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Abstract

In the development of risk prediction models, predictors are often measured with error. In this
paper, we investigate the impact of covariate measurement error on risk prediction. We compare
the prediction performance using a costly variable measured without error, along with error-free
covariates, to that of a model based on an inexpensive surrogate along with the error-free
covariates. We consider continuous error-prone covariates with homoscedastic and heteroscedastic
errors, and also a discrete misclassified covariate. Prediction performance is evaluated by the area
under the receiver operating characteristic curve (AUC), the Brier score (BS), and the ratio of the
observed to the expected number of events (calibration). In an extensive numerical study, we show
that (i) the prediction model with the error-prone covariate is very well calibrated, even when it is
mis-specified; (ii) using the error-prone covariate instead of the true covariate can reduce the AUC
and increase the BS dramatically; (iii) adding an auxiliary variable, which is correlated with the
error-prone covariate but conditionally independent of the outcome given all covariates in the true
model, can improve the AUC and BS substantially. We conclude that reducing measurement error
in covariates will improve the ensuing risk prediction, unless the association between the error-
free and error-prone covariates is very high. Finally, we demonstrate how a validation study can
be used to assess the effect of mismeasured covariates on risk prediction. These concepts are
illustrated in a breast cancer risk prediction model developed in the Nurses’ Health Study.
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1. Introduction

Risk prediction models are used to translate research findings into valuable tools to assist
prognostic assessment, screening algorithms, and clinical decision making. Several widely
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used prognostic tools have been developed from epidemiologic data [1]-[3]. In
epidemiology, key risk factors are often measured with error [4]-[15] and a great variety of
statistical and epidemiological literature has dealt with correcting bias in relative risk
estimators caused by measurement error [16]-[18]. However, little attention has been paid to
the impact of measurement error on prediction, and a small number of papers, that
considered influence of measurement error on prediction, analyzed it in terms of effect on
risk estimates [19]-[21]. Some discussion of methods and problems in prediction in the
presence of measurement error can be found in [17]-[18]. What appears to be the prevailing
view was expressed by Carroll et al. ([17], Sec. 2.6): “Generally, there is no need for the
modeling of measurement error to play a role in the prediction problem. If a predictor X is
measured with error and one wants to predict a response based on the error-prone version W
of X, then except for a special case, it rarely makes any sense to worry about measurement
error. The reason is quite simple: W is error-free as a measurement of itself!” This means
that a regression model fitted with noisy covariates can be a valid prediction model. A valid,
or perfectly calibrated, model is unbiased in the sense that, on average, there is perfect
agreement between the observed outcomes and predictions. For example, if the model
predicts that 10% of those at risk will develop a certain disease, the observed frequency of
the disease will be, on average, 10%. Formally, a model is perfectly calibrated, or unbiased,
if E(pi) = E(Yj|Xi, Z;), where pjis the estimated conditional probability of {Y; = 1} given the
covariates. An exception noted by Carroll et al. [17] occurs when the prediction model is
estimated from a study with a given amount or form of covariate error but is to be applied to
a population where the amount or form of covariate error is different. That is, when
measurement error is not “transportable”, a risk prediction model perfectly calibrated to a
population with one underlying error structure, will not be well calibrated to a population
with another underlying error structure. This problem was recently addressed for replicated
covariates measured under an independent additive error model [22].

Although mismeasured covariates may provide valid predictions, sometimes their respective
costly error-free measures are, or could be, available. The main goal of this paper is to
investigate the potential gain in prediction performance from using the error-free covariates.
For example, in the Nurses’ Health Study (NHS) [23], a risk prediction model for 20-year
breast cancer incidence was considered given a set of well known risk factors, some of
which are error-free while others are error-prone. Risk factors in this model include age, age
at menarche, age at first birth, family history of breast cancer, number of past breast
biopsies, as in [2] and in [24]-[26], and could potentially be enhanced by data on alcohol
intake [27, 28] and a—carotene intake [14, 29]. Here, the main study consists of 68,555
female nurses whose alcohol and a—carotene intake were assessed through a self-
administered 131-item food frequency questionnaire (FFQs) at baseline in 1986. The FFQ
measures dietary intake with moderate to substantial error [4]-[14], [30]. The validation
study was conducted in NHS in 1986 [14] among 191 NHS cohort members by the
corresponding values obtained two 7-day of weighed diet records for dietary intake assessed
by FFQ. Using the methodology developed in this paper, we compared two risk prediction
models, one using the surrogate intake measures obtained from the FFQs and the other using
the gold standards from diet records, to assess the potential gain in risk prediction
performance due to the availability of perfectly measured predictors.
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Among the generalized linear regression models for binary outcomes, logistic and probit are
the two most widely considered link functions. Cox and Snell ([31], pp. 23) argued that
although the two models produce different parameter estimates, these estimates usually end
up with similar standardized impacts of the covariates; Greene ([32], p. 875) concluded that
“in most applications, it seems not to make much difference”; Gill ([33], p. 33) indicated
that they “provide identical substantive conclusions”; and similar conclusions appears
regularly in the discussions comparing between the logit and probit models (e.g. [34]- [37]).
Since the probit model provides analytically tractable expressions, in contrast to the logit
model, we focus on probit models.

This paper investigates the effect of measurement error on risk prediction and demonstrates
how a validation study can be used to assess the effect of mismeasured covariates on risk
prediction. Specifically, we consider a probit regression model to predict a binary outcome
based on error-free and error-prone covariates; linear measurement error models with
homoscedastic and heteroscadastic error; and varied degrees of measurement error between
the error-free and error-prone covariates. The case of a misclassified binary covariate is
studied as well. The settings with heteroscadastic error variance or misclassified covariates
are no longer follow the probit model. Hence, in these scenarios we use also the generalized
additive model (GAM) of Hastie and Tibshirani [38].

The performance of the risk prediction models is evaluated in terms of the following three
criteria [39]: discrimination,prediction accuracy, and calibration. Discrimination is assessed
using the area under the receiver operating characteristic curve (AUC). Prediction accuracy
(overall performance) is assessed using the Brier score (BS). Calibration is assessed by
examining the ratio between the overall observed number of events and the expected number
of events under the model. Although the AUC and BS are closely related quantities and
under certain assumptions have an explicit relationship [40]-[41], since both are commonly
used to evaluate model prediction quality and because the magnitude of comparisons differ
between these two measures, we report results for both of them. For clarity of presentation
of the effect of measurement error on risk prediction, we assume that the true values of the
probit models parameters are available.

This article is organized in five sections. Section 2 defines the probit outcome model and the
two measurement error models we consider in this paper, and several common measures to
be used for comparing the performance of various prediction models to be examined.
Section 3 provides a detailed description of the numerical study conducted for investigating
the impact of measurement error on the performance of the prediction models. This
investigation includes homoscedastic and heteroscedastic error models for a continuous
covariate, and also models with a misclassified binary covariate . This section concludes
with a summary of the results from the numerical study. In Section 4, we demonstrate the
use of a validation study to assess the effect of mismeasured covariates on risk prediction,
through a breast cancer risk prediction model in the Nurses’ Health Study [23]. Finally,
Section 5, summarizes the practical implications of this work.
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2. Models and methods

2.1. The models

Consider a regression model relating a binary response variable Y to a true predictor X and
an error-free predictor Z. Let W denote the error-prone value corresponding to X. We define
the binary outcome Y in terms of a continuous latent random variable Y. Specifically, let Y
=1(Yg = 0), with

Yo=a+B8X+vZ+n (1)

where a,  and vy are unknown regression coefficients and r is a normal random variable
with zero mean and unknown variance «?. In addition, we assume that (Yo, X, Z) is
multivariate normally distributed with expectation («, 0, 0)T, and the following variance-

var (Yp) :ﬂzai +’y2ai+2ﬁ'pr)ZaX o,

+w?war (X)

:ai svar (Z)

:02 seov (Yo, X)

=00 VP19 x 0 1iPx.
covariance components:  =cov (X, Z2) /(04 0,) ; and
cov (Yy, Z) =y0>+Bpy ,0 0, This model is known in quantitative genetics as a liability
model (see for example [42]). The liability model assumes that a normal random variable Yg
is related to the discontinuous trait Y by a threshold, providing a convenient methodological
framework, as here. However, we note that the results provided in this paper are based on
the model (1). For more general conclusions, further numerical studies are needed.

Next, we assume that W is a surrogate for X, i.e. the conditional distribution of Y given (X, Z,
W) equals the conditional distribution of Y given (X, Z). In addition, we assume the linear
regression measurement error model W = ¢ + dX + & where ¢is independent of X and is
normally distributed with mean zero. This measurement error model is an established model
in the measurement error modeling literature [17, 43, 44]. The special casec=0andd =1
yields the classical additive measurement error model W = X + &. Under the homoscedastic

measurement error model, it is assumed that ¢ has constant variance gg. The
heterosocedastic setting will specify a conditional normal distribution of ¢ given the true
covariate X such that the conditional variance of ¢is a function of X.

Let @ denote the cumulative distribution function of the standard normal distribution. The
true and surrogate probit prediction models are based on (Y, X, Z) and (Y, W, 2),
respectively. Then,

Pr(Y=1|X,2) =2 {(a+BX+7Z) Jw}, @

and under the linear regression measurement error model and the multivariate distribution of
(Yo, X, Z) described above
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Pr(v=1|W,2) =0 {(a+W+5Z2) [0} . (@

Based on the attenuation matrix ([17], p. 53, Eq. (3.12), [43]-[45]), 4, 3, 5 and  can be

explicitly written as a function of , B, v, pxz, €, d, o2 o2, and . The exact form of

(5% B, 5)) for the scenarios considered in this paper will be given in Section 3.

2.2. Performance measures
Let ¢ denote the density of the standard normal distribution, fg(-) the density of S=a + X +
vZ, and fgp(+) and fsq(-) the conditional densities of S given the events {Y = 0} and {Y =1},
respectively. Then, by Bayes rule we obtain fgp(s) = f5(s) Pr(Yg < 0|S = s)/ Pr(Yg < 0) and
f51(s) = f5(s) Pr(Ygo > 0|S = s)/ Pr(Ygy > 0). Hence,

fo () =r"'0{(s — @) /r} {1 = @ (s/w)} / {1 = @ (a/ Ve?+7%) } and

fo, () =r "6 {(s = a) /r} @ (s/w) / {® (a/ V2 +7°) |, where

T?=B%0% +7702+2Bpy 0,0, Since, AUC(X, Z) = P (Sp < Sy) [48], it can be shown that
under the probit model (2),

AUC (X, Z) :fciooofzzfso (50) fsl (51) d.SodSl. (4)

The AUC varies between 0.5 and 1.0 with higher value indicating a better discriminative
model.

The Brier Score (BS) [46] quantifies the overall model performance and consists of the
squared distance between the actual binary outcome, Y , and the estimated conditional
probability of {Y = 1} given the covariates, denoted by p. The Brier Score is defined as
BS(X, Z) = E{(Y — p)?}. Under the probit model (2), it is easy to verify that

BS(X,Z)=% (a/ V w2—|—7’2> — fiooonlgb {(s —a)/7} 2 (s/w) ds. (5)

The smaller the BS is, the better the prediction.

The AUC and BS of the surrogate model (3), under homoscedastic measurement error
AUC(W, Z) and BS(W, Z), can be derived similarly. All of the above integrals can be
calculated using numerical quadrature routines, which are available in variety of software
packages. However, these calculations are time consuming.

Alternatively, the AUC and BS can be calculated through Monte Carlo simulation.
Specifically, a large random sample of (Yo1, X1, Z1), - - -, (Yon: Xn, Zp) is generated from the
multivariate normal distribution described above. Let Yj = 1(Ygi=0),i=1, ..., n; p;be the

estimated conditional probability of {Y; = 1} given the covariates; n1:Z:;11 (Yi=1); and
Nng =N — ny. A nonparametric estimator of the AUC ([47], p. 493) for predicting the event {Y
=1} is defined by
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n n

(nonl)ilzZU (ﬁpﬁj) Yi(1-Y;), (6)

i=1j5=1

where U(a, b) = I(a > b) + 0.51(a = b). A natural empirical estimator of BS [39] is given by
”_IZ(@ - Yi)2- (7
=1

In a series of settings, we contrasted the theoretical AUC and BS (4)-(5) calculated by
numerical quadrature to the Monte Carlo simulation approach using the above estimators
(6)-(7) and a very large sample size. As expected, we found that these methods produced
almost identical results. Hence, to save computing time, from now on we will use the
simulation-based approach.

Calibration performance was evaluated by the ratio of the observed and the expected number

of events O/ E=Z::1Y¢/ Z:L:lﬁi [39]. If the model is well calibrated, we expect O/E to be
close to 1. Since Carroll et al. [17] argued that a surrogate model is valid but omitted a
formal proof, we present one by showing that the expected number of events under the true

and the surrogate models are equal:
E{Pr(Y=1W,2)} {1 (Yo >0)[W,2}]

[E{I (Yo >0)|X,W,Z}|W, Z])

[E{I (Yo >0)|X,2}[W,2])) @

{Pr(Y=1|X,2)|W,Z}]

{Pr(Y=1|X,2)}.

I
SluloNoNe

The third equality holds due to the surrogacy assumption, and the explanation of the last
transition is presented below

E[E{Pr(Y=1|X,2)|W, Z}]

T [® ((atBr+yz) w) Fxiw.z (z|w, 2) fy, , (w, 2) dwdzdz
= JJ® (a+B2472) /@) ([ fru. (@ w, 2) dw) dadz

[]® ((a+Bz4+v2) [w) fy , (x,2) dzdz
— B{Pr(y=11X.2)}.

If the true model of Pr(Y = 1[notdef]W, Z) is used, numerical studies of calibration in the
presence of measurement error in X are not needed since perfect calibration is established
theoretically above. However, in the presence of binary covariate misclassification and in
the presence of heteroscedastic error in continuous X, the linear model in the probit link will
be mis-specified, thereby might leading to imperfect calibration of some degree to be
determined below.

3. Numerical study

The main goal of this section was to study the difference in prediction performance of the
true model based on (Y, X, Z) compared to the surrogate model based on (Y, W, Z). Results
from the homoscedastic error setting are given in Section 3.1. Several heteroscedastic error
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settings and a binary covariate subject to misclassification are described in Sections 3.2 and
3.3, respectively.

3.1. Homoscedastic error model

The relationships among Yg, X and Z will have a critical impact on the differences in
performance between the true and surrogate models. The following parametrization allows
one to systematically explore a wide range of associations among the variables. Let

a= 27! (p),
p= VRsingp/ \/ I4py 5 sin (2¢),
v= VRZ?cosy/ \/1—|—px’z sin (2¢),

where ¢ € [0, 71, p€ (0, 1), R = 1 — ?, «? = var(), so that RZ equals the proportion of the
total variation in Y explained by the linear regression model with (X, Z). Here, the
expectations of X, Z and W were set to 0 and the variances of X and Z were set to 1. Then, Y
is normally distributed with mean a and variance 1; ¢ describes the relative importance of X
and Z as predictors of Yg; and the parameter p satisfies p = Pr(Y = 1). It can be shown that
the parameters of the surrogate model (3) are

B=pa(1-p2,)/(a(1-42,)+02), @

= [va? (1= 2,) +Bpsxs02+702] [ (a (1= P2, ) +02), o)

a=a — fBe, (11)
and
P=1— (d+02) i =37 = 253dp,,. 2)

Since sin? ¢ + cos? ¢ =1 and sin(2¢) = 2 sin ¢ cos ¢, 7 = RZ and AUC(X, Z) and B(X, Z)
are constant functions of px 7. Obviously this is not the case for AUC(W, Z) and BS(W, Z), as
will be demonstrated in Section 3.4.

In this numerical study, we focused on the classical measurement error model W = X + &,
i.e., the special case c =0 and d = 1. We considered the following values for the parameters:
R?=0.1,0.3,0.5,0.7,0.9, p = 0.05,0.15, 0.3, 0.5, =0, /36, 2736, ..., 7, px z = —0.9,

-0.5,-0.3,0,0.3,0.5,0.9 and 52=0.5, 1, 2. The values of 52 are motivated by the NHS

validation data where 42 is about 1.7 times the variance of the error-free X in the case of a-
carotene and about 0.4 times the variance of the error-free X in the case of alcohol intake
(see Table 5). The simulation results are based on one sample of size of 1,000,000
observations for each configuration. The sample size is big because the purpose of this
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simulation study is calculating the values of the performance measures under different
models, and not to study their finite sample properties.

In addition, we investigated the possible improvement in prediction performance in a
surrogate model in which an auxiliary variable (AV) is added to the mean for the regressor
X. An AV (also known as an instrumental variable) is one that is associated with X but not
with Yq given X and Z [17]. Hence, we defined the AV, denoted by V ,as V = pxy X + &

where £is a zero-mean normally distributed random variable with variance 1 — pi",, and &
is independent of all other random variables in the model. We considered px v = —0.9, —0.5,
—0.3, 0.3, 0.5, 0.9 and compared the prediction performance of the true model with
regressors (X, Z) to models with regressors (W, Z) and (V, W, Z).

For each scenario, we estimated the AUC, BS and O/E in five models: (i) with X as a single
covariate; (ii) with Z as a single covariate; (iii) with (X, Z) as covariates; (iv) with (W, Z) as
covariates; and (v) with (V, W, Z). The results are presented in Section 3.4.

3.2. Heteroscedastic error model

The heteroscedastic error models were modifications of the models in Section 3.1, such that
ggiven X is a zero-mean normally distributed random variable with variance that depends

on X. Three models for heteroscedastic error were studied: (1) var(elX) = 1.3|X|; (1) var(gX)
= exp(0.2X); (1) var(gX) = 1.7| sin(2X)|. Similar scenarios were considered in [20]. In each

of these models, the marginal error variance equaled 1, i.e. s2=1, and px z = 0. Figure 1
illustrates the association of X and the error variate £ under the above heteroscedastic error
models.

In contrast to the homogeneous error variance setting, P (Y = 1|W, Z) no longer follows the
probit model. Hence, we used also the generalized additive model (GAM) of Hastie and
Tibshirani [38], as a flexible approximation to the true model. Our use of the GAM approach
is motivated by the idea that if heteroscedasticity were present, the analyst building the
prediction model would notice departures from linearity on the probit scale and would
therefore fit a more flexible model. The generalized additive model incorporates this
flexibility into the setting of generalized linear models. We carried out the GAM fitting
using the “gam” function in the R package “mgcv” [49]-[50]. The function “gam” was
applied with the default parameters, using penalized regression splines with smoothing
parameters selected by the generalized cross validation criterion [51].

3.3. Binary covariates with misclassification

For the case of a dichotomous predictor, we denote the true binary error-prone exposure by
X,jts binary surrogate as W , and an error-free binary covariate Z, such that X = I(X > 0) and
Z =1(Z > 0), with X and Z independently normally distributed with means zero and

variances 1. The latent variable Yo was defined as y,=a+3X ++Z=n, where 7 is zero-mean
normally distributed random variable with variance 1. We considered the case with a = —1,
and B = vy = 1. Denote the misclassification probabilities as Pr(W = 11X = 0) = g1p and Pr(W =
oX = 1) = qo1. The results presented in the section that follows are with g1 =gp1 =g and q
=0.05, 0.15, 0.25 or 0.5. In this case, the probit model for Pr(Y = 1|W, Z) is misspecified,
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since in fact &~1{Pr(Y = 1)W, Z)} is not linear in Z. The misclassification rates are designed
to cover the entire range, and the high misclassification rates are motivated by previous
analysis of FFQ data [29], where q was close to 0.5. As previously, the results are based on
probit models.

3.4. Main results

Table 1 presents the AUC(X, Z) and BS(X, Z) for various values of R? and p = Pr(Y = 1), as it
is well-known that prediction performance measures depend on the prevalence of the event
of interest in the population [52]. As expected, the AUC value decreases and the BS value
increases as R? decreases and also as p increases. The last finding is due to fact that a is an
increasing function of p, a = #1(p), and as a increases the harder it is for the covariates (X,
Z) to discriminate between events and non-events.

To exemplify the general pattern of the prediction performances as a function of the
regression coefficients, we present the cases with R? = 0.5 and p = 0.5 in Figures 2-4, and
the AUC and BS results for cases with R2 = 0.1, 0.3 and p = 0.1 are presented in the
Supporting information, Figures S1-S4. The results for the AUC and BS in the
homoscedastic setting are given in Figures 2 and 3, respectively. Each figure provides the
results for various values of px 7. The horizontal axis of each plot represents ¢, which
defines the relative importance of X and Z in model (1). For ease of interpretation we added
in the horizontal axes the respective values of § and y. Each plot consists of AUC(X, Z),
AUC(Z), and AUC(W, Z) with 52=0.5, 1.2. As expected, AUC(Z) < AUC(W, Z) < AUC(X, 2)
and AUC(W, Z) decreased as o2 increased for fixed f and y. Under px z = 0, the minimal
values of AUC(W, Z) and AUC(Z2), for a given o2 are attained at y = 0, namely, when Z
makes no contribution to the prediction model. When px 7 #= 0, the minimal values of
AUC(W, Z) and AUC(Z) are attained at different values of ¢ due to the effect of the
correlation between X and Z. With a strong association such as px z = —0.9, the maximum
differences between AUC(X, Z) and AUC(W, Z) could be large and are attained only when 8
and vy are approximately equal. For example, if s2=2, ¢ = 45°, AUC(X, Z) — AUC(W, Z) =
0.256. As the differences between § and vy increased, the differences between the various
AUCs decreased. In particular, when § = »— 220.36, the differences between the AUCs are
almost zero. As the association of X and Z decreased, the differences between the AUCs
were substantial under a wide range of ¢, namely, under wide ranges of § and y. In
particular, under px z = 0.3, o2=2, AUC(X, Z) — AUC(W, Z) is at least 0.15 for all p< [70°,
120°], where 0.15 is a substantial decrease in the AUC due to error.

For the BS results (Figure 3), similar patterns as found for the AUC were observed, BS(X, Z)
< BS(W, Z) < BS(Z). When X and Z were at most moderately associated (i.e. px 7 < 0.5), the
accuracy loss due to the mismeasured W was substantial under almost the entire range of ¢.

For example, with px 7 = 0.3 and 52=2, BS(W, Z) — BS(X, Z) was as high as 0.07.

In summary, when the measurement error was of small magnitude, the discrimination and
accuracy of the prediction was decreased minimally. However, with moderate or severe
measurement error, the decline in AUC and BS from using (W, Z) instead of (X, Z) was
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dramatic. It should be again noted that because the probit model in (W, Z) was perfectly
specified, these observed declines in the quality of the prediction were due exclusively to
increased variability in the prediction and not to an increase in bias.

The contribution of the AV, V, to the prediction model performance, under the
homoscedastic measurement error model with R2 = 0.5 and p = 0.5 is given in Figure 4, in
terms of AUC. The results of BS are presented in the Supporting information Figure S5.
Since the AUC and BS are symmetric for px 7 and —px 7, and since the results are the same
for px v and —px v , we present only the case where px z > 0 and px v > 0. The left and right
columns of Figure 4 are with correlation coefficient of X and V of 0.9 and 0.5, respectively
(ox,v = 0.3 is omitted). As expected, for any o2, AUC(W, Z, V') 2 AUC(W, Z). Contrasting
AUC(W, Z, V) with AUC(W, Z), revealed that adding an AV to the model could
considerably improve the AUC and BS under moderate or substantial measurement error, as
long as there was at most a moderate association of X with Z. When |px 7| was high, the
added value of including V in the model was very small. For example, for pxy = 0.9, px 7 =
0.9, s2=2and ¢ = 45°, we get AUC(W, Z) = 0.825, AUC(W, Z, V') = 0.829, BS(W, Z) =
0.171 and BS(W, Z, V') = 0.169; and for a similar scenario but with px 7 = 0.3 and ¢ = 80°,
we get AUC(W, Z) = 0.662, AUC(W, Z, V) =0.801, BS(W, Z) = 0.198 and BS(W, Z, V) =
0.173.

The results from the heteroscedastic settings with R2 = 0.5, p = 0.5, and pxz=0are
presented in Tables 2-3. It is apparent that the AUC and BS values from Scenarios (I)-(111)
were very close to their respective AUC and BS values from the corresponding

homoscedastic error models with px 7 = 0 and ¢2=1. The conclusions from the
homoscedastic and heteroscedastic settings were the same, in the sense that, for example,

AUC(Z) < AUC(W, Z) < AUC(X, Z) and AUC(W, Z) decreased as o increased for fixed 8
and y. Moreover, in Tables 2-3 we contrasted the GAM and probit models in terms of AUC
and BS. The similarity between these results indicates that in all the settings considered,
misspecifying the form of the prediction model had little impact.

The results of probit model with binary regressors in the misclassification setting are
summarized in Table 4. As with continuous predlctors AUC( Z, < AUC(W, Z) < AUC(X, Z)
As expected, AUC(W , Z) decreased and BS(Z, W) increased as g increased. Also, for q =
0.5, AUC( W, Z) = AUC( Z) because here W contains no information about X. As before,
the gain in prediction performance due to the use of X instead of the mismeasured W was
substantial, especially when X and Z were moderately or weakly associated. For example,
with px z = 0.7 and g = 0.25, AUC(X, Z) AUC(W, Z) 0.019 and with px z = 0.3 and q =
0.25, AUC(X, Z) AUC(W, Z) 0.047. An improvement of AUC of approximately 0.05 is
more than a modest improvement [53]-[54].

Under the homoscedastic, heteroscedastic and misclassification error models, the ratio of the
observed and expected number of events were always close to one (between 0.9994 and
1.0003), for all prediction models considered. Under the homoscedastic settings, the results
are as expected, given (8). The results from the other settings, when the probit model is mis-
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specified, imply that, asymptotically, the surrogate model is approximately valid even when
the prediction model is mis-specified and is being approximated by a probit model or GAM.

4. An illustrative example

In this example, we illustrate how to calculate the extent to which the prediction would be
improved if X were available rather than the surrogate measurement, W . We evaluated
prediction models in the Nurses’ Health study (NHS) [23] for breast cancer incidence using
the error-prone covariates for alcohol (g/day) [27, 28] and a-caratenoid consumption (mg/
day) [29] and an error-free covariate, the Gail score [2]. With data from the NHS dietary
validation studies [14] and the theory presented in this paper, we compared the AUC and BS
from the model with surrogate dietary measurements to the possible values that we could
have obtained if the measurements had been available in the main study.

The NHS was established in 1976, when 121,700 female U.S. registered nurses between the
ages of 30 and 55 years responded to a mailed study questionnaire on medical history and
lifestyle. Subsequent questionnaires have been mailed every 2 years. Further details on the
study, including information on disease confirmation, have been published elsewhere [23].
We restricted our analyses to the 20-year period from 1986 to 2006, and excluded women
with a history of cardiovascular disease or cancer, including lobular or ductal breast
carcinoma in situ at baseline. We were then left with a cohort of 66,346 women aged 40-71
years in 1986, within which 3,065 women developed invasive breast cancer within 20 years
of the return date of their 1986 questionnaire. The validation study assessed consumption
from a self-administrated food frequency questionnaire and two 7-day diet records
completed approximately 6 months apart (for more details see [14]).

We considered the effects of the error-prone predictors in various scenarios: (i) a-carotene
alone, (ii) alcohol consumption alone and (iii) a-carotene and alcohol consumption, and
analyzed models containing the error-prone covariates alone and together with the error-free
covariate, the Gail score. In total, we studied six models. The Gail score was calculated from
the algorithm and parameters of Gail et al.'s model [2]. The means and variances of the
regressors based on the validation study are given in the top part of Table 5. The Pearson
correlation between the Gail score and a-carotene was 0.124; between the Gail score and
alcohol was -0.036; and between a-carotene and alcohol was 0.030. The estimated
regression coefficients of the models using the main study are given at the bottom of Table
5.

The main results of this analysis are given in Table 6. We randomly split the main study into
two datasets of equal sizes. One set was used for estimating the regression parameters, and
the other for estimating the AUC and BS based on (6)-(7). We compared the surrogate
performance measures of probit, logit and GAM models. It is evident that the AUCs and
BSs of the probit and logit models are very similar, and as expected, the AUC and BS are
insensitive to the choice of the logit or probit link function. Also the -2log-likelihood (-2LL)
measures of the probit and logit models are very similar. Moreover, the AUCs and BSs of
the probit and logit models are fairly close those of the probit model. These results suggest
that very similar findings would be obtained using either the logit or the probit link function.
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Based on the regression coefficients estimated in the main study (Table 5), the estimated
distribution of (X, Z) and the estimates of the measurement error model parameters from the
validation data, we back-calculated the regression coefficient to be expected in the
corresponding model with no measurement error, using the attenuation matrix ([17], p. 53,
Eq. (3.12); [43]-[45]). Finally, (4)-(5) were used to obtain the AUC and BS of each error-
free probit model. These results are given in the last two columns of Table 6. By using the
error-free measurements, the discrimination of the prediction model based on alcohol would
likely be improved by 5.0% and the accuracy improved by 4.5%, while for the model based
on a—carotene, alcohol and Gail score, discrimination would not be improved but accuracy
would likely be improved by 6.8%.

5. Summary

This paper examined the influence of measurement error on the performance of risk
prediction models. We showed that measurement error in covariates, while not affecting
calibration, can dramatically reduce the AUC and increase the BS. Thus, when it is possible
to reduce the measurement error in predictors included in risk prediction models, the quality
of the risk prediction could be improved substantially.

We also showed that the deterioration of the AUC and BS increases with measurement error.
When the error-free determinants of the outcome are strongly positively correlated with the
error-prone variable, and the error-free and error-prone covariates have similar correlations
with the outcome, the measurement error reduces the AUC and increases the BS only
slightly. The same is true when the error-free determinants of the outcome are strongly
negatively correlated with the error-prone variable and the error-free and error-prone
covariates have markedly different correlations with the outcome. The same is also true if
auxiliary variables are available that are strongly correlated with the error-prone variable.
We therefore recommend including in prediction models all easily obtained variables which
are correlated with error-prone covariates, while avoiding overfitting by including too many
parameters relative to the number of observations.

In addition, in the motivating example, we demonstrated how a validation study can be used
to evaluate the impact of mismeasured covariates on risk prediction. This method can be
used to evaluate the benefit of observing expensive but accurate data instead of the
mismeasured data.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Figure 1.
Scatter plots of X versus ¢ under the heteroscedatic settings (I)-(111).
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The effect of AV on AUC: the homoscedastic error model, R2 = 0.5, p = 0.5, and various
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AUC(X, Z) and BS(X, Z) as a function of RZ and p = Pr(Y = 1)

Table 1

AUC(X, 2)

BS(X, 2)

R2

0.05

p=Pr(Y=1)

0.15

0.3

0.5

0.05

p=Pr(Y=1)

0.15

0.3

0.5

0.02
0.04
0.06
0.08
0.10
0.12
0.14
0.16
0.18
0.20
0.30
0.40
0.50

0.588
0.624
0.652
0.668
0.692
0.705
0.721
0.734
0.749
0.762
0.819
0.863
0.900

0.568
0.600
0.626
0.641
0.661
0.681
0.695
0.704
0.720
0.734
0.781
0.824
0.862

0.567
0.592
0.613
0.630
0.651
0.663
0.676
0.690
0.701
0.712
0.761
0.803
0.841

0.565
0.591
0.609
0.626
0.641
0.655
0.671
0.681
0.696
0.706
0.754
0.796
0.836

0.046
0.047
0.046
0.047
0.046
0.047
0.045
0.045
0.045
0.045
0.042
0.042
0.038

0.127
0.124
0.125
0.125
0.122
0.120
0.119
0.118
0.116
0.115
0.109
0.102
0.093

0.207
0.204
0.203
0.200
0.197
0.195
0.193
0.189
0.188
0.185
0.172
0.158
0.143

0.247
0.244
0.241
0.238
0.235
0.231
0.228
0.225
0.220
0.217
0.201
0.184
0.166
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Table 2

Page 21

AUC(W, Z) under homoscedastic and heteroscedastic scenarios as a function of ¢, s2=1, pxz = 0, p = 0.5 and
AUC(X, Z) = 0.834

heteroscedastic

homoscedastic Probit scenario (1) scenario (1) scenario (I11)

) B ¥ GAM  Probit GAM Probit GAM Probit

0° 0.000 0.707 0.834 0.833 0832 0834 0834 0833 0.833
15° 0.183 0.683 0.827 0.827 0.826 0.826 0.827 0.827 0.827
30° 0.354 0.612 0.810 0809 0.812 0811 0.812 0.810 0.810
45° 0.500 0.500 0.785 0.785 0.785 0.782 0.785 0.784 0.784
60° 0.612 0.354 0.758 0.758 0.758 0.753 0.756 0.761  0.761
75° 0.683  0.183 0.738 0.737 0.738 0735 0.736 0.739  0.740
90° 0.707  0.000 0.729 0.727 0725 0729 0.729 0.730 0.730
105° 0.683 -0.183 0.739 0.736 0.740 0.737 0.738 0.738 0.738
120° 0.612 -0.354 0.759 0.759 0.762 0.756 0.759 0.761 0.762
135° 0.500 -0.500 0.784 0.785 0.785 0.782 0.785 0.786  0.786
150° 0.354 -0.612 0.810 0.810 0.809 0.806 0.808 0.809 0.810
165° 0.183 -0.683 0.827 0.828 0.827 0824 0.825 0.826 0.826
180° 0.000 -0.707 0.834 0.834 0832 0833 0833 0.832 0.832
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Table 3

Page 22

BS(W,Z) under homoscedastic and heteroscedastic scenarios as a function of ¢, 72=1, pxz =0, p = 0.5 and
BS (X,Z) =0.168

heteroscedastic

homoscedastic Probit scenario (I) scenario (1) scenario (111)

) B ¥ GAM  Probit GAM Probit GAM Probit

0° 0.000 0.707 0.168 0.168 0.168 0.166 0.166 0.167 0.167
15° 0.183 0.683 0.170 0.170  0.170 0170 0.170 0.170 0.170
30° 0.354 0.612 0.178 0.177 0.177 0.178  0.177 0.178 0.178
45°  0.500 0.500 0.189 0.187 0.187 0191 0.189 0.189 0.189
60° 0.612 0.354 0.199 0.197 0.197 0.204 0200 0.198 0.198
75° 0.683 0.183 0.207 0.203 0.203 0.211 0.208 0.206  0.206
90° 0.707 0.000 0.210 0206 0.206 0.214 0210 0.209 0.208
105° 0.683 0.183 0.207 0.204 0.204 0.210 0.207 0.206  0.206
120° 0.612 0.354 0.200 0.197 0197 0202 0199 0.198 0.198
135° 0.500 0.500 0.189 0.187 0.187 0191 0.189 0.188 0.188
150° 0.354 0.612 0.178 0.178 0.178 0.180 0.179 0.178 0.178
165° 0.183 0.683 0.169 0.170 0.170 0171 0.171 0170 0.170
180° 0.000 0.707 0.168 0.168 0.168 0.167 0.167 0.167 0.167
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Table 5

Page 24

NHS data: descriptive statistics from validation study and parameter estimates of probit models for breast

cancer outcome from main study

Validation study a-carotene Alcohol Gail Score
Mean of error-free measure 583.3 9.2 -2.3
Variance of error-free measure 142280.3 138.4 0.023
Intercept and slope from measurement error model (c, d) (507.1,0.844)  (1.393,0.645)

Error variance - a'f 2469096 537 )
Correlation between error-prone variable and its surrogate 0.540 0.721 -

Main study Regression coefficients (standard error)

Probit regression model intercept a-carotene (mg/day)  Alcohol (g/day)  Gail Score
a-carotene -1.693(0.013) 1.37e-05(1.37e-05) - -
a-carotene+Gail Score 0.322(0.124) -9.86e-06(1.43e-05) - 0.888(0.054)
Alcohol -1.702(0.010) - 0.003(0.001) -
Alcohol+Gail Score 0.278(0.122) - 0.003(0.001)  0.879(0.054)
a-carotene+Alcohol -1.715(0.014) 1.67e-05(1.37e-05) 0.003(0.001) -

a-carotene+Alcohol+Gail Score  0.289(0.124) -6.99e-06(1.43e-05) 0.003(0.001) 0.882(0.055)
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