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Abstract

Compressed sensing (CS) has been used in dynamic cardiac MRI to reduce the data acquisition
time. The sparseness of the dynamic image series in the spatial and temporal-frequency (x-f)
domain has been exploited in existing works. In this paper, we propose a new k-t Iterative Support
Detection (k-t ISD) method to improve the CS reconstruction for dynamic cardiac MRI by
incorporating additional information on the support of the dynamic image in x-f space based on the
theory of CS with partially known support. The proposed method uses an iterative procedure for
alternating between image reconstruction and support detection in x-f space. At each iteration, a
truncated ¢; minimization is applied to obtain the reconstructed image in x-f space using the
support information from the previous iteration. Subsequently, by thresholding the reconstruction,
we update the support information to be used in the next iteration. Experimental results
demonstrate that the proposed k-t ISD method improves the reconstruction quality of dynamic
cardiac MRI over the basic CS method in which support information is not exploited.
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INTRODUCTION

Dynamic cardiac cine magnetic resonance imaging (MRI) is a technique to acquire a time
series of images from cardiac motion at a high frame rate. The acquired data in dynamic
cardiac MRl is in the spatial-frequency and temporal domain, the so-called k-t space. The
acquisition time is an important factor to minimize so that cardiac function can be accurately
evaluated in a clinical workflow. Accelerating the acquisition speed by undersampling k-
space may compromise spatial resolution, temporal resolution, signal-to-noise ratio (SNR),
or introduce image artifacts. A range of techniques have been developed to reconstruct a
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high-quality image series from the undersampled MRI data by exploiting spatial and/or
temporal correlations in the dynamic image series. Typical methods for the reconstruction
from undersampled single-coil measurements include RIGR (1), keyhole (2), view-sharing
(3), UNFOLD (4), Partially Separable Function (PSF) (5-7), Kalman filter (8, 9),
PARADIGM (10-12), and k-t BLAST (13).

Among many advanced techniques to reduce the amount of measured data while preserving
the quality of the image sequence, the emerging theory of compressed sensing (CS) (14, 15)
holds great potential for significant data reduction. In most existing CS-based dynamic
cardiac MRI methods, the basic CS formulation is used which mostly exploits only the prior
that the dynamic image series is sparse in the spatial and temporal-frequency domain (x-f
space). Since additional prior information about the unknown MR images may be available
for certain applications, it is advantageous to incorporate this information into the CS
reconstruction.

In this paper, based on a recent theory on compressed sensing with partially known support,
we study how to obtain and exploit the support information to improve CS reconstruction in
dynamic cardiac MRI applications. A new method, named k-t Iterative Support Detection (k-
t ISD), is proposed. The method alternates between image reconstruction and support
detection in x-f space iteratively. Within each iteration, the dynamic image in x-f space is
reconstructed through a truncated ¢; minimization implemented using a FOCal
Underdetermined System Solver (FOCUSS) algorithm. Specifically, the truncated ¢;
minimization excludes the signal at the known support (detected from the previous iteration)
from the cost function of the ¢; minimization. Once the image is reconstructed in this
iteration, the support information is updated by thresholding the reconstruction and used in
the next iteration of image reconstruction. Improvement of the proposed method over the
basic CS approaches is demonstrated using retrospectively undersampled in vivo cardiac
cine MR experiments.

Summary on Dynamic MRI Using Compressed Sensing

The application of CS in dynamic MRI is made possible by the fact that dynamic MRI
satisfies the two conditions of CS (16): the image series is sparse in a certain transform
domain due to the spatial and temporal correlations, and the sampling in k-t space can be
designed to be incoherent. In the CS framework, a dynamic image series is reconstructed in
the x-t domain by

mnz;nH\I'mHl s.t.d=F,m, [q

where Fy is the Fourier transform matrix in the spatial domain, m is a vector representing
the signal in the x-t domain, d is the vector for the reduced data in k-t space, and ¥ denotes
the sparsifying transform.

Several methods have been proposed to apply CS in dynamic MRI (16-23). In terms of the
sparsifying transform employed to make the image series sparse, these methods can be
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categorized as using () spatial correlation only, (b) temporal correlation only, and (c) both
spatial and temporal correlations. When only the spatial correlation is exploited, the image
in each frame is reconstructed individually using approaches similar to those in (24, 25),
where the sparsifying transform such as wavelet transform is applied along the spatial
domain only (17). Exploiting the temporal correlation is more useful to take advantage of
the dynamic characteristics. One way to exploit the temporal correlation is to subtract the
image at each frame by that from a reference frame (18-21). Due to the slow motion of
dynamic features, the difference image is usually sparse. Another way is to apply Fourier
transform along the temporal direction (20-23). The slow motion suggests the image series
is sparse in the temporal-frequency domain. Exploiting both the spatial and temporal
correlations is more appealing to sparsify the image series. k-t SPARSE (16) exploits the
temporal correlation by Fourier transform in time domain and the spatial correlation by
wavelet transform in spatial domain. Three-dimensional CS (17) exploits the temporal and
spatial correlations using a three-dimensional wavelet transform.

Theory on Compressed Sensing with Partially Known Support

Recently, an extension of CS — CS with partially known support (CS-PKS) has been
studied in (26-30) to incorporate the partial support information of a sparse signal into the
CS reconstruction, where support is defined as the locations of non-zero elements in the
sparse domain. It is shown through theoretical analysis and numerical study that, this new
technique can effectively reduce the number of measurements required by basic CS to
achieve a given reconstruction quality or improve the quality of CS reconstruction given the
same number of measurements.

In basic CS, the solution is the one with the minimum number of nonzero among infinite
data-consistency candidates, or equivalently the one satisfying data consistency constraint
among infinite enumeration of all possible combinations for the nonzero locations in the
signal. Now we consider the CS reconstruction of an s-sparse signal x with partial known
support from measurements y. The support of X, denoted as S can be represented as S= T U
A, where T is the known part with size |T| and A is the unknown part with size |A|. With
partially known support T, the candidates for the s-sparse signal x are restricted in a signal
space smaller than that in basic CS. We use a simple example to demonstrates the difference
between CS-PKS and basic CS. Suppose X is a three dimensional signal (x4, X2, X3) with a
sparsity of two (i.e., two out of three dimensions are nonzero). Basic CS needs to search for
solutions in three possible two-dimensional subspaces (X1, Xo, 0), (X1, 0, X3), and (0, Xp, X3).
If the support is partially known such that x; is known to be nonzero, we only need to search
for solutions in two possible two-dimensional subspaces (X1, X, 0) and (x4, 0, X3). Clearly,
the search space is reduced when the support is partially known. The reduction is even more
when the dimension of signal x is higher and/or the more the support is known. Since the
signal x is known to be nonzero at some locations (denoted as support T), CS-PKS allows us
to minimize the number of nonzeros at other locations (outside the support T) only when
searching for a sparse solution to ®x =y. This procedure can be formulated as

m)anXAHo s.t. ®x=y, [7]
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or, more practically (considering computational complexity and robustness)

m}anXAﬂl st. Bx=y, [3]

where xp denotes the signal outside the known support. This problem is referred to as the
truncated minimization because the cost function to be minimized is not related to the entire
signal, but a truncated version of the signal that leaves out the part with known support. This
formulation suggests that, in order to find a sparse solution that satisfies the data consistency
constraint, it is sufficient to consider a much smaller signal space that always has nonzero
elements at the known support. In other words, truncated minimization favors a solution
with more zeros outside T (26), and thus it may recover the signal more accurately than
basic CS does for signals whose support includes T. Once the non-zero locations outside the
known support are determined, the value of the entire signal can be obtained from the data
consistency term.

The sufficient conditions for CS-PKS have been studied theoretically and independently
from the view of restricted isometry property (RIP) and null space property (NSP),
respectively (27, 28). It follows from these conditions that the number of measurements
required for CS-PKS is less than that for basic CS, and the more the support is known, the
fewer the measurements are needed. The robustness of truncated ¢; minimization under
noisy measurements has been demonstrated in (27-29) using an upper bound.

In practical conditions, the partially known support may not be exactly a subset of the true
support. There may be some false locations (assumed nonzero but actually zero) in the
known support. In this case, we define the known support as T = T, + T, where Tqis a
subset of true support with size [T, and Tg is the set of false support with size |T¢|.
Numerical simulations in Ref. (26, 28) show that the truncated minimization with some false
support can still reconstruct the underlying signals provided the size of correct support is
larger than that of false support (i.e., [T¢>|Tz[). In addition, it has also been proved in (28)
that as long as |T¢>|T¢ |, CS-PKS requires fewer measurements than basic CS. The more
accurate the support is, the fewer measurements are needed for exact reconstruction.

Proposed k-t Iterative Support Detection (k-t ISD) Method

Based on the above theory, we propose a k-t ISD method which adaptively and iteratively
learns and utilizes the support information in compressed sensing for dynamic MRI such
that the images are reconstructed more accurately. The method alternates between CS
reconstruction with partially known support and adaptive learning of support knowledge,
which are elaborated below.

A. Compressed Sensing for Dynamic MRI with Partially Known Support—
Among the two methods to sparsify dynamic images, we consider the Fourier transform
along the temporal direction as the sparsifying transform (20-23, 31). This is based on a
recent work (31) that demonstrates the temporal Fourier transform can achieve a higher
degree of sparsity than that achieved by the temporal difference in cardiac imaging. With
signal representation in x-f domain, the data consistency constraint becomes
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Fp=d, [

where F denotes the two-dimensional Fourier transform in both k-t directions and p is the
signal vector in x-f domain. According to the theory on CS-PKS, reconstruction of the signal
p in x-f domain can be formulated as a truncated ¢; minimization problem

minllpaly st |d - Folly <& g

when the support of the signal p in x-f domain has a known part T and an unknown part A.

In our implementation, we rewrite [6] as a weighted ¢; minimization problem and
reconstruct the signal p by

min||Wpl|y s.t.[d  Fpll, < =, g
where W is a diagonal weighting matrix whose diagonal element equals 0 if the
corresponding element in x-f space belongs to the known support T, and 1 otherwise. Here
we apply the FOCUSS algorithm (32, 33) to solve Eq.[6], although many other algorithms

are also applicable. The solution to the weighted ¢; minimization problem is computed by
iteratively solving a reweighted ¢; minimization problem defined as

find p=Daq,

such that g is the solution to
min|[Wq], st. ||d—FDqll, <=,

and D is a diagonal weighting matrix that is updated iteratively. The above constrained ¢,
optimization problem can be converted into an unconstrained optimization problem,

min{|d — FDq|3+A[Wal3}, g

which has a closed-form solution:
q=DF FDDAFH  \WHW ~1d. [9]

Conjugate gradient (CG) [34] is used to solve Eq.[9] to avoid direct inversion of a large
matrix, and the regularization parameter A is selected by solving Eq.[9] with different values

of A and choosing one so that||d — FDq||, =~ . Then the x-f space image is given by

p=Dq

_DDHFH FDDHFE L AWHW 14, ¥

In the I-th iteration, the diagonal elements of the matrix D' are the square root of the absolute
value of the solution p!'=1 in the previous iteration. Specifically,
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where pl—1is the n-th element of p!~L.

1 2
It can be seen that the regularized term of ¢, norm in [8] is equivalent to HWDl PHQ, which
has the following asymptotic behavior

WD || = [Wpll, s 100 12

where the property WHW = W is used. It implies that the solution to [7] asymptotically
approaches the solution to the truncated ¢; minimization [5] with infinite iterations. In
practice, the iteration terminates when the normalized difference between the consecutive
solutions is less than a threshold (e.g., 1x1072).

B. Adaptive Learning of Support Knowledge—It is usually difficult to obtain the
exact x-f support of unknown cardiac images a priori because the signal support is patient
and scan dependent (12). The support information in x-f space has been studied and used in
prior works outside the CS context. Aggarwal and Bresler (10-12) have used the x-f support
to develop a patient-adapted reconstruction and acquisition dynamic imaging method
(PARADIGM). They suggested that the support in x-f space for cardiac imaging should have
the following features (12): (a) The highly dynamic region (e.g., the heart region) should
have a small support in the spatial domain x, but its exact location depends on the specific
imaging experiment. (b) Other regions of the body may also vary temporally due to slow
non-cardiac motion, but should have narrow temporal bandwidth. (c) Due to the
approximately periodic heart motion, the highly dynamic region should have a banded
temporal spectrum with the bands located at the multiples of the heart rate, but the width of
each band is patient dependent. In order to exploit accurate x-f support information in the
design of the time-sequential acquisition scheme, PARADIGM uses a pre-scan to obtain the
support. Brinegar et al (7) also explores the x-f support obtained empirically to improve the
reconstruction using the partially separable function model.

1) Iterative support detection: To avoid pre-scan or empirical estimate, we propose to
learn the support in x-f space from the reconstructions iteratively. The idea of iterative
support detection is based on a new CS algorithm by Wang and Yin (28). In k-t ISD, we
start with a basic CS reconstruction without any support information. Because fewer k-t data
are acquired than those required for perfect recovery, the initial reconstruction using basic
CS is poor. We then learn the support in x-f space using the locations whose values are
above a predefined threshold. This support is held fixed and used in truncated ¢;
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minimization for an updated reconstruction. The support detection and signal reconstruction
steps are then repeated alternately until convergence.

The above two steps can be mathematically represented as follows. In the reconstruction
step of the i-th iteration in k-t 1SD, the intermediate reconstruction p' is obtained by solving
a truncated ¢, minimization problem

minllpacilly st~ Fpl, < = g

with a known support Ti=1 (Ai~1 denotes the nonzero locations outside the known support).
As we introduced above, p' is reconstructed by rewriting [13] as the weighted ¢;
minimization problem

mg’nHWiille sit.||d—Fpll, <e, |14

and solved using FOCUSS algorithm. In the support detection step, the support is obtained
by thresholding the above reconstructed signal p' in x-f space

Tt = 2: pi >7t. [15]

where piis the z-th element of p'.

2) Choice of thresholdsin k-t I SD: The threshold < largely affects the performance of k-t
ISD. Small 7 will result in too many false locations in the detected support, which may not
be corrected in subsequent iterations of reconstruction. On the other hand, large 7 will result
in too few locations in the detected support and hence a large number of iterations is
required for converge. Strategies on the choice of 7 were discussed and applied in (28). One
is to find the “first significant jump” in the ascending sequence of the magnitude of the
reconstructed signal. However, another threshold to tell this “jump” is different for different
decay rate, which is difficult to accurately estimate from undersampled measurements.

Another simple but quite effective one is to set Ti:HPiHoo/ywith an increasing sequence of
8 > 0. We find this strategy works well for our study on many cardiac datasets when 5() is
chosen as an exponential function of the number of outer iteration i. The choice of
exponential function is based on the definition of compressible signals that CS primarily
deals with in practice. Compressible signals are usually approximated by an exponential law
|%.| =ae "*;b > 0,a>0, or alternately by a power law x| =Cz~";r > 0,C>0, where|x_ [is
the magnitude of the sorted signal x, b and r can be regarded as decay rates, with aand C
being positive constant (31).

The complete k-t ISD algorithm is summarized in Algorithm 1.

Algorithm 1. Pseudocode for k-t ISD

1. Initialize WO

2. Fori=1,2,---, do following until convergence
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[1] Reconstruct p' based on Wit using [14], which is implemented by the following steps of FOCUSS:
a. Initialize DO
b. Fori=1,2,---, do the following until convergence
i. Reconstruct p' using ¢, minimization in [10]
ii. Update D' using [11]
c. Use p! for p' after convergence

[2] Update detected support T' and W' based on p' using thresholding in [15]

C. Applicability of k-t ISD—Numerical studies in (28) showed that ISD is applicable to
signals with a fast decaying rate. The nonzero components of such signals have relatively
large magnitude. This property ensures that even when the initial reconstruction is poor (due
to insufficient measurements), the signal magnitude at the nonzero locations within the true
support is likely to remain large, and thus these locations can be detected correctly by
thresholding. In subsequent iterations, the magnitude at the detected nonzero locations will
be corrected with the aid of improved support information through ISD. In the event that
some of the zero locations outside the true support also present large magnitude in the initial
reconstruction, resulting in false locations to be included in the detected support, we have
claimed in previous section that the I1SD still converges as long as the number of false
locations is less than the number of correct locations by a certain amount (28).

The development of k-t ISD for cardiac cine MRI is made possible by the fact that signals in
x-f space rapidly decay in magnitude. This characteristic has been claimed in Ref.(31) and
demonstrated in Fig.1 using five cardiac cine datasets.

METHODS

The feasibility of k-t ISD was validated on five fully sampled sets of dynamic cardiac cine
data, each covering an entire cardiac cycle. The imaging parameters are provided in Table 1.
Informed consent was obtained from all volunteers in accordance with the institutional
review board policy. The fully sampled data were undersampled retrospectively and used to
compare the proposed k-t ISD method with other reconstruction methods. Similar to existing
methods that apply CS to dynamic MRI, the phase encoding direction is undersampled and
an incoherence undersampling pattern is used to acquire the signal in k-t space. In our work,
we generate a random sampling pattern using a zero-mean Gaussian distribution whose
density tapers off toward the outer k-space. Other incoherent sampling schemes (22, 35) that
impose additional constraints on the sampling patterns can also be applied to the proposed k-
t ISD. The central 8 phase encoding lines were fully sampled to obtain a low-resolution
image for FOCUSS algorithm. The matrix W, representing the detected support information,
was initialized to an identity matrix before the first reconstruction when no support

knowledge was available. For all datasets, the threshold follows T Z“PiHm/‘;i, where we
empirically set &) = 5 ~81*1 hased on our experiments. Note the threshold only depends on
the image reconstructed in the previous iteration and its selection does not need knowledge
of fully sampled original image.
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The proposed k-t ISD, k-t FOCUSS (20), and the two-step OMP methods (22) were used to
reconstruct the desired image series. The same sampling pattern was used for all methods
when the reduction factor and dataset are fixed. All methods were implemented in
MATLAB and the code for k-t FOCUSS was obtained from http://bisp.kaist.ac.kr/
research_02.htm. For the dataset acquired using multiple coils, we reconstructed images for
each coil separately, and then combined them using square-root of sum-of-squares (SoS).
The image series reconstructed from the full k-t data were used as the reference for
comparison. The top row of Fig. 1 shows a single frame reconstructed from fully sampled
measurements of the first to the fifth datasets (from left to right) for reference. The bottom
row shows the corresponding normalized and sorted signals in x-f space for a given position
in the frequency-encoding direction. It is seen that all of these signals in x-f space are
compressible with a fast decaying rate.

Reconstruction Quality of k-t ISD

The reconstructions with a net reduction factor of R = 3 and the corresponding difference
images with the reference at the 6! frame of the 5-coil dataset are shown in Fig. 2. The
difference images were scaled appropriately to better reveal the distinctions between
reconstructions. Rows show different methods with the first row for two-step OMP, the
second for k-t FOCUSS, and the third for k-t ISD. The result of the k-t ISD method is after
two iterations of support detection. It is seen in Fig. 2 that compared to k-t ISD, the k-t
FOCUSS presents more undersampling artifacts along the phase encoding direction and the
two-step OMP presents more noise as indicated by arrowheads. The superiority of k-t ISD is
clearly seen in the difference images. Figure 3 shows the reconstructions of the 11t frame at
R=4 as well as the corresponding difference images for the single-coil dataset. Three
iterations of support detection were used in k-t ISD. The results of the single-coil data lead
to the same conclusion that the k-t ISD is able to suppress more artifacts and preserve more
details than k-t FOCUSS. To quantify the improvement of k-t ISD over k-t FOCUSS and
two-step OMP, the normalized mean-squared error (MSE) (24) between the reconstruction
and the reference were calculated for four datasets and plotted as a function of time frame in
Fig. 4(a)—(d) respectively. The solid lines are for k-t ISD, dotted lines for k-t FOCUSS, and
dashed lines for two-step OMP, respectively. The k-t ISD is seen to have a lower MSE than
the other two methods for all frames.

Due to its importance in clinical diagnosis, the heart region with highly dynamic motion is
considered as the region of interest (ROI) to further evaluate the proposed method. Figure 5
shows the ROI reconstructions for the 5-coil dataset with R=3, the 4-coil dataset with R=4,
the 12-coil dataset with R=8, and the 15-coil with R=8 from left column to right column.
Rows show the reference, k-t FOCUSS, and k-t ISD from top to bottom. It is evident that k-t
FOCUSS presents larger aliasing artifacts than k-t ISD in the heart region. We note that the
success of k-t ISD is based upon the fast-decaying property of dynamic cardiac images in the
x-f space and the ability of ISD to learn the true support from poor reconstructions for such
images.
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The ability to catch the dynamic motion along temporal direction is very important for
dynamic reconstruction methods. To evaluate the temporal fidelity in k-t ISD, for a fixed
position in the frequency-encoding direction, we show in Fig. 6 the reconstructions in x-t
plane for the 5-coil dataset with R=3 and 12-coil dataset with R=8. It is seen that the two-
step OMP smoothes out the rapid temporal variations and k-t FOCUSS shows some loss of
contrast. In comparison, the proposed k-t ISD preserves more temporal variations than other
methods especially in regions indicated by arrows.

Support-detection Fidelity of k-t ISD

To evaluate the fidelity of the detected support in k-t ISD, Fig. 7 compares the support maps
detected after different iterations of k-t ISD, with the “true” support maps of the fully
sampled reference signal in x-f space (with a fixed position in the frequency-encoding
direction). In addition, the false detection maps are also shown. Although the “true” support
is not available when the fully sampled original image is unknown in practice, it is used here
only to verify that our threshold-selection method can detect the support rather accurately.
The single-coil dataset with a reduction factor of 4 was used as an example. Because the
reference signal is compressible but not exactly sparse in x-f space, the “true” support here
refers to locations with relatively large magnitude (i.e., above a threshold). To facilitate the
comparison with k-t ISD, an iterative approach is also used to choose a decreasing sequence
of thresholds from which a sequence of “true” support maps are obtained by thresholding
the x-f space of the fully sampled reference. The largest threshold used for the first iteration
is set to be the signal value at the corner of the sorted reference signal (shown on the lower
left of Fig.1). This curve is then truncated by excluding the portion above the threshold, and
then the corner of the truncated curve is identified and set to be the threshold for the next
iteration. This procedure is repeated so that the corners of each truncated curve of the sorted
reference are used to determine the sequence of decreasing thresholds for the generation of
the “true” support maps in Fig. 7. It is worth noting that these thresholds are (and should be)
different from those in k-t ISD because the latter are selected to detect the support from
imperfect reconstructions instead of from the reference signal. The “true” support map after
the first iteration shows that the most significant elements dominate the low temporal-
frequency region. As the threshold decreases over iterations, the support begins to include
locations of smaller elements and thus spreads from the low temporal-frequency region to
other regions.

Recall that the detected support maps for k-t ISD are also generated by thresholding each
reconstruction using a threshold that decreases over iterations. For the first two iterations,
the detected support maps (size of 204 and 611 respectively) are very similar to the first two
“true” support maps, and the false support maps are very sparse (only 2 and 107
respectively). This suggests that k-t ISD is able to accurately detect the low temporal-
frequency locations with significant elements. Because the number of correct detections is
significantly more than that of the false ones, CS-PKS should perform better than CS. As the
iterations proceed, even if the number of false detections increases (582, 743, 626 for the
3rd, 4th and 5™ iterations, respectively) due to the difficulty to detect small elements using
k-t ISD, the number of correct detections also increases (1242, 2612, 4028 for the 3'd, 4t
and 5! iterations, respectively) and always takes a larger part in detected supports.
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According to Ref. (28), as long as the numbers of correct detections is sufficiently more than
those of false detections, further iterations using CS-PKS still improve the reconstruction
quality. It has been noted that the detected support is not necessarily always increasing. This
is demonstrated by the decrease in the number of false detection from the 4t to 5t
iterations.

Convergence of k-t ISD and effect of threshold

The convergence behavior is an important factor in evaluating the performance of k-t ISD.
Although ISD is known to converge under certain conditions (28), these conditions are
difficult to verify in practice. In addition, the convergence behavior is largely affected by the
parameter &) in k-t ISD. Hence, we opt to study the convergence of k-t ISD and its
dependence on &) using MSE-iteration curves. Three different values &) = 151+1 8i+1 and
21*1 \were used where i is the iteration number. The corresponding MSE-iteration plots are
shown in Fig. 8 when R=3 for the 5-coil dataset. The plots for other reduction factors and
other datasets have the same behavior. Since strict convergence is not observed, a stopping
criterion is needed to terminate iterations. We calculate the normalized difference between
the adjacent iterations and terminate iterations once its value is below a threshold (1072 used
here).

It can be seen that when threshold changes fast with iterations, the MSE initially decreases
but then increases with more iterations. The initial decrease is because the detected support
improves over iterations and so does the reconstruction quality. The subsequent increase
with more iterations is due to the increased number of false locations in support detection as
Sgets too large. For &) = 151*1 k-t ISD stops after 4 iterations to an MSE value that is
greater than the lowest MSE. On the other hand, slowly-changing §will result in too few
locations detected in support and thus slow convergence. For &) = 2i*1 k-t ISD does not
terminate even after 5 iterations. A moderate changing rate with &0) = 81*1 needs only 3
iterations to stop which corresponds to the lowest MSE.

To demonstrate the improvement of k-t ISD on image quality over iterations, we show in
Fig. 9 the intermediate reconstructions, the corresponding difference images, and the
temporal profiles for the first, second, and fourth iterations (from top to bottom) using the
12-coil datasets with R = 8. The first iteration has no knowledge on support and the
reconstruction shows some smoothing and artifacts due to insufficient measurements. As the
number of iterations increases, the resolution improves and fine details become clearer. The
improvement is better demonstrated in the regions indicated by arrows and in the difference
images.

Robustness of k-t ISD to Noise

All datasets tested here contain noise. In order to demonstrate the robustness of k-t ISD to
even noisier measurements, different levels of white Gaussian noise were simulated and
added to the acquired data, and the undersampled noisy data were used to reconstruct the
dynamic images. The amount of noise added was qualified by an SNR index that was
calculated as the ratio between the average intensity of selected signal region and the
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standard deviation of the background region in the SoS reconstruction from full
measurements.

Figure 10 shows the plots of frame-by-frame MSE on ROI with different reduction factors R
for the 4-coil dataset when the SNR are 30 and 15. The solid lines are for k-t ISD and dotted
lines for k-t FOCUSS. Compared to the scanned data with SNR of 30, the MSE curve of
SNR=15 preserves a similar shape but with larger values. A similar trend was also observed
for other SNRs and other datasets. It suggests that the reconstruction quality degrades
gracefully with reduced SNR for both methods, and k-t ISD still outperforms k-t FOCUSS at
low SNRs. This agrees with the theoretical results for CS and CS-PKS that the
reconstruction error is upper bounded by a linear function of measurement noise level.

In addition, we also observed that fewer iterations should be used in k-t ISD at low SNRs to
prevent the threshold from being too small. This is because a higher threshold is less
sensitive to noise and thus reduces false support detections for noisier data.

DISCUSSION

Relationship to Other Methods

Both k-t FOCUSS and the two-step OMP also use support information, but in different
ways. In k-t FOCUSS, the temporal DC (f=0) component is predicted as p and subtracted
during reconstruction (20). If the temporal DC is considered as the known support in x-f
space at f=0 and excluded from the cost function, then k-t FOCUSS is equivalent to a single
iteration of truncated ¢; minimization with partially known support. In essence, the first
iteration of the proposed k-t ISD is equivalent to k-t FOCUSS without DC subtraction.
Although we find that k-t FOCUSS without DC subtraction can perform better than that with
DC subtraction (for example, first iteration of k-t ISD in Fig. 9 is seen to be better than k-t
FOCUSS with DC subtraction in Fig.5), further iterations in the proposed k-t ISD still
improves the reconstruction. It suggests that the improvement of the proposed k-t ISD over
k-t FOCUSS is not simply due to the lack of DC subtraction, but the multiple iterations of
truncated ¢; minimizations in which the known support is iteratively updated.

In the two-step OMP (22), the OMP algorithm is used twice for the reconstruction of the
signal in x-f space and the support is detected iteratively within each OMP step, as well as
after the first of the two-steps. However, the detected support sets obtained within each
OMP step always increase over iterations, which is not necessarily true for the k-t ISD. This
explains why k-t ISD is robust to false detections in x-f space and has a strong self-
correcting capability (28). In addition, for the two-step OMP, although the support in x-f
space is updated again after the first-step by finding the significant components, method
excludes the elements that are known to be insignificant/zero in the second iteration of
minimization.. This is in contrast to the proposed k-t ISD, which follows the theoretical
principle of CS with partially known support to perform signal reconstruction by excluding
the elements that are known to be significant/nonzero in minimization. These differences
contribute to the superior performance of k-t ISD over the two-step OMP in dynamic cardiac
cine MRI.
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Computational Complexity

The proposed k-t ISD typically requires two nested iteration loops. The outer loop (step 2 in
Algorithm 1) is for support detection based on the outcome of truncated ¢; minimization. An
inner loop is within the FOCUSS algorithm (step b in Algorithm 1) to approximate the
solution to the ¢; minimization through iteratively reweighted £, minimization. In general, at
most 4 iterations for the outer loop and 3 iterations for the inner loop are sufficient to
achieve good performance empirically. When we ran our MATLAB programs on a Hewlett-
Packard workstation with Xeon 2.33GHz CPU and 2GB RAM, each outer iteration took
about 154s to reconstruct a series of 256 x 220 x 25 dynamic complex MR images. This
execution time of a single outer iteration is comparable to the time of 143s for k-t FOCUSS
for the same dataset. Although the computational complexity of k-t ISD is higher than that
of the basic CS algorithms such as k-t FOCUSS, due to solving a truncated ¢; minimization
problem repeatedly, the number of iterations is usually small (<4).

Empirical Support Knowledge

Extensions

The k-t ISD is more effective when the signal in x-f space has a fast decaying rate.
Otherwise, a rectangle window at the center of x-f space (entire FOV but low temporal-
frequency locations) can be assumed as the known support (9, 37). This is based on the fact
that the low temporal-frequency region usually has significant values in dynamic MRI, as
observed in the “true” support map in Fig. 7. The quality of signal reconstruction largely
depends on the width of the support window. A small width guarantees inclusion of the true
support, but may also miss a good portion of the true support. On the other hand, a large
width would include locations outside the true support. Both can lead to degraded
reconstructions. The choice of width was studied in (37) and performance comparable to
that of k-t ISD can be achieved when the width is selected properly.

Although in this work we have tested k-t ISD using only dynamic cine MRI data, the
framework is expected to be useful in other dynamic imaging applications, such as dynamic
contrast-enhanced (DCE) MRI (17, 18, 38), dynamic MR angiography, and functional MRI
(fMRI) to improve the spatio-temporal resolution. The specific procedure should be
application dependent in order to accommaodate the unique characteristics of the signals in
each application. For instance, in order to use iterative support detection, the requirement of
a large decay rate needs to be satisfied for the signal in the domain of sparse representation.
However, the x-f space of the fMRI images might not have a large decay rate. In this case,
Karhunen-Loeve transform (KLT) or principal component analysis (PCA) (39) may be
preferred as the sparsifying transform (20) to meet the fast-decay requirement.

It is also applicable to non-Cartesian trajectories such as radial trajectory by incorporating
regridding (40, 41) or nonuniform FFT (42). An interesting direction for future work is to
investigate truncated 4,(p <1) minimization for CS-PKS to further reduce sampling
requirements in dynamic MRI. In addition, optimization of sampling pattern as a function of
cardiac phase is interesting and may be investigated in our future study.
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The proposed k-t ISD can be easily integrated with parallel imaging using sensitivity
encoding to further reduce data acquisition (43). There are two ways to conduct this
integration. One commonly used way is to simply replace Fourier encoding matrix F in Eq.
[5] with sensitivity encoding matrix gwhich consists of both Fourier encoding and
sensitivity weighting (22).

minllpally 5.4 = Bl <2 prg

where j is the undersampled data from all channels. This kind of integration can deal with
any trajectory. However, the major issue is that the incoherence between the sensitivity
encoding matrix and any sparsifying basis such as the identity or wavelet has not yet been
explored. In our previous work (26), we have integrated Cartesian SENSE and compressed
sensing in a cascade manner without compromising the incoherence requirement. This
method can be easily incorporated in k-t ISD with Cartesian trajectory. In this case, Eq.[5] is
used to reconstruct the aliased images in x-f domain for each channel and Cartesian SENSE
is applied to get the image with full FOV:

: A A
nz;anj AH1 st.||d; —Fpj|, <e, [17]

where pj-‘is the aliased image in x-f domain at jth coil, and d; is the undersampled data at jth
coil.

CONCLUSION

In this paper, we have demonstrated the support information improves the CS reconstruction
in dynamic cardiac cine imaging. A method named k-t ISD is developed. This method
iteratively learns and exploits the support knowledge in x-f space to improve CS
reconstruction. The learned support is incorporated in CS reconstruction by excluding part
of the signal at the known support from the cost function in the constrained minimization
process. The method is shown to accurately detect the support in the x-f space through
iterations and also converge fast. Experiments using dynamic cardiac cine data show that the
proposed method is able to suppress more artifacts and preserve more details of dynamic
images and more temporal variations than existing CS methods such as OMP and k-t
FOCUSS.
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Fig. 1.
Top row shows a single frame reconstructed from the fully sampled data. The bottom row

shows plots of the magnitude of the normalized and sorted signals in x-f space for a given
position in the frequency-encoding direction. Three different datasets with five coils (left), a
single coil (middle), and four coils (right) were used.
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Fig. 2.
Reconstructions (left) of the 6t frame using two-step OMP (top), k-t FOCUSS (middle) and

k-t ISD (bottom), and the corresponding difference images (right) with a reduction factor of
3 from the 5-coil dataset.
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Fig. 3.

Reconstructions (left) at the 11t frame using k-t FOCUSS (top) and k-t ISD (bottom), and
their corresponding difference images (right) with a reduction factor of 4 for the single-coil
dataset.
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Frame-by-frame plots of MSE for two-step OMP, k-t FOCUSS, and k-t ISD with R = 3 for

the 5-coil dataset (top left), R = 4 for the single-coil dataset (top right), R = 8 for the 12-coil
dataset (bottom left), and R = 8 for the 15-coil dataset (bottom right). The solid lines are for
k-t ISD, dotted lines for k-t FOCUSS, and dashed lines for two-step OMP.
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Fig. 5.
ROI of reference (top), k-t FOCUSS (middle), and k-t ISD (bottom) for the 5-coil dataset

with R = 3 (first column), the 4-coil dataset with R = 4 (second column), the 12-coil dataset
with R = 8 (third column), and the 15-coil dataset with R = 8 (fourth column).
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Fig. 6.
The temporal profiles in x-t plane of different reconstruction methods for the 5-coil dataset

with R = 3 (top row) and the 15-coil dataset with R = 6 (bottom row).
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Fig. 7.
The “true” (top), detected (middle) and false (bottom) support maps (support shown in

white) in x-f space. The true maps are obtained with decreasing thresholds and the detected
maps are obtained from different iterations of support detections (shown on the bottom). The
single-coil dataset with a reduction factor of 4 was used.
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Fig. 8.
The plots of MSE (averaged over all frames) versus the number of iterations for different

choices of o with R=3 for the 5-coil data.
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Fig. 9.
The reconstructions (top), corresponding difference images (middle), and temporal profiles

(bottom) at the first, second, and fourth iteration of k-t ISD for the 12-coil dataset with R=8.
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frame number

The frame-by-frame MSE plots of k-t ISD and k-t FOCUSS at SNR = 30 (scanned data), and
15 (noise added manually) for the 4-coil dataset. The solid lines are for k-t ISD and dotted

lines for k-t FOCUSS.
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