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Abstract

In a longitudinal study subjects are followed over time. | focus on a case where the number of
replications over time is large relative to the number of subjects in the study. | investigate the use
of moving block bootstrap methods for analyzing such data. Asymptotic properties of the
bootstrap methods in this setting are derived. The effectiveness of these resampling methods is
also demonstrated through a simulation study.
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1. Introduction

Many longitudinal designs are the case that the number of subjects n is large and the number
of replications m; is bounded. Liang and Zeger (1986) proved that the generalized estimating
equation (GEE) estimator is consistent and asymptotically normal with misspecification of
covariance parameters. That asymptotic property is considered when the number of subjects
n goes to infinity and m; is bounded. Xie and Yang (2003) proved the almost sure existence
and strong consistency of GEE estimators.

Alternatively in this article, | will consider the case of the longitudinal design in which the
number of subjects n is bounded and the number of replications m, the same number for all
subjects, is large. The model on which we focus is given by

Yi=z;08+e;, (1)

wherei=1,n, ..., Xjis m x p design matrix, £is p x 1 vector of unknown parameters, y; =
(yill ey Yim)/v and €= (eilv ERRR) eim)/-

| focus on the following estimating equation. The estimator ,st called a regression estimator
if it solves
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The repeated observations are correlated for each subject. Since bootstrap methods that
resample small subjects or resample observations independently may not work well, we will
investigate the moving block bootstrap method developed for time-series-correlated data.

The remaining part of this paper is organized as follows. In Sec. 2, we present some
literature review. In Sec. 3, we explore the use of moving block bootstrap for analyzing
longitudinal data. In Sec. 4, we demonstrate the moving block bootstrap justification in
longitudinal data theoretically and empirically. In Sec. 5, we conclude the paper with a brief
discussion.

2. Literature Review

Efron (1979) introduced the bootstrap procedure for estimating sampling distributions of
statistics based on independent and identically distributed (i.i.d. observations. It is well
known, in the i.i.d. setup, that the bootstrap often offers more accurate approximations than
classical large sample approximations, e.g., Singh (1981) and Babu (1986). However, when
the observations are not necessarily independent, the classical bootstrap no longer succeeds,
as shown by Singh (1981).

In a time series case, Lahiri (1996) applied the moving block bootstrap method to multiple
linear regression models

yj:xjﬂ—i—ej,j:l, oo,m, (3)

Where xj's are known p x 1 vectors, fisap x 1 vector of parameters, and &1, &, ..., ey are
stationary, strongly mixing random variables. If /&, is an M-estimator of /5 corresponding to
some score function ¢, under some conditions, a two-term Edgeworth expansion for
studentized multivariate M-estimator was observed. Also, Lahiri (1996) showed that the
block bootstrap has a second-order correctness for some suitable bootstrap analogs of
studentized ,Bn;

Hall et al. (1995) showed that the optimal asymptotic rate of the block size for the moving
blocks method depends significantly on context, being equal to m¥/3, m4 and m¥/> in the
cases of variance or bias estimation, estimation of a one-sided distribution function, and
estimation of a two-sided distribution function, respectively. The latter two quantities are
needed for the construction of equal-tailed and symmetric confidence intervals, respectively.
Hall et al. (1995) present a practical rule for selecting the block size empirically. It is based
on the fact that the asymptotic formula is b ~ Cm¥ where k = 3, 4, or 5 is known, and C is
a constant that depends on the underlying process. The rule suggested provides a way for
estimating the optimal block for a time series of smaller length than the original.
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Paparoditis and Politis (2002) presented a new block bootstrap variation, the tapered block
bootstrap, which is applicable in the general time series case of approximately linear
statistics. The asymptotic validity and the favorable bias properties of the tapered block
bootstrap are shown in two important cases: smooth function of means and M-estimators.

3. Moving Block Bootstrap for Longitudinal Data

The major drawback with model-based resampling is that in practice not only the parameters
of a model, but also its structure, must be identified from the data. If the chosen structure is
incorrect, the resampled series will be generated for the wrong model, and they will not have
the same statistical properties as the original data. The model-based approach is inconsistent
if the model used for resampling is misspecified.

The moving bootstrap involves resampling possibly overlapping blocks. The mixed block
bootstrep (MBB) does not force one to select a model and the only parameter required is the
block length. If the block is long enough the original dependence will be reasonably
preserved in the resampled series. This approximation is better if the dependence is weak
and the blocks are as long as possible, thus preserving the dependence more faithfully. But
the distinct values of the statistics must be as numerous as possible to provide a good
estimate of the distribution of the statistics and this points toward short blocks.

Unless the length of the series is considerable to accommodate longer and more number of
blocks, the preservation of the dependence structure may be difficult, especially for
complex, long-range dependent structures. In such cases, the block resampling scheme tends
to generate resampled series that are less dependent than the original ones. Furthermore, the
resampled series often exhibits artifacts that are caused by joining randomly selected blocks.
Then, the asymptotic variance—covariance matrices of the estimators based on the original
series and those based on the bootstrap series are different and a modification of the original
scheme is needed. This suggests a strategy intermediate between model-based and block
resampling. The idea comes from a procedure of pre-whitening the original dependent series
by fitting a model and is intended to remove much of the dependence between the original
observations. A resampling series is generated by block resampling of residuals from the
simple fitted model, and the innovation series is then post-blackened by applying the simple
estimated model to the resampled innovations. The post-blackened version works more
consistently in practice (Davison and Hinkley, 1997).

Biihmann (1997) suggested the sieve bootstrap that is model based. The autoregressive
(AR)(p) model is just used to filter the residual series. If the model used in the sieve
bootstrap is not appropriate, the resulting residuals cannot be treated as i.i.d. A hybrid
approach between the model based method and moving block bootstrap, named post-
blacken bootstrap, was suggested by Davison and Hinkley (1997). The procedure is similar
to the sieve bootstrap, but the residuals from AR(p) model are not resampled in an iid
manner but by using the MBB bootstrap. If some residual dependent structure is present in
the AR residuals, this is kept from the blockwise bootstrap. The linear model is used to pre-
whiten the series by fitting the model that is intended to remove much of the dependence
present the observations. A series of innovations is then generated by block resampling of
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residuals obtained from the fitted model, and the innovation series is then post-blackened by
applying the estimated model to the resampled innovations.

A block bootstrap algorithm in a longitudinal model is given as follows. We continue to
assume (1) as our longitudinal model under consideration.

1. Letgi=1,...,ngj=1, ..., mbe the residuals from the model fit.
€ij=Yij — Iijﬁv 4

where S is the ordinary least square estimate.

2. Now assuming that m = bk with b and k integers: Let B¥, ... B; denotes k uniform
draws with replacement from the integers {0, 1, ..., m—b}. These represent the

starting point for each block of length b. A block bootstrap resample of residuals,
(&, ..., é5,) is defined by:

im

éz(,(jfl)bJrS:éi,B;.‘Jrs’ (1<j<k,1<s<b)for eachs. 5)

3. The bootstrapped response, y;;, are then generated from the estimated model with
residuals &;; and the original covariates:

Y= 0+¢5. (6

4. From the resampled responses, y;;, and original covariates, we fit the model and
obtain new parameter estimates.

5. Repeating steps (2) through (4) a large number, R, of times one obtains R bootstrap
replicates from which features of the distribution of the parameter estimates can be
estimated. In particular, the bootstrap variance estimates are simply variance of the
B computed values for each parameter.

I consider the six different kinds of block bootstrap methods in a balanced longitudinal
design in which the number of subjects is small and the number of replications is large:

Case 1, MBB1 (Within block bootstrap): For each i subject, we construct overlapping
blocks with m — b + 1 blocks and block size b, i.e By, ..., Bm-p+1. Let us define m/b = k
which is assumed to be an integer for simplicity, in general k = [m/b]. We can add the k
blocks with replacement among By, ..., By-p+1. We getthe B ... B} with kb = m,
and create ¥, ... &5 from &, ..., &im, where & = yjj - ﬁ(;— ﬂﬁ(ij. We can add up to ng

s Cim

individuals and plug this into the model and the results is a pseudo sample series
Y115 -+ -+ Ynom- FrOM the model y;‘jzﬁoJrBla:ijJré;‘j, we fit model and produce new

AX A%
parameters 3, and 3.
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Case 2, MBB2 (Mixed block bootstrap): We have m — b + 1 blocks and block size b, i.e
B1, ..., Bm-p+1 and add up to ng subjects. We sample ngk blocks with replacements

among By, ..., Bnym-b+1)- We construct By, ..., By, , with kb = m, and plug this into

n

the model and obtain a pseudo series 35, . . . , Y, .- Similarly, from the model
y5;=PBo+5zi;+¢5;, we fit the model and produce new parameters 5 and 3.

Case 3, One-line moving block bootstrap: One can make up to one long series and
perform the moving block bootstrap using a time series without splitting the different
individual consecutive data.

Case 4, Standard bootstrap: This is a special case of b = 1 in MBB2.
Case 5, Resampling subject bootstrap: This is a special case of b =m in MBB2.

Case 6, Stratified standard bootstrap: This is a special case of b =1 in MBB1.

4. Justification of Moving Block Bootstrap in Longitudinal Data

I consider the justification of moving block bootstrap in longitudinal data. We focus on the
within block bootstrap method (MBB1) in the six different kinds of scenario in previous
section. | follow the Lahiri's (1996) assumptions. Let's consider the relationship between the
GEE and M-estimators. The robust approach can be extended to the regression setup to
analyze a predictor—outcome relationship. Suppose we have model (1) with n = ng. The
estimator ﬂfs called a robust regression estimator or an M-estimator if it solves

no m
SO @iy — i 8)=0, (7
i=1j=1

for some choice of function ¢(:).

4.1 Expansion for M-estimator

It is known that

no m 1/2 9
(szlymu) (Bm)m - ﬁ) ~ Np <Oa L(ell)_[ ) 3 (8)

i=1j=1 (E¢/(611))2 :

where I, denotes the identity matrix of order p.

Let & = vjj — xijﬂn;)m denote residuals. Define
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oi(k)=Ev(ein)v(ei1+x)), k = 057
:Ti:Ei//(eﬂ)for each 16, (k)

=(m — k)~ Zw(%)w(e (G+k)),0 <k <m

- 1,Tim

=m= 1y '(8)-

Jj=1

Also, let 6 (k) = o(k) and ojm(k) = oim(k)

Assumption 1.
(A1)
i. wistwice differentiable, and ¢/ satisfies a Lipschitz condition of order &, > 0,
ii. w o/, ¢/ are bounded.
(A.2)
i. foreachiEwf(ej])) =0, 7=E¢/ (e1) %0,

ii. _
= - QZk Jo(®)[>0,
(A.3) There exists p> 0 such that

L Sup{|P(AN B) ~ P(A)P(B):A € F7 o B € Fjr > 1} < plexp(—ph)
forallk=>1,

il forallr> 1,and all k = o1, there exists a ,9?T+’“—measurable random variable & y
such that Elejr — &rl < o~ Lexp(—pk),
iii. forallr,k,q=p1and

A FVLEIP(AIF:) # 1)~ P(A|F3:0<]j —r| < q+k)| < p~lexp(—pk),
and
iv. forallr>p1 k<randallty, ..., trsx € R with [t > p,
BIE(exp(V=TY " ST tib(eq)) | F5ij # rl<exn(—p),
(A.4) max{][xjjll : 1 <j<m}=0(1) and lim iNfy—0oM 1 Am = A > 0, where A, denotes

the smallest eigenvalue of (O i1 Tig i),

1/2
Let Dnom:(z Z] 1 wx”) and d”—Dm)mac

dependent for each i, the asymptotic covariance of D

ij» 1 <j <m. When ejj are weakly

i (Bnom — (3) Matrix is given by
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no m

COVnom = (E’l/) e11 a >< ZZszme(ezl ( 1+k)) 9)

i=1k=0

m—k ’ ’
where Lign = Ip and Liem=D_ . (dijdiinFdigiandiy), 1 <k <m - 1,

To define the studentized version of ,b,’qom, note that the asymptotic matrix Dnom(ﬁnom - B)
is given by

Znom = Cov (Zozdijw(eij)) :ZO iLikmU(k)~ (10)

i=1j=1 i=1k=0

Therefore, a natural estimator of Xy is

~ no
Znomzz ZLikm&m (k)7 11)

i=1k=0

where 1 <1 =1,<m-1isan integer. If | = oo slowly with m, then HE,IOm = Znomll = 0p(2).
Ynom is non singular with high probability for m large, and can be inverted to define the
studentized statistic,

A —1/2
Tnom Zn m nom(ﬁnom - ) (12)

Next, | extend Lahiri's (1996) results for longitudinal case: assume that (A.1),(A.2),(A.3)(i),
(ii), and (A.4) hold. Then, there exists a sequence of statistics {/£n} such that

P(ﬁnom satisfies (7 )and||Dan(5n0m — ,6’)||2 < Clogm)=1 — o(mfl/z). (13)

If we have a unique solution fyym, then|| Dy (Bpm — B)||=0, ((logm)*/). When (7) has
a unique solution, one can obtain the strong consistency of fym as in Lahiri (1992). The
next result gives a first-order Edgeworth expansion for the studentized M-estimator.

Theorem 1. Assume that Assumptions (A.1)—(A.4) hold and that {,an)m} is a sequence of
measurable solutions of (7). Then, there exist's a polynomial pp(-) on RP such that

(Tngm € B) = J , (1+Pngm (2))d®@(2)| =o(m ™) 14

Be#

for every class 8 of Borel subsets of RP satisfying

Commun Stat Theory Methods. Author manuscript; available in PMC 2015 May 26.
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sup®((0B))=0(€) asn | 0.

Be# (15)

Here [lpnom#loo = O(m~Y/2) with sup norm ||||., ® denotes the standard normal distribution
onRP(p = 1), and the coefficient of ppym(+) are continuous functions of cross-product
moments of y(ejj), +/ (ejj), and /" (ej;). Here 0B denote's the boundary of a set B C RP and
(0B)s ={x:|Ix —y|| < e for some y € 0B}.

4.2. Expansion for Bootstrap M-estimator

Define the bootstrap M-estimator ,§an as a solution of the equation int € RP

> (Zmij(w(y?j — z5t)) — ﬂm> =0, (16)

i=1 \j=1

1 *
where ﬂmZEEZOm{@Z)(éHH ... +1(é},)} and y;; is given in (6). The Znom is the
no

conditional covariance matrix of Zizlz_jzldiﬂ/’(éfj) which is given by

no k

b
ZZCOVm( di,(u—l)bﬂq/}(é%))- 17
1

i=lu=1 j=

*
The natural estimator of Z is

nom

no b—1 k b—j

anmzzz Z ZD;luja—Zom (j) , (18)

i=1j=0u=1/=1

where Dy, ;=(1 — 271[(j:0))(1~);uj+[);(uj)r D;uj:d(ufl)b+ld/(u—1)b+l+j' The bootstrap

version T, .. of Tpo is given by

A% —1/2 o R
T;om:(znom) D;()lm(lgnom - ﬂnom)' (19)

By assumptions, there exists a sequence of statistics {3;0m} such that

A% *

A~ N 2
P(B,, msatisfies (16) and|| Dk, (Brom — Bpom)||” < Clogm)=1—o0,(m~Y/2).  (20)

nom

Theorem 2. Assume that the conditions in Theorem 1. hold. Suppose that 7, , is defined

for some measurable sequence {/S’fmm} satisfying (20) and also suppose that m?b=1 = O(1)
and b = O(m(=%)4) for some §> 0, and x> max{p + 3, 5}&. Then

Commun Stat Theory Methods. Author manuscript; available in PMC 2015 May 26.
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sup |P*(Ty,m € B) = P(Tyom € B))| :O;D(m_l/2) (21)

Be#

om

for any class 28 of Borel subset of RP.

Theorem 2 shows that the MBB indeed provides more accurate approximation for
studentized multivariate M-estimator of the regression parameter vector £than normal
approximation. Consequently, Theorem 2 is useful for constructing second-order correct
multivariate inference procedures for £ under multiple regression model. The studentized
moving block bootstrap statistics obtain the second-order accuracy for the bounded n = ng
case.

4.3. A Simulation Study

The block bootstrap captures the dependence in the series of residuals without the need to
know the correlation structure. It can be simple and account for correlations in a regression
model with correlated error. To obtain the bootstrap version of fm, first form the observed
blocks of reisidual length b as & = (&), ---, €ih+b-1)), L<h<qg,whereq=m-b+1and§;
=VYij ~ Xijom L<j<m, 1<i<n. Nextdraw¢f . ... ¢ randomly, with replacements from
&i1s -+ &gy Where m/b = k is assumed to be an integer for simplicity. Note that each ¢ has b
components. Denote the Ith component of ¢, 1 <1< b by ¢ . Also, set el( b—1)k+1) =& 1
<1< b, and we have the bootstrap pseudo-observations

Adapting Shorack's approach, we obtain the bootstrapped estimator ﬁ;om as a solution of the
equationt € RP,

no m

g;L()m:ZZx;j((y:j - xijﬂ) - :anm)zov (23)

i=1j=1

where 2, ,,=b" ' Epom{efy+. .. ek, ), and Engm denotes the conditional expectations
under the MBB resampling scheme, given €14, ..., &ym. Centering the above equation by
unom makes the estimating equation conditionally unbiased at = ,ﬁqom and ensures the
bootstrap analog. The bootstrap estimator is as follows:

i=1j=1 i=1j=1

-1
nog m ng m
nom (szzﬂ:m) szi_j (y;j - ﬁnom)~ (24)
Consider the following specific model in simulation work:

Yij=Bo+0C1zij+vitei,1=1,...,no, j=1,...,m, (25)

Commun Stat Theory Methods. Author manuscript; available in PMC 2015 May 26.
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where ejj = ¢€j-1) + Uijj,
~i~N (0, o,zy) and u;;~N(0,02).
In particular, let ng = 5, m = 20, and xjj = (,..., 20)".

Bo=10, 51=1,b=4, k=5,

o2=1,0.,=1and¢=0.75.

4.4. Bootstrapping the Distribution of Statistics

Let R be the number of bootstrap simulations (r =1, ..., R), and ,b”:be the bootstrap estimate
of ffor the r samples. The important result is that the distribution of ﬁ’*A, estimated by the
empirical distribution function of the ,H*Tr(r =1, ..., R), approximates the distribution of,B.A
Now the studentized statistic has the following form:

The difference between the distribution functions of T and T* tends to 0, when the number
of observations is large; thus we can use the quartiles of T* instead of T to construct
intervals or tests. Let (T™F, r =1, ..., R) be the rth sample of T*, where T* is calculated in

the same way as T,Areplacing yij with 7. Let q,, be the percentile of the T It can be shown
that P(T < q,,) tends to a, when m tends to infinity. This gives a bootstrap confidence
interval for f

A A%k N Ak Ak . AF
Le=[8"—a-585.8" - a285]. @

For large m and R, the coverage probability of Tg is close to 1 — a. The bootstrap estimation
of the variance is calculated using the empirical variance of the R sample (4", r=1, ..., R):

A %2 1 Ll Ak T =¥ 2
S _R——lg(ﬂ —B) . (@9

— ~x R A%
where 3" is the sample mean & :Zrzlﬁ "/R.

Coverage accuracy, where coverage is the probability that a confidence interval includes /5,
is the important property for a confidence interval procedure. Bootstrap confidence interval
methods differ in their asymptotic properties. Our simulation results are given in Table 1.

Commun Stat Theory Methods. Author manuscript; available in PMC 2015 May 26.
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MBB1 and MBB2 are similar to each other. Those two block bootstrap methods obtained
correct coverage probability at the nominal level of 95%. The standard bootstrap or stratified
ordinary bootstrap did not perform well in highly correlated longitudinal data with low
coverage probabilities.

5. Concluding Remarks and Discussion

Appendix

The moving block bootstrap methods are used for analyzing longitudinal data in which a
small number of subjects have a large number of replications over time by investigating the
efficacy and utility of the methodology, theoretically and empirically, through a small
simulation study. Those have second-order optimality in the case of dependent stationary
data, under regular conditions.

Quasi-likelihood approaches such as the GEE of Liang and Zeger (1986) and quadratic
inference function (QIF) of Qu et al. (2000) are useful for modeling longitudinal data in the
form of large sample short time series. However, their advantages of simplicity and
robustness against the misspecification of the correlation structure are offset by their loss of
estimation efficiency and lack of procedure for model assessment and selection. In other
words, these estimators have consistency properties, but are not fully efficient. To offset this
inefficiency, subjects rather than observations can be resampled to obtain an estimation
efficiency that takes correlation structure into account.

In a longitudinal study with a small sample and a long time series in which modeling the
repeated time pattern is necessary, we assume a stationary process. The stationary process
assumption represents a fundamentally different stochastic mechanism from other methods
used to govern the structure and behavior of transitions over time. Using a moving block
bootstrap estimation procedure is preferable in case of cluster high-correlated data with an
equal large number of clusters or in spatial strong-correlated data collected from a large
number of locations.

When both the number of subjects and the number of replications are large, the correlation
structure is determined by a trade off between the number of nuisance parameters and the
closeness of the mathematical model to the true underlying structure. The question is, which
provides better estimation efficiency: a simpler correlation with small nuisance parameters
or a model closer to the true structure with many nuisance parameters. Further simulations
using the bootstrap procedure will be investigated in the future study.

Proof of Theorem 1

Proof. We follow Lahiri (1996) notation and definitions. For a smooth function h : RP — R,
let us Djh denote the partial derivative of h(x) with respect to the jth coordinate of x, 1 < j <
p. For p x 1 vectors v=(vy, ..., v,) € Z7 andw = (Wy,..., Wp)’ € RP, let V| = vy + ... +vp,

vl=o). . o), w’ =TT (w;)% and [w|[=(wi+ ... +w?)"/* Let DV denote the differential

Commun Stat Theory Methods. Author manuscript; available in PMC 2015 May 26.



1duosnuey Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Ju

Page 12

g @
W) .Forv € 7% with 1 <|v| <s, let , denote
the vth cumulant and p, is the vth moment of w. Note that \/_1|”|#,UZD”&>(0),

D () =(vV=1)" fuwre V=T v pu(dw), t € RP, and =Ty, =(D"log®)(0)

operator D}* ... Dy, namely, D°=II_ (

We consider w is a RP -valued random vector with Ew =0 and E|jw||* < oo for some integer s
>3

Let mz = [log m log log(3 + m)], vim = m~2(log m)¥2, vy, = m™2 vy, = vip(log m)~2, and
Vam = Vim(log m)~3/2, Furthermore, define

Gnom nom(ﬁnom - )7
Glnom Z Zdnw(ezg)

i=1j=1

no m _1/2
<Z Emlszj> mi]"
=17
-1/2
nom (E lejmu) 3
_\i= 15
7/}:7/}( ) /Lnom’
nom lezd'k] zgw (el])
=17

A= dp - Eu/ (elj)lp’ T=5= El/ (ell) for each i, Wi1j = W(ell) W|ZJ U/(eu) 7, Wi3j = y/’
(eij) — Ev/(ein), and Wigj(k) = (eij) wei(j+k)) — ai(K). Also, write

X(U)=(=1)"2D; ... D Eexp(v/—1t U) | for a random vector U in RP.

Let A= Dnom( — B),t € RP. Then, by Taylor's expansion, one can get
IrnO m , , —| ng m ng m
Lzzdijdijw (eiz) J A= szuw eij)ts szu d A elj) Rogm (1),  (29)
i=1j=1 i=1j=1 L 15=1

no m 340 240
Where [ Brom I < €27 >0 IdilI7 AP t e re.

Following Lahiri (1992), we obtain that

no m

Grom=(A" T (A Anom))Glnom"'(ZTd) szw(dzjelnom) ETP (ew) nom®  (30)
i=1j5=1

where P(|| Ry, [|>C (000 )v2m)=0(vmm),

Commun Stat Theory Methods. Author manuscript; available in PMC 2015 May 26.
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no m no m

j=1j=1 i=1j=1

B _
300 ) DA ) gt Rl

IBl=1

p p A~
—1/2 ’ ~ !
Tlnom:Znom Glnom+ZG1ngmAnormG1nomQT+ZI“V2nomA1normG1nom(Ir+ Z (Z

If we have Tngm = T1ngm + Rngms, Where Rpgms is the remainder term that under the moment
condition Elly1I° < oo satisfies P(/Rngmsll > &, s) = dn, s for some sequence &y, s =
o(m=6-2)2), then the random variable Tngn is called a (s — 2)th -order stochastic
approximation to Tn,m. Note that the (s — 2)th order Edgeworth expansions for T,y and
T1ngm coincide. The reason for Typm is that the first term is the same as Tpgm, but the
remaining terms consist of all independent variables for deriving a simpler expansion. The
stochastic approximation Typym can be expressed in the form

v
1 ) Avalnoma
nom
r=1 r=1 [v|=1

where q; = (1, 0,...,0),..., 9, = (0, 0,..., 1) are the standard basis of RP,

no

Wonem=((4 — Anom)'rZizlm‘IZLij) and Angrm, A1ngrm: Aym are non random
matrices satisfying max{m1’2||Anorm|| +[[Agngrmll + [Aymll s L <1 <p, [v| =1} = 0o(1). In the
following C, C(:) denotes pure constants which depend on each arguments, and the
dependance of C(-) on p, a, and the finite moments of y (ej;), ¥/(€j;), and ¢/ (g;j;) will be
suppressed for notational simplicity. Using Lahiri's (1992, 1996) arguments, we can show
that

P (sziw(ez‘j)lbc (logm)"/ 2) =o(m™"?), (a3)

i=1j=1

Pl Angm — A||>Cm71/4(logm)_2):0(m71/2), (34)

no m
P (szijudijldijz|>0m5/8) < Com3t ()

i=1j=1

forall 1<u, |, z < p, where djj, denote the uth component of djj, we have Tngm = Tingm +
Rnom» Where P(|[Rngmll > Cvam) = 0(viy). We know that the first order Edgeworth expansions
for Tyngm and Tpym coincide.

no m S .
Let Gonom=) ., i—a%iiWitj with a = [m1-250)/2],

n m
Aznomz((ZizolZj:adijkdijlvvmj))p

Xpr
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1/2 v
TZnOm:Z Glnom+ZG2n0m normG2nomQT Z” ZnOmAlnormGZnom%”"_Z Z m) Ava2n0m~ (36)

= r=1 |v|=1

The reason for Topgny is that the first term is the same as Typqm, but the remaining terms
consist of truncated independent variables for obtaining the simplified forms of expansion.
Using an Edgeworth expansion under dependence for T1pqm (Lahiri 1994, 1996), we have

P(HTlnom - T2n0m||>C’Um):0(’Um)~ (37)

We have the same first-order Edgeworth expansions for Tongm, Tingm, and Tpom; namely,
three statistics are close to each other.

We obtain that

sup
Be#

P(Thym € B) — fB (1+Pnom($))d@(m)’ :O(mil/z)’ (38)

With [[prom@ll ) = O(M™2). The proof is then complete.

Proof of Theorem 2

% _ A~k rx * k *
Proof. Let Gnom_Dnolm (IBnOm — ﬂngm) 1nom Z Z ;[11u, Anom Zu H:Qu,

* e | 5 N .
Anom—EnomAzoma Tlnom_m Zi:l Zj:lrl’b eij)a Tlnom—E;;om(Tanm): fZJ:]th,
component of B*, foru=1,k,...,

b

Ir:iu Zd ((u—1 b+])w(€uj) V:éu Zdi((u—l)b-l-j)d;((u—lb-‘rj)1/}, (f:,j)’ 1<k<m.
j=1

As in the proof of Theorem 4.5.1 and in Lahiri's (1996) result, we have
Trsym=Tingm+ Rhom  (39)

nom nom

where Py, (|| RY: L[> Cvam) =0y (vsy, ). We also use T7,, . and T, .., which is the same
definition of Typym and Tongm in Theorem 4.5.1.
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Now using the results of Bhattachararya and Ranga Rao (1986) and Lahiri (1996), We have
the same first-order Edgeworth expansion forms for 75, ., T7,, .. and T,; ., since those are

nom?
close to each other. We obtain

sup |P* (T, € B) — P(Thym € B)|=0,(vrm). (40)
Be#
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Coverage probability and length of CI ([S’j): 500 replications; ¢ = 0.75, SOB is stratified ordinary bootstrap,

SB is a standard bootstrap estimation, and ﬂlAis a robust estimation with unknown covariance structure

Methods . (/éi) Probability Length
MBB1 (0.849, 1.168) 0.949 0.318
MBB2 (0.844, 1.163) 0.952 0.320
SOB (0.805, 1.091) 0.768 0.286
SB (0.804, 1.086) 0.747 0.282
/j{ (0.840, 1.169) 0.950 0.329
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