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The mechanisms underlying the coordinated beating of cilia and flagella remain
incompletely understood despite the fundamental importance of these orga-
nelles. The axoneme (the cytoskeletal structure of cilia and flagella) consists of
microtubule doublets connected by passive and active elements. The motor
protein dynein is known to drive active bending, but dynein activity must be
regulated to generate oscillatory, propulsive waveforms. Mathematical models
of flagellar motion generate quantitative predictions that can be analysed to
test hypotheses concerning dynein regulation. One approach has been to seek
periodic solutions to the linearized equations of motion. However, models
may simultaneously exhibit both periodic and unstable modes. Here, we inves-
tigate the emergence and coexistence of unstable and periodic modes in three
mathematical models of flagellar motion, each based on a different dynein regu-
lation hypothesis: (i) sliding control; (ii) curvature control and (iii) control by
interdoublet separation (the ‘geometric clutch” (GC)). The unstable modes
predicted by each model are used to critically evaluate the underlying hypoth-
esis. In particular, models of flagella with ‘sliding-controlled” dynein activity
admit unstable modes with non-propulsive, retrograde (tip-to-base) propa-
gation, sometimes at the same parameter values that lead to periodic,
propulsive modes. In the presence of these retrograde unstable modes, stable
or periodic modes have little influence. In contrast, unstable modes of the GC
model exhibit switching at the base and propulsive base-to-tip propagation.

1. Introduction

Flagella and cilia undergo bending deformations under the action of dynein, a
motor protein powered by ATP hydrolysis. To produce bending, dynein mol-
ecules form an array of cross-bridges between pairs of microtubule doublets
that comprise the flagellar cytoskeleton (the axoneme), and exert forces that
cause sliding of one doublet relative to the other. These active shear forces inter-
act with passive structural elements (doublets, nexin links and radial spokes) to
produce bending [1]. Dynein activity must be coordinated in order to produce
oscillatory, propulsive waveforms.

The mechanism of dynein regulation has been an active field of investigation
for many years. In a remarkable series of experimental and theoretical studies
[2-16], Brokaw explored a number of potential feedback mechanisms. Hines &
Blum [17] contributed a seminal paper in which a detailed continuum model
of the flagellum was derived, including delayed curvature feedback. Later,
Murase and co-workers [18-21] proposed the ‘excitable’ dynein concept, in
which sliding beyond a specific threshold stimulates dynein activity. Julicher
and co-workers [22-24] further developed the concept of sliding-controlled, col-
lective dynein behaviour to explain flagellar oscillation. These authors postulated
a positive feedback mechanism in which the force per dynein head decreases as
sliding velocity increases, which allows more dynein to be recruited, thus increas-
ing net shear force [22]. Lindemann [25—-27] proposed the ‘geometric clutch’ (GC)
model of dynein regulation, in which the spacing between doublets controls the
level of dynein cross-linking. In the GC model, interdoublet spacing is affected
by cumulative shear force and curvature, providing a plausible explanation for
mechanical feedback. The details of flagellar synchronization and mechanics
remain topics of active research.

© 2015 The Author(s) Published by the Royal Society. Al rights reserved.
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(b)

Figure 1. Schematic of a prototypical flagellum showing tangent angle, s, t). (b) Magnified view of a section of flagellum showing the sliding displacement,
Als, t), internal shear force f(s, t) and effective diameter a. In some sliding-controlled models, sliding at the base A(0, t) is permitted even if transverse motion of

the base is constrained.

The predictions of theoretical models of flagella mechanics
and dynein regulation may be obtained by computer simulation
or mathematical analysis. Typically, these models are expressed
as partial differential equations (PDEs) for the flagellar angle as a
function of time and axial position [17,22-24]. In computer
simulation, time-marching algorithms are used to iteratively
solve the discretized equations of motion [17,26]. Alternatively,
closed-form solutions may be found for simplified versions of
the equations. Solutions to linearized models, valid for small-
amplitude oscillations, are composed of linear combinations of
characteristic modes of oscillation (eigenfunctions). For example,
in a mathematical model based on sliding-controlled dynein
regulation [22,23], oscillatory (periodic) modes were found
that closely matched experimental measurements of the flagellar
waveform. However, in this prior study, only periodic (neutrally
stable) modes were sought, leaving open the possibility of
coexisting unstable (growing) or decaying modes.

This study explores the range of behaviour of recent math-
ematical models of flagellar motion. The solution methods
from references [22—-24] are generalized to find and characterize
unstable modes. The paper briefly reviews flagellar mechanics,
dynein regulation models (sliding-controlled, curvature-
controlled and separation-controlled), and the associated
eigenvalue problems. Solution methods for these eigenvalue
problems are described briefly, and unstable and neutrally
stable modes are found for each model. In particular, in recent
sliding-controlled models, exponentially growing oscillatory
solutions with retrograde (tip-to-base) propagation exist at the
same physical parameter values shown to produce flagella-
like, anterograde, periodic modes. In contrast, the least stable
modes of the GC model exhibit switching at the base and
propulsive base-to-tip propagation.

2. General equations of flagellar mechanics

2.1. Nonlinear equations of motion

Hines & Blum [17] derived the equations of motion for a
flagellum in two-dimensions, modelling it as a slender elas-
tic beam in viscous fluid, subjected to both active and
passive internal shear forces (figure 1). These equations,
summarized below, form the basis for the flagella models
considered here [17,22-24].

The equations of force equilibrium, neglecting inertia,
at any point along the flagellum are written in terms of
the flagellar tangent angle, i, the net internal tangen-
tial and normal force components (T, N) and the external
viscous force components per unit length (g7 and qy)
[17,28].
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Similarly, the moment balance for any element along the
flagellum may be written as
OMp
—_— N = 2.3
35 af + 0, (2.3)
where Mg is the moment owing to elastic bending, a is the effec-
tive diameter and f is the net interdoublet shear force (from
distributed active dynein arms and passive elements such as
radial spokes or nexin links). The velocity of any point along
the flagellum can be written as v = vyey + vrer. The spatial
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derivatives of the normal and tangential components of
velocity are

aUT o 671,0
D5~ N os 24
and
Ooy _0v_,, 09 2.5)
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Finally, constitutive properties are postulated for the beam and

surrounding fluid. The flagella is modelled as a slender elastic
beam with flexural rigidity EI

oy

Mg = EI—,

B 0s
and the fluid at low Reynolds number is assumed to provide
resistive force proportional to velocity [17]

(26

qr = —Cror (2.7)
and
qN = —CNON. (2.8)

The equilibrium, kinematic and constitutive equations can be
combined to form two equations describing the motion of a
slender elastic beam with internal shear moving in viscous
fluid [17,23].

T,SS - u(fw,ss +f,S l/l,s) + EI(lﬂ,ZSS + ‘/j,sss w,s)
+ f—;(Estssw,s — Ty2 —afor) = 0 2.9)

and
1
a (af,ss + T,S ‘j/,s + T'll,ss — EI lr[/,ssss)

1
- ;(Eméw,ss —af + Top) = ¥, (2.10)

where (-) , = 0(-)/0a.

2.2. Linearized equation and boundary conditions

To describe small-amplitude motion about a straight,
equilibrium configuration, equation (2.10) may be linearized to
obtain a much simpler equation [22,23,29] which can be written

Ely s — af s + cnipy = 0. (2.11)

Solutions to equation (2.11) must also satisfy appropriate
boundary conditions. For example, if the flagellum is fixed
at its proximal end (s = 0) and free at its distal end (s =L),
solutions must satisfy

— (2.11) (i) Zero angle at base: %0, t) =0

— (2.11) (ii) Zero normal velocity at base: Elf.(0,t) —
afs(0,t)=0

— (2.11) (iii) Zero moment at distal end: EIi((L, t) =0

— (2.11) (iv) Zero transverse force at distal end: EIif (L, t) —
af(L, t) =0

To solve the equation or perform stability analysis, specific
models of dynein regulation may be used to express f in
terms of iy and system parameters.

3. Models of dynein regulation

Models of dynein regulation are equations that relate the
interdoublet shear force f(s, ) to mechanical variables such

as curvature or sliding velocity. Examples explored in this [ 3 |

paper are the model of sliding-controlled regulation described
in reference [22], the implementation of curvature-controlled
feedback described by Hines & Blum [17], and the model of
dynein control by interdoublet spacing: the ‘GC” hypothesis,
proposed originally by Lindemann [25-27].

3.1. Sliding-controlled dynein regulation

3.1.1. Basic equations of sliding-controlled dynein regulation
Several recent studies [22-24] have suggested that inter-
doublet sliding provides the feedback necessary to produce
sustained, propulsive flagellar oscillations. Interdoublet
sliding displacement is related to bending by the kinematic
relationship [17,22]

A(s, t) = Ao +a(y(s, t) — (0, 1)), 3.1)

where Ay = A(0, t) represents sliding permitted at the base of
the flagellum.

In the hypothesized feedback mechanism, local interdoub-
let sliding reduces the load per dynein motor, leading to
recruitment of more dyneins, and greater net force [22-24].
The detailed explanation of this hypothesis is given in reference
[22] and is summarized briefly here. The active shear force is
related to the incremental change in probability of dynein
cross-linking, 8p, and to the local sliding velocity, 0A/0t.

- A
f(s, t) = —2pfdp + 2ppf' B (3.2)

The parameters p, f, p and f’, which are all positive and real,
have the following meaning: p is the linear density of dynein
arms; f is the maximum force per dynein arm, p is the mean
baseline attachment probability and f is the magnitude of the
slope of the dynein force—velocity curve. Because the force
per dynein head decreases with velocity, dynein cross-linking
probability changes in response to sliding speed, as described
by the equation

(%) 1 /(p(1—p)f 0A
ot *?( fe W_Sp)’ 63

where 7 is the characteristic time for this effect and f. is a
characteristic force for cross-link detachment. This relation-
ship can lead to an increase in net shear force in response
to increasing sliding rate, which is mathematically equivalent
to negative friction or stiffness.

3.1.2. Eigenvalue problem for sliding-controlled dynein

regulation
To describe the response of the flagellum, characteristic
modes of oscillation are sought. Generalizing the approach
of references [22-24], separable solutions of the form

(s, 1) = exp (at)ih (5), (3.4)

are sought with 0 = a + iw (e and w are real). Each such solution
that satisfies the equation of motion, and all boundary conditions,
is a valid solution mode. If a > 0, the mode grows exponentially.
If M such modes are found with exponents o;, and shape, (/7("1)(5),
then a solution can also be formed from any linear combina-
tion of these modes: ¥fs, t) = Z%:l ame"'"t;[/(m) (s). In general,
for arbitrary initial conditions, the least stable mode will
dominate the response.
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Consistent with the assumed form for ¢, analogous
expressions for force, sliding displacement and cross-linking
probability, for example, are [22]

fs, ) = exp (at)f (s);  AGs, £) = exp (at)A(s);

) (3.5)
op(s, t) = exp (ot)8p( s).

The sliding-controlled model of reference [22] can be
expressed in terms of a complex mechanical impedance
x(0), using equation (3.5) in equations (3.1)—(3.3):

fs) = X(@AE);  A@s) = Ag +a(i(s) — #0)).  (3.6)

The complex impedance, x(0), is defined in terms of dynein
kinetics (following appendix B of [22]), by substituting
the assumed solution form into the equation governing
cross-linking probability (equation (3.3))

f. 1+or 37)

Again, following appendix B of reference [22], the expression for
op may then substituted into the equation for shear force
(equation (3.2))

p(l —pf

T ire A + 2ppf oA(s). (3.8)

f(s) = ~26f

The complex impedance, x(o), is now written compactly in
terms of the characteristic exponent, o

—Ao
X(o) = TrorT Bo, (3.9)
and B = 2ppf’ (3.11)

where the derived parameters A and B are positive and real.
Equation (3.9) corresponds to the ‘active” part of equation B9
in [22]. For the special case of the neutrally stable, periodic
response [22,23] the characteristic exponent o= iw, and
X(iw) = k + iwA. The effects of the feedback-controlled dynein
motors can be combined into dynamic stiffness (k) and friction
() coefficients
—Ao?T B—A
k_1+w272’ A =) (6.12)
Passive stiffness and friction may also be included, but these
contributions are considered negligible by the authors of refer-
ence [22]; the values of k and A are expected to both be negative.
Substitution of equations (3.5)-(3.6) into the linearized
equation of motion equation (2.11), as in [22], leads to
d* s
ds* Xds?

+ aent = 0. (3.13)

Following [22], equation (3.13) is written in non-dimensional
form as

G-y +ap=0, (3.14)
with non-dimensional parameters defined as in [22]
s _oonlt x=xPL? ()
S=7; O=—Fr i and ()— (3.15)

The boundary conditions for the fixed-free case are also written
in non-dimensional form [22]

— (3.16) (i) Zero angle at base: #0)=0

— (3.16) (ii) Zero normal velocity at base: {/7//(0) — }zﬁ,(O) =0

— (3.16) (iii) Zero bending moment at distal end: 1/7(1) =0

— (3.16) (iv) Zero transverse force at distal end: t/~///(1)—
X(Ao + (1) — 4(0)) =0

where Ay = Ao /a describes the interdoublet sliding at the
base [22].

Two cases of the sliding-controlled model, described
originally in references [22,23], are considered here.

Case 1: sliding at the proximal end is resisted by base
stiffness, k,, and friction, 7, leading to the expression [22]

1
= r( #(0) — J Jr(§)d§) (3.17)
0
where
X - ka’L . ya?
= - ’ ks = 7, s = . 318
X+ks+ 0, Bl T Dy G18)

Case 2: sliding at the proximal end of the flagellum is
prohibited: Ay = 0.

3.2. Curvature-controlled dynein regulation

3.2.1. Basic equations of curvature-controlled dynein regulation
Hines & Blum [17] implemented curvature control in a conti-
nuum model of the swimming flagellum of the form of
equations (2.9)-(2.10). The shear force f(s, t) is defined by
the expression

af(s, t) = Su(s, t) — Sq4(s, 1),

where S, is the shear force owing to deformation of passive

(3.19)

components and Sy is the active dynein force. Local dynein
shear force is dynamically regulated by curvature, according

to the equation

0S4 1 oY

— == -my—=— 2

ot T( "0 3s Sd) (3:20)
where m, (N m) determines the effect of curvature feedback
on dynein activity. Hines & Blum [17] suggest that the pas-
sive component of shear is related to interdoublet sliding
displacement A(s,t) by the nonlinear relationship

S, =kiA (1 —1/\/1+ szZ). (3.21)

3.2.2. Eigenvalue problem for curvature-controlled dynein

regulation

By direct analogy to the sliding-controlled model in §3.1.2,
separable solution forms (equations (3.4)—(3.5)) are
substituted into the equations for the curvature-controlled
model of Hines & Blum [17] (equations (3.19)-(3.21) and
(2.11)). The corresponding non-dimensional differential
equation and boundary conditions for the fixed-free case
are [17]

=~

17 __lﬂ +ap=0, (3.22)
— (3.23) (i) Zero angle at base: #0) =0
— (3.23) (ii) Zero normal velocity at base: 1/7//(0) -8/

(14 n)¢'(0) = 0.
— (3.23) (iii) Zero bending moment at distal end: 1,[7(1) =0.
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— (3.23) (iv) Zero transverse force at distal end: 4,17/(1) -8/
(1+n@)dr (1) = 0.

As before, & = gcyL*/EI. The new non-dimensional variables
are 7 = 7EI /cyL* (the ratio of the dynein time constant to the
viscoelastic time constant of the flagellum) and & = moL/EI
(the ratio of the characteristic dynein moment 1, to the
moment required to bend the flagellum to curvature 1/L).
Note that passive shear forces may be added to account for
elastic or dissipative shear elements, but in the linearized ver-
sion of the original model, the passive shear-restoring force
(equation (3.21), to linear order) is zero.

3.3. Dynein regulation by interdoublet spacing: the

geometric clutch hypothesis

3.3.1. Basic equations of the geometric clutch model

The GC model was proposed by Lindemann [25-27] and
implemented as a discretized computer simulation. A version
of the model, expressed as a set of PDEs, was derived recently
[28] and is briefly summarized here. In the GC model, the net
shear force is f = fp + fr, where fp and fr are the net shear
forces in the principal and reverse directions, exerted between
pairs of doublets on opposite sides of the axoneme. Including
shear forces owing to passive stiffness and friction, net shear
force is thus expressed as [28]

f = 7f(p1 — pQ)A =+ ZkT(Zl/J =+ Zbrtl %f . (324)
The probabilities py and p; are system parameters that rep-
resent the baseline and maximum probabilities of dynein
cross-linking, and f is the maximum dynein force per unit
length. The variable A= Ap— Ar represents net dynein
activity in the principal bend direction. The parameters kr
and by represent stiffness and damping in shear. (Note the
sign convention for shear force here is opposite that of reference
[28], and consistent with references [22,23].)

In the GC model, dynein activity is coupled to global flagel-
lar motion by tension and curvature [28]. The distributed shear
force causes a difference in tension between doublets in each
active pair: Sp(s, f) = J;L fpd¢ and Sg(s, t) = LL frdl. If the
doublets are curved, these tension differences lead to a com-
ponent of force (Sp(0y/0s) or Sg(0y/0s)) that separates the
doublets or draws them together. After adding the two sides
together and linearizing, only the baseline difference in ten-
sion, Sy, appears in the equation governing net dynein
activity, A. The following expressions are obtained [28]

0A 1 oY
YT —EA — CsSoa—s (3.25)
and
L7 —
So = ZJ fpo d = —2fpo(L — ). (3.26)

The time constant 7y describes the local dynein kinetics. The
resting ‘isometric” difference in tension, Sy, provides a baseline
level of coupling between curvature and dynein activity even
when the flagellum is almost straight. The parameter Cg con-
trols the magnitude of the coupling [28]. The stability of a
straight flagellum is significantly affected when the baseline
tension difference Sy > 0.

3.3.2. Eigenvalue problem for the geometric clutch model
Solutions to the flagella equations with GC dynein regulation
are sought in the separable form above (equations (3.5)), and
substituted into the expressions for dynein activity (equations
(3.24)-(3.26)) and flagellar motion (equation (2.11)). The
resulting expressions are combined and simplified to obtain
the following equation for W

EI%!,— C1(<T);—:2 {(L - S)Z—Zj} - Cz((f)%hr oeny =0,
(3.27)
with coefficients
c1(0) = 2po(pr — polaf /(o +1)  (3.28)
and
c2(0) = 2a*(ky + oby). (3.29)
In non-dimensional form, the equation becomes
J - [a@1 -9 —a@¢ +og=0,  (330)

or its equivalent,

" @1 -8 ~[00) ~ 20(@)] + o =0. (331)
where the new non-dimensional parameters are ¢; = ¢;L?/EI
and Cr = C2L2/EI.

The corresponding boundary conditions are

— (3.32) (i) Zero angle at base: #1(0) = 0.
— (3.32) (ii) Zero normal velocity at
[c1(o)(1 — 8] —c4/(0) = 0. ;
— (3.32) (iii) Zero bending moment at distal end: (1) = 0.
— (3.32) (iv) Zero transverse force at distal end: J/”(l)f

(1) — (0)) = 0.

=~

¥ (0)—

base:

By comparing equation (3.31) with the analogous equa-
tions describing sliding-controlled models (equation (3.14))
[22-24] and curvature-controlled models (equation (3.22))
[4,10,17,30], it is apparent that the GC model includes feed-
back from both curvature (the term containing 1,17//) and
shear deformation (the term containing 1/7/). Notably, both
terms become more destabilizing when c;(0) increases [28].

An important feature of the curvature-feedback term in the
GC modelis that it is proportional to 1 — s. The feedback is thus
strongest at the proximal end, which encourages switching at
the base and thus proximal-to-distal propagation. The factor
of 1—5 also complicates the solution of the eigenvalue
problem, so that numerical methods (weighted residual or
finite-element calculations, e.g.) are required to find the natural
modes and frequencies of oscillation.

3.4. Nonlinear-restoring force

The equations of sections 3.1-3.3 describe linearized models of
the forces between doublets. These models either omit elastic
shear forces or permit elastic force to remain proportional to
displacement. In fact, it is likely that forces from passive
components of the axoneme will increase nonlinearly with dis-
placement [23]. Such nonlinearity does not affect the linear
models above, but prevents unstable modes from growing
without limit. Accordingly, in simulations, an additional non-
linear-restoring shear force proportional to the cube of the
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shear displacement was added. In each case, the shear force is

foim(s, 1) = f(s, £) + kA, (3.33)
where A(s, t) is defined by equation (3.1), and f(s, t) by
equations (3.2), (3.19) or (3.24). The nonlinear-restoring
force of equation (3.33) approximates the assumed stiffening
behaviour of elastic elements [4,23]. When the lineari-
zed model is unstable, the value of k3 may determine the
amplitude of simulated oscillations.

4. Solution of the eigenvalue problem

The spatial differential equations derived in sections 3.1-3.3
are summarized here.

Sliding-controlled: 4 — i + & = 0, (3.14).

Curvature-controlled: ¢ — 8§/(1+ o)y + o = 0, (3.22).

GC: " —a(@(1 =)y — [c2(8) — 261(DNP + 7 = 0.
(3.31).

The behaviour of each model, for a given set of boundary
conditions, can be described in terms of the characteristic
modes, or eigenfunctions. Exact expressions for the eigen-
functions in terms of exponential functions can be found
for the sliding-controlled and curvature-controlled models,
as described below (§4.1); the eigenvalues themselves must
be found numerically. The GC model requires a numeri-
cal approach to find eigenvalues and eigenfunctions.
Accordingly, the method of weighted residuals and the
finite-element method, both of which may be applied to all
models, are invoked (§4.2).

4.1. Eigenvalue analysis by substitution of an assumed

exponential solution
4.1.1. Solution of the eigenvalue problem for the sliding-

controlled model
The eigenvalue problem for the sliding-controlled model
(equation (3.14) together with the boundary conditions
equation (3.16)) may be solved as follows [22]. The differen-
tial equation for the mode shape, equation (3.14) is satisfied
by exponential solutions of the form

h(s)=Ae”. @.1)

Substitution of the assumed form into the equation of motion
leads to the characteristic polynomial

B —xB*+a=0. (4.2)

For a given value of &, the general solution to equation (3.14)
can be constructed using the four roots of equation (4.2)

) = AreP® 4 ArePs® 4 AzeP® 4 AuePs. (4.3)

Equations (3.17) and (3.18) can be used to eliminate Ay from
the boundary condition equations, leading to a matrix
equation of the form below (a representative column of the

4 x 4 matrix is shown):

3 17 A
:Bn - ig(Bn e A2
Bt "
Bﬁeﬁn +/\7(1 —T—ePr 4 (P — 1)) Ay
B
0
0
= 0 ,n=1,2,34.
0
(4.4

If sliding at the base is not permitted, the base compliance
parameter I'= 0.

Note that the values of 3, in the matrix above depend not
only on the physical parameters of the model, but also on the
characteristic exponent, or eigenvalue, . For a specific par-
ameter set, the eigenvalue problem can thus be written
compactly as

M@ -a=0;, a=][A, A, As, A" 4.5)

Non-trivial solutions are found by seeking values of &
that lead to

D(5) = det M(3) = 0. (4.6)

Eigenvalues &, are found at the zeros of D(¢) (or minima of
|D(0)|). Mode shapes are found by seeking vectors a™ that
span the corresponding null-space of the matrix, M(o;,); this
is accomplished by singular value decomposition. The mode

shape 1/7("1) (5) is then reconstructed by substituting values for
A and B (coefficients and roots corresponding to the eigen-
value 7;,) into equation (4.3). Results may be expressed in
dimensional form using o = oEI/ enLE.

4.1.2. Solution of the eigenvalue problem for the curvature-
controlled model

Substituting the assumed exponential form (equation (4.1))

into the equation of the curvature-controlled model, the

characteristic polynomial is found to be

[34—8

1+ 0o

g +o=0. 4.7)

By imposing boundary conditions, the eigenvalue problem is
expressed as the matrix equation (4.8) (again a representative
column of the 4 x 4 matrix is shown)

Bn - — (eﬂn - 1)
1+ no A 0
8
Bi_1+’?’6—3n A2 _ 0
B,ePr i3 8
Bzeﬁ” _ 8 B ePr !
L " 1+n0™" _
n=1,234. (4.8)

As in the sliding-controlled model, characteristic exponents
(eigenvalues) and mode shapes (eigenfunctions) are obtained
by finding the zeros of the determinant D(c) of the matrix on
the left side of equation (4.8) and reconstructing the mode
shapes using equation (4.3).
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Table 1. Parameter values for sliding-controlled model with base sliding—case 1 [22].

parameter value

v 0.0034

G 0.0017

a 0.185

L 583

E 1700

T 0.004
e o

f 38

f. 20

f 1.8

k; 948 x 103
L ke

ks 800

4.1.3. The eigenvalue problem for the geometric clutch model
It is not possible to use the approach above to find closed-form
expressions for the eigenfunctions for the GC model, owing to
the factor 1 — 5 in the equation for Jf Instead, approximate sol-
utions to the eigenvalue problem were sought using numerical
methods. Such methods include finite-element analysis, or the
method of weighted residuals [31]. The method of weighted
residuals is well-suited to this problem, as the flagellar eigen-
functions can be constructed from the vibration modes of an
Euler—Bernouilli beam with corresponding boundary con-
ditions. The application of the method of weighted residuals
to this problem is described in the electronic supplementary
material, part A.

4.2. Finite-element eigenanalysis and time-marching

simulation

To check the stability analysis and characterize the corres-
ponding behaviour, solutions to the equations of motion were
also found using the PDE modelling capability of a commer-
cial finite-element (FE) software package (COMSOL v. 4.3a,
COMSOL, Inc., Burlington, MA). The one-dimensional domain
was discretized into 50 elements with quartic interpolation.
Eigenvalue/eigenfunction calculations (300 maximum iter-
ations, relative tolerance 1 x 107 and time-marching
simulations (backward differentiation formula, variable time
step, relative tolerance 1 x 10 were performed. Representa-
tive results were confirmed at finer spatial resolution and
smaller tolerance values.

5. Results: unstable and neutrally stable modes
of flagellar models

For each model, we seek unstable modes that lead to oscil-
lation. Each such mode is characterized by frequency, shape
and propagation direction, which determines propulsive
effectiveness. The basic physical parameters (length, flexural
rigidity, diameter, viscosity) and fixed-free boundary

units

description
normal resistive force coefficient
~ tangent resistive force coefficient (¢, ~ cy/2)
e ofﬂagellum LTTONEL
. Iength ofﬂagellum B et
© flexwral rigidity of flagelom
y dynem e
* mean probability of cross-linking
dynem il
o
~ slope of dynein force—velocity curve
sI|d|ng b
. sI|d|ng e
.......... den5|tyofdyne|n L
T

conditions are consistent between the models. In the first slid-
ing-controlled case, interdoublet sliding is permitted at the
base, for comparison with the results of reference [22]. The
role of unstable modes in initiation and maintenance of fla-
gellar oscillations is investigated by numerical simulations
of fully nonlinear models.

5.1. Unstable and neutrally stable modes of sliding-

controlled models
5.1.1. Case 1: modes of the sliding-controlled model with finite

sliding compliance at the base

Modes from assumed exponential solution: a sliding-controlled
model with fixed-free boundary conditions and sliding per-
mitted at the base [22,23] was analysed by the assumed
solution approach described above. This case, and correspond-
ing parameters (table 1), are chosen for comparison to the
analogous example in reference [22]. Sliding at the base
is permitted, opposed by finite positive stiffness (k; = 94.8 x
10 " *Nm™!) and friction (y, =0.273 x 10 >N-sm ') as in
[22]. Other parameters were also chosen to match the mechan-
ical impedance used in reference [22]. For example, these
parameters lead to negative effective shear stiffness
(k= —1620 N m ?) and friction (A= —7.60 N-sm ?) in the
flagellum for the 20.6 Hz mode discussed in [22].

Characteristic exponents in the complex plane are found at
local minima of the determinant magnitude, |D(o)|, shown in
figure 2a,b (results are shown in terms of physical, rather
than dimensionless, variables). Two notable observations can
be made. (i) A periodic solution (complex conjugate eigenfunc-
tions with purely imaginary characteristic exponents: o = iw)
exists. The frequency of this periodic mode corresponds pre-
cisely to the frequency (w/2m7=20.6Hz) of the periodic
mode reported in reference [22] for these parameters. (ii) Mul-
tiple unstable modes coexist with this periodic mode. Three of
these unstable modes have characteristic exponents with posi-
tive real parts (Re(0) = a > 0). Because of these coexisting
unstable modes, the physical significance of the neutrally
stable 20.6 Hz mode is minimal.
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Figure 2. (a) Eigenvalues from the assumed exponential solution of the sliding-controlled flagellar model (equation (3.14)) with sliding permitted at the base
(case 1; parameters in table 1). Images of the log magnitude of the determinant, In|D(c)| (arb. units), are shown as a function of o= a + iw. Eigenvalues
(characteristic exponents) are found at local minima (blue) of |D(c)]|. Unstable modes have o = Re(o) > 0. (b) Expanded view of panel (a) shows the eigenvalue
at o = i27r- 20.6 corresponding to a 20.6 Hz periodic mode. (c) Eigenvalues from the weighted-residuals method: paths of eigenvalues o = a + iw are shown
in the complex plane as p is varied (0 << p << 0.04). Other parameters are as in table 1. The red ‘x” symbols denote the eigenvalues at the final value p = 0.04.
The eigenvalues in panel (c) closely match the minima of [D(o)| in panel (a). (Online version in colour.)
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Figure 3. Unstable and neutrally stable modes of the sliding-controlled model with sliding at the base (case 1; equation (3.14)). (a,¢.e,9) The mode shape expressed
in terms of tangent angle, J(E) (b,d fh) The mode shape expressed in terms of displacement y(s). The real (solid line) and imaginary (dashed line) part of each
mode is shown. Each mode corresponds to eigenvalue oo = a + iw: (a,b) & = 51.3 s w2 = 3.3 Hz (unstable); (c.d) oo = 2285, w/27m = 225 Hz
(unstable); (e,f) a = 405", w/27 = 30.8 Hz (unstable); (gh) =00 s wf2ar = 206 Hz (periodic). See the electronic supplementary mateial, movies

$1-S2 for corresponding animations.

Results from the method of weighted residuals: complementary
results obtained by the method of weighted residuals are
shown in figure 2c. Figure 2c shows the paths of the eigenvalues
in the complex plane as the baseline probability of dynein attach-
ment, p, is increased from 0 to 0.04. The final values of the
eigenvalues (red x” symbols in figure 2c) agree closely with
the values obtained from the local minima of |D| (figure 2a,b).

Mode shapes corresponding to these eigenvalues are
shown in figure 3. The shape of the periodic mode at 20.6 Hz
obtained here matches closely the shape of the periodic mode
at the same frequency in reference [22]. The unstable modes
of this model under the same conditions have not been
described in prior studies; they are expected to influence
physical behaviour more than the coexisting periodic mode.

Figure 4a shows the frequency of the least stable, unstable
mode, as function of the mean cross-linking probability, p and
flagellum length, L. The white region of the plot indicates par-
ameter combinations for which unstable modes are absent, so
the edge of the coloured region indicates the stability boundary.
Solutions with zero imaginary part (purely real eigenvalues
a > 0) correspond to non-oscillatory unstable modes.

Figure 4b displays the gradient of phase for the least
stable mode, 02 lZl/ 0s, at each parameter combination. If the
mode exhibits proximal-to-distal (anterograde) propagation,
the phase gradient will be negative. For example, the phase
gradient of the 20.6 Hz mode is negative. However, the
phase gradient of the least stable mode is positive for all par-
ameter combinations in this model, indicating that retrograde
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Figure 4. (a) Frequency w/27r (Hz) of the least stable mode of the sliding-controlled flagellar model (case 1; equation (3.14)) as a function of flagellar length, L,
and mean probability of cross-linking, p. Other parameters are as in table 1. At each parameter combination (p, L), frequency is obtained from the imaginary part
of the eigenvalue o = « + iw with largest real part (c). (b) Median phase gradient, O £ 1/}/85, of the least stable mode. Anterograde (proximal—distal)
propagation corresponds to a phase gradient <0, for w > 0. For all parameter combinations shown here, the least stable mode exhibits phase gradient >0

and thus retrograde propagation.
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Figure 5. Comparison of weighted residual stability predictions of frequency, w/27r (Hz), to the frequency of periodic solutions obtained from the assumed expo-
nential solution for the sliding-controlled model with no base sliding (case 2, described in [23]). Results are shown as a function of the mechanical impedance, x.
The colour scale in panels (a,b), and the vertical axis in panel (b) display the frequency of the least stable mode. Modes with zero frequency are non-oscillatory. The
plots show good agreement as periodic (neutrally stable) solutions arise at transitions between solution regimes.

(distal-to-proximal) propagation is present in this model with
these parameters.

5.1.2. Case 2: stability of the sliding-controlled model

with no sliding at the base

This case provides an opportunity for more extensive com-
parison to results from prior work [23] (figure 5). Periodic
modes were found by the assumed solution method (§4.1)
at frequencies from 1 to 100 Hz, using the same parameter
values as in reference [23]. The values of the complex impe-
dance y corresponding to these periodic solutions are
shown in figure 5 (red markers); the frequency of each
mode is plotted on the vertical axis of figure 5b. Figure 5a
is directly comparable to fig. 3 in [23].

Also shown in figure 5 are the frequencies of all unstable
modes found by the method of weighted residuals, at all
values of the complex impedance, y. The frequency predictions
of the weighted residual method at the boundaries of different
solution regimes agree closely with the frequencies of periodic
modes obtained by the assumed solution approach. These pre-
dictions also match corresponding results in reference [23].
However, for many of the parameter combinations at which per-
iodic solutions exist, coexisting unstable modes are also found.

Figure 6a shows the locations of eigenvalues of this model
as the mean probability of cross-linking, p, is varied (other
parameters are as in table 2). The frequency and direction
of the least stable mode are shown in figure 6b,c as functions
of the length of the flagellum (L) and p. The neutrally stable
mode at 28 Hz, identified by eigenvalues on the imaginary
axis in figure 6 and by the mode shape in figure 7, matches
the corresponding example result from [23].

5.2. Unstable modes of the curvature-controlled model
Eigenvalues, o, of the classic curvature-controlled, fixed-free
flagellum model of Hines & Blum [17], using parameter
values in table 3, are shown in figure 8. The locations of these
eigenvalues in the complex plane are found at local minima
of |D(0)|, which is shown in figure 82 and expanded in figure
8c. Notably, the least stable solutions are oscillatory with the
imaginary parts of the characteristic exponents corresponding
to frequencies of flagellar motion. The paths of eigenvalues in
the complex plane, obtained by the method of weighted
residuals, are shown in figure 8b (expanded in figure 8d)
with the final eigenvalues closely matching the minima of
|D(0)| in figure 8a,c. The mode shape corresponding to the
unstable positive eigenvalue is shown in figure 9.
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Figure 6. Eigenvalues of the sliding-controlled model from the weighted residual method: (a) paths of eigenvalues o = « + iw in the complex plane as baseline
probability of dynein attachment, p, is varied (0 << p << 0.01) in the sliding-controlled flagellar model (equation (3.14)) with no sliding at the base (case 2).
Other parameters are as in table 2. The red ‘X’ symbols denote the eigenvalues at the final value: p = 0.01. (b) Frequency w/27r (Hz) of the least stable
mode of this model as a function of flagellar length and p. Other parameters are as in table 2. At each parameter combination (p, L) frequency is obtained
from the imaginary part (iw) of the eigenvalue o = « + iw with largest real part (c). () Median phase gradient, 0~ (Z/as, of the least stable mode.
Anterograde (proximal —distal) propagation corresponds to a phase gradient <0, for w > 0. For all parameter combinations shown here, the least stable
mode exhibits phase gradient > 0 and thus retrograde propagation.
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Figure 7. The 28 Hz, neutrally stable, retrograde propagating mode of the sliding-controlled model with no sliding at the base (case 2, described in [23]). (a) The

mode shape expressed in terms of tangent angle, is(s). (b) The mode shape expressed in terms of displacement y(s). The real (solid line) and imaginary (dashed

line) part of each mode is shown. This periodic mode corresponds to eigenvalue o = a + iw: @ = 0.0 5™, w/27r = 28 Hz. See electronic supplementary
material, movie S3 for corresponding animation.

Table 2. Parameter values changed for sliding-controlled model with no base sliding—case 2 [22,23]. (L, £I, a, ¢y are as in table 1.)

parameter value units description
p 0.01 1 mean probability of cross-linking
f 5.2 pN dynein stall force
f, 1.0 pN characteristic force
f 0.5 pN-s um ™" slope of dynein force —velocity curve
ks 40 pN pm™* nonlinear shear stiffness
Oscillation frequencies and phase gradients for the least Table 3. Parameter values for curvature-controlled model [17]. (L, £/, a, ¢y
stable modes of the curvature-controlled model are shown in are as in table 1.
figure 10. As the curvature feedback parameter 1 is decreased
the moc.les bec.ome stable, as is characteristic .of th.e underlying parameter value units description
Hopf bifurcation. All the unstable modes in this parameter
range exhibit anterograde (proximal-to-distal) propagation. T 0.015 s dynein time constant
my 1600 pN-m characteristic bending
. moment
5.3. Unstable modes of the geometric clutch model s
Figure 11 illustrates the increasing baseline probability of dynein k10 pNpm " nonlinear shear stifness

attachment, p, on the eigenvalues of the GC model of the flagel-
lum. A dynamic instability occurs when complex eigenvalues
cross into the right half plane with non-zero imaginary part:
Re(0) > 0; Im(o) # 0. Increasing the baseline probability of ) )
cross-bridge attachment, po, encourages instability. The modes simulation

corresponding to the least stable eigenvalues at py = 0.05 (with Eigensolutions were also obtained by FE analysis of the line-
other parameters as in table 4) are shown in figure 12. arized models using COMSOL PDE modelling software, as

5.4. Results of finite-element analysis and numerical
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Figure 8. (a,0) Eigenvalues from the assumed exponential solution of the curvature-controlled, fixed-free flagellar model (equation (3.22)): images of the log
magnitude of the determinant (In|D(c7)|) (arb. units) are shown as a function of o= « + icw. Values of key parameters are defined in table 3. Eigenvalues
(characteristic exponents) are found at local minima (blue) of |D(c)|. Unstable modes have oo = Re(a) > 0. (b) Eigenvalues from the weighted residuals method:
paths of eigenvalues o = a + iw are shown in the complex plane as my is varied (0 << my << 1600 pN-pum). Other parameters are as in table 3. The red ‘X’
symbols denote the eigenvalues at the final value my = 1600 pN-m. (¢,d) Expanded views of panels (a,b) showing the least stable eigenvalues. The eigenvalues
in panels (b,d) closely match the minima of |D(o)]| in panels (a,c). (Online version in colour.)
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Figure 9. The unstable mode of the curvature-controlled model with parameter values in table 3. (a) The mode shape expressed in terms of tangent angle, ().

(b) The mode shape expressed in terms of displacement y(s). The real (solid line) and imaginary (dashed line) part of the mode is shown. The mode corresponds to

eigenvalue o= o + iw: o = 549", w/27r = 36.3 Hz (unstable). See electronic supplementary material, movie S4 for corresponding animation.
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Figure 10. (a) Frequency w/27r (Hz) of the least stable mode of the fixed-free, curvature-controlled flagellar model (equation (3.22)) as a function of flagellar
length and characteristic dynein bending moment, m,. Other parameters are as in table 3. At each parameter combination (m, L), frequency is obtained from the
imaginary part (iw) of the eigenvalue o = « + iw with largest real part (c). (b) Median phase gradient, 841/3/85, of the least stable mode. Anterograde
(proximal —distal) propagation corresponds to a phase gradient <<0, for w > 0. For all parameter combinations shown, the least stable mode exhibits anterograde
propagation.

described above. Characteristic exponents and mode shapes
found by FE eigenanalysis (not shown) correspond closely
to those found by the method of weighted residuals, shown
in figure 3, figure 7, figure 9 and figure 12.

Numerical simulations (i.e. time-marching) of the full
nonlinear flagellum equations in the time domain with fixed-
free boundary conditions were performed in COMSOL to

investigate the behaviour of the dynein regulation models at
finite amplitudes. Time-marching simulation allows explora-
tion of nonlinear, transient and non-periodic behaviour.
Simulations were performed for the sliding-controlled model
(equations (2.9) and (2.10) with equations (3.1)—-(3.3)), for the
curvature-controlled model (equations (2.9) and (2.10) and
equations (3.19)-(3.21)), and for the GC model (equations
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Figure 11. Eigenvalues of the GC model from the weighted residual method: (a) paths of eigenvalues o = « + iw in the complex plane as py is varied (0 <
Po < 0.2) in the GC flagellar model (equation (3.31)). Other parameters are as in table 3. The red ‘x’ symbols denote the eigenvalues at the final value po = 0.2.
(b) Frequency w/27r (Hz) of the least stable mode of the GC model as a function of flagellar length and baseline probability of dynein activation, p,. Other
parameters are as in table 4. At each parameter combination (py, L), frequency is obtained from the imaginary part (iw) of the eigenvalue o= a + iw
with largest real part (). (c) Median phase gradient, 841/7/85, of the least stable mode. Anterograde (proximal—distal) propagation corresponds to a
phase gradient <<0, for w > 0. For all parameter combinations shown, the least stable mode exhibits anterograde propagation.

Table 4. Parameter values for the geometric clutch model [28]. (L, E/, g, ¢y are as in table 1.)

parameter value
T 0.05 s
G 0.50

(2.9) and (2.10) and equations (3.24)—(3.26)). A nonlinear elastic
shear force (equation (3.33)) was included in each model for
simulation; the value of the nonlinear coefficient k3 was
adjusted to control amplitude (i.e. to produce oscillations of
comparable amplitude in each model).

Simulation of each system led to oscillatory solutions with
moderate amplitude (figure 13). Each row of figure 13 shows
(i) snapshots of the waveform colour-coded by time; (ii) time
series of angle at the tip and tension at the base; (iii) ‘phase
plots’ of flagellar angle at s = 3L/4 and s = L and (iv) the fun-
damental mode obtained by Fourier analysis. Simulations of
the sliding-controlled model with sliding at the base (case 1)
lead to oscillatory waves with retrograde propagation.
The positive mean value of tension at the base (Tj) signifies
backward propulsive force. The sliding-controlled model
without sliding at the base (case 2) exhibits non-propulsive,
retrograde waves similar to the least stable mode of the line-
arized version. The curvature-controlled model exhibits clear
anterograde wave propagation that leads to a forward
propulsive force (negative Tj). The GC model exhibits pro-
pulsive, anterograde propagating waves that resemble the
single unstable mode.

Fourier analysis of the steady-state spatio-temporal pat-
tern of yf(s, t) from simulation was performed along the
time dimension (fft; MatlabTM, The MathWorks, Natick,
MA) to obtain the of the

frequency and shape

units

pN m

pN pm™
pN-s um

o

m pN-s—

4

description

dynein time constant

“baseline probability of cross-nking
~ maximum probability of cross-finking
‘maximum dynein force per unit length
v'pévssvivevsheva'rvstiffhevss”m e D

2 passive shear friction

! interdoublet force and dynein coupling factor

nonlinear shear stiffness

fundamental mode of oscillation (figure 13 and table 5).
The relative contribution of the fundamental mode to the
simulated response was measured by the ratio of its magni-
tude to the summed magnitudes of all the Fourier
coefficients (table 5). The similarity of the fundamental
mode from simulation to the unstable modes of the linearized
model (obtained by weighted residuals eigenanalysis) was
measured by the magnitude of the correlation coefficient
between the two shapes (corrcoef; MatlabTM, The MathWorks;
table 5).

Finally, the sensitivity of flagellar behaviour to model
parameters can be determined from the changes in eigen-
values as the parameter is varied. Electronic supplementary
material, figure S5 shows the effects of flagellar length, L,
flexural rigidity, EI and resistive force coefficient, ¢y on
eigenvalues of each model.

6. Discussion and conclusion

Unstable and neutrally stable periodic modes were identified for
the sliding-controlled [22-24], curvature-controlled [17], and
doublet separation-controlled (GC) [25-27] models of flagellar
motion. Sliding-controlled models are characterized by sliding
impedances with negative effective stiffness and friction coeffi-
cients. Previous studies of sliding-controlled models [22-24]
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Figure 12. The unstable modes of the GC model (equation (3.31)) with parameter values in table 4. (a,c,e) The mode shape expressed in terms of tangent angle, ¢(s).
(b,d,f) The mode shape expressed in terms of displacement, y(s). The real (solid line) and imaginary (dashed line) part of each mode is shown. See electronic sup-
plementary material, movie S5 for corresponding animation. This unstable modes corresponds to eigenvalues o = & + iw: (a,b) o = 3855, w/27 =
B2Hz (cd) a=7755"", w2 =326 Hz (ef) a = 1205, w27 = 203 Hz.

have focused on the existence of and characterization of the neu-
trally stable periodic solutions. The current analysis confirms the
existence of periodic modes that closely resemble observed
flagellar behaviour. However, the uniqueness of these solu-
tions was not demonstrated in prior studies, leaving open the
possibility of coexisting unstable modes. In this study, we find
that at the same parameter values that give rise to neutrally
stable periodic modes in the sliding-controlled model, multiple
unstable modes exist which exhibit retrograde (distal-to-
proximal) wave propagation. Such unstable modes would
dominate the response of a physical system.

The fixed-free, curvature-controlled model, derived orig-
inally by Hines & Blum [17] also exhibits an unstable mode
at the parameter values in table 3. This unstable mode was
characterized by anterograde, propulsive bend propagation.
The dynamically unstable mode found in the present
study parallels the propulsive modes of oscillation found by
time-marching simulation in reference [17]. The existence of
propulsive waveforms does not imply that this particular
curvature-controlled model of flagellar motion is completely
satisfactory. Others, including the authors of the original
study [17], have noted that this model of curvature control is
not based on a specific biophysical mechanism, and the orig-
inal model relies on parameter values (particularly flexural
rigidity) that may not be accurate. However, the ability
to model stable, propulsive, oscillatory solutions as well as
transient behaviour confirms the value of this seminal model.

The GC model exhibits a dominant unstable mode at the par-
ameter values used here. The mode was characterized by clear
anterograde waveform propagation. Physically, oscillations of
the GC model are the result of a switching mechanism that is
strongest at the base of the flagellum [26,32]. Active shear
in one doublet pair (for example the P side) induces a tension
difference in the doublets on that side, which combined with cur-
vature, produces a transverse force which pushes the doublets

apart and eventually terminates the active shear. This transverse
force corresponds to the ‘global transverse force” described by
Lindemann [25-27]. At the same time, the corresponding pas-
sive shear force on the opposite doublet pair produces a
transverse force which pulls the doublets on the passive side
together and initiates active shear on that side. The GC model
combines a physically intuitive mechanism with predicted
behaviour that resembles observed waveforms.

Why do waves propagate from base to tip in some models but
not others? The effect of dynein regulation mechanism on propa-
gation direction is discussed appendix D of reference [22]. To
summarize the result: in models with curvature feedback, propa-
gation direction is determined by the phase of the (complex)
curvature coefficient (equation D7 of reference [22]). In models
with sliding control, propagation direction is not determined
by the equation of motion. Thus, boundary conditions strongly
affect propagation direction in sliding-controlled models. We
hypothesize that in fixed-free, sliding-controlled models, larger
sliding amplitudes at the free end may encourage early switching
at the tip and retrograde propagation.

Nonlinear versions of these models, which more closely
approximate the physical situation, were explored by time-
domain simulation. Even in the nonlinear regime, unstable
modes of the linearized models still appear to have pronounced
effects on observed behaviour (figure 13 and table 5). When
unstable modes exist, damped (decaying) or neutrally stable
modes have relatively little influence on the large-amplitude
behaviour. In addition, when multiple, strongly unstable
modes exist (as in the sliding-controlled model, case 1), the influ-
ence of each individual mode is less clear. The results of this
study complement the recent observation that distinct nonlinear
modes of deformation in flagellar models may arise at large
amplitudes [33] leading to asymmetric waveforms.

The linearized models in this paper are expected to be
quantitatively accurate (say within less than 10%) only for
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Figure 13. Results from simulation of the full nonlinear equations of each model. (Column 1) Successive snapshots of the flagellar waveform from time-marching
simulations; colour shows time increasing from blue (early) to red (later); (column 2, top) time series of angle i/(L)at s = L; (column 2, bottom) flagellar tension T,
at the base s = 0. Note that a mean value of Ty << 0 indicates axial compression of the flagellum, corresponding to pushing on the base and propulsive behaviour.
(Column 3) Plot of 4/(3L/4) versus L) (clockwise loop = anterograde propagation; counter-clockwise = retrograde); (column 4) fundamental mode from Fourier
analysis of simulation. Table 5 lists the relative contribution of each such mode and its correlation with unstable modes of the linearized version. (row 1, a—d, SC 1):
sliding-controlled model with sliding at the base (reference [22]; parameters in table 1); oscillation frequency: 27.3 Hz. (Row 2, e—h, SC 2): sliding-controlled model,
with no sliding at the base (reference [23]; parameters in table 2); frequency 31.3 Hz. (Row 3, i—/, CC): curvature-controlled model (reference [17]; parameters in
table 3); frequency 37.8 Hz. (Row 4, m—p, GC): GC model (reference [28]; parameters in table 4); frequency 46.2 Hz. All models used the same basic physical

parameters: length L = 58 pum, flexural rigidity £/ = 1700 pN-pum?, diameter @ = 185 nm and resistive force coefficient ¢y = 0.0034 pN-s um ™2

Table 5. Comparison of fundamental oscillation modes from simulation and unstable modes from eigenanalysis of sliding-controlled, curvature-controlled, and
geometric clutch models. Italicized values correspond to the least stable mode.

simulation: simulation: relative eigenanalysis: correlation coefficients:
fundamental amplitude of frequencies of simulation to
frequency (Hz) fundamental mode unstable modes (Hz) eigenanalysis
sliding-controlled case 1 273 0.881 33 0.739
225 0.667
20.6 0.354
shdmgcontrolled s e e
Cimeaied  wme e s e
geometncclutch e sy
60804
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oscillations with angular amplitudes of approximately 0.3-0.4
radians, or less. Oscillation amplitudes are reported to be
approximately 1 radian [22] in bull sperm and even larger,
asymmetric oscillations are seen in flagella of Chlamydomonas
reinhardtii [34]. While eigenanalysis of linearized models
illuminates the initiation and maintenance of propagating
waves, and provides reasonable estimates of frequency, it
does not provide any information about oscillation amplitudes.
Nonlinear modelling of flagellar motion is a compelling target
of future work. The geometric nonlinearity associated with
large-amplitude motion of the slender Euler—Bernouilli beam
is well understood, but much less is known about the possible
structural and material nonlinearities of the axoneme.

In conclusion, the unstable modes of linear models of flagel-
lar motion illuminate the hypotheses that define each model of
dynein regulation, and clarify the consequences of underlying
assumptions and parameter choices. With reasonable par-
ameter values, the fixed-free GC model exhibits unstable

modes that are propulsive and propagate base-to-tip. In con-
trast, the existence of unstable retrograde (tip-to-base) modes
in current sliding-controlled models, with both fixed and slid-
ing boundary conditions at the base, appears to weaken the
evidence for this hypothesis of dynein coordination. The devel-
opment of models of dynein regulation and flagellar motion
remains an active topic of research. New details of the mech-
anics of flagella are still being uncovered [35] as are the
mechanisms of synchronization between flagella [36,37]. The
stability properties and propagation directions of all modes
should be considered in evaluating proposed mathematical
models and their underlying hypotheses.
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