brady et al., 2011). These planktonic 

populations are often shed from the biofilm colony/structure. The second vaccine was a 

pentavalent (five-component) vaccine consisting of the original four components of the 

earlier vaccine with an additional antigen. The additional antigen is expressed by the 

planktonic bacteria in vivo during the infection. The five-component vaccine provided 

complete protection and elimination of S. aureus populations in the mouse model with 

prosthetic implant infections (Shirtliff et al., 2012).

In the model we present below, we do not look at specific elements of the immune system 

but at general components. Therefore, we do not include the vaccine directly into the model, 

but adjust parameters that govern the affected components. The functions of host antibodies 

include neutralization, aiding in removal and destruction of pathogens (especially bacteria). 

In addition, recent evidence shows that plasma cells (activated B cells which are the source 

of antibodies) produce pro-inflammatory cytokines (Vettermann et al., 2011). Since our pro-

inflammatory response is the only component that eliminates/prevents infection, we consider 

these vaccination benefits pro-inflammatory. We specify the particular parameter changes 

below.

For a summary of the mouse strains and their basic biological elements, see Table A1 in the 

Appendix.
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1.3 Mathematical background

Many models have been developed to describe the immune system including the causes and 

affects of inflammation. Considering the number of interconnected components of the 

immune system, including the signalling cytokines, active cellular machinery and the 

transduction of the cytokine signal, detailed models require a substantial number of variables 

and assumptions which can be problematic since many of these immune system components 

are not completely characterized (Wigginton & Kirschner, 2001; Marino & Kirschner, 2004; 

Marino et al., 2004; Chow et al., 2005; Gammack et al., 2005). Although these models are 

more biologically detailed, they can be quite difficult to analyse and are not as well-suited 

for developing a general understanding of the main components.

In an attempt to handle the complexity of the immune system, many modellers take a 

simplified, mechanistic approach. For example, in one study, the pro-inflammatory response 

was divided into two components: early and late (Kumar et al., 2004). This model was 

capable of describing many clinically relevant outcomes but without specific experiments/

organisms implicated. In an extended model, the anti-inflammatory response was 

incorporated and played several important roles in the system’s recovery (Day et al., 2006; 

Reynolds et al., 2006). In particular, the anti-inflammatory component was responsible for 

expanding the basin of attraction for the healthy steady state. In a similar model, the anti-

inflammatory response was included to determine if the anti-inflammatory cytokines could 

be applied as a therapy to suppress chronic inflammation (Herald, 2010). These successful 

compartmental models are the groundwork for our current study.

In choosing the compartmental approach, we present a four-component ordinary differential 

equation model that includes the inflammatory immune response to an infection of S. 

aureus. This model incorporates an immune response consisting of three elements: the pro-

inflammatory response, anti-inflammatory response and inflammation, similar to the 

previous work mentioned above, which first incorporated and explored the addition of the 

anti-inflammatory response (Day et al., 2006; Reynolds et al., 2006), but there are several 

notable differences.

• We use simpler kinetics to reduce the number of parameters required—specifically, 

we eliminate the use of Michaelis–Menten kinetics for more direct interactions.

• We also require that the model exhibit a natural basal level when there is no 

pathogen exposure (an all-positive equilibrium), reflecting the disease-free state. 

This is separate from an all-zero equilibrium which remains unstable throughout.

• An additional, and important, direct interaction between the inflammation damage 

and bacterial pathogen is included, where the pathogen benefits from the 

inflammation/damage and also causes inflammatory damage.

• Another direct interaction between the inflammation/damage and anti-

inflammatory response is included where the anti-inflammatory response is 

hindered by the inflammation/damage.
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• Finally, we consider alterations in the parameters that are motivated by a range of 

experiments with different mouse strains (i.e. different immune potential) and 

vaccine strategies.

This model is capable of capturing this range of experiments—indicating the flexibility of 

the model structure. In addition, the results of a parameter sensitivity analysis indicate that 

the model is stable with respect to variations in the parameters, and the analysis suggests an 

explanation for the difference in immune potential between two of the mouse strains.

The interactions included in this system were motivated by the experimental designs 

described above and recent biological evidence. We also dynamically link the decay rates of 

the pro- and anti-inflammatory responses with the presence of an infection to reflect the 

immune system’s ongoing effort (Coxon et al., 1999). With these modifications, we are able 

to include the different mice strains and vaccine strategies needed to represent the Shirtliff 

experiments (Brady et al., 2011; Prabhakara et al., 2011b; Shirtliff et al., 2012).

The model is simple and does not incorporate the interactions of specific cell types and 

chemical signalling; despite this, we found that it can predict several clinically relevant 

outcomes. The model includes 16 parameters, some of which can be well-estimated. For the 

linear stability analysis, we used Maple to determine equilibria and their eigenvalues for 

stability. In order to evaluate the effect of variations in the other key parameters, we 

performed a sensitivity analysis and found that our results are quite robust to a range of 

perturbations.

2. Model

We now introduce the full model which consists of four components: pro- (P) and anti-

inflammatory (A) responses, inflammation (I) and a bacterial infection (B). Inflammation 

represents the damage caused by an injury or a pathogen, and the pro- and anti-inflammatory 

responses are the components of the immune system that work to repair damage and 

eliminate the problem-causing issue. The bacterial component directly interacts with the 

pro-inflammatory response and inflammation of the immune system subsystem (Fig. 1). The 

full system is as follows:

(2.1)

(2.2)

(2.3)

(2.4)
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The pro-inflammatory component (P) is the combined efforts of the Th1 and Th17 responses 

of mice described by the Shirtliff group. This response is recruited by inflammation with 

rate α1. However, this recruitment is not exponential. Since the immune system is designed 

with a maximal, active capacity, it depends on the amount of the pro-inflammatory response 

present. This is similar to Kumar et al. (2004), but we do not make the assumption that this 

includes anti-inflammatory cytokines but treat the anti-inflammatory response separately. 

The pro-inflammatory also depends on the bacterial presence with rate ρ1. The pro-

inflammatory response is down-regulated by the anti-inflammatory response directly with 

rate β1, and it decays at a rate μ1. In addition, we assume that the natural decay rate 

decreases when bacteria are present in the system, agreeing with the biological evidence that 

the production of granulocyte/macrophage colony-stimulating factor (GM-CSF) released by 

activated endothelial cells causes anti-apoptotic activity and enhanced survival in 

neutrophils (Coxon et al., 1999).

The anti-inflammatory component (A) represents the effort of the Treg cells. In the model, 

the anti-inflammatory response is recruited by the pro-inflammatory response at rate α2. 

This is a simplification since the anti-inflammatory response is actually recruited by the 

inflammation. We make this simplifying assumption because the anti-inflammatory 

response should not be effective against the inflammation until macrophages (part of the 

pro-inflammatory response) are activated, similar to Herald (2010). This separate activation 

is the ‘reprogramming’ of already active macrophages by Treg cells. The anti-inflammatory 

response is decreased by inflammation caused by platelet blockage impeding Treg 

recruitment (Moura & Tjwa, 2010) with rate β2 and by its natural decay rate μ2. We again 

assume that the natural decay rate also depends on the magnitude of the infection since GM-

CSF affects monocytes as well and are the precursors for macrophages.

The inflammation component (I) reflects the damage caused by both the pro-inflammatory 

response and the bacteria. It is reduced by the anti-inflammatory response and natural decay. 

The coupling between the pathogen and damage has not been incorporated in previous 

models and plays a key role in our results. The pro-inflammatory response and infection 

cause the inflammation to increase with rates α3 and ρ2, respectively. The inflammation is 

reduced by the immune system’s anti-inflammatory response with rate β3 and by its natural 

decay rate represented by μ3.

The bacteria component (B) is treated as a growing population that benefits from 

inflammation—unlike previously mentioned models (Kumar et al., 2004; Reynolds et al., 

2006; Herald, 2010) and is reduced by the pro-inflammatory response. We use logistic-type 

growth since we are not accounting for nutrient for the bacteria to harvest from the body 

where g is the growth rate. The bacteria directly benefit from the inflammation with rate α4 

and are eliminated by the pro-inflammatory response with rate β4. In addition, we include a 

source term e−γt representing the initial source of the biofilm infection which was 

incorporated to better represent the slowly decaying infection from the pin in the 

experiments.

We note that the Th2 response is represented in the combination of both pro-inflammatory 

and anti-inflammatory components. Th2 recruits cells to attack the biofilm (pro-
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inflammation component). Th2 also produces cytokines that reduce the Th1 and Th17 

responses (anti-inflammatory component).

These variables quantify the response of each component rather than give a quantitative 

count. In the experiments, the data that can be collected are those of the cytokine 

concentration, which is less useful in understanding the interactions at a mechanistic level. 

Our analysis combines several of the components the Shirtliff experiments describe and 

gives a qualitative relationship between the model predictions and the experimental data.

Without an infection, the immune subsystem has five equilibria. Only two of these equilibria 

are biologically relevant (they do not have any negative values). One of the biologically 

relevant equilibria is the all-zero equilibrium which is unstable (P̄, Ā, Ī) = (0, 0, 0). The other 

is a stable, non-zero (all-positive) equilibrium that is considered the natural basal level (P̄, Ā, 

Ī) ≈ (0.82, 0.20, 2.10). This is unlike the models previously mentioned where their healthy 

state does not correspond to a basal level due to a zero value for one of the immune system 

components (Kumar et al., 2004; Reynolds et al., 2006). Depending on which component is 

perturbed from this healthy equilibrium, the system will follow a particular recovery 

pathway.

If only the inflammation is initially higher than the basal level, the pro-inflammatory 

response increases and then the anti-inflammatory response follows. Eventually all three 

components return back to the basal level. If only the initial amount of pro-inflammatory 

response is higher than the basal level, both the inflammation and anti-inflammatory 

responses increase in response to the pro-inflammatory signalling, and again, everything 

returns to the basal level. An increase in only the anti-inflammatory response results in the 

anti-inflammatory response simply returning to the basal level (see Fig. 2 for examples of 

the immune system responding to different initial conditions).

As key parameters are changed, the healthy steady state, which has a low level of 

inflammation after bacterial challenge, moves to a chronically inflamed state. Notably, 

chronic inflammation persists even in the absence of bacterial challenge, which is a hallmark 

of that disease. The model does not admit a separate equilibrium from the basal level 

equilibrium but rather indicates that chronic inflammation is due to particular defects in the 

immune system and not necessarily caused by a particular event. This interpretation of 

chronic inflammation can be reached by:

• decreasing the anti-inflammatory response rate, α2, representing a deficiency in the 

anti-inflammatory response;

• increasing the production of inflammation/damage due to the pro-inflammatory 

response, α3, representing an immune response more sensitive to its own cells;

• increasing the rate at which inflammation hinders the anti-inflammatory response, 

β2, representing blockage to anti-inflammatory cells and cytokines/chemokines;

• and decreasing the rate at which the anti-inflammatory response reduces 

inflammation, β3, representing an ineffectiveness of the anti-inflammatory cells 

(Fig. 2).
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These parameter changes allow for the healthy steady state to have a significantly higher 

level for at least it is inflammation component. Chronic inflammation is not of particular 

interest for the biological or mathematical models presented here, but we provide our 

interpretation for comparison back to the literature.

After adding the bacterial dynamics, several new steady states are obtained. Note that the 

source term for bacteria goes to zero, so our steady state and linearization calculations 

neglect that contribution. There are eight total equilibria for the full system. Depending on 

the parameter choices, there can be two to three biologically relevant equilibria (they do not 

have negative or imaginary values for any of the components). The most clinically relevant 

represent the clearance of the infection or a return to health (or perhaps chronic 

inflammation) and chronic infection, similar to previous work (Kumar et al., 2004; Reynolds 

et al., 2006; Herald, 2010). The values for the steady states and their eigenvalues vary for 

the different parameter choices for experiments. These are listed in the figures for the 

experimental results. There is also the all-zero equilibrium which remains unstable for all of 

our experiments.

The simplest medical state the model can achieve is bacterial clearance by the immune 

response followed by the suppression of the inflammation. Here the equilibrium has a zero 

value for the bacterial component and all positive values for the immune system components 

at the basal level ((P̄, Ā, Ī, B̄) ≈ (0.82, 0.20, 2.10, 0) with all negative eigenvalues for the 

BALB/c mouse parameter set).

By changing clinically relevant parameters, a new stable equilibrium is introduced with all 

positive values while the previous steady states (all-zero equilibrium and the healthy 

equilibrium) persist. There is a transfer in stability between the new, infected state and the 

healthy state. Similar switches were found in Kumar et al. (2004), Day et al. (2006), 

Reynolds et al. (2006) and Herald (2010) where detailed phase-plane analysis was used. By 

decreasing the pro-inflammatory effectiveness (β4), the bacteria can survive the immune 

response. Alternatively, chronic infection can occur if the recruitment rate of the anti-

inflammatory response is decreased (α2). By decreasing the rate at which the anti-

inflammatory response eliminates inflammation (β3, such as neutralizing Treg cells), we see 

a stable, chronic infection. Finally, by increasing the amount that the inflammation 

component hinders the anti-inflammatory response (β2), the infection becomes chronic. The 

second and third parameter changes discussed above ultimately result in too strong a pro-

inflammatory response for the anti-inflammatory response to compensate, which in turn 

causes too much inflammation/damage as seen by the evidence of neutrophil infiltration.

The model is also capable of representing both non-aggressive and aggressive species of 

bacteria. For the non-aggressive species (relatively low growth rate, g), the immune 

response is able to clear the infection. For more aggressive growth rates, the bacteria can 

still be cleared if the pro-inflammatory effectiveness (β4) is increased. This shows a 

threshold between health and infection dependent upon the virulence of the pathogen, 

previously and extensively described in the exploration of a constant versus dynamical anti-

inflammatory response (Reynolds et al., 2006). This is similar to work describing the 

competition between pathogenic and probiotic populations in the gut where if the pathogenic 
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growth rate exceeds a certain threshold, it dominates over the probiotic bacteria (Arciero et 

al., 2010).

A summary of model assumptions is as follows:

• The bacteria do not hinder the pro- or anti-inflammatory responses (there are no 

direct inhibitory interactions from the bacteria to the pro- and anti-inflammatory 

responses).

• Bacteria induce more inflammation than the pro-inflammatory response (i.e. the 

body is more sensitive to invaders than its own cells, α3 > ρ2 for normal, effective 

immune systems).

• Inflammation is only suppressed by the anti-inflammatory response and a natural 

decay.

• The presence of bacteria decreases the rate of decay of the anti-inflammatory 

response.

• The pro-inflammatory cells respond more quickly to signals from host signals 

caused by inflammation than the pathogen itself (α1 > ρ1, for normal, effective 

immune systems).

3. Comparison with experimental results

In this section, we describe the results of several experiments using immunomodulation and 

specific mice strains. The Shirtliff lab investigated several levels of the immune responses of 

different types of mice and used different antibody treatments to further characterize those 

elements (Brady et al., 2011; Prabhakara et al., 2011b; Shirtliff et al., 2012). In each case, 

alterations in the related parameters in the model yield predictions that are consistent with 

the experiments. We note that previous models have been able to qualitatively describe 

clinically relevant states (e.g. persistent infection, clearance, etc.), but to our knowledge, 

none are specifically designed to compare with immunotherapy, vaccination or specific 

knock-out animal models. Reasonable changes to parameters in the current model can 

predict a wide range of experimental observations, indicating that the core model is 

capturing the dominant biological processes involved. The key contribution of our efforts 

indicates that the concept of ‘inflammation’ is more subtle than previously assumed and that 

simple compartmental models are capable of representing this complex system for specific 

biological experiments.

We have found that, for each experiment, the model gives similar results to those observed 

in the animal model experiments. We have included a table of parameters for the BALB/c 

mouse as our basis set of values (Table A2). The parameter values changed for each 

individual experiment are identified in the captions of each experiment’s figure. For each of 

the experiments, we have included the stable equilibrium in the figure citations as well, 

along with their eigenvalues. For all the simulations, the initial values for the immune 

components are below basal level (but not zero), the idea being that post-surgical 

implantation the mice would have lost fluids and some immune capability.
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For a summary of the mathematical results compared with the biological results for each 

experiment, see Table A3.

Experiment 1: BALB/c

The mice of type BALB/c, which have Th2 biased responses, are able to clear the infection 

when implanted with a biofilm covered pin. We consider this as our basis experiment for the 

parameters in the model. Our model captures the clearance of the infection by BALB/c mice 

(the steady state is for zero bacteria and basal levels of the immune system unlike Reynolds 

et al. (2006), with eigenvalues that have negative real parts differing from Kumar et al., 

2004, see Fig. 3).

Experiment 2: C57BL/6

Recall that the C57BL/6 mice have decreased Th2 and Treg cytokines than BALB/c and are 

unable to clear the infection. Moreover, they have higher inflammation/neutrophil damage. 

Since the Th2 component has both pro- and anti-inflammatory roles, with these mice we 

lowered the pro-inflammatory effectiveness against the infection by lowering β4 lowered the 

reduction of the pro-inflammatory response by the anti-inflammatory response by 

decreasing β1 and lowered the recruitment rate of the anti-inflammatory response by 

decreasing α2. The model reflects the inability of the immune system to clear the infection. 

The model also indicates higher levels of inflammation that is consistent with the 

observation that C57BL/6 mice had higher neutrophil infiltration than the BALB/c mice. 

The inflammation part of the steady state for BALB/c is I ≈ 2.10, whereas for C57BL/6, in 

this experiment, it is I ≈ 2.69 (see Fig. 4).

Experiment 3: STAT6 KO BALB/c

STAT6 KO BALB/c mice entirely lack the Th2 response. The parameters match the 

BALB/c parameters except for the pro-inflammatory effectiveness against the infection, 

which was lowered (β4). We also lowered the reduction of the pro-inflammatory response by 

the anti-inflammatory response (β1). Just as in the experiments, the infection is not cleared. 

In addition, these mice were found to have lower amounts of damage than C57BL/6 mice 

which is also predicted by the model (the inflammation component of the steady state for 

C57BL/6 is I ≈ 2.69, whereas for STAT6 KO BALB/c, it is I ≈ 1.56). Although these mice 

remain infected, the steady state has a lower amount of inflammation (see Fig. 5).

Experiment 4: BALB/c treated with anti-CD25 antibodies eliminating Treg populations

Experiments indicate that Tregs protect BALB/c mice from chronic infection. To test this, 

BALB/c mice were treated with anti-CD25 antibodies against Tregs. By decreasing the rate, 

the anti-inflammatory response reduces the pro-inflammatory response (β1) and the rate the 

anti-inflammatory response reduces inflammation (β3), the model captures the experimental 

results. The model shows that damage and infection amounts remain significantly high (see 

Fig. 6).
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Experiment 5: C57BL/6 mice treated with anti-IL-6 antibodies reducing Th17

C57BL/6 mice were given anti-IL-6 antibodies decreasing the Th17 response and the 

infection load (anti-IL-6, 15% of mice were able to clear the infection). Using the same 

parameters as the untreated C57BL/6 mice, with the exception of a reduction in the 

recruitment of the pro-inflammatory response (α1) and lowering the rate of inflammation 

caused by the pro-inflammatory response (α3, since the Th17 response was neutralized), the 

model indicates a lower level of infection but not a significant amount (similar to the 

observations in the physical experiments; see Fig. 7).

Experiment 6: C57BL/6 mice treated with anti-IL-12p40 antibodies reducing both the Th1 
and Th17 host responses

When C57BL/6 mice are treated with antibodies against a cytokine common to both Th1 and 

Th17, 62.5% of the mice remained infected. We lowered the two parameters discussed in 

experiment 5 even more (α1, α3). If the multiplier is reduced enough, the infection is 

cleared. This indicates that whether the mouse is able to clear the infection or not depends 

on a threshold of the Th1 and Th17 response and may vary within the mice, which could 

explain why 62.5% of the mice remained infected (see Fig. 8).

Experiment 7: C57BL/6 and four-component vaccine

For another experiment, C57BL/6 mice were treated with four-component vaccine and 

antibiotics. With this vaccine, the pro-inflammatory response rate for the C57BL/6 mice is 

increased (α1), and the effectiveness of the pro-inflammatory response against infection is 

also increased (β4). Without the antibiotics, the vaccine is not sufficient to prevent infection 

(see Fig. 9). Antibiotics alone were also insufficient to clear the infection, and our model 

agrees with this.

Experiment 8: C57BL/6 and five-component vaccine

However, when C57BL/6 mice are treated with a five-component vaccine, the infection is 

prevented. For the five-component vaccine, we only increased the pro-inflammatory 

response rate to the same level as the four-component vaccine but increased the pro-

inflammatory effectiveness against infection even more. By priming the immune system 

with this vaccine, it prepares the cells to be able to eliminate the infection faster and 

stronger. The model gives clearance of the infection (see Fig. 10).

4. Parameter sensitivity

One of the most useful tools that modellers use to understand the effects of uncertainty on 

model predictions is sensitivity analysis. This term refers to a broad group of methods that 

attempts to sort the parameters by their effect variations have on the model predictions. The 

value of this analysis is that the effects of parameters on the system can easily be identified 

and ranked accordingly without extensive exploration. The ability to identify parameters that 

exert more control on the output of the system provides insight into the biological processes 

that play a pivotal role. Additionally, for most biologically motivated mathematical models, 

parameters are approximated which leaves a certain level of uncertainty in model results, but 

if the majority of parameters can be identified as having low overall effect on the system, a 
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degree of confidence is added to parameter approximations. Finally, identifying parameters 

that may be ‘frozen’ reduces the parameter space to explore.

We performed a parameter sensitivity analysis previously used for biological models for the 

parameters and initial conditions (Blower & Dowlatabadi, 1994). This sensitivity analysis is 

based upon Latin Hypercube Sampling (LHS) and the calculation of partial rank correlation 

coefficients (PRCCs). Sensitivity analysis indicates how changes in the values of a 

parameter affect the results of the model.

The first step in the analysis is to form the LHS matrix that organizes the parameter values 

for each of the N simulations. We are not able to draw any particular forms of probability 

distributions for our parameters, so we chose a uniform distribution with ranges between 

0.002 and 7 for the parameters while the initial conditions range between 0.003 and 1. The 

distributions are divided into N intervals, where N is the number of simulations. The value K 

is the number of parameters being tested (here, K = 20, 16 parameters and 4 initial values). 

For our model, we choose N = 300 (it has been previously established that N > 4/3K must be 

satisfied (McKay et al., 1979; Blower & Dowlatabadi, 1994)). Each of these N parameter 

values are paired randomly with the N values of the other parameters. The LHS table is an 

NxK matrix. Once the LHS table has been established, N simulations are performed using 

parameter values from each of the rows of the LHS table. Next we calculate the PRCC value 

for each parameter and initial value corresponding to each output variable. As noted by 

Blower & Dowlatabadi (1994), a PRCC value indicates the monotonicity of the input 

variables (parameters) to the particular outcome variable. The sign of the PRCC indicates 

the qualitative relationship and the magnitude indicates the importance of the uncertainty.

We found that none of the parameters gave a PRCC value greater than 0.5 (values are shown 

in Table A4 in the Appendix). Correlation values below 0.5 are considered not significant 

individually. This analysis implies that the model’s results are stable for reasonable 

parameter choices.

More interestingly, we found that some of the parameters did stand out from the others with 

their PRCC values—specifically α2, β2, α3 and α4, which can be used as targets for 

experiments. The parameters β2 and α4, parameters added for interactions not previously 

incorporated into models, may be, in fact, significant to the model outcomes, which we are 

currently exploring mathematically and experimentally. Alternatively, α2, the recruitment of 

the anti-inflammatory response, possibly provides an explanation for the differences in 

immune potential between the two different mouse strains even though several parameters 

change between these experiments. The parameters α2, β2 and α3 were identified earlier as 

possible parameters for changing the immune stability between states. It has been suggested 

previously that this type of sensitivity analysis can identify bifurcation parameters (Marino 

et al., 2008). This sensitivity analysis narrows down interesting parameters to be explored.

5. Discussion

With this model, we are able to predict the outcome of a wide range of specific experiments 

by reasonable alterations in the parameter values. The model was motivated and analysed 

with the aim of reflecting particular experiments that lead to biologically and clinically 
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relevant vaccine strategies. We have incorporated several interactions including: the positive 

feedback between the infection and inflammation, the dynamic decay rates for the pro- and 

anti-inflammatory response when the pathogen is present, the negative effect of the 

inflammation on the anti-inflammatory response and representing a slowly decaying 

bacterial load rather than a single bolus.

We have also performed a parameter sensitivity analysis to verify the acceptability of our 

parameter values—the parameter space already being smaller than some of other models 

mentioned previously. This analysis not only indicates that our parameter choices are 

reasonable but also that the model is very stable with parameter changes. This gives 

confidence that the model fit is robust—which is not the case for all models. In addition, the 

sensitivity analysis also provides guidance for which components of the immune system are 

important, and hence, good targets for immunotherapies.

It is of particular importance that the core model can capture all of the relevant experimental 

outcomes—including the healthy basal state represented by a non-zero equilibrium—by 

altering certain parameters that are comparable with different experimental designs. We also 

provide an alternative interpretation for the chronic inflammation state not described as a 

separate equilibrium. Knowing that the model is able to predict each of these experimental 

outcomes allows for major insights about the system interactions for successful vaccine 

strategies.

Not only can it predict experiments that manipulate the immune response, but it can also 

represent different mouse strains as well as the results from the introductions of both 

aggressive and non-aggressive species of bacteria. Perhaps this suggests that, 

mathematically, not every detail needs to be included to investigate a complex system. There 

is value for the biological investigators in being able to narrow down the scope of the 

characterization of the full immune response to the biofilm infections even though the exact 

mechanism may not be identified. However, the model can easily be built upon by adding 

more interactions as they are discovered, changing interactions to be less direct or expanding 

the model for more detailed biological interests.

Further experiments involving specific time course data are needed to investigate the 

model’s predictions for the behaviours of immune response components are accurate—such 

as early spikes in the model results and oscillations which can be induced by certain 

parameter changes not shown here. These behaviours are interesting biologically and are 

already motivating future experiments.
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Appendix

Table A1

Comparison of mouse strains: their dominant responses, antibodies involved for testing and 

list of experiments.

Mouse strain Basic description Biological elements Experiments

BALB/c Anti-inflammatory response dominates Th2, Treg dominate (Treg treated 
with: anti-CD25 antibodies)

1,4

C57BL/6 Pro-inflammatory response dominates Th17, Th1 dominate (treated 
with: anit-IL-6, anti-IL-12p40 
antibodies)

2,5–8

STAT6 KO BALB/c BALB/c mice with Th2 response removed Treg dominates 3

Note: the Th2 response has both pro- and anti-inflammatory characteristics

Table A2

Parameters used in the model for the BALB/c mouse. All parameters have units h−1 except 

for the following: β1, β2, β3, β4 and α4 have units of (amount * h)−1; KB has units of relative 

amount. Estimated parameters have relatively low PRCC values, indicating that variations 

do not significantly alter results.

Parameters Values used Description Ref.

α1 0.27a Response or recruitment rate of pro-inflammatory cells 
and signalling (P) to inflammatory signalling (I)

Estimated

ρ1 0.2 Response rate of the pro-inflammatory response (P) to 
the infection itself (B)

Estimated (Reynolds et al., 
2006)

β1 0.01a Rate the anti-inflammatory cells and signalling (A) 
reduce/inhibit the response of the pro-inflammatory 
response (P)

Estimated

μ1 0.12 Natural decay rate of the pro-inflammatory response 
(P)

Coxon et al. (1999)

α2 0.11a Response or recruitment rate of the anti-inflammatory 
response (A) to pro-inflammatory signalling (P)

Estimated

β2 0.1 Rate at which inflammation (I) inhibits the anti-
inflammatory response (A)

Moura & Tjwa (2010)

μ2 0.25 Natural decay rate of the anti-inflammatory response 
(A)

Huhn et al. (1997) and Coxon 
et al. (1999)

α3 1.05a Rate of inflammation/damage (I) produced by the pro-
inflammatory response (P)

Estimated

ρ2 0.45 Rate of inflammation/damage (I) produced by the 
infection (B)

Estimated

β3 2a Rate the anti-inflammatory response (A) removes 
inflammatory signalling and damage (I)

Brandwood et al. (1992), 
Edelson et al. (1975) and 
Matsui et al. (1983)

μ3 0.0174 Natural decay rate of inflammation (I) Reynolds et al. (2006)

g 0.9 Bacterial (B) growth rate Spector (1956)
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Parameters Values used Description Ref.

KB 1 Carrying capacity for infection (B) Assumed

α4 1.5 Rate the infection (B) benefits from inflammation and 
damage (I)

Estimated

β4 5a Rate the pro-inflammatory response (P) kills or 
removes the bacteria (B)

Brandwood et al. (1992), 
Edelson et al. (1975) and 
Matsui et al. (1983)

γ 0.01 Decaying source of bacteria (B) from the implant Estimated

a
Parameters changed for specific experiments. Changed values for each experiment are identified in the captions of their 

simulations

Table A3

Qualitative summary of the model results compared with experimental evidence (d = days)

Experiment description Model results Corresponding biological results

1. BALB/c tibia implanted with S. 
aureus-coated pin

Clearance of infection 
and return to basal/
healthy equilibrium

After 21d, 41.67% of mice infected and after 49d, 
25% infected—with decreasing CFU amounts; no 
biofilm formation; lack of neutrophil infiltration to 
bone (Prabhakara et al., 2011b)

2. C57BL/6 tibia implanted with S. 
aureus-coated pin

Infection persists and 
bacteria positive 
equilibrium is stable 
which has a higher 
inflammation/damage 
value

At all time points 100% of mice infected; definite 
biofilm formation; large numbers of neutrophil 
infiltration to bone (Prabhakara et al., 2011b)

3. STAT6 KO BALB/c tibia 
implanted with S. aureus-coated pin

Infection persists and 
bacteria positive 
equilibrium is stable. 
However, it has a lower 
inflammation/damage 
value

After 21d, 100% of mice were still infected but 
with CFU amounts comparable with BALB/c mice 
still infected at 21d (Prabhakara et al., 2011b)

4. BALB/c tibia implanted with S. 
aureus-coated pin and treated with 
Treg antibodies

Infection persists and 
bacteria positive 
equilibrium is stable

After 21d, infected mice increased to 87.5% 
(Prabhakara et al., 2011b)

5. C57BL/6 tibia implanted with S. 
aureus-coated pin and treated with 
Th17 antibodies

Infection persists and 
bacteria positive 
equilibrium is stable but 
with a lower level of 
infection

After 21d, infected mice decreased slightly to 
85.7% (Prabhakara et al., 2011b)

6. C57BL/6 tibia implanted with S. 
aureus-coated pin and treated with 
Th17 and Th1 antibodies

Small changes in the 
specific parameters for 
experiments 5 and 6 
result in either 
persistence of infection 
or clearance

After 21d, infected mice decreased slightly to 
62.5% (Prabhakara et al., 2011b)

7. C57BL/6 tibia implanted with S. 
aureus coated pin and treated with 
quadrivalent vaccine and antibiotics

Infection persists and 
bacteria positive 
equilibrium is stable 
unless antibiotic 
treatment is incorporated 
which gives stability to 
the healthy/basal 
equilibrium

After previous vaccination, 14 d after implantation 
of infection 50% of mice remained infected 
(Shirtliff et al., 2012) and in rabbits 66% remained 
infected (Brady et al., 2011), but combined with 
antibiotics there was a 99.9% reduction in bacterial 
population for rabbits (Shirtliff et al., 2012)

8. C57BL/6 tibia implanted with S. 
aureus coated pin and treated with 
pentavalent vaccine

Clearance of infection 
and return to basal/
healthy equilibrium

After 21 d, there was 100% clearance in all mice 
(Shirtliff et al., 2012)
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Table A4

PRCC values calculated for the model. Note that positive/negative values indicate a positive/

negative feedback

Parameters Pro-inflammatory PRCC Value Anti-inflammatory PRCC Value Inflammation PRCC Value Bacteria PRCC Value

α1 0.1318 −0.0017 0.0109 −0.0140

ρ1 −0.0439 0.0505 −0.0582 −0.0717

β1 0.0300 0.0657 0.0894 −0.0243

μ1 −0.0682 0.0877 −0.0341 0.1094

α2 −0.3514 0.1963 −0.2471 −0.1969

β2 0.2675 −0.1210 0.2054 0.1324

μ2 0.1890 −0.2260 0.0454 0.0471

α3 0.4239 0.0649 0.3063 0.1606

ρ2 0.0698 0.0339 0.0851 0.0264

β3 −0.1345 0.1110 0.1185 0.0080

μ3 −0.1027 −0.0409 −0.2082 −0.1059

g 0.0857 0.0031 0.0334 0.0028

KB 0.1644 −0.1110 0.1031 0.1689

α4 0.2793 0.0335 0.0453 0.2204

β4 −0.1632 0.0294 −0.0269 −0.1046

γ 0.0576 0.0517 0.0357 0.0065

Pi 0.0320 0.0857 0.0109 0.0291

Ai −0.0770 −0.0970 −0.0420 −0.1230

Ii −0.0360 −0.0770 −0.0960 −0.1000

Bi 0.0682 0.0439 0.0818 0.1164
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Fig. 1. 
Model diagram for component interactions. Arrow-ended lines represent the up-regulation 

or promotion of one component by another. Flat-ended lines represent down-regulation or 

blockage of one component by the corresponding component. The general interactions 

outlined by this figure are described by the following parameters: α1 is the response or 

recruitment rate of pro-inflammatory cells and signalling to inflammatory signalling; ρ1 is 

the response rate of the pro-inflammatory response to the infection itself; β1 is the rate the 

anti-inflammatory cells and signalling reduce/inhibit the response of the pro-inflammatory 

response; α2 is the response or recruitment rate of the anti-inflammatory response to pro-

inflammatory signalling; β2 is the rate at which inflammation inhibits the anti-inflammatory 

response; α3 is the rate of inflammation/damage produced by the pro-inflammatory 

response; ρ2 is the rate of inflammation/damage produced by the infection; β3 is the rate at 

which the anti-inflammatory response removes inflammatory signalling and damage; α4 is 

the rate at which the infection benefits from inflammation and damage and β4 is the rate at 

which the pro-inflammatory response kills or removes the bacteria. These descriptions as 

well as other parameters are listed in Table A2.
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Fig. 2. 
Immune response to basal levels: the parameter set used for these particular simulations is 

the BALB/c mouse set listed in the parameter table. The basal level is (P̄, Ā, Ī) ≈ (0.82, 

0.20, 2.10) with eigenvalues λ ≈ −0.17, −0.44, −0.95. Top left: initial high inflammation, 

pro-inflammatory response and anti-inflammatory response, top right: initial high pro-

inflammatory response and anti-inflammatory response, but low inflammation, bottom: 

initial high pro-inflammatory response and even higher anti-inflammatory response with low 

initial inflammation.
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Fig. 3. 
Experiment 1: BALB/c response results in the clearance of infection. We consider this our 

basis experiment to compare other experimental responses. The stable equilibrium (basal 

level) is (P̄, Ā, Ī, B̄) ≈ (0.82, 0.20, 2.10, 0) with eigenvalues λ ≈ −0.06, −0.17, −0.44, −0.95. 

Top left: immune system components, top right: bacterial component, bottom: we present 

this dimensional simulation of the model output to compare with the experimental data for 

this particular experiment. We scaled the model output based on the observed Colony 

Forming Units (CFUs) of bacteria.
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Fig. 4. 
Experiment 2: C57BL/6 response. We changed specific parameters compared with the 

BALB/c mice (β1 = 0.007, α2 = 0.09, β4 = 4.75), resulting in chronic infection. The stable 

equilibrium is (P̄, Ā, Ī, B̄) ≈ (0.94, 0.22, 2.69, 0.54) with eigenvalues λ ≈ −0.07 + 0.33i, 

−1.04 + 0.33i, −1.04 −0.33i, −0.07 −0.33i. Left panel: immune system components, right 

panel: bacterial component.
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Fig. 5. 
Experiment 3: STAT6 KO BALB/c response (β1 = 0.005, β4 = 3) where the Th2 response is 

removed—resulting in chronic infection. The stable equilibrium is (P̄, Ā, Ī, B̄) ≈ (0.91, 0.38, 

1.56, 0.57) with eigenvalues λ ≈ −0.08 + 0.39i, −0.64, −1.33, −0.08 −0.39i. Left panel: 

immune system components, right panel: bacterial component.
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Fig. 6. 
Experiment 4: BALB/c treated with Treg antibodies (β1 = 0.005, β3 = 1.5). Again, the result 

is infection, indicating that the Treg component of the immune system partially protects 

BALB/c mice from infection. The stable equilibrium is (P̄, Ā, Ī, B̄) ≈ (0.96, 0.28, 3.03, 0.70) 

with eigenvalues λ ≈ −0.06 + 0.36i, −1.16 + 0.43i, −1.16 −0.43i, −0.06 −0.36i. Left panel: 

immune system components, right panel: bacterial component.
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Fig. 7. 
Experiment 5: C57BL/6 treated with Th17 antibodies (α1 = 0.225, β1 = 0.007, α2 = 0.09, α3 

= 0.875, β4 = 4.75) results in reduced infection and damage, but does not clear the infection. 

The stable equilibrium is (P̄, Ā, Ī, B̄) ≈ (0.84, 0.18, 2.17, 0.18) with eigenvalues λ ≈ −0.09 + 

0.18i, −0.62, −0.80, −0.09 −0.18i. Left panel: immune system components, right panel: 

bacterial component.
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Fig. 8. 
Experiment 6: C57BL/6 treated with Th17 and Th1 antibodies with clearance of infection 

(α1 = 0.18, β1 = 0.007, α2 = 0.09, α3 = 0.7, β4 = 4.75). Here the treatment allows the mice to 

overcome the infection with the combined reduction of the two inflammatory responses. The 

stable equilibrium is (P̄, Ā, Ī, B̄) ≈ (0.68, 0.16, 1.46, 0) with eigenvalues λ ≈ −0.16, −0.19 + 

0.08i, −0.72, −0.19 −0.08i. The healthy state (basal level) is lower than the healthy state of 

the BALB/c mice here due to the immunomodulation. Left panel: immune system 

components, right panel: bacterial component.
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Fig. 9. 
Experiment 7: C57BL/6 treated with four-component vaccine resulting in no clearance (α1 = 

0.36, β1 = 0.007, α2 = 0.09, β4 = 6). The four-component vaccine is unable to prime the 

immune system to remove the infection entirely. The stable equilibrium is (P ̄, Ā, Ī, B̄) ≈ 

(0.91, 0.15, 3.08, 0.07) with eigenvalues λ ≈ −0.07 + 0.07i, −0.78, −1.25, −0.07 −0.07i. Left 

panel: immune system components, right panel: bacterial component.
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Fig. 10. 
Experiment 8: C57BL/6 treated with a five-component vaccine (α1 = 0.36, β1 = 0.007, α2 = 

0.09, β4 = 7). Here the C57BL/6 mice clear the infection. The stable equilibrium is (P̄, Ā, Ī, 

B̄) ≈ (0.90, 0.15, 3.06, 0) with eigenvalues λ ≈ −0.82, −0.11, −0.68, −1.30. Left panel: 

immune system components, right panel: bacterial component.
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