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generation intensity spectra
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Vibrational sum-frequency generation (SFG) spectroscopy has become an established technique for
in situ surface analysis. While spectral recording procedures and hardware have been optimized,
unique data analysis routines have yet to be established. The SFG intensity is related to probing
geometries and properties of the system under investigation such as the absolute square of the second-
order susceptibility

�
χ(2)

�2. A conventional SFG intensity measurement does not grant access to the
complex parts of χ(2) unless further assumptions have been made. It is therefore difficult, sometimes
impossible, to establish a unique fitting solution for SFG intensity spectra. Recently, interferometric
phase-sensitive SFG or heterodyne detection methods have been introduced to measure real and
imaginary parts of χ(2) experimentally. Here, we demonstrate that iterative phase-matching between
complex spectra retrieved from maximum entropy method analysis and fitting of intensity SFG
spectra (iMEMfit) leads to a unique solution for the complex parts of χ(2) and enables quantitative
analysis of SFG intensity spectra. A comparison between complex parts retrieved by iMEMfit applied
to intensity spectra and phase sensitive experimental data shows excellent agreement between the two
methods. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4932180]

I. INTRODUCTION

Analyzing molecules at interfaces in situ is important to a
wide variety of scientific fields from catalysis to atmospheric
research to biosciences. Among others, the technique of
vibrational sum-frequency generation spectroscopy has made
enormous contributions (and sometimes introduces confusion)
as it allows vibrational spectra of molecules residing at
solid/air, liquid/air, solid/liquid, and liquid/liquid interfaces
to be measured.1–14 Its probing scheme is fairly simple:
typically a visible and an IR beam are overlapped at the
sample surface and the coherent sum-frequency signal of
both incoming beams (ωSFG = ωIR + ωvis) is detected in
the direction favored by conservation of momentum. The
key-value of vibrational sum-frequency generation (SFG)
spectroscopy for applications in surface science is its inherent
surface specificity. Within the electric dipole approximation,
bulk signals originating from media that are isotropic or
centrosymmetric are forbidden and SFG signals are therefore
dominated by surface contributions.15

The intensity measured in an SFG experiment is propor-
tional to a material constant, namely, the absolute square of
tensor elements from the effective second-order susceptibility�
χ(2)

�2. In the case of discrete resonances, χ(2) can be written as

χ(2)(ωSFG) = χ
(2)
NR +


k

Ak

ωIR − ωk + iΓk
, (1)

with χ
(2)
NR being the non-resonant contribution. Ak, ωk, and

Γk are the effective strength, resonant frequency, and damping
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coefficient of the kth mode, respectively. Both the non-resonant
contribution and the effective amplitudes Ak can be of complex
nature with a certain phase relation between them. In case
of non-absorbing media, the amplitude Ak is real and the
imaginary part of the resonant contribution to χ(2) is given by

ℑ
(
χ(2)
)
= − AkΓk

(ωIR − ωk)2 + Γ2
k

. (2)

This expression is analogous to ℑ(ϵ) for linear spectros-
copies, with ϵ being the optical dielectric constant. Without
knowing either the real or the imaginary part, it is impossible
to find a unique fitting solution to the SFG spectra using
Equation (1) and thus interpretation and quantitative spectral
analysis becomes difficult, if not impossible.

The imaginary part can be measured by interferometric
phase-sensitive SFG or heterodyne detection methods.14,16–19

Some applications, however, require quite a large amount
of sample passage, which is not feasible for more time-
demanding phase sensitive measurements—or if such re-
sources are simply not available. Also, non-coherent scattering
processes cannot be measured in an interferometric setting and
require analytical methods to retrieve complex parts of χ(2).20

In these cases, there is a need to obtain information on the
imaginary part from intensity spectra.

Yang and Huang have applied the maximum entropy
method (MEM) to retrieve the imaginary part ℑ

�
χ(2)

�
from

an intensity SFG spectrum.21,22 The MEM analysis yields
a complex spectrum that is multiplied by a phase factor
(exp(iφ)), which is not known a priori. The error phase φ
needs to be adjusted in order to match a physical meaningful
trend of the real and imaginary parts.20 Therefore, the MEM
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analysis works well for isolated spectral contributions, but can
be ambiguous for spectra with overlapping resonances and
varying non-resonant contributions. However, the benefit of
the MEM analysis is that, even if the error phase is not known,
the relative spectral phases are contained within the complex
MEM spectrum.

More recently, a Fourier filter was introduced by Roke
et al.23 This filter locates central frequencies for resonances of
defined width from a complex data set and is a valuable asset
when it comes to estimating starting parameters for intensity
fitting routines. Nevertheless, even with the correct set of
starting peak positions, it is often impossible to find a unique
solution to Equation (1) when fitting intensity SFG spectra.

In this paper, we introduce iterative phase-matching
between complex spectra retrieved from maximum entropy
method analysis and fitting of intensity SFG spectra (iMEM-
fit). The algorithm presented here utilizes the Fourier filter to
identify peak positions to be used as input parameters for a
feedback loop between an intensity fitting function based on
Equation (1) and the MEM analysis by adapting the phases of
complex fit and MEM spectrum. This is achieved by adjusting
the error phase of the MEM analysis to find the best match to
the imaginary part of the intensity fit. Afterwards, the phase
of the intensity fit is adapted by varying the amplitudes Ak to
find the best overlap between the phase of the fit and the MEM
analysis. After several iteration cycles, the relative phases of
the MEM analysis are aligned with the relative phases of the
fit and a unique fit to Equation (1) can be established. We
demonstrate the feasibility of our approach by a quantitative
comparison between a simple intensity fit and an iMEMfit of a
simulated SFG spectrum. Finally, we compare imaginary parts
retrieved from iMEMfit to phase-sensitive measurements that
we found in the literature.18,19

II. EXPERIMENTAL SECTION

A. Materials

Sodium dodecyl sulfate (SDS) (>98.5%) and cetyl
trimethyl ammonium bromide (CTAB) (BioXtra, >99%)
obtained from Sigma were used as received. Aqueous
solutions of these ionic model surfactants at concentrations of
1 mmol l−1 and 0.05 mmol l−1 were prepared by dissolving the
surfactant in Millipore water characterized by a resistivity of
18.2 MΩ cm. Samples were measured in cleaned glass Petri
dishes having a diameter of ca. 10 cm. Cleaning of the
glassware used for sample preparation and measurement was
achieved by storing the dishes in a bath of nitric acid for 48 h,
subsequent exhaustive rinsing with Millipore water and drying
in nitrogen flow.

B. SFG-spectroscopy

SFG spectra in the characteristic CH- and OH-stretching
region from 2800 to 3800 cm−1 (spectral resolution of
2 cm−1 and averaging over 400 laser pulses per probed
wavenumber) were obtained from a commercially available
SFG spectrometer (EKSPLA). In the setup, a visible laser pulse
(λvis = 532 nm) and a tunable IR-laser pulse with a duration
of 25 ps are overlapped both temporally and spatially on the

interface between air and the investigated aqueous solution.
Laser pulses were produced at a 50 Hz repetition rate and a
range of characteristic energies from 90 to 200 µJ. Angles of
incidence of 67◦ and 55◦ with respect to the surface normal
were used for the visible and IR-pulse, respectively. The
spectra were collected under ssp-polarization and normalized
with respect to the intensities of the visible and IR-pulses. No
additional data treatment was applied.

III. RESULTS AND DISCUSSION

In order to check the validity of the iMEMfit, an intensity
spectrum using the expression for χ(2) being defined by Equa-
tion (1) was simulated with known values of real amplitudes
Ak, linewidths Γk, and peak positionsωk. A spectral resolution
of 1 cm−1 and an intensity noise of 2% were chosen for the
simulation. Figure 1(a) shows the resulting intensity plot of
the simulated spectrum

�
χ(2)

�2. Peak widths between 6 cm−1

and 12 cm−1 have been chosen for our simulation. In the first
step, a Fourier filter was applied, which is shown Figure 1(b)
with two representative linewidths as input parameters.

The Fourier filter utilizes the MEM analysis, which yields
a complex function 1/g(ν) that is multiplied by an error phase
factor of exp(iφ),

χ(2)(ωIR) = exp(iφ)
g(ν) , (3)

where ν = (ωIR − ω1)/(ω2 − ω1) is defined as the dimension-
less frequency with values between 0 and 1. Frequencies ω1
and ω2 represent the lowest and highest spectral frequency,
respectively. Details on the theory of MEM analysis are
described elsewhere.20–22,24–26 Most importantly, the uncor-
rected complex function 1/g(ν) contains all spectral relative
phases, which is the difference between the phase at two
spectral positions. This phase difference is not affected by the
choice of the error phase factor exp(iφ), which will become

FIG. 1. (a) Simulated intensity spectrum constituted by seven peaks in the
alkyl region. (b) Peak positions obtained by applying a Fourier filter with
widths of 6 cm−1 (gray dotted line) and 9 cm−1 (gray solid line). The filter
intensities are displayed with an offset for clarity. (c) Intensity (black) and
intensity fit (green) of the simulated spectrum. (d) Imaginary part of the fit
of the simulated spectrum corresponding to the intensity fit in the inset above
(thick red line) as compared to the simulated imaginary part (thin red line).
The corresponding residuals can be found in the supplementary material.32
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important at a later stage when the phases of the complex
intensity fit and MEM function are compared.

The Fourier filter identifies peak positions in a complex
spectrum and utilizes the uncorrected complex MEM function
given by the following expression:23

F(ωk,Γk) =
 π

−π

1
g(ωIR) e−iψkdψk, (4)

in which the angle ψk is defined as ψk = 2 arctan((ωIR
− ωk)/Γk). Equation (4) defines the resulting function of the
Fourier filtering. It scales with the strength of a resonant peak
and will show a local maximum at a resonance. Figure 1(b)
shows the Fourier filter of our simulated spectrum with two
different linewidths Γk (6 cm−1 (gray dotted line) and 9 cm−1

(gray solid line)). The Fourier filter detects most peak positions
very accurately (with an error less than 3 cm−1), but does have
difficulties at the edges of the spectrum (lower frequency side
in Figure 1(b)). Other than that, the Fourier filter is an excellent
tool that allows us to identify starting parameters for the SFG
intensity fitting function of

�
χ(2)

�2 according to Equation (1).
In Figure 1(c), the simulated spectrum (black) and one

version of a corresponding intensity fit (green) are shown.
Good agreement is reached in the intensity spectrum, however,
the imaginary part of the fit (thick red solid line) and the
imaginary part of the simulation (thin red solid line) are vastly
different as shown in Figure 1(d). The corresponding fit is
just one possible local solution to the minimization problem
of the difference between measured and fitted intensity. Other
solutions would fit the intensity spectrum perfectly, but would
result in different imaginary (and real) parts. Each fitting
variant leads to different values for the fitting parameters
Ak, ωk, and Γk which will be discussed in the context of
Figure 5. Note that a change in sign of the amplitudes (and
imaginary part) will yield the same absolute values for the
fitting parameters and does not alter the intensity spectrum.
Therefore, the absolute sign cannot be determined from the fit
unless other a priori assumptions have been made such as the
reference to an oscillator with a known orientation and sign
of the effective χ(2) element. Here the reference to a unique
solution is related to the determination of fitting parameters A2

k
,

ωk and Γk as well as relative phase relations between the peaks.
In order to find a unique solution for the fit using

Equation (1), we need to know the phase at each spectral
position. While the MEM analysis does not necessarily return
the correct absolute phase at a certain position, it provides
a complex function that includes relative spectral phases.
Here, we suggest a novel fitting scheme that is shown in
Figure 2. After applying the Fourier filter and selecting peaks,
the intensity spectrum is fitted using Equation (1). Next, the
best error phase φ is found so that the imaginary part of the
fit and the imaginary part of the MEM analysis match. With
this error phase, the phase of the complex MEM spectrum is
determined. In the final step, the phase of the spectrum will be
adapted by varying the amplitudes Ak so that the best match
between the spectral phase and the corrected MEM phase can
be found. These Ak values will be given as starting parameters
for the next cycle. The boundary conditions for the positions
and linewidths are predefined and, in case the fit determinesωk

or Γk-values close to the boundary conditions, these boundary

FIG. 2. Scheme of iMEMfit: After loading the intensity spectrum, a Fourier
filter is applied in order to obtain a pre-selection of number, positions, and
linewidths of peaks for the least squares intensity fit. In the following step,
the error phase of the complex MEM spectrum is varied in order to achieve
best agreement with the imaginary part of the intensity fit. The phase of the
adapted complex MEM spectrum is then matched to the phase of the spectral
fit by variation of the amplitudes. The resulting amplitudes will be given as
input parameters for the next cycle. Finally, the limiting upper and lower
boundary of peak positions and widths are enlarged in case the obtained fitting
values are too close to the predefined edges. After each cycle, an assessment
of the validity may be performed.

values will be expanded within physical meaningful limits
(e.g., no negative values for the linewidth or peak positions
outside the measured spectral range). This cycle is repeated
until the imaginary part of the fit and the phase of the fit match
the imaginary part of the MEM analysis and the phase of the
corrected MEM spectrum, respectively.

For non-absorbing media, Ak are real; for strongly
absorbing media, the effective amplitude becomes complex
due to the inclusion of local field corrections.6 In this case,
an additional phase factor must be included. However, for the
simulation used here, we assumed real amplitudes mimicking,
e.g., organic molecules on a non-absorbing substrate measured
in air.

The imaginary part from the iMEMfit result of the
simulated spectrum in Figure 1(a) is shown in Figure 3(a)
together with the MEM result after optimization with iMEMfit.
The fitted results are plotted as solid lines and the MEM results
as dotted lines. The phase of the fit intensity and the result of the
MEM analysis are shown in Figure 3(b) as black solid and gray
dotted line, respectively. The corresponding iMEMfit (green)
is shown in Figure 3(c). A comparison between the imaginary
part of the simulation and imaginary part of the iMEMfit is
shown in Figure 3(d). The intensity of the simulation (black)
and the fit (green) as well as the imaginary spectrum (red
dotted line) and the fit (red solid line) entirely overlap.

In the simulated spectrum, we intentionally chose the
intensity to not return to noise level at one edge of the spectrum.
To adapt the fit to such a scenario, we added the possibility
of a non-resonant peak with the same form as a resonant
contribution in Equation (1) having a position within 100 cm−1

from the lower and upper side of the spectrum and a Γ value
that is greater than 50 cm−1. Two fits with different values
for the starting parameters and boundary values of the non-
resonant background are shown in Figure 4(a). The intensity
fits do overlap and are stacked for clarity. The individual
choice of these non-resonant contributions may affect the
imaginary part of the spectrum, in particular at the edges
(Figure 4(b)). However, the purely resonant part of the fit
is not altered by the choice of the non-resonant contribution
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FIG. 3. (a) Imaginary part of the fitting result for the presented simulated
spectrum (red solid line) and imaginary part of MEM analysis after opti-
mization with iMEMfit (red dotted line). (b) Phase of the discrete data points
obtained from MEM analysis (gray dotted line) and phase of the fitting result
(black) after optimization with iMEMfit. (c) Simulated intensity spectrum
(black) and iMEMfit (green). (d) Imaginary part of the simulated spectrum
(red dashed line) and imaginary part obtained by iMEMfit (red solid line).
The corresponding residuals can be found in the supplementary material.32

(Figure 4(c)). Therefore, in the following only the resonant
contribution to the imaginary part of the fit ℑ(χ(2)res) is plotted.
In fact, the iMEMfit has the advantage of separating resonant
and non-resonant contributions, which is not accessible by
the MEM analysis alone. In fact, the MEM analysis cannot

FIG. 4. (a) Simulated intensity spectrum (black) and iMEMfit results ob-
tained by fixing the non-resonant background peaks to the edges of the
spectrum (dark green) and allowing the background peaks to vary (light
green). The spectra are offset for clarity. (b) Imaginary part of the fit with
fixed background positions (red-gray) and the background peaks allowed to
vary (red). (c) Resonant contribution to the imaginary part of the fit with fixed
background positions (red-gray) and the background peaks allowed to vary
(red).

take into account spectral contributions that are outside of the
measured spectral range. This is also one of the reasons why
the imaginary part of the iMEMfit and the simulated spectrum
nearly overlap while the imaginary part of the MEM analysis
after optimization and the imaginary part of the iMEMfit show
residual differences.

The imaginary part of the spectrum is similar to linear
spectroscopy methods in its shape, i.e., no interference effects
occur between overlapping spectral contributions. Another
important aspect is that the sign of the amplitudes Ak is
related to the orientation of the respective oscillators.14,17,27–30

Figures 5(a)–5(d) show a comparison between the input values
of the simulated spectrum and the fitted amplitudes Ak, squared
amplitudes A2

k
, linewidths Γk, and positions ωk, respectively.

The black pentagons represent the parameters obtained from
the suggested analytical scheme and agree within a 95%
confidence interval with the model constants. Most impor-
tantly, in case of an unknown spectral phase, a good overlap
between the intensity fit and the simulated intensity does not
necessarily mean that its model parameters are correct. This
is shown, for example, in the fit of the simulated spectrum in
Figure 1. The resulting values for the amplitudes Ak, squared
amplitudes A2

k
, and linewidths Γk deviate quite substantially

from the input parameters (blue triangles in Figures 5(a)–5(d)).
The coefficients of determination for the intensity fit (R2

Fit)
and the iMEMfit (R2

iMEMfit) are shown in Table I. For the
intensity fit, only the spectral position has an R2

Fit > 0.99,
which further illustrates the usefulness of the Fourier filter.

FIG. 5. Results of the classical intensity fit by means of a least squares
algorithm (blue triangles) and iMEMfit (black pentagons). (a) Amplitudes. (b)
Squared amplitudes. (c) Linewidths. (d) Peak positions. The red lines serve to
illustrate the recovery of the parameters used for the simulated spectrum by
means of a linear fit. The correlation for the black pentagons is >0.94 for all
of the presented insets while the classical fit substantially deviates from the
model parameters (see Table I.).
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TABLE I. Coefficients of determination for the relation between the param-
eters of the simulation and the parameters of the intensity fit (R2

Fit) as well
as the iMEMfit (R2

iMEMfit). The linear fits are shown as red lines in Figure 5
for the amplitudes Ak , squared amplitudes A2

k
, positions ωk , and linewidths

Γk .

Parameter R2
Fit R2

iMEMfit

Ak 0.04 >0.99
A2
k

0.32 0.99
ωk >0.99 >0.99
Γk 0.01 0.94

The amplitude, as well as the linewidth, has an R2
Fit close to

zero. In comparison, the parameters from the iMEMfit have
R2

iMEMfit > 0.94 for amplitude, squared amplitude, position,
and linewidth. Therefore, when it comes to quantitative spec-
tral analysis, it is indispensable to either measure the imaginary
part experimentally14,16–19 or to analyze the data in a post-
processing algorithm such as the iMEMfit that allows retrieval
of the real and imaginary parts of the intensity spectrum.

The iMEMfit routine was applied to a phase sensitive
SFG spectrum previously recorded by Shen et al. from an
octadecyltrichlorosilane (OTS) monolayer on fused silica.18

The corresponding intensity spectrum and fit using our data
analysis routine (green) are shown in the top part of Figure 6(a).
The middle parts of this figure represent the measured real and
imaginary parts compared to the resonant real and imaginary

FIG. 6. Application of iMEMfit to phase sensitive SFG data from Shen and
coworkers.18 (a) From top to bottom: spectral intensity (black circles) and
fit intensity (green line); real part from the experimental data (thin blue line
with circle markers) and iMEMfit (thick blue line); imaginary part from the
experimental data (thin red line with circle markers) and iMEMfit (thick red
line); residuals from the iMEMfit (green line). (b) The same as (a), only that
the iMEMfit is exchanged with the adapted MEM analysis after application
of iMEMfit.

parts from the iMEMfit. Excellent agreement can be seen in the
trend. Additionally, spectral features can be readily identified
in the imaginary part such as the asymmetric stretch of the
terminal methyl group around 2968 cm−1.

In Figure 6(b), the measured real and imaginary parts are
compared to the real and imaginary parts of the MEM spectrum
obtained by iMEMfit. Again, good agreement can be found in
the trends of the imaginary and real parts between measured
and MEM analysis.

In the next example of our iterative fitting routine, we
recorded SFG intensity spectra at the liquid/air interface from
SDS and CTAB. The corresponding intensity spectra in the
CH- and OH-stretching regions from 2800 to 3800 cm−1 are
shown in the top parts of Figures 7(a) and 7(b), respectively.
The middle parts of this figure show the resonant imaginary
parts for the two spectra after applying iMEMfit. The head
groups of SDS (anionic surfactant) and CTAB (cationic
surfactant) are oppositely charged. Therefore, on average,
the water orientation adjacent monolayer with respect to the
hydrogen atoms is preferably directed towards the headgroup
for SDS and away from the surfactant monolayer for CTAB.
This flip in orientation is expressed in terms of a different sign
for the corresponding amplitudes Ak and, hence, the imaginary
part is positive for SDS (see Equation (2)) and negative for
CTAB. A reprint of the imaginary parts measured by phase
sensitive SFG from Tahara et al. is also shown in Figures 7(a)
and 7(b).19 Excellent agreement is found between the measured
and iMEMfit imaginary parts. This is remarkable given that
these spectra are fairly complex in nature and recorded
once with a phase sensitive fs-measurement scheme by the
Tahara group and once with a ps-laser that records intensity

FIG. 7. SFG spectra of (a) SDS and (b) CTAB. From top to bottom: measured
intensity spectra (black) and fitted intensities (green); resonant imaginary
parts obtained by iMEMfit of the intensity spectra; imaginary part from
phase sensitive SFG experiments in ssp-polarization;19 and residuals from
the iMEMfit (green line).
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spectra. These examples underpin the benefit from retrieving
the real and imaginary parts of SFG intensity spectra using
iMEMfit.

IV. CONCLUSION

Retrieving the imaginary part of an intensity spectrum
that is proportional to

�
χ(2)

�2 is a requirement to find a
unique solution for χ(2). Having the imaginary part available
holds great potential not only for qualitative analysis, but
is also imperative for quantitative spectral analysis. Here,
we introduce iMEMfit, a new fitting scheme based on
iterative phase-matching between complex spectra retrieved
from MEM analysis and fitting of intensity SFG spectra.
Good overlap between the input parameters of a simulated
spectrum and the model constants obtained from iMEMfit is
demonstrated (R2 > 0.94 for amplitudes, squared amplitudes,
positions, and linewidths). The Fourier filter helps finding the
correct positions for both the intensity and the iMEMfit, but
only the iMEMfit establishes a unique solution for the absolute
amplitudes and widths. Several examples are presented that
exhibit excellent agreement between complex experimental
spectra and imaginary parts obtained from iMEMfit showcas-
ing the applicability of the routine. Once the lineshape function
is known, such as the case for low noise and high-resolution
broadband SFG spectra,31 the fitting of intensity spectra may
result in a unique solution without further assumptions. Also,
the MEM analysis can be affected by strong changes in the
nonresonant amplitude or phase, and care needs to be taken in
such a scenario.21 The iMEMfit algorithm will be particularly
advantageous for fitting intensity spectra obtained from pico-
second lasers. Its applicability to broadband SFG spectra still
needs to be investigated as the spectral shape of those spectra is
distorted due to the low resolution of the visible beam. Though
qualitative trends may be recovered correctly, a quantitative
analysis for this type of spectra has yet to be established.
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