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Abstract

Concentrating on the case of poly(ethylene glycol) hydrogels, this paper introduces a methodology
that enables a natural integration between the development of a so-called mechanistic model and
experimental data relating material’s processing to response. In a nutshell, we develop a data-
driven modeling component that is able to learn and indirectly infer its own parameters and
structure by observing experimental data. Using this method, we investigate the relationship
between processing conditions, microstructure and chemistry (cross-link density and polymer-
solvent interactions) and response (swelling and elasticity) of non-degradable and degradable PEG
hydrogels. We show that the method not only enables the determination of the polymer-solvent
interaction parameter, but also it predicts that this parameter, among others, varies with processing
conditions and degradation. The proposed methodology therefore offers a new approach that
accounts for subtle changes in the hydrogel processing.
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1. Introduction

PEG hydrogels are promising materials for numerous biomedical applications in drug
delivery and tissue engineering [1, 2]. PEG hydrogels imbibe large amounts of water and
mimic many aspects of the mechanics of biological tissues [3, 2]. By tuning the crosslink
density, a wide range of hydrogel properties can be achieved. Furthermore, degradable
linkages are readily incorporated into the crosslinks offering additional control and
tunability of the hydrogel properties during degradation [1]. Controlling these properties,
however, requires knowledge of the underlying physical and chemical mechanisms, together
with an understanding of their connection to processing conditions.

The crosslink density of the polymer network controls two key properties which are
important in biomedical applications: the degree to which the hydrogel swells and the
resultant mechanical properties. The former depends on the polymer-solvent interaction
parameter y also known as the Flory-Huggins parameter. For a given chemistry and
temperature, Flory-Huggins theory predicts a constant value for y over the entire polymer
volume fraction. For solutions of high molecular weight poly(ethylene oxide) hydrogels in
water this relationship has been shown experimentally to be valid, resulting in a x value of
0.426 [4]. However, a number of studies have reported that Flory-Huggins theory is an
oversimplification and y is in fact more complicated, depending on polymer volume fraction
[5, 6, 7, 8,9, 10] and on polymer molecular weight [11]. For PEG in water, this dependence
has been shown to be, in part, due to the nature of water association with PEG [12, 13, 14,
15]. Indeed a modified Flory-Huggins theory that included hydrogel bonding between water
molecules and PEG has been shown to be able to capture the phase behavior of an
experimental PEG-water system [16]. Furthermore, PEG hydrogels are often formed from
PEG molecules that are functionalized with a polymerizable group, which alters the overall
chemistry. Studies have shown that hydration of PEG molecules differ for methyl and
hydroxyl terminated PEG [17]. Therefore, the interaction of PEG and water will depend on a
number of factors, most notably, the nature of water association with PEG and the overall
chemistry of the functionalized PEG, both of which will likely vary with polymer volume
fraction in a crosslinked PEG hydrogel. As a result, it stands to reason that the polymer-
solvent interaction parameter for PEG hydrogels in an aqueous solvent will vary with
polymer processing conditions, polymer composition and degradation.

To determine the value of y for different formulations of PEG hydrogels and as a function of
degradation, we introduce a so-called self-learning model. This model can indirectly infer its
own parameters (e.g., ) by observing experimental data. By combining Flory’s theory for
swollen networks [18, 19] with theories of mixture and poroelasticity, this model can
describe the transient gel response [20, 21, 22, 23] arising from the competition between
polymer elasticity, that depends on cross-linking density [24, 25], and polymer-solvent
interactions. The self-learning framework automatically learns from the experiments in an
iterative loop. Each iteration results in an improvement or calibration/estimation of model
parameters, in our case x. The improvement is achieved by determining the relations
between model and processing parameters so that material properties (e.g., swelling and
modulus) are more accurately predicted over a range of parameters determined by the
available experimental data. Once validated, the model may be employed to predict y, along
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with a confidence level, and thus can be used to improve the hydrogel design process.
Because the model continuously learns from the experimental data, the Efficiency of the
model calibration increases in terms of experimental efforts. As a result of the learning
process, simple relations between design and model parameters are derived and the resulting
model is validated with experimental data.

In this work, we investigate PEG hydrogels formed from a step-growth mechanism between
an eight-arm PEG functionalized with norbornene and the crosslinker PEG dithiol. The cross
link density was varied by changing the processing conditions through the thiol to ene ratio
and the polymer volume fraction in water prior to polymerization. The hydrogel properties,
specifically equilibrium swelling ratio and compressive modulus, were measured
experimentally. Hydrogels containing an ester linkage were subjected to accelerated
hydrolysis in a basic solution and the hydrogel properties assessed. The self-learning model
was employed to determine y as a function of processing conditions and as a function of
degradation. The predictive capability of the model was then demonstrated. We begin by
first introducing the self-learning model coupled with a mechanistic model of hydrogels.
Results of computer simulations follow, where we illustrate how the proposed algorithm
learns from experimental data and refines the model accuracy to determine the value of  for
non-degrading and degrading PEG hydrogels under two scenarios: (a) assuming a constant
value of y and (b) allowing y to vary.

2. Mapping PEG hydrogel processing to properties

PEG hydrogels are formed from a set of well-defined control variables, which include
quantities such as percentage of each monomer in an aqueous solvent. Once polymerized,
the behavior of the PEG hydrogel is assessed by several properties of interest such as
swelling and stiffness. The design goal is to identify the range of control variables that yield
the properties of interest for a desired application. In this context, our aim is to enable a
statistical model that learns from experimental data and builds a predictive map between
control variables and properties of interest. To accomplish this goal, identification of
appropriate values of  for each processing condition is necessary.

2.1. General approach

While we demonstrate the self learning approach to PEG hydrogels, this approach may be
more broadly applied to other types of materials. Let us consider a material for which the n
control variables are represented by the collection C = (Cq, C, ..., Cy) and the m properties
of interest are denoted by G = (G4, Gy, ..., G;). To map the vector C to G, let us assume
that one can introduce a model, that is mechanistically driven; that is, it is based on
fundamental understanding of the physical mechanisms driving material behavior at the
microscopic level. Due to its underlying physical basis, such a model can therefore be
further utilized for design and predictions. Mechanistic models usually take the form of
differential equations that do not always admit trivial solutions and exhibit a number of
material parameters, which need to be calibrated. Furthermore, in order to provide the
processing-properties relationship, two maps may be considered (Fig. 1): (a) a map from
material’s processing to microstructure and (b) a map between microstructure and properties
[26]. From a mathematical standpoint, it is convenient to charaterize the microstructure by a
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set of quantities &, commonly denoted as internal state variables (ISV). The change of a
material’s structure during its lifetime can then be cast in terms of evolution laws of the
ISVs [27, 28, 29]. To characterize the relationship between processing and the material
structure, we introduce a model of the type

g=¢(C,m), @

where ¢? denotes the value of the ith internal state variable where the superscript O denotes
the initial swollen hydrogel (i.e., before degradation), and m'= (my, ..., my;,) denotes the
collection of the My model parameters. The second component of the model maps the
microstructure to the material’s properties given by the model

Gl:Gz (§Ozﬁ)a (2)

where m= (my, ..., my,) denotes the collection of M, model parameters associated with the
structure-property map. Ultimately, the map between material processing and properties
takes the form

Gi=G;(C, m):Gi(go(Ca m), ﬁ) ©))

in which the set of M = M; + M, material parameters is m = (m, m). For situations where

the mapping ¢)=¢?(C,m) is not explicitly available, the processing-microstructure
parameters m may not be inferred directly from the observations of G;. In such cases, it is
more appropriate to include the (components of) vector €9 in m Tor the inference. As we
start to describe below, this applies to the application of interest in this study.

2.2. Application to PEG hydrogels

We apply the above framework to PEG hydrogels formed from thiol-ene monomers, which
consists of two components: a polymer network (i.e., cross-linked polymer) and water. We
examine two properties of interest: the swelling ratio G; = Q(t) and the Young’s modulus
under compression G, = E(t), which in the case of a degradable gel can be a function of
time. In this work for a given ‘ene’ and thiol monomer, the initial degree of cross-linking is
controlled by the thiol to ‘ene’ ratio C; = r and the weight percentage of the polymer in
solution prior to polymerization C, = w. For a degrading hydrogel, the degree of cross-
linking of the hydrogel will change with time as cross-links are cleaved. One simple way to
control degradation is to vary the ratio C3 = | of initial cross-links that are degradable. To
simplify our analysis, we consider two extreme cases in which (a) none of the cross-links are
degradable, i.e., =0 or (b) all of the cross-links are degradable, i.e., n = 1. After
processing, the hydrogel microstructure can be described in terms of two internal state

variables, namely, the initial cross-link density 2=, and the polymer-solvent interaction

parameter ¢J—°. For a given set of ‘ene’ and ‘thiol” monomers, a summary of control
variables, properties of interest and state variables is provided in Table 1.

2.2.1. Processing-microstructure mapping—In this work, we limit our investigation
to one ‘ene’ monomer, an 8-arm PEG molecule functionalized with norbornene, and one
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thiol monomer. For a particular combination of a thiol and ‘ene’ monomer, we can directly
relate the microstructure to the control parameters through relationships of the form

szpg(wy 7“)aﬂdXO:XU(wv ). @)
Note that these are a particular case of equation (1).

2.2.2. Mechanistic model: Microstructure-property mapping—The constitutive
relation that describes the link between hydrogel structure and macroscopic properties is
based on two competing internal forces governing hydrogel behavior: entropic elasticity and
mixing forces.

Chemo-mechanical equilibrium: Following the theory by Flory [18], the free energy per
unit volume of mixture is characterized by (a) a mechanical component that describes the
increase of stored elastic energy in the polymer due to stretching and (b) a mixing
component that characterizes the free energy of mixing of two phases (polymer and solvent)
[30]. This yields the following free energy function

1
AG’ezipxRT(tr(FTF) — 3 —InJ)+RTCy(xbp+Ing,),

®)

Elasticity Mixing
with Rand T being the ideal gas constant and the absolute temperature, respectively. In
expression (5), F is the deformation gradient, J = det(F) is the volumetric equilibrium
swelling ratio of the hydrogel, op and ¢,y are the volume fractions of polymer and solvent,
respectively, while C, and v, are the nominal concentration and molar volume of solvent.
Note that this free energy also involves the internal state variables py and y, which are
embedded in J. In addition to the free energy expression, one must also specify the mass
conservation in the mixture. Assuming that the polymer and solvent are incompressible
constituents (the latter having a specific volume vy,), it has been shown that the constraint J
=1 + v, C, must be considered[22]. In other words, the change of total hydrogel volume
only occurs if solvent is added to the mixture. To account for this, one can modify the free
energy function (5) as follows:

1
AGe=3 peRT (tr(FTF) — 3 —1InJ)+RTCy(x¢p+Ingy,) —7(J — 1 —1,Cy), (6)

where the Lagrange multiplier 7 is interpreted as the osmotic pressure in the solvent. Now
considering a hydrogel specimen under a homogeneous state of (nominal) stress P and in
chemical equilibrium with its surrounding, the equilibrium conditions can be derived by
minimizing the above energy functional[31, 32] as follows

OAG, 1
P= °—

=-p,RT(2F —F 1) — zJFT=P; (7
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N

BaACG—e =RT(In(¢)+(1 — $u)+X(1 ~ ¢u)*)+1um=0. @)

Apyy=
Here, P and p,y, are, respectively, the nominal stress and solvent’s chemical potential within
the hydrogel. We used the fact that these quantities are energy conjugate of the deformation
gradient and the solvent’s nominal concentration, respectively.

Evolution of internal state variables: In this study, the evolution in gel structure over time
is caused by hydrolytic degradation. Specifically, we consider a PEG hydrogel whereby an
ester linkage is incorporated into the ends of each cross-link. With this functionality,
hydrogels with the same initial cross-link density can display different degradation kinetics
by varying the pH of the aqueous solution (i.e., via base-catalyzed hydrolysis of the ester)
[33, 34]. From a modeling perspective, degradation is thus written in terms of a first order
differential equation [35] that depends on several factors, most notably the chemistry of the
degradable linkage and the solvent. The evolution of cross-link density py is thus given by

dps
T ! -

oy NPz, (9)
where K is the pseudo first order rate constant for hydrolytic degradation. We note that K’ is
not the true Kinetic constant of the ester bond, it rather encompasses water concentration and

the hydroxyl ions (or hydronium depending on the solvent) that catalyze the reaction. When

K’ is constant, this equation admits a trivial solution of the form p,(t)=p%exp(—&'nt).
However, in this study, we will show that this coefficient in fact varies during the
degradation process, such that k' = k’ (p) in the general case.

2.2.3. Summary and model parameters—As a summary, the full model that maps
hydrogel processing to behavior is only partially known. As shown in Table 2, the
processing-microstructure is mostly unknown as (a) it is difficult to measure the polymer-
solvent interaction parameter experimentally and (b) it is not possible to directly measure
cross link density. The structure of the microstructure-properties model is well-posed
through the free energy functional (6) and cross-link degradation kinetics (9). In this work,
we therefore aim to build a methodology that allows us to (a) infer unknown model structure
(i.e., crosslink density and y) by analyzing experimental data and (b) determine unknown
model parameters (i.e., degradation parameter k’ (py)). This will be done by integrating
experimental data with modeling, and by solving an inverse problem as described next.

2.3. Integration of experimental data and modeling

In this study, we perform a set of macroscopic experimental measurements, denoted by the
vector g and discuss how these can be compared with model predictions. For non-
degradable gels, g may represent the swelling ratio (g; = Q) and elastic moduli (go = E¢)
measured for various processing conditions. Note that in the following, we use a lowercase
symbol g for the measured properties of interest; this is in contrast with the uppercase
symbol G used for model predictions.
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2.3.1. Measurements and uncertainty—To simplify the approach, we assume that
there is neither uncertainty nor noise in the measurements of the control parameters G;,
although there may be uncertainties in the measurement of the properties of interest g; (Fig.
2). Quantification of this uncertainty is achieved as follows. For a fixed set of control

parameters Ci(k) characterized by the superscript (K), k=1, ..., K, we repeat the experiments
(and thus the macroscopic measurements) R times. Measured quantities of interest are

collected in a vector (¢, ¢*2) .. ¢%=)) where k, represents the measurement from the
rth repetition. This set of data may then be used to build a probability density function (PDF)

for the property of interest gi(k). We assume that each of the measured properties follows a
Gaussian distribution whose mean and standard deviation can be estimated, respectively,

from the mean ggk) and standard deviation ¥ of data,

_ 1 _(k)\ 2
ggk) Zg anda —sz@fk) (,k)), (10)

r=1

Although model accuracy increases with the number of repetitions R, this number usually
remains small because of the cost associated with each experiment. The common practice is

then to factor in prior knowledge or expert opinion for an appropriate selection of g(’”> and

al.k). In the present study, we used R = 3 but verified that the resulting estimates are
compatible with previous observations.

2.3.2. Measuring and predicting the properties of interest of a PEG hydrogel—
The mechanical response of PEG hydrogels was characterized experimentally by two
macroscopic measurements: the equilibrium volumetric swelling ratio and the Young’s
modulus.

Equilibrium Swelling Ratio (Q): The experimentally determined mean values of Q along
with the standard deviation for three different experiments are presented in Fig. 3. To
simulate the above experimental procedure, we assume that swelling is isotropic,
homogeneous and occurs in stress-free conditions, i.e., P=0in (7)[36]. In this case, the
deformation gradient of the polymer network after swelling is F = diag(\, A, &) (with ) the
linear stretch ratio in each direction axis) and the equilibrium swelling ratio becomes Q = A3.
This leads to the following simplified version of (7) and (8), respectively,

1 2
O0=p.RT (/\ - ﬁ) —7TA% (1)

A3 —1 1
0=RTIn————+RTx—

e —l—RT +TVy, (12)

A6 A3

where we used the relation ¢, = (J — 1)/J. This coupled system of nonlinear equations can
be solved to determine gel swelling Q through the stretch ratio A and the osmotic pressure
for any given value of the cross-link density and the polymer-solvent interaction parameter.
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Young’s modulus under compression: Hydrogels typically display a non-linear stress-
strain relation when loaded in compression. However, to experimentally characterize their
effective stiffness, we often measure a so-called secant modulus [37], which represents the
average stiffness as the deformation reaches a given value chosen to be 15% in this study
(see experimental section). The specimen usually remains cylindrical during the test so that
one can assume a homogeneous deformation state measured from the gel’s swollen state as
F = diag(h1, Ao, Ap). Here, A1 and L, are the stretch ratios in the axis of the cylinder and in
the lateral directions, respectively. Similarly, as the specimen is unconstrained on its side
during compression, the nominal stress field is given by pP= diag(f/Ag, 0, 0), where f is the
compressive force and Ay is the surface area of the specimen in its undeformed, swollen
state.

Due to the relatively fast rate of loading, compared to the characteristic time to reach
equilibrium swelling (few hours), it is acceptable to assume that the solvent/polymer mixture
remains incompressible during the procedure. In other words, measured from the swollen
state, the Jacobian of the deformation J remains equal to 1. This means that no changes of
osmotic pressure 1 occurs as the specimen is loaded. However, the relationship between
nominal stress and deformation can be determined from (7) together with the above
assumption on F. This yields,

™

f 1
P11(/\1)=A—0=Gs <>\1 - m) N (13)

in which we used the fact that 7=, ,\%:1. Note that the stretch ratios are written for a
swollen polymer network and Gg = pyRTQ 13 is the shear modulus. The secant Young’s
modulus at a 15% compression strain can then be computed as

_ Pi1(\=1.15)

. 14
0.15 4

Degradation Kinetics: In this work, we monitor degradation by measuring the swelling ratio
and the compressive modulus of a degradable (n = 1) hydrogel specimen in time. We
assume that the degradation process is slow compared to the characteristic time of solvent
diffusion in the gel, thus allowing us to use the equilibrium equations in the prediction step.

3. Mechanistic model calibration

The mechanistic model described above is critical to understand and eventually predict the
behavior of hydrogels in many applications. Their reliability and accuracy however depend

on parameters, such as ,2 and  that are often not known a priori and evolve in time. To
enhance the model’s predictive accuracy, it is therefore essential to determine these
parameters from, possibly sparse, measurements of the system responses (Fig. 4). Such a
process, referred to as model calibration, may be naturally cast in the form of an inverse
problem in which parameters of the mechanistic model are inferred, such that model
predictions are as close as possible to the measurements. In doing so, however, several
difficulties shall be accounted for. In particular, experimental measurements are often noisy
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as shown in measurements and uncertainty section, the mechanics model may be
computationally expensive to simulate for a given realization of parameters, and the
inversion process may be ill-posed in the sense that multiple values of model parameters
may result in (approximately) the same measurements.

We propose here to estimate the unknown parameters by minimizing a cost function
measuring the deviation of model predictions from experimental data. To accelerate this
minimization, we construct a surrogate to the map between model parameters and
predictions. This map is generated a priori by exploring discrete realizations in the
parameter space and predicting, using the mechanistic model, their corresponding output (or
properties of interest). We then use interpolation functions between these points to cheaply
construct the full parameter-prediction map. Once the model parameters are estimated by
learning from experiments, the model is then validated against independent experiments. If
not invalidated, the calibrated mechanistic model may finally be utilized for purposes such
as prediction of properties of interest, sensitivity analysis, and design of new experiments.
This process is also summarized in Fig. 5.

3.1. Inverse problem for mechanistic model calibration

In an inverse problem, model parameters m = (my, ..., myy) are estimated by minimizing the

misfit between model outputs ng)(m) and experimental data gl(k). Here,i=1,...,landk=
1, ..., Kare indices representing quantities of interest and replications of the experiments,
respectively. This misfit is quantified by a cost function, here of a least-squares type

assuming a normally distributed measurement error,

LK (k) (k)
G — q;
Am)="Y (— (m&) : ) 1)

i=1,k=1 g;

where o'l(k) was defined in (10). Note that the summation in (15) is for all properties of
interest and for every independent experiment. The only unknowns in the cost function are
the model parameters m. When m is sufficiently low-dimensional, the minimization may be
performed using standard optimization techniques; here we resort to a Newton-Raphson
implementation in MATLAB. The result of this inversion are point estimates (i.e.,
deterministic values) of m. To account for possible variability of parameter estimates, due
to, for instance, uncertainty in the measured data, more advanced methods such as Bayesian
inference [38] may be employed. After the estimation of model parameters, the experimental
data and model outputs are compared in order to determine if there is a need for
modification in the definition of the parameters or, possibly, the structure of the mechanistic
model. In other words, we consider the model as an active entity, represented by the robot in
Fig. 4, that can observe the relationship between input and output obtained from experiments
and adjust its free parameters to best fit the data. If it fails to do so, the model may request a
change in its own structure, represented by differential equations.
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3.2. Acceleration via surrogate modeling

Finding a global minimum of (15) requires evaluation of ng)(m), or equivalently solving
the model problem of microstructure-property mapping for a potentially large number of m.

When the mapping between m and GE’“) (m) is sufficiently smooth, as in the case of

hydrogels considered here, a surrogate to GE’“) (m) may be employed to reduce the
optimization cost. Surrogate modeling refers to the construction of an approximate (but
cheap to evaluate) representation of the mapping between a model’s input parameters and
the response of interest[39, 40]. Such a model is constructed once based on full model
simulations and is used to rapidly generate realizations of the solutions of interest. In

particular, here we construct surrogates of Lagrange interpolation type for the mapping

between m and G*) (m), separately for each i. Specifically,

J

~(k .

& m) = 3 6P (mD)1;m), e
j=1

where the nodes m=(m{7" ... mUM) j =1, .., Jand k=1, ..., M, are selected
values of m as described below. Additionally,

M /S ml(ci)
Lj(m)= H j, (my;)andl;, (my;) := H Gr) @) (17)
k=1 i=Lyi#g My — My,

are the multi- and uni-variate Lagrange polynomials corresponding to nodes m() and m,(j’“),

respectively. While several choices of nodes ml(j k) may be considered, here we choose them
according to the Gauss- Legendre rule that is known to result in more stable
interpolations[41]. The numbers Ji of nodes along parameters my control the accuracy of the

surrogate &) (m). For smooth ") (m), increasing Jy results in more accurate surrogates.

i 7
M -
However, this will require a larger number J:szljk of parameter values mU) at which

the model G,Ek)(m) has to be simulated. In the present study, we start with a regular
subdivision of the parameter space (constant increments in Ji values), and refine these

subdivisions gradually so that égk) (m) is within some desirable distance of ng) (m)ata
small number of random realizations of m.

4. Predictive modeling of PEG hydrogel to determine

In this section, we demonstrate how the presented model calibration approach can be used to
determine y for different PEG hydrogels and then used to predict y for different processing
conditions. The model can later be used to build a general model expressed in (1). To
determine y, we concentrate on the microstructure-property component of the model whose
details are found in the mechanistic model. The unknown quantities are therefore (a) the

model parameters m= (K'(py)) and (b) the internal state variables ¢°=(p?, x"). In other
words, the internal state variables are treated as model parameters and, referring to the
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previous section, the vector of model parameters, for a degradable PEG hydrogel becomes

m=(p2, x°, ¥’ (p.))- The key objectives of this section are three-fold. First, we use the model
calibration approach to predict the microstructure (or internal state variables) of PEG
hydrogel fabricated under different conditions. We then relate processing conditions to
microstructure to qualitatively understand the processing-microstructure relationship (Fig.
1). Second, we shift our focus to degradable hydrogels and use the model calibration
approach to (a) quantify model parameters and (b) characterize the evolution of x and
crosslink density during degradation.

We note that for the following to remain within the physical range of parameter values, we
restricted the optimization of Z2(m) in (15) to the values py € [0, 100] mM [42], x € [0.4,
0.6] [4] and K € [0, 0.3] (hr™1) [43] based on literature values for PEG in water. The value
for y, however, is expected to be higher because star polymers have been shown to have a x
value higher than their corresponding linear polymer [44, 45]. In addition, the presence of
hydrophobic norbornene moieties on the end of the PEG arms will reduce the overall
hydrophilicity of the polymer. We note that for fixed choices of process variables C, as
described previously, the experimentally observed values g may be variable from one
experiment to another. This variation can arise from slight variations in, for example, the
monomer concentration in the final formulation. Such a variability here is accounted for by

tuning the values of afk) in (15) directly from the experimental data associated with the same
realizations of the process parameters C.

4.1. Elucidating trends between control parameters and microstructure for PEG hydrogels

For a PEG hydrogel, the control variables consist of thiol to norbornene ratio r and weight
percent of the 8-arm PEG norbornene (w), the properties of interest are the equilibrium
swelling ratio and compressive modulus measurements and the model parameters reduce to

m=(p?, x"). In this section, we investigate PEG hydrogels in their initial equilibrium
swollen state, but prior to degradation. Five independent experiments were performed to
investigate the control parameter space, each of which was repeated three times to quantify
the uncertainties in the measurement of properties of interest. The results are reported in Fig.
7. We explore two cases to determine the parameter m. First under the assumption that the
polymer-solvent interaction parameter is unknown but independent of processing conditions
and second, under the assumption that this parameter varies with processing conditions.

Case of an independent polymer-solvent interaction parameter—While the
control of cross-link density through processing conditions is, at least qualitatively
understood, most studies [46, 4, 47, 48] assume that the polymer-solvent interaction
parameter remains independent of formulation, for a PEG hydrogel. Using this assumption

as our first hypothesis, for five experiments, we therefore look for six parameters, (pg)(k>, k

1 5
)( ) 0)() 0

=1, ...,5,and yo. In other words, the vector m becomes m= [(Pg e (P2) X } The

cost function (15) therefore becomes
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5 ES m) = e\ (W (m) — o))
=g [ () (o) ],

k=1 Ee 50

where egk) and g°®) denote the measured compressive modulus and equilibrium swelling

ratio for each experiment. The corresponding standard deviation ag‘? and Ug“) are computed

from the error bars shown in Fig. 7. Finally, the model values £(*) (m) and Q%X (m) are
obtained from the surrogate model (See Fig. 6). Upon minimization of 22, a map between
processing conditions and microstructure could be established (Fig. 8), showing a monotonic
increase of initial cross-link density with weight percentage and Thiol:ene ratio. However, it
is clear that the assumption of an independent polymer solvent interaction parameter results
in a poor match between experimental and modeling results (Fig. 8a), especially for extreme
behaviors, i.e. either low cross-linked gels (large swelling ratio) or highly cross-linked gels
(low swelling ratio). This observation implies that the polymer-solvent interaction parameter
should in fact be dependent on the gel processing.

Case of a dependent polymer-solvent interaction parameter—Based on the above
observations, we now let the parameter x? vary in the physic al range [0.4, 0.6] for each
independent experiment. The new cost function therefore takes the same form in (18), with
the difference that %0 is now allowed to vary between independent experiments, that is, the

parameter vector m takes the form m= [(Pg)(l)a U AN O N (XO)(s)]. Fig. 9
shows an improved fit between experimental points and model findings. This result suggests
that the polymer-solvent interaction parameter is dependent of the control parameters as
depicted in Fig. 9(b). Interestingly, the model is highly sensitive to this parameter as slight
variations in ¢0 lead to fairly large differences in swelling ratio and Young’s modulus.
Furthermore, the model can describe x° for a given set of monomers, as a function of weight
percentage of the ‘ene’ monomer and Tiol:Ene ratio. In particular, the model predicts that
for a given Thiol:Ene ratio, an increase in weight percentage of the ‘ene’ monomer, and thus
in polymer volume fraction, leads to higher x° values.

The dependence of %0 on the polymer volume fraction is consistent with reports in the
literature for other polymer and solvent combinations [5, 7, 49]. However, when the
Thiol:Ene ratio is varied for a given wt% of ‘ene’ monomer, the effects of the processing
parameters on ¥ is more complicated. For example, point 2 (referring to the processing
parameters of 10wt% of the ‘ene’ monomer and a Thiol:Ene ratio of 0.65) and point 5
(referring to the processing parameters of 10wt% of the ‘ene’ monomer and a Thiol:Ene
ratio of 0.9), the y0 values are distinctly different at 0.516 and 0.510, respectively. This is
counterintuitive as the latter has a higher polymer volume fraction, arising from the higher
Thiol:Ene ratio, yet the value of ¥ is lower. However, variations in the Thiol:Ene ratio for a
given wt% of the ‘ene’ monomer will lead to changes in the chemistry of the polymer. For
example the Thiol:Ene ratio will influence the number of unreacted arms endcapped with
norbornene moieties and the number of reacted enes with norbornane flanked with PEG
chains on both sides. In addition, the presence of dangling chain ends has been proposed to
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lead to higher %0 value owing to the fact that they effectively occupy additional space in the
hydrogel [49]. While the exact relationship between the chemistry and molecular structure
on 0 for these types of PEG hydrogels has not been studied in detail, it would not be
surprising that small changes to the chemistry and/or structure could have a significant
influence on 0.

4.2. Model Validation

We now discuss the calibration results and the validity of the resulting model. For this, we
chose a random point in the control space, corresponding to a Thiol:Ene ratio and Weight
percentage of the ene monomer of 0.9 and 15, respectively (Fig. 7). These values were then
located in the maps of Fig. 9(b) and 9(c) in order to determine a corresponding cross-link
density of py = 0.035 M and polymer-solvent interaction parameter of y = 0.516. We then
used these values in equations (11),(12) and (14) to determine the equilibrium swelling ratio
and Young’s modulus of the processed gel (Q =9.32 and E. = 172.5 kPa). To verify
whether this predicted value was corroborated with experimental data, this gel was
processed and tested experimentally. The comparison between prediction and experiment
are depicted in Fig. 10. We find that, even with only five calibration points, the model
prediction manages to be within ranges of the experimental measurements. We note,
however, that the experimental data limits the development of a robust relationship for an
extended parameter space.

4.3. Quantifying the polymer-solvent interaction parameter during hydrolytic degradation
of PEG hydrogels

We extend our analysis to PEG hydrogels that are degrading (n = 1). We specifically seek to
determine the relationship between the kinetic constant k’ and the cross-link density (see Eq.
(9)) and understand whether the polymer-solvent interaction parameter for a given set of
processing conditions changes during degradation. For this, we experimentally investigated
hydrogel degradation by measuring changes in swelling ratio and compressive modulus in
time. The tests were performed at the initial time and repeated three times at intervals of one
hour (t = ty, ty, t3 and t4 in our analysis). Two degradation kinetics were considered at a pH
of 9 and 11. Data are shown in Fig. 11. Once again, our study is divided into two parts, each
based on the assumption that the parameter y is (a) constant and (b) changes with
degradation.

Case of a hon-evolving polymer-solvent interactions parameter—In this case,
the parameter y is unknown but assumed to be independent of cross-link density. The

parameter vector is therefore m=|p%, &/(t,)"), x*] where the index k=1, ..., 4 denotes the
discrete measurement times and the index p = 1, 2 spans the two degradation kinetics. The
cost function becomes

2,4 (p) (p) 2 P m) — ¢® 2
Z(m)= " {(EC (tr, m) — ec (fk)) +<Q()(tka ) q()(tk)) } (19)

p=1k=1 o) (tx) ‘78)) (tk)
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where ¢®)(¢,) and gP)(ty), are respectively, experimental observations of £®)(#,) and
QP)(t,). Minimization of this function leads to the model prediction represented by circle
and squares in Fig. 11(a) and (b). The best match between experiments and modeling was
found for a polymer-solvent interaction parameter of 0.52 (Fig. 11(c)) and relation between
Kk’ and py shown in 11(d)). We observe that for the faster degradation rate (pH = 11), the
kinetic constant decreases linearly with cross-link density while this is not the case when pH
= 9. We also note that a poor match is observed for longer degradation times, either for
compressive modulus or swelling ratio, depending on the experiment. This seems to imply
that once again, our assumption of a non-evolving polymer-solvent interaction parameter
does not capture the hydrogel physics.

Case of an evolving polymer-solvent interaction parameter—To examine a
changing x during degradation, we let its magnitude vary in time between experiments in the
physical range [0.4, 0.6]. The new cost function is now augmented by a different value of y

for all experiments and all testing times. This leads to m=[ p%, ¥’ (¢;)®, x° ()], the index
being unchanged from the above analysis. Besides the change in the definition of m, the cost
function remains the same as given in (19). We see in Fig. 12(a),(b) that minimization of this
function leads to a near perfect match between experimental results and predictions. It was
found that the polymer-solvent interaction parameter and degradation kinetic constant both
depend on the control parameters and the evolving hydrogel structure (crosslink depletion)
during degradation in a nonlinear fashion (as shown in Figs. 12(c) and (d)). We also show
that the degradation constant is still a decreasing function of the cross-link density for pH =
11 and remains rather constant for pH = 9 (Fig. 12(d)).

5. Summary and concluding remarks

To summarize, we have derived a self-learning simulation approach that integrates a
mechanistic material’s model to experimental data with the goal of fitting its unknown
parameters and refining its structure. This approach provides a unique way to evaluate the
value of material’s parameters and internal state variables that are usually challenging to
measure experimentally. We applied this methodology in order to better understand the
complex behavior of PEG hydrogels and its relation to processing conditions. Based on the
well-known Flory’s theory [18], our objective was to shine a light on the relationship
between cross-link density, polymer-solvent interaction parameter and degradation with
processing conditions. It was found that the polymer-solvent interaction parameter and
degradation kinetic constant both depend on the control parameters and the evolving
hydrogel structure during degradation in a nonlinear fashion. Our findings for PEG
hydrogels support a growing body of literature describing that the polymer-solvent
interaction parameter is indeed more complicated and varies with a number of polymer
factors such as polymer volume fraction and subtle changes in the polymer chemistry. For
instance, the polymer structure and even temperature [50] may affect the affnity of hydrogen
bonds between water molecules and polymer chains [51]. Such effects have not been
investigated in the present study due to the lack of available data. A better understanding of
these is left for the future studies however, in which new experiments can be designed to
investigate each factor explicitly.
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We extended our analysis to degrading PEG hydrogels and showed that y also varies during
degradation as the structure of the hydrogel evolves over time. While others have shown that
the degradation kinetic constant for hydrolysis of PEG hydrogels varies with initial cross-
link density[35, 52], we demonstrate that this kinetic constant dynamically changes during
degradation as a result of the evolving hydrogel structure. The self-learning simulation
approach offers a method to predict the values of x and k' for a given set of monomers
without requiring an in-depth knowledge of the relationship between these two parameters
and the hydrogel, which would otherwise be difficult to achieve experimentally. For
example variations in the polymer volume fraction encompass subtle changes in chemistry,
making it difficult if not impossible to isolate. Overall, this self-learning simulation
approach will improve our ability to design hydrogels by better predicting the processing
conditions required to achieve a set of targeted material properties.

One final note, we acknowledge that our approach is based on a small amount of
experimental data, but we have shown that even in this situation, the approach can do
reasonably well at predicting the hydrogel behavior from its processing conditions. In the
future, however, the self-learning methodology will allow the model to increase its accuracy
and predicting power through a fast processing of a larger number of experimental data that
can be added over time. More complex materials (composites, tissue scaffolds) could also be
investigated by combining this approach to full 3-dimensional finite element analysis.
Efficiency will also be improved by integrating Bayesian methods [38] into the statistical
description of the problem.

5.0.1. Experimental Section

Materials—The ene macromolecular monomer, 8-arm PEG norbornene was synthesizd
from 8-arm PEG hexaglycerol (JenKem Technology) with a molecular weight of 10,000
g/mol following previously published protocols[53]. 1TH NMR was used to confirm that
approximately 92% of the arms were functionalized with norbornene following previously
published methods[42]. The thiol macromolecular monomer, PEG dithiol with a molecular
weight of 1000 g/mol, was purchased (Sigma-Aldrich) and used as received. Hydrogels
were formed by mixing the ‘ene’ and thiol monomers with 0.05% (g/g) photoinitiator
(Irgacure 2959, BASF) in water and exposing to 365 nm light at 5 m\W/cm? for 7 minutes.
The Thiol:Ene ratio was varied from 0.5 to 0.9 and the weight percent of the ‘ene’ monomer
was varied from 7 — 20% (g/g). Cylindrical specimens (5mm height and 5mm radius) are
prepared for testing.

Hydrogel Degradation—Hydrogels showed no signs of degradation in water (up to one
week). Hydrogels that were pre-swollen in water were placed in a large bath of either 1 M or
2 M sodium hydroxide for up to four hours. The pH of each solution was determined to be 9
and 11 using an electronic pH meter. After each hour, hydrogels were removed from
solution, rinsed multiple times in water for 15-30 minutes prior to measuring swollen mass,
the dry polymer mass and the compressive modulus.

Methods of Measurements—Hydrogels were allowed to swell to equilibrium in water
over night at room temperature to measure the initial hydrogel properties. For degrading
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hydrogels, the hydrogels at varying time points were placed in water prior to measuring the
properties. For each hydrogel, the swollen hydrogel was weighed to determine the
equilibrium swollen mass Mg. The hydrogel was lyophilized to remove the water and re-
weighed to determine the dry polymer mass My. The volumetric equilibrium swelling ratio
Q was computed as[54]

Preg (M >
-1 —1).
= (Md 20)

where the densities were assumed to be 1.07 g/cm? and 1 g/cm? for the polymer (Ppeg) and
solvent (pgy), respectively. A sample size of 3 was used. The data are reported as average
with standard deviation as error bars.

The modulus was determined on swollen hydrogels by testing the cylindrical specimen
under unconfined compression up to 15% strain at a rate of 0.5 mm/min (MTS Synergie
100, 10 N). A sample size of 3 was used. The data are reported as average with standard
deviation as error bars.
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Processing-microstructure and microstructure-properties maps.
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Experimental tests provide sample points of the map between the control space C and the
property space g. Uncertainties in control variables propagate to the property space; this
aspect can be quantified by measuring the probability density function (PDF) in both
domains through the realization of several experiments under similar design conditions.
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Figure 3.
Confidence intervals for (a) the swelling ratio and (b) the compressive modulus of three

hydrogel designs. For each design, the properties of interest were measured three times,
independently. The data set for each independent experiment can be represented as an
interval by using the mean and standard deviation values.
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Figure 4.

Framework for model calibration from experiments. We consider the model as an active
entity, represented by a robot that can observe the relationship between input and output
obtained from experiments and adjust its free parameters to best fit the data. If it fails at
doing so, the model may request a modification of its own structure, represented by
differential equations.
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Flowchart of the utilized model calibration algorithm.
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Figure 6.

(a) A surrogate model is an approximation which is constructed by using a set of realizations
of model parameters (defined over an appropriate range) and the corresponding solutions of
interest. (b) Surrogate model for swelling ratio of the initial PEG hydrogel properties based
on equation (6).
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Graphical representation of experimental results. A total of five PEG hydrogel designs was
processed, for which both the equilibrium swelling ratio and Young’s modulus
(compression) were determined. For each design, the tests were repeated three times in order
to quantify uncertainties in measured quantities of interest (depicted by error bars). Apart
from these another PEG hydrogel design is processed to validate the calibration.
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Figure 8.
Minimization of the cost function (18) for an independent polymer-solvent interaction

parameters: (a) Distance between experimental and model predictions in the (Q° - Ep)
space, (b) Value of the polymer-solvent interaction parameters as a function of control
parameters, and (c) Initial cross-link density in terms of control parameters.

1duosnue Joyiny

1duosnuey Joyiny

Polymer (Guildf). Author manuscript; available in PMC 2016 June 01.



1duosnue Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuey Joyiny

Akalp et al.

Compressive Modulus (kPa)

Polymer-Solvent Interaction

Parameter

Page 28
L 1 |
a Calibration

200 = 2 Experiments -
L S i
100 o 4 =)

—
L -) 3 N

s
0 \ .

5 10 15 20

Equilibrium Swelling Ratio e A

......... 0.06vmiw T : B
. ¢ | S

.....

Crosslinking Density
M) 5

------ 20

10
D b 5 : ¢ .
A Weight percentage r""lo 0.5773 Weight percentage

Figure 9.
Minimization of the cost function (18) for a dependent polymer-solvent interaction

parameter: (a) Distance between experimental and model predictions in the (QU — E,) space,
(b) Values of the polymer-solvent interaction parameter as a function of control parameters
and (c) Initial cross-link density in terms of control parameters.
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Figure 10.

Model validation. For a given hydrogel formulation (validation point in Fig.7), the map
shown in Fig 9 was used to determine the cross-link density and polymer-solvent interaction

parameters that lead to the compressive modulus and swelling ratio shown here for the

validation point. Experiments for this gel formulation were also performed and compared
with the prediction. We show here both calibration and validation points in the Ec-Q° space.
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Experimental measurements and optimized model fitting assuming a constant value of the
polymer-solvent interaction parameter during degradation. Evolution of (a) the compressive
modulus and (b) the swelling ratio of a hydrogel immersed in aqueous solutions at pH of 9
and 11. (c) Predicted polymer-solvent interaction parameter and (d) change in kinetic
coefficient with respect to the crosslinking density during degradation.
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Experimental measurements and optimized model fitting for a variable Flory-Huggins
parameter during degradation. Evolution of (a) the compressive modulus and (b) the
swelling ratio of a hydrogel immersed in aqueous solutions at pH of 9 and 11. (c) predicted
change in polymer-solvent interaction parameter and (d) kinetic constant with respect to the

crosslinking density during degradation.
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Control variables, inte

Table 1

rnal state variables, and properties of interest in the hydrogel model.

Control variables (C)

Thiol:ene ratio r
Weight percent w

Ratio of degradable cross-links

Internal state variables (£°)

Cross-link density

Polymer-solvent interaction parameter | 40

Macroscopic properties (G)

Compressive Young's modulus E.(t)

Swelling ratio Q(t)
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Summary of model structure and parameters for degradable PEG hydrogels

Table 2

Model Structure Parameters Symbol
Processing-microstructure | Unknown (Eqg. (4)) n/a n/a
Microstructure-properties | Eq. (6) and Eq. (9) | Degradation constant k(py)
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