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Abstract

We investigated to what degree and at what rate the ultimate intrinsic (Ul) signal-to-noise ratio
(SNR) may be approached using finite radiofrequency detector arrays. We used full-wave
electromagnetic field simulations based on dyadic Green’s functions to compare the SNR of arrays
of loops surrounding a uniform sphere with the ultimate intrinsic SNR (UISNR), for increasing
numbers of elements over a range of magnetic field strengths, voxel positions, sphere sizes, and
acceleration factors. We evaluated the effect of coil conductor losses and the performance of a
variety of distinct geometrical arrangements such as “helmet” and “open-pole” configurations in
multiple imaging planes. Our results indicate that UISNR at the center is rapidly approached with
encircling arrays and performance is substantially lower near the surface, where a quadrature
detection configuration tailored to voxel position is optimal. Coil noise is negligible at high field,
where sample noise dominates. Central SNR for practical array configurations such as the helmet
is similar to that of close-packed arrangements. The observed trends can provide physical insights
to improve coil design.
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INTRODUCTION

The introduction of receive arrays into the field of magnetic resonance imaging (MRI) in the
late 1980s revolutionized MR signal reception (1). With appropriate combination of the
signals from the individual elements, receive arrays can provide the high signal-to-noise
ratio (SNR) of small surface radiofrequency (RF) coils over extended fields-of-view
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(FOVs). In addition to improving conventional imaging, receive arrays have enabled the use
of parallel imaging techniques, which allow reconstruction of MR images from under-
sampled datasets (2—4). As the efficiency of parallel imaging and the achievable acceleration
factors depend on the number of coil elements in the receive array, the number of receive
channels in MR systems has increased over time, up to a current maximum of 128 (5).
However, the question of how many elements are enough is still unanswered.

Since time, cost and complexity limit the practical number of receive channels and prototype
arrays that can be built, simulations are a feasible alternative approach to investigate the
effect of increasing the number of coil elements on imaging performance. Numerical
techniques, such as the finite difference time domain technique, are widely used to simulate
RF coil performance based on accurate electromagnetic (EM) field calculations (6-10).
While the results show good agreement with experiments, the numerical complexity of the
computations increases with the number of coil elements. Therefore, this approach is not
well suited to testing multiple array configurations with large numbers of coil elements.
Furthermore, this type of analysis gives no indication of whether a particular receive array is
optimal, or if there is room for improvement.

The upper limit on the SNR achievable for a given imaging sample, independent of the
particular coil geometry, has been investigated in the case of simple objects with uniform
electrical properties (11-14). These studies provided valuable physical insights by showing
the behavior of the ultimate intrinsic SNR (UISNR) with respect to main magnetic field
strength, acceleration factor and imaging FOV.

Wiesinger et al. (14-16) simulated parallel imaging performance of receive arrays with an
increasing number of finite circular loops closely packed around a uniform sphere and
compared it with the UISNR. Their preliminary results suggested that 32 coils could be
enough to approach the best possible performance in the center of the object. Another study
showed that as many as 128 “cylindrical window” coils may be needed to obtain similar
results in the center of a dielectric cylinder (17). The receive efficiency was lower in the
second case because the object-coil configuration was different and a more realistic noise
model was used, which accounted for losses due to the coil conductors, the receive circuit
and the conductive shield of the MR system.

Lattanzi and Sodickson (18) recently proposed an electrodynamic simulation framework,
based on dyadic Green’s functions (DGF), which enables calculation of SNR in a
homogeneous spherical sample for finite arrays of loop coils and in the ultimate intrinsic
(UI) case. DGF were also used in one of the first investigations of UISNR in homogeneous
cylindrical samples (12). While previous approaches to calculating UISNR in a sphere were
based on a direct expansion of EM field inside the object (14-16), the DGF method uses a
mode expansion of basic current modes defined on an external surface to derive the EM
field distribution inside the object. With this approach, it is possible to model the current
patterns of actual coils by appropriate linear combinations of the current modes, and to
easily compare the corresponding SNR with the UISNR, which is obtained by performing an
unconstrained matched-filter combination of all the current modes (18). As the EM field
expansion starts from coils’ current patterns, in the DGF framework it is straightforward to
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incorporate coil conductor losses (coil noise), modeled as Johnson noise, in the SNR
calculation. Note that coil noise can be simulated also with other SNR calculation
approaches, but requires deriving coil-specific resistance models (15,19). The DGF
simulation framework also enables calculation of the ideal surface current patterns by
applying the optimal weights associated with the UISNR to the current modes (18).

In this work, we used the DGF simulation framework to investigate the SNR performance of
RF coil arrays with respect to the UISNR as a function of the number of coil elements in the
case of a uniform dielectric spherical sample. We looked at the balance between coil noise
and sample noise, and explored a large parameter space, varying main magnetic field
strength, voxel position, acceleration factor, and sphere size. Over the past years, an
interesting body of work on this subject has been presented at conferences (16,17) and
compiled in doctoral theses (15,20). The aim of this work is to present a comprehensive
study that validates these previously established concepts and describes new results, framing
them within a unifying set of physical insights. We also provide new practical insights for
RF engineers, by comparing the performance of different array geometries with the same
number of coils, for various acceleration factors and in multiple imaging planes.

The DGF formalism (21) allows calculation of the full-wave electric field generated by a
spatial current distribution J(r") as:

E(r):iwuo///é(r,r’)-J(r’)dV’ [

where G is the branch of DGF corresponding to the region specified by r, o is the operating
frequency, Yo is the permeability of free space, and r’ is the location of the current source.
The corresponding magnetic field can be derived using Maxwell’s equations:

B(r):gv x E(r) 2]
If we constrain the current to flow on a spherical surface of radius b, we obtain:
J(r,0,0)=K(0,0)5(r —b) 3]

where r (radial), © (polar), and ¢ (azimuthal) are spherical coordinates and K is the surface
current density, which can be expressed as a weighted sum of basic current modes:

+oo +l1
K(0,6)=)" Y —i\Jlt+1) [W5 X10n(0,0) +W )7 x Xim(0,0)] 14
I=0m=-—1

Here | and mare the expansion coefficients, X| n, is the vector spherical harmonic, Wfﬁf) and

W}Ef} are the series expansion coefficients representing magnetic (i.e., divergence-free) and

electric (i.e., curl-free) dipole components, indicated with super script M and E respectively.
From Eg. [1], we can then calculate the EM field for each basic mode (Appendix A).
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The UISNR is the best possible SNR independent of coil geometry and can be calculated by
performing an SNR-optimal weighted combination of the contributions of the basic modes
in Eq. [4], effectively treating them as the current patterns of individual coil elements in a
hypothetical infinite array (Appendix B):

5(7‘0) x UJO]\IO
4k, T (S(r) T, L 5(7«))_1 5]
BTS mode 0,0

Here Mg is the equilibrium magnetization, wg is the Larmor frequency, kg is the Boltzmann
constant, Ty is the absolute temperature of the sample, Sis the sensitivity matrix, which
contains the complex receive sensitivities associated with each mode at the target position as
well as all the aliased positions, and ¥4 is the modes’ noise covariance matrix. The “0,0”
subscript indicates the diagonal element of the matrix in parenthesis with an index
associated with the target position rg.

The SNR of particular RF coils can be simulated within the same DGF theoretical
framework by applying appropriate weighting coefficients to the basic modes, to constrain
the net current to flow exclusively along patterns corresponding to coil conductors. For the
case of circular loop coils (Fig. 1), only magnetic dipole components contribute and the
combination weights can be found analytically (18):

won 2R [ 4 20+1
ek __ =T T_ym(3, ) <cowylo(0,¢)—csce 2 yo 1(0,<p))

bmo (1) 20417 20— 1
d

Vd?+R?2

H=arccos

a, B, and d in this equation define the angular position and radial offset of the center of the
coil with respect to the center of the sphere (Fig. 1), Ris the radius of the coil and y;™ is a
spherical harmonic. The receive sensitivity and the noise covariance matrix elements for
finite arrays of circular loop coils are obtained by applying the combination weights in Eq.
[6] to the corresponding expressions for the modes:

Beoil _ »Bcoil_—i_OO H H,coil,(]\/[) S
ol —iB=3" 3 (Wi Y 0) s

1=0m=-1

+oo +I ) rcoil,(M) \ *
coi reoil, (M W
=SS (W o) M)

l=0m=—1

The SNR of the array is then calculated as for the ultimate case, but replacing the quantities
in Egs. [B.1] and [B.4] with those in Eq. [7]. In addition to the intrinsic thermal noise due to
the presence of the sample (sample noise), coil noise can be included in the SNR calculation
as an extra term added to the diagonal elements of the coils’ covariance matrix (Appendix
B).
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We used an in-house DGF simulation tool (18) to calculate SNR and g-factor (3) on
transverse and sagittal planes through the center of a uniform sphere (Fig. 1) with electrical
properties of the human brain (Table 1). In all cases, the current distribution (Eq. [3]) was
defined on a spherical surface concentric with the object and at a distance of one centimeter
from the surface of the object. We modeled receive coil arrays of identical circular loop
coils, assuming copper conductors with electric conductivity equal to 58 x 108 S/m and
thickness equal to the skin depth at the operating frequency associated with each magnetic
field strength.

Various coil array designs were simulated: array elements closely packed around the object
with no overlap between them (closely packed) and partially overlapped (overlapped), a
geometrical arrangement with no loops surrounding what would be the neck and face
regions in a head coil (helmet), and array elements completely surrounding the object in the
azimuthal direction but not covering the top and bottom regions of the sphere (open-poles).
The “helmet” array was adapted from the 48-element closely packed arrangement (Fig. 5)
by removing elements in the neck and face region, whereas the “open-poles” array was
constructed by staggering three rows of 11, 11, and 10 coils. In the “helmet” and “open-
poles” arrays, the coil elements covered approximately 67% and 47%, respectively, of the
spherical surface where the current distribution was defined. Except in the case of the
“closely packed” array, the radius of the individual elements was adjusted to obtain an
overlap (with respect to coil diameter) of approximately 15% between neighboring coils. All
arrays were made of 32 identical elements, but the coil radius changed based on the
geometrical arrangement: 3.0 cm for “closely packed,” 3.9 cm for “overlapped,” 3.2 cm for
“helmet,” and 3.4 cm for “open-poles” designs, respectively.

Coil performance was assessed as a percentage of the ultimate performance, for increasing
number of coil elements, main magnetic field strength, sphere size, and acceleration factor.
The number of coils ranged from 8 to 96, which is the largest number of coils ever used in
practice for a head array (22). Calculations were implemented in MATLAB (MathWorks,
Natick, MA) and an expansion order of I,;x = 65 was used to ensure convergence of the
UISNR calculation for every position in the FOV.

When coil noise was not considered, the SNR of the array in the center of the object rapidly
approached the UISNR with increasing number of coils for all magnetic field strengths [Fig.
2(a)]. At 1.5 T and 3 T, nearly 100% performance could also be achieved at a considerable
distance from the center of the sphere if 64 or 96 coils were used [Fig. 2(b)]. Although coil
SNR was higher near the surface of the sphere, the corresponding coil performance was
substantially lower [Fig. 2(c)], because the UISNR grows exponentially as the voxel
location approaches the surface (13,16). When resistive losses in the conductors (Appendix
B) were included in the SNR calculation [Fig. 2(d-f)], coil performance was largely
unaffected at 7 T and 9.4 T, whereas it decreased with increasing number of coils and did
not approach the ultimate limits at lower magnetic field strengths. At the center, this effect
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became more dominant for a smaller sample [Fig. 3(d)], whereas it disappeared for a larger
sample [Fig. 3(f)], which was expected given the increased sample noise in larger objects.

If only sample noise was considered in the SNR calculation, coil performance at the center
increased with magnetic field strength in the case of a 5 cm radius sphere [Fig. 3(a)],
whereas it decreased with magnetic field strength in the case of larger objects [Fig. 3(b,c)].
This can be explained by the modest skin depth at high frequency [also shown in Fig. 10 in
Ohliger et al. (13)] that prevents effective field penetration into central regions. Figure 4
shows that the contribution of coil noise to array performance was more prominent for a
larger number of coils and at lower magnetic field strength, and increased as the voxel
position approached the surface of the sphere.

In Fig. 5, coil performance maps (23) display for each voxel of a transverse FOV the SNR of
the array divided by the corresponding UISNR. Overall coil performance increased as the
number of coil elements was increased and was higher at 7 T than at 1.5 T. Figure 6 shows
array encoding efficiency in terms of g-factor for the same cases as in Fig. 5. The g-factor,
by definition greater than or equal to one, is a measure of the spatially varying noise
amplifications associated with parallel imaging reconstructions and depends on the relative
distinctness of coil sensitivity functions (24). At 1.5 T, the ratio of the lowest possible g-
factor to the g-factor of the finite arrays was smaller than at 7 T, indicating that, as expected,
the coils were more efficient in accelerating image acquisition at higher frequencies. Note
that a 96-element array was almost as efficient as an array with an infinite number coils in
performing 4-fold linear accelerations at 7 T for a spherical sample with an 8.4 cm radius.

Figure 7 compares coil performance maps at 3 T for a transverse FOV using different
acceleration factors for four 32-element array designs. The results show the impact of coil
overlapping and packing strategy. The performance at the center of the object was
equivalent for all four arrays for the fully-sampled and 2 x 2 accelerated cases. The
performance of the “helmet” configuration, which might be suitable for in vivo brain
imaging, was lower than for the other designs only when the acceleration factor was greater
than two along the direction not surrounded by coils on both sides (i.e., 3x 2and 3 x 3
accelerations). The best overall performance was achieved by the “open-poles” array, which
has all 32 elements concentrated around the transverse FOV. However, in the case of a
sagittal FOV (Fig. 8), the performance of the “open-poles” array declined for increasing
acceleration factors. This is due to the absence of array elements covering the top and
bottom regions of the object, showing that even coils with their axis nearly aligned with the
direction of the main magnetic field can contribute considerably to the SNR at the center
when parallel imaging is used.

DISCUSSION

This work describes a comprehensive investigation of the performance of finite coil arrays
with respect to the theoretical performance limits for an increasing number of elements and
various experimental conditions. We used a simulation framework based on DGF to model
different array geometries and perform rapid full-wave calculations of the corresponding
EM fields inside a spherical object with uniform electrical properties. Array performance
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was assessed in terms of SNR and g-factor. The effect of conductor losses on the
performance was evaluated. In this work, we have demonstrated that, when only sample
noise is considered, SNR approaches its ultimate limit as the number of coil elements
increases, for a voxel in the central and intermediate region of the object [Fig 2(a,b)]. For a
voxel 0.4 cm below the surface of an 8.4 cm radius sphere, we found that array performance
still increases with the number of elements, but approaches only 9% of the theoretical limit
with 96 coils [Fig. 2(c)]. Although one could try to further increase the number of coil
elements surrounding the sphere to approach the UISNR also in this case, that may result in
a limitless and worthless endeavor, since the rate and extent at which the UISNR is
approached for a particular geometry and field strength depends less on the number of
elements than on its ability to mimic the ideal current patterns (17,18). Some of our prior
work graphically demonstrated that at 1.5 T the ideal current patterns for UISNR at a voxel
between the surface and the center of a homogenous sphere alternate between a distributed
circular loop and a figure eight over time, showing that, in fact, an optimized standard
surface quadrature arrangement would be more optimal than a large encircling array of loop
coils (18). However, the same work showed that the ideal current patterns for the same voxel
position are more complex above 7 T, suggesting that the same surface quadrature
configuration would not be optimal at ultrahigh field and alternate coil configurations more
closely resembling the ideal current patterns may be needed to approach the UISNR. Ideal
current patterns are also useful to explain some of the results presented here. For a central
voxel, the ideal current patterns form two rotating distributed loops over a range of field
strengths (18); therefore, as shown in Figs. 2-5, increasing the number of coil elements in an
encircling array improves SNR performance similarly for all field strengths. The improved
array performance with increasing number of elements is likely due to the improved ability
of the coil current patterns to mimic the loop-like shape and size of the ideal current
patterns, in addition to the SNR advantage that a matched-filter combination provides with a
multielement receive array (1). Similar behavior of array performance as a function of
number of coils was shown in a conference abstract (16), using a different approach for the
calculation of UISNR.

In general, for the case of only sample noise, array performance converged to the ultimate
values more rapidly for low magnetic field strengths. Including coil noise in the SNR
calculation resulted in lower overall array performance, especially at low to moderate
magnetic field strengths. Array performance was almost unaffected by coil noise at higher
field strengths (Figs. 3 and 4). These results are consistent with the fact that sample noise
dominates at high field strength due to its larger scaling with frequency than coil noise
(Appendix B). However, sample noise becomes dominant also at low field for large spheres
[Fig. 3(F)], due to the large volume of conductive sample to which the larger sized coil
elements required to surround the larger object are sensitive. Increasing the number of coil
elements beyond 32 does not seem to have a significant impact on array performance in the
center of the object, except for small sphere radii at 1.5 T [Fig. 3(d,e)], as the overall SNR
improvement provided by larger arrays is counteracted by a corresponding increase in coil
noise due to the larger amount of copper conductor. This is in agreement with published
experimental results that showed that absolute coil performance with respect to the UISNR
for a 32-element head array reached 85% in the center of a spherical phantom at 3 T (23).
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Note that our simplified Johnson noise model underestimates total noise, as it neglects other
noise sources, such as radiation losses, or losses due to capacitors and solder joints.
Furthermore, our DGF framework assumes uniform current distribution within the coil
conductors, whereas non-uniform cross-sectional current patterns, which are expected at
high frequencies (25), could affect the balance of the results among different magnetic field
strengths. Although more rigorous noise models could be used (26), an accurate prediction
of coil performance would require building prototype coils matching the size of the loop
elements for each simulated array to experimentally calibrate their actual resistance. In this
work, we chose a simpler approach in exchange for rapid simulations that allowed us to
investigate the effect of a large number of parameters on the SNR. Note that, although our
predicted array performance is likely higher than what would be measured, we do not expect
a large deviation (23).

Array performance decreases when parallel imaging with 4-fold linear acceleration is used,
especially at low magnetic field strength, and a larger number of coils are needed to
approach the ultimate limits (Fig. 5). Increase in array efficiency (i.e., lower g-factor) with
higher number of coil elements for an acceleration rate of 4 (Fig. 6) is in accordance with
the conclusions in Wiesinger’s doctoral thesis (15). The fact that the g-factor approaches its
ultimate value as the number of coil elements is increased confirms that parallel imaging
benefits from larger arrays of smaller loops with localized coil sensitivities. Our results
suggest that there is an additional advantage associated with high magnetic field strengths,
as the convergence to the lowest possible g-factor is faster at 7 T than 1.5 T.

Weiger et al. (27) have shown that overlapping neighboring coils in a 6-element cardiac
array can reduce parallel imaging performance. However, unpublished results, which are
reported in a doctoral thesis (15), have shown that the SNR performance on a transverse
FOV at 1.5T of an array of at least 32 closely packed loops around a uniform 10cm radius
sphere is maximized if the coils are overlapped, both for no acceleration and for 4-fold
linear acceleration. In agreement with these results, we found in this work that for a 32-
element array, overlapping coils yielded the highest SNR in a transverse plane of an 8.4 cm
radius uniform sphere, for various acceleration factors at 3T (Fig. 7). Note that array
elements were perfectly decoupled in our simulation, which could be obtained in practice
by, for example, using preamplifier decoupling, therefore, any change in performance was
due to the different array geometry. Even though deeper EM field penetration of larger coil
radii could partly explain the slightly better performance at the center in the unaccelerated
case, the increasing advantage of the overlapped versus closely packed array with higher
accelerations is counterintuitive, as overlapping of coil sensitivities is expected to worsen
the g-factor. Array performance was not affected by coil overlapping in the case of a sagittal
FOV (Fig. 8). Although the object is symmetric for any plane through its center, signal
sensitivity, and therefore SNR, depends on the FOV and coil orientations with respect to the
main magnetic field. Having array elements with their axis aligned along the direction of By
is generally considered inefficient for MR reception. Our results for the “open-poles” array
confirm such common assumptions for the case of an axial FOV (Fig. 7), but show that, if
parallel imaging is used, surrounding the object as fully as possible with coils is critical to
array performance for sagittal imaging planes. Due to symmetry, this result would also hold
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for the case of coronal planes. Note that in the center, where SNR is most critical, the
performance of the “helmet” array is still considerably higher than for the “open-poles”
array, even for large acceleration factors. In fact, for small accelerations it is comparable to
that of the “closely-packed” and “overlapped” designs and for a 3 x 3 acceleration factor the
difference is only ~10%. This result is significant because, while close packing of circular
loops around a sphere is a convenient and valid approach to test array performance with
respect to increasing number of coils, practical array geometries for head MRI applications
would most likely have the shape of a helmet, with the loops rearranged to accommaodate an
open surface for the face and the neck.

Our work investigated the performance of loop coils. However, the UISNR calculations
include both magnetic dipole and electric dipole contributions (i.e., divergence-free or
closed-loop patterns and curl-free or nonclosed patterns, respectively). Thus, we cannot
expect an array of loops to approach the UISNR closely in regions where the ideal current
patterns have a significant electric-dipole component. In fact, for certain geometries electric
dipoles can perform as well as or better than loops, especially at ultra-high field (28), and it
has been shown in simulations and experiments that the SNR of an array combining loops
and electric dipoles can be larger than the SNR of an array with the same number of
elements but including only loops (29). One way of capturing all components of the optimal
EM field distribution with an array of loops only is to use composite elements, each
consisting of three independent current loops with their axes along three orthogonal spatial
directions (30). Although this is possible in theory and was demonstrated in simulation (30),
construction of an array of composite coil elements is a challenging task that has not been
attempted in practice as of yet. A promising and relatively straightforward approach to
improve array performance with respect to the UISNR, which was recently demonstrated in
simulation, is to use a layer of high-permittivity materials between the array elements and
the sample (31).

CONCLUSION

In this work, we used a rapid full-wave semianalytical method to predict array performance
with respect to the Ul limits. We provided physical insights to explain the observed trends
with a set of key unifying principles. Using our DGF method (18), we cross-validated
previous results for closely-packed arrays (15,16) and added new findings for alternative
practical coil designs and different imaging planes. For low to moderate accelerations, array
configurations with coils partially surrounding the object, as in an actual head array, have
similar SNR at the center as close packing arrangements, if the number of elements is the
same. For large acceleration factors, the performance of these designs can decrease
considerably, if the limited coil coverage affects the encoding direction. Our DGF
simulation tools enable investigation of array performance within a comprehensive
theoretical framework and can provide practical guidance for coil designers.
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APPENDIX A
MODE EXPANSION OF THE EM FIELD INSIDE A DIELECTRIC SPHERE

The DGF for a dielectric sphere can be constructed using the method of superposition (21):

G’U(r r )—|—G (r r)
G(Z)(r,r')

S

G('r',r/):{

r>a
[A.1]
r<a

where 1’ is the location of the current source, a is the radius of the sphere and r is the
position at which the EM field is calculated. As we want to calculate the EM field inside the
sphere, we choose the second branch:

+oo +I
2)
G( _Zk0§ § [CZMZ rrL ma )Ml:i»m(k(])rl) +DlNl,7n(k’/fn7T)lem(k(]ar/)] [A.2]
1=0m=—1

Here the complex wave numbers outside and inside the sphere are expressed as kg and ki,
respectively, C; and D) are found by applying Dirichlet boundary conditions (18), and M and
N are spherical vector wave functions:

1

My (k)=
LB )=

(V xGi(kr)Y™(0,0)r) [A3]

1
Nk, 1)=7(V % My (R, 7))

The superscript “+” in Eq. [A.2] indicates that the spherical Bessel function in A.3 is
replaced by a spherical Hankel function of the first kind, with the same I. Substituting Egs.
[A.2] and [3] in Eq. [1], we can calculate the electric field inside the sphere as:

E(r)=iwpo / / / G(r,r) - J(r")av’

—ivpgt? [ [ G (') (KD () K )0

m=-1
=iw b2 ik S !
Ho (4 OZ Z [ClMlm(kmar) (kO’T )

1=0m=-1 [A4]

+oo  +U

+D1Nl,m(k'[mr)N ko, } {Z Z
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where o is the RF frequency of operation and g is the magnetic permeability in free space.
Let us define the coefficients:

M
tra=Ci / / (Wi p, (ko ')

. (4 l/(l,+1)Xl’,m’(0l7¢))

[A5]
W MY ko, o)
X <—’i l/(l'+1)Xll7m/(0/, ¢/)>:| dqy
(M
lm N nL’)_Dl// ﬂ v 7n)/‘Z\r+ (k r )
: (—i l’(l’+1)Xl/7m/(0’,¢’)>
[A.6]

+W§f7>l, N (Ko, )7

« (—i z/(z/+1)xl,7m,(a',¢')>} Qo

Applying the orthogonality relations of vector spherical harmonics (32) and substituting
Egs. [A.5] and [A.6], we can rewrite Eq. [A.4] as

+oom=-41
E(T)_ - w#0k0b2z Z [Ml m( ns ,’,.)V’]U +Nl m(]"my ’I")‘ 1 m} [A.7]
[=0m=-1

From Maxwell’s equation and the symmetrical relationship between the vector wave
functions (Egs. [A.3]), the magnetic field can be calculated as:

7: “+oom= +l /N [A
B(r)=<VxE(r)=—ifokokib*y_ [Nlm i )V +Mlm(km,r)¥l7m} .
1=0m=-1

Note that, although the expressions used here for EM fields are slightly different than those
in Ref. (18), due to the use of a different notation and a regrouping of multiplicative factors,
the relative scaling between the electric and the magnetic fields, and therefore the SNR, is
the same.

APPENDIX B
DERIVATION OF UISNR

The UISNR for voxel position rq can be calculated using Eq. [5], where the modes’ noise
covariance matrix Wy,qqe can be derived from the expression of the noise equivalent
resistance (18):
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+oo  +I
Rmode:UfffE(r) ' E(T)*d‘/: Z Z WT‘IlmodeW* [B.1]

1=0m=-1
where Wpoqe = TRLTT and R is given by (18):
o 2,2 f|.7l( mr)| dr 0 5
RL:§|wu0kob | LT ot (k .,
0 o] {12 ) ) 2

The matrix Sin Eg. [5] contains the complex signal sensitivities of all modes at the target
position rg and all aliased positions, when parallel imaging is used:

S]_(T‘()) e 51(7’
S(T‘): [B.3]
Sr, (TO) T SL (TR—l)

mode mode

Here Ris the acceleration factor and Loge = 2(Imax + 1)? is the total number of modes
corresponding to the expansion order |ax, Which is chosen to ensure convergence of
calculations. The elements of S can be derived using the principle of reciprocity (33), which
allows the calculation of receive sensitivity as (18):

+oo +I
(B1™(r))"=B.(r) —iBy(r)=)_ Y WTS(r) [Ba]

I=0m=—1

OPTIMAL SNR FOR FINITE ARRAYS

The optimal SNR for an array of circular loops can be calculated with Eq. [5], after applying

the combination weights Wco11 ) {0 the modes’ sensitivity and noise covariance matrices as

in Eq. [7]. By definition, the only type of noise contributing to UISNR is sample noise. In
the case of finite arrays, the DGF formalism allows the addition of coil noise contributions
in a straightforward manner, by substituting \I/,;ode = WUmode + Ra in Eq. [7], where Ra
accounts for resistive power losses in the coil conductors and is defined in Ref. (18).
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Figure 1. Schematic representation of a 16-element array of circular loop coils closely packed
around a spherical sample

Relevant quantities describing the geometry are shown. Circular loop coils are arranged on a
spherical surface at distance vV d>4R? from the center of the sample.
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Figure 2. Array SNR normalized by the corresponding ultimate intrinsic SNR as a function of
number of coails, for various main magnetic field strengths and voxel positions (r) insidea
homogeneous sphere with 8.4 cm radius

Ultimate intrinsic SNR can be approached closely with a sufficient number of coils for a
voxel in the center of the sphere (a). Array performance with respect to the ultimate limits
decreases for voxel positions closer to the surface of the sample (b, c). Including coil noise
contributions to the array SNR further reduces performance with respect to the best possible
SNR, especially for larger number of coils and lower main magnetic field strength (d—f).
Note that the vertical axis limits are optimized for each plot.
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Figure 3. Array SNR normalized by the corresponding ultimate intrinsic SNR for avoxel in the
center of auniform spherical phantom (r = 0) as a function of number of coils, for different main
magnetic field strength and sample size

SNR performance at 1.5 T and 3 T is almost unchanged for different sphere radii (a—c). SNR
performance at 7 T and 9.4 T increases as the size of the phantom decreases and it is not
significantly affected by the inclusion of coil noise in the SNR calculation (d-f). At1.5T
and 3 T, coil noise significantly affects performance and becomes more dominant as the
number of coils increases (d, €). However, when the sphere size is large, sample noise is
higher and dominates even at 1.5 Tand 3 T (f).
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Figure4. Array SNR normalized by the corresponding ultimate intrinsic SNR as a function of
voxel position for different main magnetic field strength and number of coils

Voxel position is reported as a percentage of the sphere radius. The performance of an 8-
and 96-element array of loop coils closely packed around a spherical sample with 8.4 cm
radius is plotted with and without coil noise in the SNR calculation. The effect of coil noise
is larger for the 96-element array and increases as voxels approach the surface of the sphere.
For a voxel half way between the center and the surface of the sphere (i.e., 50% of FOV),
coil noise reduces SNR at 1.5 T (a) and at 3 T (b), whereas its contribution is negligible at 7

T (c).
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Figure 5. Coil performance mapsfor atransverse plane evaluated at different field strengths and
for an increasing number of loop coils closely packed around a spherical samplewith 8.4 cm
radius, for the case of 4-fold accelerated parallel imaging

Each voxel shows the SNR of the array normalized by the corresponding ultimate intrinsic
SNR. Coil noise was included in the calculation of the SNR of the arrays. Mean and
maximum values are reported above each map. The gray circle indicates the surface of the
sphere.
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Figure 6. Array efficiency in performing 4-fold linear accelerations as a per centage of the
optimum, for different number of coil elements and main magnetic field strength, for a
transver se plane through the center of the object

Each pixel in the map shows the ultimate intrinsic g-factor as a percentage of the array g-
factor. Mean and maximum values are reported above each map. Arrays were formed of
circular loop coils closely packed around a uniform spherical sample with 8.4 cm radius.
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Figure 7. Coil performance maps of four 32-element array geometriesfor various acceleration
factorsat 3T, for atransverse planein the center of a uniform sphere with 8.4cm radius

Each voxel shows the SNR of the array normalized by the corresponding ultimate intrinsic
SNR. Coil noise was included in the calculation of the SNR of the arrays. The gray circle
indicates the surface of the sphere. The plots in the bottom row compare vertical and
horizontal profiles for each map. The radius of the circular coil elements was optimized
based on the geometrical arrangement: R = 3.0 cm for “closely-packed,” R= 3.9 cm for
“overlapped,” R= 3.2 cm for “helmet,” R = 3.4 cm for “open-poles.” Although results are
similar for acceleration factors 1 x 1 and 2 x 2, the geometry without coils around the north
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and south poles of the sphere (i.e., “open-poles”) yielded the highest performance for larger
acceleration factors.
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Figure 8. Coil performance maps of four 32-element array geometriesfor various acceleration
factorsat 3T, for a sagittal planein the center of a uniform sphere (8.4 cm radius)

Coil noise was included in the calculation of the SNR of the arrays, which is shown for each
voxel as a percentage of the corresponding ultimate intrinsic SNR. The gray circle indicates
the surface of the sphere. The plots in the bottom row compare vertical and horizontal
profiles for each map. The performance of the “helmet” array design is low in the front
region not surrounded by coils, but it is comparable with that of the fully enclosing
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geometries at the center. The performance of the “open-poles” array design decreases
significantly in the central region for this image plane orientation.

Concepts Magn Reson Part B Magn Reson Eng. Author manuscript; available in PMC 2015 June 17.

Page 24



1duosnue Joyiny 1duosnuen Joyiny 1duasnuen Joyiny

1duasnuen Joyiny

Vaidya et al.

Table 1

Dielectric Properties of Average Brain Tissue.

Bo (T) 15 30 70 94

Larmor Frequency (MHz) 639 127.7 298.1 400.2
Dielectric constant ¢, 879 631 52 49.7
Conductivity o (1/Qm) 0.39 0.46 0.55 0.60
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