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A Stefan problem on an
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Amal Alphonse and Charles M. Elliott

Mathematics Institute, University of Warwick, Coventry CV4 7AL, UK

We formulate a Stefan problem on an evolving
hypersurface and study the well posedness of weak
solutions given L! data. To do this, we first develop
function spaces and results to handle equations on
evolving surfaces in order to give a natural treatment
of the problem. Then, we consider the existence of
solutions for L* data; this is done by regularization
of the nonlinearity. The regularized problem is solved
by a fixed point theorem and then uniform estimates
are obtained in order to pass to the limit. By using
a duality method, we show continuous dependence,
which allows us to extend the results to L' data.

1. Introduction

The Stefan problem is the prototypical time-dependent
free boundary problem. It arises in various forms in many
models in the physical and biological sciences [1-4].
In this paper, we present the theory of weak solutions
associated with the so-called enthalpy approach [1] to the
Stefan problem on an evolving curved hypersurface.

Our interest is in the existence, uniqueness and
continuous dependence of weak solutions to the Stefan
problem

3%(t) — Aguu(t) +e()Vo - w(t) =f(t) in L2(f),
e(0)=eg on £2(0)
and ee&(u)
(1.1)
posed on a moving compact hypersurface () C R**!

evolving with (given) velocity field w, where the energy
&: R— P(R) is defined by
r forr <0,
E(r)=1[0,1] forr=0,
r+1 forr>0.
Note that £ is a maximal monotone graph in the sense of
Brézis [5].
In (1.1), 9°¢ means the material derivative of e (which

we shall also write as ¢), and Vg and Ag are,
respectively, the surface gradient and Laplace—Beltrami
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operators on £2(t). The novelty of this work is that the Stefan problem itself is formulated on a
moving hypersurface and our chosen method to treat this problem, which we believe is naturally
suited to equations on moving domains, requires the use of some new function spaces and results
that we shall introduce, building upon the spaces and concepts presented in [6,7]. There is, as
alluded to above, a rich literature associated to Stefan-type problems [8-13]. We will show that
arguments similar to those used in the standard setting are also amenable to our problem on a
moving hypersurface, thanks in part to the function spaces we decide to use. Let us remark that
the techniques and functional analysis we develop here can be directly applied to study many
other nonlinear PDE problems posed on moving domains.

Let us work out a possible pointwise formulation of (1.1). Start by supposing §2(t) = §2;(t) U
£25(t) U I'(t), where £2(t) and £25(t) divide £2(f) into a liquid and a solid phase (respectively) with
an a priori unknown interface I'(t). The quantity of interest is the temperature u(t): 2(t) > R,
which we suppose satisfies

u(t)>0 in £(t),
u(t)=0 inI'(t)
and u(t) <0 in £24(¢),
and thus u =0 is the critical temperature where the change of phase occurs. Define

Q= |J 2= and S= (J @)=t

te(0,T) te(0,T)

and Qs similarly. Given f and 19, we formally elucidate in remark 2.12 the relationship between
(1.1) and the following model describing the temperature u:

*u— Agu+Wu+1)Veo -w=f inQ,
0°u — Agu+uVg -w=f inQs,

—(Vou; —Vous)-u=V ons§, (1.2)
u=0 on$S
and u(0) =ug on £2(0),

where 15 denotes the trace of the restriction u|o_ to the interface I" (likewise with 1), V(t) is the
conormal velocity of I'(t) and u(t) is the unit conormal vector pointing into £2i(t) (this vector is
tangential to £2(f) and normal to 9£2;(t)).

We now introduce some notions of a weak solution, similar to [10]. The function spaces Lé’(
below will be made precise in §2 but for now can be thought of as generalizations of Bochner
spaces LP(0, T; Xp), where now u € L; implies u(t) € X(t) for almost all t (for a suitable family
{X(O}eero,11)-

Definition 1.1 (Weak solution). Given f € Lb and eg € L1(52¢), a weak solution of (1.1) is a pair
(u,e) e Lb X Lil such that e € £(u) and there holds

_ JOT Jmt) n(t)e(t) — LT Lw) u()Agn(t) = JOT L}(f) F(On(t) + JQO eon(0)

for all n € W(L>™ N H?, L) with Agn € LS, and n(T) =0.

Definition 1.2 (Bounded weak solution). Given f € Lf3. and eg € L*(§20), a bounded weak
solution of (1.1) is a pair (u,e) € L12_11 x L7% such that (1, ) is a weak solution of (1.1) satisfying

_ JT Lz(f) n(t)e(t) + J ' L(t) Vou(t)Ven(t) = JOT Lz(t) F(tn(t) + L)O eon(0) (1.3)

0 0

for all n € W(H!, L?) with n(T) =0.
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We prove the following results.

Theorem 1.3 (Existence of bounded weak solutions). If f L3, eg e Lo(20) and |2]:=
supc(o,1] 1$2(s)| < o0, then there exists a bounded weak solution to (1.1).

Theorem 1.4 (Uniqueness and continuous dependence of bounded weak solutions). If for
i=1,2, (u',e') are two bounded weak solutions of (1.1) with data (f', e}) € L{%, x L*(£20), then

t
lle! (#) — e(B)ll ey < L)Ilfl(f) — POl + ey — ellia)
for almost all t.

Theorem 1.5 (Well posedness of weak solutions). If fell,, egelL'(20) and |2|:=
SUPse(o,7] |$2(s)| < oo, then there exists a unique weak solution to (1.1). Furthermore, if for i=1,2,

(u',¢)) e L], x L1, are two weak solutions of (1.1) with data (f',e}) € L1, x L1(£2), then
et = el = Crllf' = f2l, + lleg — e3llzi(ay)-

Below, we shall use the notation < and <% to denote (respectively) a continuous embedding
and a compact embedding. We will at times refer to the electronic supplementary material where
more explanation can be found for the interested reader.

2. Preliminaries

(a) Abstract evolving function spaces

In [6], we generalized some concepts from [14] and defined the Hilbert space L%I given a
sufficiently smooth parametrized family of Hilbert spaces {H(t)};[0,r]- We need a generalization
of this theory to Banach spaces.

For each t € [0, T], let X(t) be a real Banach space with X := X(0). We informally identify the
family {X(t)};c[o,r] with the symbol X. Let there be a linear homeomorphism ¢;: X — X(t) for
each t € [0, T] (with the inverse ¢_;: X(t) = Xo) such that ¢y is the identity. We assume that there
exists a constant Cx independent of ¢ € [0, T] such that

lpeulix < Cxllullx, VueXo } 2.1
and lp—rulx, < Cxllullxe ¥ ueX().
We assume for all u € Xg that the map ¢ [|¢s1]| x(r) is measurable.
Definition 2.1. Define the Banach spaces
Ly =1u:[0,T]— [ J X® x {8}, t> ({i(t), 1) | p_()i(-) € LP(0,T; Xo) ¢ for p € [1,00)
te[0,T]
L¥=1Jue Lg( | ess supl||u(f) [l x) < o0
te[0,T]
endowed with the norm
N
(JO ”u(t)”X(t)> for p € [1,00),
||M||U; = (2.2)

esssup [[u(t)|xq  forp=oo.
te[0,T]
Note that we made an abuse of notation after the definition of the first space and identified
u(t) = (i(t), t) with (t). That (2.2) defines a norm is easy to see once one checks that the integrals
are well defined (the case p = oo is easy), which can be shown by a straightforward adaptation
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of the proof of theorem 2.8 in [6] for the case when each X(t) is separable (see also electronic
supplementary material, S1) and the proof of lemma 3.5 in [14] for the non-separable case. The
fact that L’;{ is a Banach space follows from lemma 2.3 below.

Important notation 2.2. Given a function u € Ll;(, the notation # will be used to mean the
pullback u(-) := ¢_(yu(-) € LP(0, T; Xp), and vice versa.

Lemma 2.3. The spaces LF(0, T; Xo) and Lg( are isomorphic via ¢y with an equivalence of norms:

1
Cx el < () lro,mx0) < Cxllullpy  for all u e L.

Proof. We show the case p = oo here; an adaptation of the p = 2 case done in [6] easily proves the
lemma for p € [1, 00) (see also electronic supplementary material, S2). Let u € LS. Measurability
of i1 follows as u € Lg(. Now, by definition, we have that for all t € [0, TI\N, [[u(t)llx) <A, where N

isanull setand A = lloallss - This means that for all t € [0, T]\N, Cgl lu®)lx, < llu(t)llx@ < A by the
assumption (2.1), i.e.

2l Lo (0,1;%,) = ess suplli(t)llx, < CxA = CxllullLg,
te[0,T]

so it € L*°(0, T; Xp). Similarly, we conclude that if & € L*°(0, T; Xg), then u € LS. [ |
Y X

Remark 2.4. The dual operator ¢*,: X — X*(t) is also a linear homeomorphism with ||¢*, || =
lo—t|| and ((;Sit)*1 =@/ [15, theorem 4.5-2 and §4.5], and if Xy is separable, t > [[¢*,fllx+() is
measurable for f € Xjj; thus, in the separable setting, the dual operator also satisfies the same
boundedness properties as ¢;. This means that the spaces L§<* are also well-defined Banach spaces
given separable {X(t)};c[o,7] (the map ¢* 0 plays the same role as ¢, did for the spaces L’;I().

The following subspaces will be of use later:
Ch={el%19_15() e CX([0, T]; Xo)) forke{0,1,...)
and
Dx = {n €L | ¢_yn(-) € D((O, T); Xo)}-
(i) Dual spaces

In this subsection, we assume that {X(t)};¢[0,1] is reflexive. In order to retrieve weakly convergent
subsequences from sequences that are bounded in Léj(, we need L’;( to be reflexive. This leads us
to consider a characterization of the dual spaces. We let p € [1, o0) and (p, g) be a conjugate pair in
this section.

Theorem 2.5. The space (Lé’()* is isometrically isomorphic to L‘;(*, and hence we may identify (L’;()* =
L;](* and the duality pairing of f € Lg(* with u € Lr;( is given by
T
(f'u>L§(*,L§( = Jo (F(), u) x=(n,x()-

To prove this theorem, although we can exploit the fact that the pullback is in a Bochner space,
showing that the natural duality map is isometric is not so straightforward because ¢, is not
assumed to be an isometry. In fact, we have to go back to the foundations and emulate the proof
for the dual space identification for Bochner spaces [16, §IV].

Lemma 2.6. For every g € L‘;(*, the expression

T
) = JO SO, FOx-xe foralf el 2.3)

defines a functional | € (Léj()* such that ||| = ||g||Lg(*.
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Proof. Letg e L. and define I: LEJ( — R by (2.3); the integral is well defined by similar reasoning
as before (see lemma 2.13 in [6] and the electronic supplementary material, S3). By Holder’s
inequality, we have |I(f)| < ||g||L;7<* |[f||L;)a(, sole (Ll;()* and ||I]|] < ||g||Lr)7(*. We now show the reverse
inequality. First suppose g has the form g(t) = sz*t XE;(t), where the x;t € X*(t) and the E; are
measurable, pairwise disjoint and partition [0, T]. It is clear that [|g(¢)[Ix-() = Z||xl’.‘/t Il () xE; (1) Let

h(t) = IIg(t)llgg/sZt)/llgIIZi which satisfies ||h||zp(0/T) =1 and ngg(t)HX*(t)h(t) = ||g||L§(*, hence for any

€ > 0 we have

T
€
L gl nh(H) = lIglla, — 7 (2.4)

Now choose x;; € X(t), [|x; ¢llx() =1 (see electronic supplementary material, S4) such that

€

I Ml by — €5 4 X)), X0) < (2.5)

2|hllLo,r)
Define f € L’;( by f(t) =" x;h(t) xg,(t) and note that |[f||zg( = ||h||rL],,(0,T). We obtain using (2.5) and
(2.4) that I(f) > ||g||L§(* — €. This proves that ||/|| = ”g”L’j(* whenever g(t) =le’.‘txg,.(t) is of the
stated form. Now suppose g € L7, is arbitrary. Then there exist g, (t) = }_ & n xE (t) With g; ,, € X{;
such that g, — ¢ in L7(0, T; X)) and so the sequence g (t) :=¢*,3u(t) =>_ ¢™,8in xE,(t) satisfies
gn— gin Lg(*. Because the ¢*,g; ,, € X*(t), we know by our efforts above that /;;: Lg( — R defined

by Iu(f) = fg(gn(t),f(t))x*(t),x(t) has norm |1, || = lIgn ”Lg(* . We also have
N =1 < lign —glng(* -0,

which implies lim,— ||l || = [|7]l and also limy,— o || n [l = limneoo”gn”L;’(* = ”g”L;* u

We have shown that 7: LT, — (Lé’{)* defined by 7(g) :=1(-) = jg (8@®), ()®) x+(r),x(p) 1s isometric:
||jg||(L§<)* =l = ||g||L§(*. We now show that 7 is onto. Given ] € (Lf()*, define L: LP(0,T; Xo) — R
by L(3) = l(¢(3(-)) = I(v) for all # € LP(0, T; Xo). It is obvious that L € L(0, T; Xp)*, and by the dual
space identification for Bochner spaces, there exists an L*e L0, T; X{) such that

T
(Lo anye i = (L D) r0,1:X0) L7 (0,T:X0) = Jo (@ L*(t), v(£)) x+ (1), x(t)r

) .7(¢)i(_)i*(')) =1, where ([)i(.)i*(-) € L‘;(*. Hence J is onto, and we have proved theorem 2.5.

(b) Function spaces on evolving surfaces

We now make precise the assumptions on the evolving surface $2(t) our Stefan problem is
posed on and we discuss function spaces in the context of the previous subsections. For each
t € [0, T], let £2(t) C R"*! be an orientable compact (i.e. no boundary) n-dimensional hypersurface
of class C3, and assume the existence of a flow @: [0,T] x R"t1 — R"™1 such that for all t e
[0, T], with §2p := §2(0), the map <D?(-) =@(t,-): 29— 2(t) is a C3—diffe0morphism that satisfies
d/dt@?(-) = wi(t, #(-)) and @8(-) =1d(-) for a given C? velocity field w: [0, T] x R*+! — R#*+1,
which we assume satisfies the uniform bound [V - w(t)| < Cforallt € [0, T]. A C2? normal vector
field on the hypersurfaces is denoted by v: [0, T] x R R Tt follows that the Jacobian
J? ;= det D&} is C? and is uniformly bounded away from zero and infinity.

Foru: 29— Rand v: £2(f) — R, define the pushforward ¢ =10 qﬁé and pullback ¢_jv=v o
@), where @ := (#)~1. We showed in [7] that ¢;: L2(£20) — L?(£2(t)) and ¢¢: H'(£20) — H (2(t))
are linear homeomorphisms (with uniform bounds) and (thus) with L% = {Lz(.Q(t))}te[O,T], H'=
{Hl(Q(f))}te[o,T] and H 1= {H_l(Q(t))}te[O,T], the spaces L%Z' Lél and Léfl are well defined (see
[7,17] for an overview of Lebesgue and Sobolev spaces on hypersurfaces) and we let L%Il C L%Z -
le-l-l be a Gelfand triple.
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A function u € Ciz has a strong material derivative defined by u(t) = ¢¢(d/dt(¢p—tu(t))). Given a
function u € L%p, we say that it has a weak material derivative g € L%{,l if

(u, f))Liz =—(g U)Lzz-rl’Liﬂ —(u,nVe - W)Liz vV n€Dm
holds, and we write # or 3°u instead of . Define the Hilbert spaces (see [6,7] for more details)
W(H" (£20), H(820)) = {u € L*(0, T; H'(20)) | # € L*(0, T; H™'($20))}
WH L H ) ={uell, |iel? )

endowed with the natural inner products. For subspaces X < H! and Y <> H™1, we also define
the subset W(X,Y) C W(Hl,H _1) in the natural manner.

Lemma 2.7 (See [6,7)). Let either X=W(H',H™ 1) and Xo=W(H(20), H (), or X=
W(H!, L2) and Xo = W(H"(20), L*($20)). For such pairs, the space X is isomorphic to Xo via ¢_ with
an equivalence of norms:

Cillo—yvO)lix, = llvllx < Callp—yv()llx,-

We showed in [6,7] that, for u, ve W(H',H 1), the map > (u(t), v(t))r2 o) is absolutely
continuous, and

S, =000 + 60,0+ [ Ve wo)
Q(t) Q(t)

holds for almost all ¢, where the duality pairing is between H “1(2(t)) and HY(£2(t)).

(i) Some useful results

In this subsection, p and g are not necessarily conjugate. The first part of the following lemma is
a particular realization of lemma 2.3. Consult the electronic supplementary material, S5-S7, for
more details of the next three results.

Lemma 2.8. For p, q €[1, 00], the spaces qu and LP(0, T; L9(820)) are isomorphic via the map ¢(.) with
an equivalence of norms. If q = oo, the spaces are isometrically isomorphic. The embedding L2, C L’Z,, is
continuous.

Lemma 2.9. The space W(H', H) is compactly embedded in L2,.

Theorem 2.10 (Dominated convergence theorem for L’Zq). Let p, g [1,00). Let {wy} and w be
functions such that {wy,} and W are measurable (e.g. membership of Lil will suffice). If for almost all
te[0,T],

wy(t) — w(t) almost everywhere in $2(t)

Jdge LZZ{, s wy(f)] < g(t)  almost everywhere in $2(t) and for all n,
then wy, — w in leq.

Lemma 2.11. Ifu e W(H', H™Y), then

T
2J (), ut () - =J
. B, w1 (@), H (2 1) 2m

(T — J

T
u+(0)2—J J ut(1)?ve - w. (2.6)
20 0 Ja)

Proof. By density, we can find {u,} C W(H!,L2) with u, — u in W(H!,H™1). It follows that
a° () =ity Xu,>0 € L%z (this is sensible because w € H'(£2) implies wt € H'(£2)) and therefore (2.6)
holds for u; (see electronic supplementary material, S8). As WHL,H) — ng, it follows that
w,r (1) = ut(t) in L2(2(1)) (for example see [18, lemma 2.88] or [19, lemma 1.22]). So we can pass to
the limit in the first two terms on the right-hand side.
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Now we just need to show that u;} — u™ in leil' It is easy to show the convergence in Liz, so
we need only to check the convergence of the gradient. Let g(r) = x{,~0y. Then, using ¢ <1,

IVout (tx) — Vou (t,x)| < |Voun(t,x) — Vou(t, x)| + [g(un(t, x)) — gu(t, x))||Vou(t, x)|.

For the second term, let us note that as u;,, — u in Li{l' for almost all ¢, uy(t, x) — u(t, x) almost
everywhere in §2(t) for a subsequence (which we have not relabelled). Let us fix t. Then for almost
every x € £2(t), it follows that g(u,(t, x))Vou(t, x) — g(u(t, x))Vou(t, x) pointwise (see electronic
supplementary material, S9). Because g <1, the dominated convergence theorem gives overall
Vou — Voutin Liz. [ |

() Preliminary results

Remark 2.12. It is well known in the standard setting that a mushy region (the interior of
the set where the temperature is zero) can arise in the presence of heat sources [1,20]; with no
heat sources, the initial data may give rise to mushy regions. We will content ourselves with the
following heuristic calculations under the assumption that there is no mushy region.

Let the bounded weak solution of (1.1) (in the sense of definition 1.2) have the additional
regularity u W(H',L2) and Agque L%z, and suppose that the sets §21(f) = {u > 0} and () =
{u < 0} divide £2(t) with a common interface I'(t), which we assume is a sufficiently smooth -
dimensional hypersurface (of measure zero with respect to the surface measure on £2(t)). Then
the bounded weak solution is also a classical solution in the sense of (1.2). To see this, suppose
that (u, e) is a weak solution satisfying the equality in (1.3). The integration by parts formula on
each subdomain of 2 implies

T

JT Lw) Vou(hVan()=— JOT Jmt) 1O AQu) + J

j WOV aust) - Vo) - w.  27)
0 0 Jre

With e(t)n(t)Ve - w= Vg - (e(t)n(t)w) — w - Vo (e(t)n(t)) and the divergence theorem [17, §2.2],

T T T
J j (D) Ve ~w=j J e(t)n(t)wwﬂ j w - EOn(EWH — Ve en().
0 J&2(t) r(t) 0 ()

0

s

We use this result in the formula for integration by parts over time over £2s:

JOT Jgs(t) n(t)e(t) = JOT % Jgs(t) e(tn(t) — JOT Lm e(tn(t) — JOT Jr(t) e(ntyw -

_ J ! Jgs(t) e(t)n(tyw - vH + JZJ ) w - Vo (e(t)n(t).

0

A similar expression over £2] can also be derived this way, the difference being that the term with
w has the opposite sign. Then, using e = 3°*(£(w)) =1, es(t)| 1) =0, and ei(t)| 1) = 1, we get

JOT .Lz(t) (E)e(t) =LT % J_Q(t) e(Bn(®) — JOT Jﬂ(t) u(n(t) + JOT JF(t) n(t)w - p

T T
- J J e(Hn(w - vH + J J w - Ve (e(n(h). 2.8)
0 Je(@ ()

0
Since by the partial integration formula | Q) D;(g9)= .[Q(t) gHv;, we have (with g =w;e(f)n(t)) that
the fourth term in the right-hand side of (2.8) is

L}m e(bn(Hyw - v = Zj et (HywiviH = Lz(t) Vo (e®n() - w + Lm) 1Oe)Ve - w,

2()

so the calculation (2.8) becomes

J~T J_Qa) n(e(t) = JT ( % L}(t) e(t)n(t) — Jg(t)(it(t)n(t) + n(He(H) Ve - W) + L(t) n(Hw - ﬂ) . (9

0 0

e E Ry e - |



Now, taking the weak formulation (1.3) and substituting (2.9) together with the expression for the
spatial term (2.7), we get for n with n(T) =7(0) =0

LT L(t)f(t)n(t) =— JOT Lz(t) A(Be(t) + LT Jg(t) Vout)Von(®

T
_ J J (i) + e(H Ve - W — Apu(H)n(t)
0 J(h

+ J DO(Veus(t) — Vouy®) - — (w- ).
r)

Taking 1 to be compactly supported in Qs, and afterwards taking n compactly supported in Q,
we recover exactly the first two equations in (1.2). So we may drop the first integral on the left-
and the right-hand side. Then with a careful choice of 7, we will obtain precisely the interface
condition in (1.2).

Lemma 2.13. Given & € C1(£29) and & € C*([0, T] x $2o) satisfying 0 < € < a < ag a.e., there exists a
unique solution ¢ € W(H, L2) with Agg € Liz to

¢ —ax,HApe=0 }
(2.10)

and @(x,0) =&(x)

satisfying ¢l < 11§ |L=(ay) and (cf. [21, ch. V, §9])

t t

| | @@+ | alagel+| Vap <@ +an et [ waek. @

0J2() 0Je() () 2

Proof. Define the bilinear form a(t; ¢, n):fmt)a(x, HVaoeVan +f9(t) Vaa(x,t)Vaoen which
is clearly bounded and coercive on H!(£2(t)). Split a(t;-,-) into the forms as(t;¢,n):=
f_q(t)a(x, HVeoeVen and a,(t; ¢, n) = f(z(t) Voa(x, t)Voen. One sees that as(t;n,n) >0 and that
both a,(t;-,-): HY(2(t)) x L2(2(t)) - R and as(t; -, -): HY(2(t)) x HY(£2(t)) — R are bounded. Also,
letting x].t = ¢y X].O, where on are the normalized eigenfunctions of —A g, we have for n € 61141 =
{u L u(t) =375 (1) X].f, meN, ;e AC([0,T]) and o € L%(0,T)}

a0, 0(0) = 205080, 0 + ;)

where r is such that [r(t; 1(t))] < Clln()|I;: gy (see [17, lemma 2.1]; note that & € C'([0, T]; C' (£20))
and thus « € C}Jl). Hence by [6, theorem 3.13], we have the unique existence of ¢ € W(H!,L?).
Rearranging equation (2.10) shows that aAgg € L%Z' As « is uniformly bounded by positive
constants, it follows that Apg € Liz.

The L™ bound. Let K := ||&||1~(g,). Test the equation with (¢ — K)*:

1d
S 100 = K 22 g + Lm o)V (0(t) ~ K))Vau(t)

1

=5 j ((p(t) = K'YV - w — j Voa()Veu(t)(p(t) - K)'*
2(t) Q)

which becomes, through the use of Young’s inequality with §,

1d

C
5 31100 = K e < (7‘” + ||V(205||L°°C6) 1@t = K)* 1720 0)-

An application of Gronwall’s inequality and noticing (¢(0) — K)* = (6 — [|§|I1)T = 0 yields ¢(f) <
1€ Iz (s2,)- Repeating this process with (—¢(t) — K)T allows us to conclude.
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The inequality (2.11). Multiply equation (2.10) by Ap¢ and integrate: formally,

t t tl d

2 . 2
J J alAgo| =—J J V9¢VQ¢=—J **J [Vaol
0Jo@) 0Jew 02dt Jon)

1 t t
+ EJ J IVepl*Ve ~w—J J D(W)VeoeVae
0J2@k) 0J%2(z)

1 1 t
s—J |v95|2—fj |ng(t)|2+CwH Vool (2.12)
2 Jo, 2 Jaw 0J2()

See [17, lemma 2.1] or [7] for the definition of the matrix D(w). This calculation is merely formal
because we have not shown that ¢(t) € H1(£2(t)); however, the end result of the calculation is still
valid by lemma 2.14. We also have by squaring (2.10), integrating and using (2.12):

t t a t
H (sb(r))zsao” a(Aw)zs—OJ |v95|2+aocwH Veol.
0Jew 0Je) 2 Ja, 0Je)

Adding the last two inequalities then we obtain

t t 1
||| wor+] | asapP+3] asr
0JQ() 0J2() 2(t)

1+a t
< TOJ Ve + Cu(l +<¥0)J J Vel
2 0J2()
Gronwall’s inequality can be used to deal with the last term on the right-hand side. |

Lemma 2.14. With ¢ € W(H", L?) from the previous lemma, the following inequality holds:

t 1 1 t
” oeIA.wlzst |Vg$|2—fj |Vw(t)|2+cwH IVogpl®. (2.13)
0Jew 2 Ja, 2 Jew 0Je)

Proof. Let Cf’;z =1{nlo_n(-) e C>([0, T1; H2(82))}. We start with a few preliminary results.
Let us show CP C W(H? H'). Take neC so that 7j € C([0, T]; H*(0)) C W(H?, H'). By
smoothness of <Dé'), it follows that n=¢(,i € L%ﬂ, and 7= 9*(¢)71) = ¢ (i) € Lip because 7’ €
C>([0, T]; HA(£20)) C L*(0, T; H! (£20)). So n € W(H?, HY).

Let us also prove that C7, C W(HZ,12) is dense. Let w € W(HZ, L?); then @ € W(HZ, L?) since
@ e L2(0, T; H%(£29)) by smoothness of 43(()') and since @' =¢_yw € L2(0, T; L2(£29)) (because w €
L%,). By [22, lemma I1.5.10], there exists @, € C*([0, T]; H*(£20)) with @, — @ in W(H?,L?). Then,
Wy 1= P)Wy € Clojz (by definition) and

lwn — Wz r2) < CUl@n — @20, 112520 + 1800 — @ lr200,7302(20)) = 0,

where we used the smoothness of <Dé‘) and the reasoning behind assumption 2.37 of [6] (see also [6,
theorem 2.33]).

Given ¢ € W(H?,L?), by the density result, there exists ¢, € C C W(H?,H') such that ¢, — ¢
in W(H?, L?) with ¢, satisfying (2.13):

t 1 1 t
” oemwnﬁs—J |Vmon(0)|2—fj |Vszwn(t)\2+cw” Vowl?.  (214)
0Jew 2 Ja, 2 Jew 0

(@)

We know that @, — ¢ in W(HZ, L?) (this is just how we construct the sequence ¢;;; see above), and
W(H?, L) < C%([0, T]; H'(£20)) [22, lemma I1.5.14] implies @, (t) — ¢(t) in H'(£2(t)). Now we can
pass to the limit in every term in (2.14). |

6LT0VL0T “EL€ 205§ supi] iyg BioBuiysygndiaaposjesorerss



3. Well posedness
We can approximate £ by C* bi-Lipschitz functions & such that (e.g. [12,13])
& — &€ uniformly in the compact subsets of R\{0},
&1 — &7 uniformly in the compact subsets of R,
E(0)=0 and & =& on(—00,0)U (e, 00),
1<&()<14+Le and (14+L)'<(7'() <1 forallreR

(where Le = O(1/¢) is the Lipschitz constant of the approximation to the Heaviside function). We
write U := £ and U, := 1. In order to prove theorem 1.3, that of the well posedness of L
weak solutions given bounded data, we consider the following approximation of (1.1).

Definition 3.1. Find for each € > 0 a function e € W(H!, H1) such that
3%cc — AgUeee) + eV -w=f inl%

(Pe)
and ec(0) =ep.

Theorem 3.2. Given f € L%H and e € L2(82p), the problem (P¢) has a weak solution ec € W(H 1 H-1).

Proof. Using the chain rule on the nonlinear term leads us to consider for fixed w e W(H', H1)
(0% (Sw), myz g2+ UL@)Va(Sw), Van):,

+ (Sw/ UVQ ° W)Liz = (f/ n)LZ ,LZ (P(w))

H-17"H1

and Sw(0) = eg.

If S denotes the solution map of (P(w)) that takes w — Sw, then we seek a fixed point of S. First,
note that, since the bilinear form involving the surface gradients is bounded and coercive, the
solution Sw € W(HY, H™1) of (P(w)) does indeed exist by [6, theorem 3.6], and, moreover, it satisfies
the estimate

ISwlw, g1y < C(llflllerl + lluollz2(y)) =: Cx, 3.1)

where the constant C does not depend on w because U, (w(t)) is uniformly bounded from below
(in w). Then the set E := {w e W(H!, H™1) | w(0) = e, lwllwn, z-1y < Cs}, which is a closed, convex
and bounded subset of X := W(H!,H™1), is such that S(E) C E by (3.1). We now show that S is
weakly continuous. Let w,; — w in W(H 1 H~1) with w, € E. From the estimate (3.1), we know that
Sw;, is bounded in W(Hl,H_l), so for a subsequence

Swy, —~ x inWH,H™)

and

Swn]. — x in L%z
by the compact embedding of lemma 2.9. Now we show that x = Sw. Due to WHLH ) — ng,
Swy; — x in ng. This implies Swy, (0) — x(0) in L2(£2p) (to see this consider for arbitrary f € L2(£20)
the functional G € (ng)* defined by G(u,) = [ 2 fun(0)). As Swy,(0) = ey, it follows that

x(0) =ep. 5.2)

On the other hand, as w, are weakly convergent in Wl(Hl,H_l), they are bounded in the

same space. Now, WHL, H < Liz, hence w; — w in L%z. It follows that the subsequence
Wy, — w in Liz too, and so there is a subsequence such that, for almost every t € [0, T], wnlk(t) —
w(t) a.e. in §2(f). By continuity, for a.a. f, L{e’(wnjk(t))Vgn(t)—>Z/I€’(w(t))V_Qn(t) a.e., and also we

have |U] (wnjk)V_qm <|Vgn| with the right-hand side in L%z. Thus, we can use the dominated

O S g B



convergence theorem (theorem 2.10), which tells us that U (wy, )Ven — U (w)Ven in L%Z. Now
we pass to the limit in the equation (P(w)) with w replaced by wy; to get

T T
J <3'x(t),n(t)>+J U (@) Ve x (OVen() + J X OV ~w=f (B0,
0 (1) () 0

which, along with (3.2), shows that x = S(w), so Swy; — S(w). However, we have to show that
the whole sequence converges, not just a subsequence. Let x;, = S(w;;) and equip the space X =
W(H', H™!) with the weak topology. Let x,,,, = S(wy, ) be a subsequence. By the bound of S, it
follows that x;,,, is bounded, hence it has a subsequence such that

* s £ 2
Xp,, —~x"inX and xp, —x"inLp,.

By similar reasoning as before, we identify x* = S(w), and theorem 3.3 tells us that indeed x;,, =
S(wy) — S(w). Then by the Schauder-Tikhonov fixed point theorem [23, theorem 1.4, p. 118], S has
a fixed point. |

Theorem 3.3. Let x, be a sequence in a topological space X such that every subsequence Xy, has a
subsequence xy; converging to x € X. Then the full sequence x,, converges to x.

(a) Uniform estimates
We set 1 =Ue(ec). Below we denote by M a constant such that |1 (g, < M.
Lemma 3.4. The following bound holds independent of € :

lutelligs, + € (e, <2eMVe ™ IT(T|f e, + lluollze(y) + 1) + 1.

L —
Proof. We substitute w(t) = e *e,(t) in (P) and use 3°(e*w(t)) = re*w(t) + e*uw(t) to get
w(t) — e M Ao (U (eMw(t)) + rw(t) + w(t)Ve - w=e Mf(t).
Let = ”f”Li%o and B=llegll1=(,) and define v(t)=at+ B. Note that v(t)=a and v(0) = 8.
Subtracting ¥(f) from the above and testing with (w(t) — v(t))", we get

(@(t) — o(8), (W(t) — v(O) ) -1 (@), H (@)

+ J e MV U (eMw(h)) Ve (w(t) — v(t) ™ + J (- + Vo - wyw(t)(w(t) — v(t)*
Q() 2

=J (e () — a)(@(t) — v(t)* (3.3)
20

Note that e Vo (U (e*w(t)) Ve (w(t) — v(t)t =UL(eMw(t))| Ve (w(t) — v(t)|* because Vou(t) =
0. Set 1 :=[|Vg - W||~, then the last term on the left-hand side of (3.3) is non-negative because, if
w > v, w > 0since v > 0. So we can throw away that and the gradient term to find

(@(t) = O(t), (W(t) = v(O) V-1 (@), 1 (20) < Lw)(e_uf(f) —a)(w(t) — v(h)*.

Integrating this and using lemma 2.11, we find

1 1 T

3] @0y P = giva wi [ ] (o - o)

2 Jam) 2 0 Jew
as e Mf(t) —a =eMf(t) - Ifllir~2@) <0 and w(0) — v(0) =ep — lleollr~(2y) <0. The use of
Gronwall’s inequality gives w(t) < T||fllr, + (1 + M) almost everywhere on 2(f). So we have
shown that for all t € [0, T]\N1, w(t, x) < C for all x € 2(t)\M}, where (N7) = M(Mﬁ) =0. A similar
argument yields for all t € [0, TI\N, w(t,x) > —C for all x € Q(H)\M}, where u(Np) = M(M;) =0.
Taking these statements together tells us that for all ¢ € [0, TI\N, |w(t, x)] < C on £2(t)\M!, where
N=N;UN, and M! :Mt1 UMt2 have measure zero. This gives |w| =, < Tllfllego + (1 + M).

L —
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From this and 1 = U, (e*w(-)) < e*T|w|, we obtain the bound on u. The bound on & (1) follows
from Ec(ue) <1+ |uel. |

Lemma 3.5. The following bound holds independent of € :

IVeuelzz, +10°(Eeue)ly2 | < CT, 2,M,w,f). (3.4)

Proof. Testing with & (i) in (Pe), using Vo ue Vo (Ec(ie)) = (E) (ue)| Ve |* > |[Voue |?, integrating
over time and using the previous estimate, we find

T

1 2
SNy + |

1
J Veue®? < 21+ My|20] + Co(T, M, w,f).
0 Jew 2

The bound on the time derivative follows by taking supremums. See the electronic supplementary
material, S10, for more details. [ |

Lemma 3.6. Define iic = ¢_(yuic. The following limit holds uniformly in € :

T—h
limJ J liie (t + h) — Tl (£)] = 0.
h—0Jo 20

Proof. We follow the proof of theorem A.1 in [8] here. Fix I € (0, T) and consider
T—h _ . . .
JO (Eeic(t + h)) — Ec(te (D)), tie(t + ) — e ())12(g2,) dE

T—h rt+h g . i ~
:L L S E@®), e+ 1)~ D)2 e

T—h

< “/E”(ge(ﬁe))/“LZ(O,T;H‘l(.QU)) J (e (t + M) qq) + lite (Ol (ay)) At

0
<Ci(T, 2,M, w,f)ﬁ”(56(ﬂg))’lle(O,T;Hfl(QO)) (by the uniform estimates)

<Co(T, $2,M, w,f)«mna'(éf€ (ue))llr2 : (see the proof of theorem 2.33 in [6])
2
<C3(T, 2,M,w,f)vh, (3.5)

with the last inequality by (3.4). Now, as the ¢/, are uniformly bounded above, they are uniformly
equicontinuous. Therefore, for fixed §, there is a o5 (depending solely on §) such that

if |y — z| < o5, then [Ue(y) — Ue(z)| <8  for any e. (3.6)

So in the set {luc(t+h) —ite(t)| > 8} = {{Ue (Ec(ite (t + h))) — Ue (Ec (it (1)) > 8}, we must have
|Ee (iie (t + h)) — Ec(te(F))| > o5 (this is the contrapositive of (3.6)). This implies from (3.5) that

T=h Csvh
fie (t+ 1) — e (B) 3012 - EAS
JO Lzo [e(t + ) — e O X7 t+h) i @) >8) = o

Writing Id = x(jz, (t+h)—ii.(5)1>8) + X(la (t+h)—ii. (5 <s), DOte that

T—h T-h
J j e (£ 4+ ) — e (1) sj J e (£ + 1) — e (O Xty () + 3120](T — )
20 0 20

0
Csvh

s

=

+81820|T.

Taking the limit as 1 — 0, using the arbitrariness of § > 0 and the fact that the right-hand side of
the above does not depend on € gives us the result. |
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(b) Existence of bounded weak solutions

With all the uniform estimates acquired, we can extract (weakly) convergent subsequences. In
fact, we find (we have not relabelled subsequences)

Ue —u in L;Zq for any p,q €1, 00),

Voue = Vou in L%, (3.7)
and Ec(ue) = x in Liz,

where only the first strong convergence listed requires an explanation. Indeed, the point is to
apply [24, theorem 5] with HY(£20) < LY(£20) c LY(£2¢), which gives us a subsequence iie, — p
strongly in LY(0, T; L1(520)). Tt follows that Ue; — p in L%l, whence, for a.a. f, uejk(t) — p(t) a.e. in
£2(t). We also know that, for a.a. t, |u€jk(t)| < Ca.e.in £2(t) by lemma 3.4, and so, for a.a. f, the limit
satisfies |p(f)| < C a.e. in £2(t) too. By theorem 2.10, u¢;, — p in LFL](, forall p, g €[1,00). As ue, —u
(subsequences have the same weak limit), it must be the case that p = u.

Proof of theorem 1.3. In (P¢), we can test with a function € W(H!, L2) with n(T) =0, integrate by
parts and then pass to the limit to obtain

_ JOT Lz(t) n(6)x(®) + JT Jg(t) Vou(t)Ven(t) = JOT Lz(t)f(t)n(t) + JQO eon(0)

0

and it remains to be seen that x € £(u) or equivalently u =(x). By monotonicity of &, we have
for any w € L%Z

T
J J (Ec(ue) — w)(ue — Ue(w)) > 0.
()

0

Because U — U uniformly, for a.a. t, Ue(w(t)) — U(w(t)) a.e. in 2(t), and [Ue(w)| < |w], and the
dominated convergence theorem shows that U (w) — U(w) in L%z. Using this and (3.7), we can
easily pass to the limit in this inequality and obtain

T
J J (x —w)(u —Uw)>0 forall weL%z.
0 Jew

By Minty’s trick we find u=1(x); see the electronic supplementary material, S11, for more
details. To see why x € L%, we have from the estimate in lemma 3.4 that, for a.a. t€[0,T],
[ Ee (e ()L (02y) < C, giving Ee(tie(t)) A Z(1) in L*®(£2(t)) and (by weak-* lower semi-continuity)
||E(t)||Loo(_Q(t)) <C for a.a. f, and we just need to identify C € £(@). Tt follows from (3.7) that
Ec(ue) = x in L%H by Lions—Aubin, and so, for a.e. t and for a subsequence (not relabelled),
E (e (t)) = x(t) in H-1(2(#)). This allows us to conclude that x = ¢ (the weak-* convergence of
Ec(iic (1) to Z (1) also gives weak convergence in any LV (§2(t)) to the same limit). |

(c) Continuous dependence and uniqueness of bounded weak solutions

The next lemma, which has an extended proof in the electronic supplementary material, 512,
allows us to drop the requirement for our test functions to vanish at time T.

Lemma 3.7. If (u, e) is a bounded weak solution (satisfying (1.3)), then (u, €) also satisfies
T T T
[ eamm=| | iwer+| | Vauwvant=] [ fono+ | eno
2(T) 0 Jew 0 Jew 0 Je) 2
forall n e W(H!, L?).

Proof. To see this, for s € (0, T], consider the function xcs(t) =min(1, e 1(s — 1) which has
a weak derivative Xéls(t)=—6*1 X(s—e,5)(t). Take the test function in (1.3) to be x.rn, where
n € W(HY, L?), send € — 0 and use the Lebesgue differentiation theorem. |
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We can finally prove theorem 1.4. See the electronic supplementary material, S13-516, for
additional comments on the proof.

Proof of theorem 1.4. We can prove the continuous dependence as in [21, ch. V, §9]. As explained
in lemma 3.7, we drop the requirement 7(T) =0 in our test functions and we now suppose that
Agne L%Z' Suppose for i = 1,2 that (4, ¢;) is the solution to the Stefan problem with data (f;, 1), so

t t
J (ei(t) — ex(®)(t) — J J HO)e1(r) — ex(r)) — J J (11(2) — ua()) A (r)
2(t) 0J8(7) 0J2

(7)
t
=” (fl(f)—fz(f))n(r)JrJ (&) — (0. (3.8)
0J82(7) £20

Define a = (11 — up)/(e1 — e2) when e1 # ep and a = 0 otherwise, and note that 0 < a(x, f) < 1. Let .
solve in | J, coplT} x £2(7) the equation

0:1e(T) + (ac(x, ) + €)Agne(r) =0 }
(3.9)

and ne()=§& ong
with & € C1(£29) and where a. satisfies D_()ac € C2([0,T] x £29) and 0<a. <1 a.e. and |jac —

allr2g) < €. This is well posed by lemma 2.13. Equation (3.8) can be written in terms of 4., and
if we choose n = 5 and use (3.9), we find

t
| @®-coe<ia-eix | | o0 -0+ oseno
2(t) 0J2(r)

t
+ 1l (s29) Luﬁ(f) — L@@ + 1@ LZ ley — €3 (3.10)
0

using the L* bound from lemma 2.13. We can estimate the first integral on the right-hand side:

t
Jy Lo 106570 =t M8 m ) = el — el 0+ N1+ 25022 ¥t s
T

and

0

t 12
| | teaana = fnaie@+ e+ exemern (J |v95|2)
Q(1) 20

by the results in lemma 2.13. Sending € — 0 in (3.10) gives us (recalling & <1)

t
Jg(t)(el(t) —e()E < Jollﬁ(f) — HOlLe) + ey — ez qy)-

Now pick & = &,, where &,(x) — sign(e1 (t, x) — ea(t, x)) € L?(£2(t)) a.e. in £2(#). ]

(d) Well posedness of weak solutions

Proof of theorem 1.5. Suppose (eo, f) € L (520) x Lb are data and consider functions ey, € L>°(£2p)
and f, € L[%, satisfying

(fu, eon) = (f,e0) inLj, x L'(£20).

The existence of f,, holds because, by density, there exist fn € CO([O, T] x £2¢) such that fn — f in
LY((0,T) x £20) =LY0, T; L(52p)). Denote by (un,e,) the respective (bounded weak) solutions to
the Stefan problem with the data (egy, f»). By virtue of these solutions satisfying the continuous
dependence result, it follows that {e,}, is a Cauchy sequence in Lil and thus ¢; - x in Lil for
some x. Recall that |u,| = |U(ey)| < |ex|, so, by consideration of an appropriate Nemytskii map,

e E Ry T - |



we find u,;, =U(e;) — U(x). Now we can pass to the limit in

- JOT Jm) n(ten(t) — JOT Jg(t) un(HAgn(t) = JOT Jg(t)f"(t)"(t) + szo enon(0)

and doing so gives

B LT Jmt) i () - LT |, Um0 = JOT Jmt)f(t)n(t) + JQU eon(0);

overall this shows that there exists a pair (x, & 1) e Lb X Lil which is a weak solution of the
Stefan problem. For these integrals to make sense, we need n € WH(L>® N H2,L®) with Agn e L7

Now suppose that (ul,el) and (u2,¢%) are two weak solutions of class L1 to the Stefan
problem with data ( fl,e(l)) and ( fz,e%) in L%l x L1(£20), respectively. We know that there exist
approximations ( f,},e(l)n), ( ,%,e%n) € LS x L%(820) of the data satisfying

(fr o) = (ffe) and  (f2,¢5,)— (f€f) inLj, x L'(82).

These approximate data give rise to the approximate solutions e} and e2, both of which are

elements of Lf2,. It follows from above that ¢} —e! and €2 —¢? in L!,. Now consider the
continuous dependence result that e} and €2 satisfy:

lew = enllir, < T —Filly, + leg, — eGulliian)- (3.11)
Regarding the right-hand side, by writing e, — €5, =eb, —eb+el — et +e— e (and similarly
for the f}) and using triangle inequality, along with the fact that e}, — e2 — ¢! —¢? in L%l, we can
take the limit in (3.11) as n — oo and we are left with what we desired. |
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