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Abstract

Let {f(t) : t € T} be a smooth Gaussian random field over a parameter space T, where T may be a
subset of Euclidean space or, more generally, a Riemannian manifold. We provide a general
formula for the distribution of the height of a local maximum P { f (¢¢) >ult, is @ local maximum
of f(t)} when f is non-stationary. Moreover, we establish asymptotic approximations for the
overshoot distribution of a local maximum P { f (o) >u+uv|t, is a local maximum of f(t) and f(to)
> v} as v — oo. Assuming further that f is isotropic, we apply techniques from random matrix
theory related to the Gaussian orthogonal ensemble to compute such conditional probabilities
explicitly when T is Euclidean or a sphere of arbitrary dimension. Such calculations are motivated
by the statistical problem of detecting peaks in the presence of smooth Gaussian noise.
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1 Introduction

In certain statistical applications such as peak detection problems [cf. Schwartzman et al.
(2011) and Cheng and Schwartzman (2014)], we are interested in the tail distribution of the
height of a local maximum of a Gaussian random field. This is defined as the probability
that the height of the local maximum exceeds a fixed threshold at that point, conditioned on
the event that the point is a local maximum of the field. Roughly speaking, such conditional
probability can be stated as

P{f (to) >ulto is a local maximum of f(¢)}, (1.1

where {f(t) : t € T} is a smooth Gaussian random field parameterized on an N-dimensional

set T c R whose interior is non-empty, ¢, 67: (the interior of T) and u € R. In peak
detection problems, this distribution is useful in assessing the significance of local maxima
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as candidate peaks. In addition, such distribution has been of interest for describing
fluctuations of the cosmic background in astronomy [cf. Bardeen et al. (1985) and Larson
and Wandelt (2004)] and describing the height of sea waves in oceanography [cf. Longuet-
Higgins (1952, 1980), Lindgren (1982) and Sobey (1992)].

As written, the conditioning event in (1.1) has zero probability. To make the conditional
probability well-defined mathematically, we follow the original approach of Cramer and
Leadbetter (1967) for smooth stationary Gaussian process in one dimension, and adopt
instead the definition

F, (u) == limP {f (to)>u|3 a local maximum of f(t) in Uy (e)}, (12

if the limit on the right hand side exists, where U, () =to & (—¢/2,/2)" is the N-
dimensional open cube of side ¢ centered at tg. We call (1.2) the distribution of the height of
a local maximum of the random field.

Because this distribution is conditional on a point process, which is the set of local maxima
of f, it falls under the general category of Palm distributions [cf. Adler et al. (2012) and
Schneider and Weil (2008)]. Evaluating this distribution analytically has been known to be a
difficult problem for decades. The only known results go back to Cramer and Leadbetter
(1967) who provided an explicit expression for one-dimensional stationary Gaussian
processes, and Belyaev (1967, 1972) and Lindgren (1972) who gave an implicit expression
for stationary Gaussian fields over Euclidean space.

As a first contribution, in this paper we provide general formulae for (1.2) for non-stationary
Gaussian fields and T being a subset of Euclidean space or a Riemannian manifold of
arbitrary dimension. As opposed to the well-studied global supremum of the field, these
formulae only depend on local properties of the field. Thus, in principle, stationarity and
ergodicity are not required, nor is knowledge of the global geometry or topology of the set in
which the random field is defined. The caveat is that our formulae involve the expected
number of local maxima (albeit within a small neighborhood of tg), so actual computation
becomes hard for most Gaussian fields except, as described below, for isotropic cases.

We also investigate the overshoot distribution of a local maximum, which can be roughly
stated as

P{f (to) >u+vlty is a local maximum of f(to)>v}, (1.3)

where u >0 and v € R. The motivation for this distribution in peak detection is that, since
local maxima representing candidate peaks are called significant if they are sufficiently high,
it is enough to consider peaks that are already higher than a pre-threshold v. As before, since
the conditioning event in (1.3) has zero probability, we adopt instead the formal definition

Fuo (u,0) := lz‘n(z)IP {f (to) >u+v|3 a local maximum of f(t) in Uy (e) and f(to)>v}, (14)

if the limit on the right hand side exists. It turns out that, when the pre-threshold v is high, a
simple asymptotic approximation to (1.4) can be found because in that case, the expected
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number of local maxima can be approximated by a simple expression similar to the expected
Euler characteristic of the excursion set above level v [cf. Adler and Taylor (2007)].

The appeal of the overshoot distribution had already been realized by Belyaev (1967, 1972),
Nosko (1969, 1970a, 1970b) and Adler (1981), who showed that, in stationary case, it is
asymptotically equivalent to an exponential distribution. In this paper we give a much
tighter approximation to the overshoot distribution which, again, depends only on local
properties of the field and thus, in principle, does not require stationarity nor ergodicity.
However, stationarity does enable obtaining an explicit closed-form approximation such that
the error is super-exponentially small. In addition, the limiting distribution has the appealing
property that it does not depend on the correlation function of the field, so these parameters
need not be estimated in statistical applications.

As a third contribution, we extend the Euclidean results mentioned above for both (1.2) and
(1.4) to Gaussian fields over Riemannian manifolds. The extension is not difficult once it is
realized that, because all calculations are local, it is essentially enough to change the local
geometry of Euclidean space by the local geometry of the manifold and most arguments in
the proofs can be easily changed accordingly.

As a fourth contribution, we obtain exact (non-asymptotic) closed-form expressions for
isotropic fields, both on Euclidean space and the N-dimensional sphere. This is achieved by
means of an interesting recent technique employed in Euclidean space by Fyodorov (2004),
Azai's and Wschebor (2008) and Auffinger (2011) involving random matrix theory. The
method is based on the realization that the (conditional) distribution of the Hessian V2f of an
isotropic Gaussian field f is closely related to that of a Gaussian Orthogonal Ensemble
(GOE) random matrix. Hence, the known distribution of the eigenvalues of a GOE is used to
compute explicitly the expected number of local maxima required in our general formulae
described above. As an example, we show the detailed calculation for isotropic Gaussian
fields on IR2 Furthermore, by extending the GOE technique to the N-dimensional sphere, we
are able to provide explicit closed-form expressions on that domain as well, showing the
two-dimensional sphere as a specific example.

The paper is organized as follows. In Section 2, we provide general formulae for both the
distribution and the overshoot distribution of the height of local maxima for smooth
Gaussian fields on Euclidean space. The explicit formulae for isotropic Gaussian fields are
then obtained by techniques from random matrix theory. Based on the Euclidean case, the
results are then generalized to Gaussian fields over Riemannian manifolds in Section 3,
where we also study isotropic Gaussian fields on the sphere. Lastly, Section 4 contains the
proofs of main theorems as well as some auxiliary results.

2 Smooth Gaussian Random Fields on Euclidean Space

2.1 Height Distribution and Overshoot Distribution of Local Maxima

Let {f(t) : t € T} be a real-valued, C2 Gaussian random field parameterized on an N-
dimensional set 7 ¢ R” whose interior is non-empty. Let
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fit)= S V=) S O) A =Cov(Vf (1),
fis @)= FEL VA0 =(fi; (0) _,

and denote by index(V2f(t)) the number of negative eigenvalues of V2f(t). We will make use
of the following conditions.

(C1). f € C(T) almost surely and its second derivatives satisfy the mean-square Holder
condition: for any tg € T, there exist positive constants L, 7and & such that

E(fij (t) — fi; () < L2|jt — s|*", Vt,s € Uy (6), i,5=1,...,N.

(C2). For every pair (t, s) € T2 with t # s, the Gaussian random vector

(f@)vVf(t), fij @), f(5),Vf(s),fij(5),1<i<j<N)

is non-degenerate.
Note that (C1) holds when f € C3(T) and T is closed and bounded.

The following theorem, whose proof is given in Section 4, provides the formula for Fy,(u)
defined in (1.2) for smooth Gaussian fields over R”.

Theorem 2.1 Let {f(t) : t € T} be a Gaussian random field satisfying (C1) and (C2). Then

for each ¢ 61: andu € R,

_E{|det V2 (to) |1
Fio () == F o >ult

‘Vf (to) =0E {|d€tv2f (to) ‘1{indcx(v2,f(t(])):N} |Vf (to) :0} (2.1)

{index(V2f(tg))=N}

The implicit formula in (2.1) generalizes the results for stationary Gaussian fields in Cramér
and Leadbetter (1967, p. 243), Belyaev (1967, 1972) and Lindgren (1972) in the sense that
stationarity is no longer required.

Note that the conditional expectations in (2.1) are hard to compute, since they involve the
indicator functions on the eigenvalues of a random matrix. However, in Section 2.2 and
Section 3.2 below, we show that (2.1) can be computed explicitly for isotropic Gaussian
fields.

The following result shows the exact formula for the overshoot distribution defined in (1.4).

Theorem 2.2 Let {f(t) : t € T} be a Gaussian random field satisfying (C1) and (C2). Then

for each ¢, ef, veR,andu>0,
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ﬁto (“’ U) =

E {|detV?f (to) |1
{f (tO) >U’U}1 {

index(V2f(tg))=N}

Proof The result follows from similar arguments for proving Theorem 2.1.

The advantage of overshoot distribution is that we can explore the asymptotics as the pre-
threshold v gets large. Theorem 2.3 below, whose proof is given in Section 4, provides an
asymptotic approximation to the overshoot distribution of a smooth Gaussian field over R”.
This approximation is based on the fact that as the exceeding level tends to infinity, the
expected number of local maxima can be approximated by a simpler form which is similar
to the expected Euler characteristic of the excursion set.

Theorem 2.3 Let {f(t) : t € T} be a centered, unit-variance Gaussian random field satisfying
(C1) and (C2). Then for each ¢, ef and each fixed u > 0, there exists a > 0 such that as v

— 00,

[50¢ (2) E{detV2f (to) | f (to) =2,V f (to) =0} dz Cw?
() B a7 (1) 1 (o) =, 97 (o) sy @ (7 (7)) 2

};to (u,v) =

Here and in the sequel, ¢(x) denotes the standard Gaussian density.

Note that the expectation in (2.2) is computable since the indicator function does not exist
anymore. However, for non-stationary Gaussian random fields over RY with N = 2, the
general expression of the expectation in (2.2) would be complicated. Fortunately, as a
polynomial in x, the coefficient of the highest order of the expectation above is relatively
simple, see Lemma 4.2 below. This gives the following approximation to the overshoot
distribution for general smooth Gaussian fields over R,

Corollary 2.4 Let the assumptions in Theorem 2.3 hold. Then for each ¢, Ef and each fixed
u>0,asv— oo,

2
— (u-l—v)N_le_(""‘U) /2 5
Fo (u,v) - pN—1leg—v?/2 (1+O (U )) - @3

Proof The result follows immediately from Theorem 2.3 and Lemma 4.2 below.

It can be seen that the result in Corollary 2.4 reduces to the exponential asymptotic
distribution given by Belyaev (1967, 1972), Nosko (1969, 1970a, 1970b) and Adler (1981),
but the result here gives the approximation error and does not require stationarity. Compared
with (2.2), (2.3) provides a less accurate approximation, since the error is only O(v=2), but it
provides a simple explicit form.

Next we show some cases where the approximation in (2.2) becomes relatively simple and
with the same degree of accuracy, i.e., the error is super-exponentially small.
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Coroallary 2.5 Let the assumptions in Theorem 2.3 hold. Suppose further the dimension N =

1 or the field f is stationary, then for each ¢, 61: and each fixed u > 0, there exists a >0
such that as v — oo,

H,_, (U+’U) e*(u+v)2/2 (1+0 (e_(w2)> @4

Fiy (u,v) = o (v) 6_U2/2
N-1

where Hy_1(x) is the Hermite polynomial of order N — 1.

’

Proof (i) Suppose first N = 1. Since Var(f(t)) = 1, ™ {fofm)=0,,
E{f 0 f O} =—Var (5 1) =~50) 1 fortoms that

E {detVQf ) |f (t) =2,V (t) :o}

=E{f" @) |f ) ==, f () =0}

—®{ O B oroN (o 0 A YT
(B{ b E{ } ;

Va,r(f/(t))

Plugging this into (2.2) yields the desired result.

(ii) If f is stationary, it can be shown that [cf. Lemma 11.7.1 in Adler and Taylor (2007)],

E {detV* f (t0) |f (t0) =2, V f (t0) =0} =(~1)"det (A (t0)) H, (z).

Then (2.4) follows from Theorem 2.3 and the following formula for Hermite polynomials

JZHy (@) e Pde=H,_, (v) e/,

An interesting property of the results obtained about the overshoot distribution is that the
asymptotic approximations in Corollaries 2.4 and 2.5 do not depend on the location ty, even
in the case where stationarity is not assumed. In addition, they do not require any knowledge
of spectral moments of f except for zero mean and constant variance. In this sense, the
distributions are convenient for use in statistics because the correlation function of the field
need not be estimated.

2.2 Isotropic Gaussian Random Fields on Euclidean Space

We show here the explicit formulae for both the height distribution and the overshoot
distribution of local maxima for isotropic Gaussian random fields. To our knowledge, this
article is the first attempt to obtain these distributions explicitly for N = 2. The main tools
are techniques from random matrix theory developed in Fyodorov (2004), Azais and
Wschebor (2008) and Auffinger (2011).
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Let {f(t) : t € T} be a real-valued, C2, centered, unit-variance isotropic Gaussian field
parameterized on an N-dimensional set 7' C R”Y. Due to isotropy, we can write the

_ _ 2
covariance function of the field as E{F (O f ()t =p (”t s )for an appropriate function
p(-):[0,00) = R, and denote

p=p (0), p'=p (0), k=—p/ \/? - (25)

By isotropy again, the covariance of (f(t), Vf(t), V2f(t)) only depends on o/ and o”, see
Lemma 4.3 below. In particular, by Lemma 4.3, we see that Var(fj(t)) = —2¢ and Var(fji(t)) =
120" foranyi € {1, ..., N}, which implies ¢/ <0 and o’ > 0 and hence x> 0. We need the
following condition for further discussions.

(C3). k< 1 (or equivalently p” — /2 > 0).

Example 2.6 Here are some examples of covariance functions with corresponding p
satisfying (C3).

0) Powered exponential: p(r) = e°", where ¢ > 0. Then o/ =—¢, o = c?and x= 1.

(i) Cauchy: p(r) = (1 + r/cy” where ¢ > 0 and > 0. Then o/ = —fic, o/ = KB+
1)/c2 and =V B/ (B+1)

Remark 2.7 By Azais and Wschebor (2010), (C3) holds when p(|[t - s||2), t, s € RY, is a
positive definite function for every dimension N = 1. The cases in Example 2.6 are of this
kind.

We shall use (2.1) to compute the distribution of the height of a local maximum. As
mentioned before, the conditional distribution on the right hand side of (2.1) is extremely
hard to compute. In Section 4 below, we build connection between such distribution and
certain GOE matrix to make the computation available.

Recall that an N x N random matrix My, is said to have the Gaussian Orthogonal Ensemble
(GOE) distribution if it is symmetric, with centered Gaussian entries M;j satisfying Var(Mj;)
=1, Var(M;j) = 1/2if i < jand the random variables {Mjj, 1 <i <j < N} are independent.
Moreover, the explicit formula for the distribution Qy of the eigenvalues 4; of My is given
by [cf. Auffinger (2011)]

1 X _ 1240
QN (d)\):c—He ZA’d)\l H ‘)\i—)\j|1{)\1§4--§)\1\]}7 (26)

N =1 1<i<N
where the normalization constant cy can be computed from Selberg's integral

N .
cN:% (2 \/§)N1:Ilr <1+%) . @
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- N - - -
We use notation R . to represent the expectation under density Qn(d4), i.e., for a
measurable function g,

BN 19 O A= L 900 3Ay) @ (@),

Theorem 2.8 Let {f(t) : t € T} be a centered, unit-variance, isotropic Gaussian random field

satisfying (C1), (C2) and (C3). Then for each ¢, ef andu € R,

(1752)—1/2j'u°°¢(x) gg}E{exp[,\?VH/%(/\NHfm/\/5)2/(1—,@2)]}dz 'f c (O 1)
7 K 1),
gg}ﬂ{amp[*Aiprl/Z]}
Fy (u)= - N
to( ) fu o(z) gOE (l;llp\l—z/\/i\) dz
{)\N<z/\/§} /Lf k=1
V2/r(2L) gg}g{mp[_xiﬂ/z}}

where xis defined in (2.5).

Proof Since f is centered and has unit variance, the numerator in (2.1) can be written as

¢ (2) E { |det V2 £ (to) |1 (index(925(000)=ny | (t0) =2, V £ (to) =0} dz.

Applying Theorem 2.1 and Lemmas 4.6 and 4.7 below gives the desired result.

Remark 2.9 The formula in Theorem 2.8 shows that for an isotropic Gaussian field over
RY, Fto(u) only depends on x. Therefore, we may write Fy(u) as Fiy(u, x). As a
consequence of Lemma 4.4, Fy,(u, x) is continuous in x;, hence the formula for the case of «
=1 (i.e. o/ - p/? = 0) can also be derived by taking the limit lim,41 Fio(u, 7).

Next we show an example on computing F,(u) explicitly for N = 2. The calculation for N =
1and N > 2 is similar and thus omitted here. In particular, the formula for N = 1 derived in
such method can be verified to be the same as in Cramer and Leadbetter (1967).

Example 2.10 Let N = 2. Applying Proposition 4.8 below with a =1 and b = 0 gives

A2 6
Eg(;l {exp [—%] } z?\/_. (2.8)

Applying Proposition 4.8 again with a = 1/(1 - x2) and b=+%/ V2, one has
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Eévo"'; cxp {)‘24—! B ( N+11_l‘€:2/ \/_) }
e

T2

2,2
{77/{2 (x2—l)<1>< KT )+/<;x\/2—/{ \/— e h2)+ 2m 8—2(';—‘”2)(I)< : Kz

3— 12) (2 — K2)

V2 — K2 V2 V3 — K2

where ¢ (z) :(QW)fl/foooefé is the c.d.f. of standard Normal random variable. Let h(x)
be the density function of the distribution of the height of a local maximum, i.e.

h(z)= — F,, (z). By Theorem 2.8, (2.8) and (2.9),

h(z)=V3* (22 = 1) ¢ (2) @ <\/2”—f_’{2>

; 2.10
+/{m\/3(2—n2)e,;iz+ V6 87%@ KT | (2.10)
) V(B —r?)(2- k%)

2m (3 — K2

and hence F (u) =/°"h (x) dz. Figure 1 shows several examples. Shown in solid red is the
extreme case of (C3), x =1, which simplifies to

As an interesting phenomenon, it can be seen from both (2.10) and Figure 1 that h(x) — ¢(X)
if «k— 0.

Theorem 2.11 Let {f(t) : t € T} be a centered, unit-variance, isotropic Gaussian random

field satisfying (C1), (C2) and (C3). Then for each ¢, 61:, veR,andu>0,

o) Nsn{eon|[ Wy /2- (o) VB) /(1 )]} i ke,
J o(x) (,OF{ewp[/\N_H/Q N+1_’\I/\/_ /(1— ,@2)
Fup (1,0) =4 Juent@ Jop (H“ *x/\f' @.11)
{A <L/f} if k=1,
[760) o (TTmimarval)
1
{)\N<7'/ \/_}

where ris defined in (2.5).
Proof The result follows immediately by applying Theorem 2.2 and Lemma 4.7 below.

Note that the expectations in (2.11) can be computed similarly to (2.9) for any N = 1, thus
Theorem 2.11 provides an explicit formula for the overshoot distribution of isotropic
Gaussian fields. On the other hand, since isotropy implies stationarity, the approximation to
overshoot distribution for large v is simply given by Corollary 2.5.
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3 Smooth Gaussian Random Fields on Manifolds

3.1 Height Distribution and Overshoot Distribution of Local Maxima

Let (M, g) be an N-dimensional Riemannian manifold and let f be a smooth function on M.
Then the gradient of f, denoted by Vf, is the unique continuous vector field on M such that
g(Vf, X) = X f for every vector field X. The Hessian of f, denoted by V2, is the double
differential form defined by V2f(X, Y) = XY f— VxY f, where X and Y are vector fields, Vy is
the Levi-Civita connection of (M, g). To make the notations consistent with the Euclidean
case, we fix an orthonormal frame {E;}1<i<n, and let

Vi= (fi,--» [y)=(Brf, .. s Eyf),
V= (fif) e, =(V2S (Ei E)) ) CEY

1<i,j<N
Note that if t is a critical point, i.e. Vf(t) = 0, then V2f(E;, Ej)(t) = EiEjf(t), which is similar

to the Euclidean case.

Let Byg(e) = {t € M : d(t, tg) < £} be the geodesic ball of radius £ centered at ¢, ¢ ]\}, where d
is the distance function induced by the Riemannian metric g. We also define Fyy(u) as in
(1.2) and Fp(u, v) as in (1.4) with Uy(e) replaced by Byg(¢), respectively.

We will make use of the following conditions.

(C1). f € C3(M) almost surely and its second derivatives satisfy the mean-square Holder
condition: for any ty € M, there exist positive constants L, 77and &such that

E(fij (t) — fi; () < L2d(t,s)*, Vt,s € By, (8), i,j=1,...,N.

(C2'). For every pair (t, s) € M2 with t # s, the Gaussian random vector

(f(t)avf(t)?fij (t)af(s)7vf(3)af7ij(3),1 §Z§]§N)

is non-degenerate.
Note that (C1’) holds when f € C3(M).

Theorem 3.1 below, whose proof is given in Section 4, is a generalization of Theorems 2.1,
2.2, 2.3 and Corollary 2.4. It provides formulae for both the height distribution and the
overshoot distribution of local maxima for smooth Gaussian fields over Riemannian
manifolds. Note that the formal expressions are exactly the same as in Euclidean case, but
now the field is defined on a manifold.

Theorem 3.1 Let (M, g) be an oriented N-dimensional C3 Riemannian manifold with a C1
Riemannian metric g. Let f be a Gaussian random field on M such that (C1’) and (C2’) are

fulfilled. Then for each ¢, 3, u,v € R and w >0,

Extremes (Boston). Author manuscript; available in PMC 2016 June 01.
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|detV2 f(to)|1

Fyy (u) = {f(to)>u}1
- |detV2 £ (o)1
Fiy (w,v) = T{f(fo)mﬁ

V1 (t0) =0EC {|detV2] (10) [Ly,,,. o100y | VS (0) =0}

V[ (to) =0E {\detVQf(to) £ (10)50} 2 en(92 090y} |V (t0) 20}«

{index(V2£(t0))=N} 42

{index(V2f(tg))=N}

If we assume further that f is centered and has unit variance, then for each fixed w > 0, there
exists a > 0 such that as v — oo,

/ Z+U¢(z> {detV? f(to)| f (to) ==,V £ (to)=0} (1 Yo (e_a”2>)
T7é(@) {detV2f(to)| f(to)=2,V f (t0)=0} dx 33)

1 (a2
(wv)NTle—(wto)?/2 (1—|—O (U—Q))_

oN—1g—v2/2

};to (wvv) =

It is quite remarkable that the second approximation in (3.3) does not depend on the
curvature of the manifold nor the covariance function of the field, which need not have any
stationary properties other than zero mean and constant variance.

3.2 Isotropic Gaussian Random Fields on the Sphere

Similarly to the Euclidean case, we explore the explicit formulae for both the height
distribution and the overshoot distribution of local maxima for isotropic Gaussian random
fields on a particular manifold, sphere.

Consider an isotropic Gaussian random field {f (t):t & SN}, where $ ¢ RV s the N-
dimensional unit sphere. For the purpose of simplifying the arguments, we will focus here
on the case N = 2. The special case of the circle, N = 1, requires separate treatment but
extending our results to that case is straightforward.

The following theorem by Schoenberg (1942) characterizes the covariance function of an
isotropic Gaussian field on sphere [see also Gneiting (2013)].

Theorem 3.2 A continuous function C (+;) :3" x % — R js the covariance of an isotropic
Gaussian field on $V, N = 2, if and only if it has the form

C(t,s)=Y anP, ((t,s)), t,seSY,

n=0

where A= (N-1)/2, 4 > 0, Zj;oanpm (1) <oo, and p) are ultraspherical polynomials
defined by the expansion

(1 — 27‘$—|—7‘2) _A:ir"Pyi‘ (), ze[-1,1].

n=0

Remark 3.3 (i). Note that [cf. Szeg6 (1975, p. 80)]
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PA (1) = ( n+2X — 1 ) 4

n

and A = (N = 1)/2, therefore, Z Py (1) <oo is equivalent toz “2a, <00,

(i). When N = 2, 1= 1/2 and P become Legendre polynomials. For more results on
isotropic Gaussian fields on $2, see a recent monograph by Marinucci and Peccati (2011).

(iii). Theorem 3.2 still holds for the case N = 1 if we set [cf. Schoenberg (1942)]

P? ((t,s)) =cos (n arccos (t,s)) =T, ({t,s)) where T, are Chebyshev polynomials of the
first kind defined by the expansion

1—rx

E n
1 —2rz4r =

The arguments in the rest of this section can be easily modified accordingly.

The following statement (C1”) is a smoothness condition for Gaussian fields on sphere.
Lemma 3.4 below shows that (C1”) implies the pervious smoothness condition (C1/).

HAS SN}

(C1”). The covariance C(,, -) of {f ®) , N =2, satisfies

C(t,s)=Y anP; ((t,s)), t,seSY,
n=0

0 N+48

where \= (N — 1) /2,a, >0, anln an<0o, and p are ultraspherical polynomials.

L emma 3.4 [Cheng and Xiao (2014)]. Let f be an isotropic Gaussian field on $* such that

C () ec (s xsN)

(C1”) is fulfilled. Then the covariance and hence (CY’) holds for f.

For a unit-variance isotropic Gaussian field f on $” satisfying (C1”), we define

!

C= San($R @)= -1 wB 1),

11

3 35)
c'= n§2an (dd?PnA (z) |z:1) =(N—1) (N+1) aPM2 (1),

Due to isotropy, the covariance of (f(t), V(t), V2f(t)) only depends on C’ and C”, see
Lemma 4.10 below. In particular, by Lemma 4.10 again, Var(fj(t)) = C’ and Var(fji(t)) = C’ +
3C” forany i€ {1,..., N} We need the following condition on C’ and C” for further
discussions.

(C3).C”+C/'-C2>0.
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Remark 3.5 Note that (C3’) holds when C(:, -) is a covariance function (i.e. positive definite
function) for every dimension N = 2 (or equivalently for every N = 1). In fact, by
Schoenberg (1942), if C(:, -) is a covariance function on $% for every N = 2, then it is
necessary of the form

[ee)
C(t,s) =) bult,s)", t,se$V,

n=0

where b, = 0. Unit-variance of the field implies Z:O:UanL Now consider the random
variable X that assigns probability b, to the integer n. Then Cl:zzo:lnbn=EX,

C'N=Zzo:2n (n—1)b,=EX (X —1)and C” + C’ - C’2 = Var(X) = 0, hence (C3’) holds.

. N
Theorem 3.6 Let {f (t):t €S } N > 2, be a centered, unit-variance, isotropic Gaussian
field satisfying (C1”), (C2’) and (C3’). Then for each +, ¢ gV and u € R,

" ! 2
C x
" ’ 1/2 |7>\2 le] ()\N+17—> —|
c +C oo N4+1 N+l 2c”
(755%%) [To@ 5o eﬂ - Y

Fi, (u) =

N /
Joe@ Yop (Hw A f,,l) do

Py if "+ — "=,

where C” and C” are defined in (3.5).
Proof The result follows from applying Theorem 3.1 and Lemmas 4.12 and 4.13 below.

Remark 3.7 The formula in Theorem 3.6 shows that for isotropic Gaussian fields over $%,
Fio(u) depends on both C” and C”. Therefore, we may write Fyy(u) as Fy,(u, C’, C”). As a
consequence of Lemma 4.11, Fyy(u, C’, C”) is continuous in C” and C”, hence the formula
for the case of C” + C’ — C’2 = 0 can also be derived by taking the limit limcr.c_c2j0 Fiou,
c,c).

i

Example 3.8 Let N = 2. Applying Proposition 4.8 with a=—¢— and b = 0 gives

o

1" / 1’ / 1/2 1" / 1/2
Gor 2 W1 T OO N 2 V2o’ \ "7 3C" x +C’ :

1 it H 1 J— i — C/ac
Applying Proposition 4.8 again with a_m and b= oo One has
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, 2
2 C// A - Lz ) -‘ 7 ’ ’ 1/2
EN+1 o ’VAN+1 B < N+1 /2C// _ 1 C +C - C 2
GOE p 1" ’ _ 19 - 11
{ 2 c'+C' -C V2 C
’ ’ ’ ’ 77 7 7 _ 0/212
C?(2? —//1) +C o Cz zC 2C’//—|—C —C"2 Jre G o) @)
C V2c"+C" - C? c’ V2
/AT ,¢ =
+ 2rvC e 230"+’ -0c"2) P xC vVC
3C"+C" — C/Q \/(ZC”‘I‘CI - 012) (30”—|—C, _ C/g)

Let h(x) be the density function of the distribution of the height of a local maximum, i.e.

h(z)=— Ft'0 (z). By Theorem 3.6, together with (3.6) and (3.7), we obtain

’ ” 1/2 1 19 9 ’ ’
C C C — C C
h (CZ?) = 17 + 17 7 (‘T ,,1) +—¢ (117) [ r
2C 3C"+C C V2o +C" - "2

(2C”+C, z2
xC' /‘2C//+C/ _ 0/2 772(20’@0’,0’2)
+ 27C" € (38)
<3c”+c/) z2
+ 20// 672(3CH+C/7C/2)(I) IC \/F
77 7 7 ’
VTV3C+C" - O \(2C"+C' — C') (3C"+C — C?)

and hence £, (u) — [o°h () dz. Figure 2 shows several examples. The extreme case of
(C3/),C” + C/ - C2=0, is obtained when C(t, s) = (t, s)", n = 2. Shown in solid red is the
case n = 2, which simplifies to

x \/E _ 322 1

= e T—i—%e*ﬁ@ (z).

h(x):(2m2—1)¢(3:)fb<\/§x)+

It can be seen from both (3.8) and Figure 2 that h(x) — ¢(x) if max(C’, C’2)/C” — 0.

. N
Theorem 3.9 Let {f (t):t €S } N > 2, be a centered, unit-variance, isotropic Gaussian
field satisfying (C1”), (C2’) and (C3’). Then for each ¢+, ¢ gV and u, v >0,
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" w’ 2
00 )‘N 1 c (XN-H - \7%)
ju+v¢(z) N+1 J eqp +1 2C dx

if C'+C —C'?>0,

oo N
S 0@ Gopy ear

ﬁto (u, v) =

N ’
H"\i_ Cx// |> dx

{AN%?CZ””} if C'+C" - "=,

where C” and C” are defined in (3.5).
Proof The result follows immediately by applying Theorem 3.1 and Lemma 4.13.

Because the exact expression in Theorem 3.9 may be complicated for large N, we now
derive a tight approximation to it, which is analogous to Corollary 2.5 for the Euclidean
case.

Let X (Au (f> $N)> be the Euler characteristic of the excursion set

Ay (f, $N) = {75 e 8V:f (1) >u}. Let w;=Vol ($j), the spherical area of the j-dimensional

unit sphere $/, i.e., wFZW(y‘H)/Z/FJ (4£L). The lemma below provides the formula for the
expected Euler characteristic of the excursion set.

. N
Lemma 3.10 [Cheng and Xiao (2014)]. Let {f (t):te$ } N > 2, be a centered, unit-
variance, isotropic Gaussian field satisfying (C1”) and (C2’). Then

B {x (4 (75Y)}=30(€) " (5") s 0

=0

where C’ is defined in (3.5), p(u) = 1-®(u), gi(u) = (27r)_(j+1)/2Hj_1(u)e_u2/2 with Hermite
polynomials Hj-; forj=1and, forj=0,...,N,

N w . .
2 ) N 7 N — s even
2 (8V) = (a ) Fo @9

0 otherwise

are the Lipschitz-Killing curvatures of $".
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N
Theorem 3.11 Let 1/ (1 €57}

field satisfying (C1”) and (C2’). Then for each ¢, < g/ and each fixed u > 0, there exists a
> 0 such that as v — oo,

, N> 2, be a centered, unit-variance, isotropic Gaussian

£ (€)% (5) pwr)
N .
> (CY2Z; (3N) 0p; (v)

Jj=0

Fy, (u,v) =

(l+o (e’a“ﬂ)) , (3.10)

where C’ is defined in (3.5), pj(u) and Z; (SN) are as in Lemma 3.10.

Remark 3.12 Note that (3.10) depends on the covariance function only through its first
derivative C’. In comparison with Corollary 2.5 for the Euclidean case, there we only have
the highest order term of the expected Euler characteristic expansion because we do not
consider the boundaries of T. On the sphere, we need all terms in the expansion since sphere
has no boundary.

Proof By Theorem 3.1,

S @) E {detV 2 f (to) |f (to) =2,V f (tg) =0} dz (1+o (efav2)>
X0 (2) E{detV2f (to) | f (to) =2,V [ (to) =0} dz

ﬁto (u, U)

Since f is isotropic, integrating the numerator and denominator above over $%, we obtain

fsN onJrvqﬁ(z) {detw2 £ (1) f (t)=2,V f(£)=0 }dxdt . o
Ii ij"¢(z) {det V2 £(t)| f(t)=x,V f(t)=0}dzdt ( 0<e ))

_ &wwmw»@%@ﬂﬂ%

Ix(Ao(f, ¥}

};to (u,v) =

where the last line comes from applying the Kac-Rice Metatheorem to the Euler
characteristic of the excursion set, see Adler and Taylor (2007, pp. 315-316). The result then
follows from Lemma 3.10.

4 Proofs and Auxiliary Results
4.1 Proofs for Section 2

For u >0, let u(to, &), Un(to, &), 1, (to,€) and i~ (to, €) be the number of critical points, the
number of local maxima, the number of local maxima above u and the number of local
maxima below u in Uy(¢) respectively. More precisely,

p(to,e)= #{t €Uy, ():Vf(t)=0},
py (to,8)= # {t € Uy, (e):Vf(t)=0, index (V2f (t)) :N} , »
pt (to,e) = #{t € Uy, () :f () >u, V[ (t) =0, index (V2f (1)) =N}, @D
P (to,e) = #{t € Uy, (2):f (t) >u, Vf (t)=0,index (V2f (t)) =N},
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where index(V2f(t)) is the number of negative eigenvalues of V2f(t).

In order to prove Theorem 2.1, we need the following lemma which shows that, for the
number of critical points over the cube of lengh ¢, its factorial moment decays faster than the
expectation as tends to 0. Our proof is based on similar arguments in the proof of Lemma 3
in Piterbarg (1996).

Lemma4.1 Let {f(t) : t € T} be a Gaussian random field satisfying (C1) and (C2). Then for

each fixed ¢, ef, ase—0,

B { (to,€) (1t (to,2) = 1)} =0 ().
Proof By the Kac-Rice formula for factorial moments [cf. Theorem 11.5.1 in Adler and
Taylor (2007)],

E {,LL (tov 5) (:U' (tOv 5) - 1)} :f f By (tv S) Pys),vi(s) (0’ O) dtds, 4.2)

Uty (&)~ Uty ()
where

By (t,5) = {|detV?f (t) |[detV2f (s) |V f (£) =V f (s) =0} .

By Taylor's expansion,
VF(s)VF(t)+V2F(t) (s —t)T+Vs —tVHZ, ., @3)
1 N\T. . ) . . .
where Zt,s= (Zt,sa ce Zt,g) is a Gaussian vector field, with properties to be specified. In
particular, by condition (C1), for £ small enough,

sup  E|Zy|]* < €y,
t,s€Us (€),t#s

where C; is some positive constant. Therefore, we can write

By (t,5) =E {|detV £ (1) [det V2 £ (s) [ V] () =0, V2 F () (s — )T = — [}s — ]+ 2,..}

Note that the determinant of the matrix V2f(t) is equal to the determinant of the matrix

Lo—(s1=t)) - —(sy—ty)
0

V2 (t)
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Foranyi=2,...,N+ 1, multiply the ith column of this matrix by (s; — t;)/||s; — t;||2, take the
sum of all such columns and add the result to the first column, obtaining the matrix

0 —(Sl—tl) —(SN—tN)
s =l 2,

V2f ()

s = tI7 " 21

whose determinant is still equal to the determinant of V2f(t). Let r = maxy<i<n |Si — til,

0 —(si—=t)/r - —(sy—ty)/r
Zis
At,s: N 9
: Verf(t)
z

5

Using properties of a determinant, it follows that

detV2f () |=rls — t] 7| det Ay | < s — t]"]det A

Leteys = (s—1)T/||s - ||, then we obtain
Ey(ts) < [ls—t|"Ex (t,s), (44
where

By (t,s)= E{\demt,s detV2f (s)[|V £ (1) =0,V2F (1) (s — ) == ||s — | *"Z,,, |
= E{|detA||detV>f (s) [V [ (t) =0, V>f (t) e s+||s — t]|"Z; =0} .

By (C1) and (C2), there exists C, > 0 such that
sup  Ey(t,s) < Cs.
t,s€Us (€),t#s

By (4.2) and (4.4),

E{p(to,e) (u(to,e) =Dy < af Sy o lls = t"Poso, w509 (0,0) dtds.

It is obvious that

1
0,0) < .
)= o Vaen VT 0 VT )

Py ), vis) (

Applying Taylor's expansion (4.3), we obtain that as ||s —t|| — 0,
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detCov (Vf(t),Vf(s))

detCouv (V (£), V2F () (s = ) +l|s — |20,
s — t||*detCov (V£ (t), V2f (t) ers+||s — t]|"Z15)
= |ls = t]*¥detCov (V£ (1), V2 (1) ev,s) (1+0(1))

where the last determinant is bounded away from zero uniformly in t and s due to the
regularity condition (C2). Therefore, there exists C3 > 0 such that

1
@ = 8]V

J

E {u(to,e) (u (to,e) — 1)} < Csf dtds,

Uty (o)

where C3 r7and are some positive constants. Recall the elementary inequality

x1+...+xN >

N _(a:l---mN)l/N, Vay,...,2,>0.

It follows that

N n_
E (p (to,€) (ke (to,e) — 1)} < C3Nem7NfUtO(5) Uty (€) ,H1|ti — 5|V Ldtds
i=

N
= CuNTN ([, 172 e — y| ¥ P dady)

= (i) e 1=o (2.

Proof of Theorem 2.1 By the definition in (1.2),

P{f (to) >u,p (to,e) > 1
Fyy (u) =lim {fI(PO{):U(tI;E)(i?} L

Page 19

detCou (V (£), Vf (£) +V2f () (s = ) +]|s — ¢ Z0,,)

Let p;=P {y,, (to,) =i}, then P {py (t0,€) = 1} :Zzlpi and E {1 (to, )} :Zzlipi,

it follows that

E{:”’N (tO?E)} -P {/“LN (t0>€) 2 1} = i (Z - 1) 23
< S UUp=LE {uy (t0,€) (uy (f0,2) — D)}

s
[l
o

Therefore, by Lemma 4.1, as ¢ — 0,
_ N
i {IU’N (tO?E) > 1} =E {IU“N (t0>6)} +o (5 ) - (4.6)

Similarly,
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P {/ﬁl‘v (to,e) > 1} =E {,ux (to,s)} ~+o ({:‘N) . @4
Next we show that
[P {f (t0) > u, > (to,€) = 1} = P{pll (to,) > 1} =0 (V). @g)

Roughly speaking, the probability that there exists a local maximum and the field exceeds u
at t is approximately the same as the probability that there is at least one local maximum
exceeding u. This is because in the limit, the local maximum occurs at ty and is greater than
u. We show the rigorous proof below.

Note that for any evens A, B, C such that C C B,

|P(AB) — P (C)| < P(ABC®) P (A°C).

By this inequality, to prove (4.8), it suffices to show

P { £ (to) >u, py (to,2) > 1, 1% (t0,€) =0} +P { f (t0) < u, % (to,2) > 1} =0 (V)

where the first probability above is the probability that the field exceeds u at tg but all local
maxima are below u, while the second one is the probability that the field does not exceed u
at ty but all local maxima exceed u.

Recall the definition of x(™ (0, ) in (4.1), we have

P {f (to) >u, py (to,€) = 1, u% (to, ) :0} < P {f (to) >u, 'y~ (to,€) > 1}

= E {,ul[ff (to,€) 1{f(to)>u}} +o (€N> , (4-9)

where the second line follows from similar argument for showing (4.6). By the Kac-Rice
metatheorem,

{f(to)>u}
=B (to,2) |f (to) =2} Py (@) d
=/ Pst0) (%) dff% o Pvs (O (to) =2) (4.10)

x E {|detV2f (1) |1 ({25 ) LF O <0} | V. (8) =0, £ (t0) =z} dt.

By (C1) and (C2), for small £> 0,

1
sup pyyt) (Of (to) =z) < sup “c
teUs, (€) ) teUs, (e) (27r)N/2(detCov (V@) |f (to)))1/2

for some positive constant C. On the other hand, by continuity, conditioning on f(tg) = x > u,

SUP, .y, ) H(H<u} tends to 0 a.s. as & — 0. Therefore, for each x > u, by the dominated
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2 . . .
convergence theorem (we may choose S“P.cu, (<) |detV7f (1) | as the dominating function
for some g > 0), as ¢ — 0,

2 _ —
te?]’ip(s)E {|d6tv f (t) |1{index(v2f(t)):N} 1{f(t)§u}|vf (t) =0, f (t()) —Cl)} — 0.

Plugging these facts into (4.10) and applying the dominated convergence theorem, we obtain
that as £ — 0,

oz < o B {1det2F () 11w 0y Lis=u V7 (1) =0, F (f0) =2}
NG

X P (to) (z) dfoto@ dt — 0,
which implies B { £ (t0,2) 1{(t0)5u} } =0 (™). By (4.9),
P {f (tO) >Uy [y (t07€) > 17 ,U,z] (t07€) :0} =0 (EN) .

Similar arguments yield

]P{f(to) < u,py (to,e) > 1}:0(5N>.

Hence (4.8) holds and therefore,

P{f (to) >y (t0,2) > 1}, Py (tone) 2 1} o () B{p (to.9)} +o (")

. (@1
T Py ) 2 1) o0 Pluy (o) 21} o0 B, (f0,9)) to ()

where the last equality is due to (4.6) and (4.7). By the Kac-Rice metatheorem and
Lebesgue’s continuity theorem,

{f(t)>u}l{ixxdex(VQJ(L)):N} IVft) 0Py s@t) (0) dt
=B {|detv2f (t0) L t0)>u) Lipien(wz s gyeny | V. (F0) :0}pr(to) (0),

and similarly,

o1
i%e_N]E {1y (t0,€)} =B {|detV2f (to) |1{1ndex(v2f(to)):zv} V1 (to) :0}pvf(to) (0).

Plugging these into (4.11) yields (2.1).

Proof of Theorem 2.3 By Theorem 2.2,
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I (z)E {|detv2f (to) |1{index(V2j(LO)):N} |f (to) =2,V [ (to) :0} dr. (4.12)

We shall estimate the conditional expectations above. Note that f has unit-variance, taking
derivatives gives

E{f (t0) Vf (to) } = = Cov (Vf (t0)) = — A (to) .

Since A(to) is positive definite, there exists a unique positive definite matrix Qy, such that
QtpA(to)Qtp = In (Qy is also called the square root of (A(to)), where Iy is the N x N unit
matrix. Hence

E {f (o) (Qtov2f (to) Qio)} =— QA (to) Quu=—1I.

By the conditional formula for Gaussian random variables,

B {QuV2F (to) Qu|f (to) =2,V (to) =0} = — 21,,.

Make change of variable

W (t0) =Qu, V2 f (o) Qeo+ 1y,

where W(to) = (Wij(to))1<i jsn- Then (W(to)lf(to) = x, V(to) = 0) is a Gaussian matrix whose
mean is 0 and covariance is the same as that of (Q, sz(to)Qtolf(tO) =X, Vf(tg) = 0). Denote
the density of Gaussian vector ((Wij(to))1<i<jsnIf(to) = X, Vf(to) = 0) by hyy(w),

w:(wij)giggzv € ]RN(N+1)/2, then
(index(v2 gy} ] (0) =2, V [ (t0) =0
_ 2 _ _
_]? {det (QtoV f (tO) Qto) 1{index(Qt0Qto):N} |f (t0> =z, vf (tO) —0} (4.13)
— det (wiy) — 1) P () i,

wiindex((w; )=zl )=N

where (wjj) is the abbreviation of matrix (wjj)1<i j<k- Note that there exists a constant ¢ > 0
such that

N 1/2
. z
index ((w;j) —xIy) =N, V| (wy)] = ( E w%) <<

4,j=1

Thus we can write (4.13) as
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S

det ((w;j) — xl ) hyy (w) dw

N(N+1)/2
—f Ndet ((wij) — xIy) hyy (w) dw

w:index ('"Jij ) 7.'1;IN )<

=E {det (Qu,V2F (to) |f (to) =2, V f (to) =0} +Z (¢, %),

(4.14)

where Z(t, X) is the second integral in the first line of (4.14) and it satisfies
1Z (6 2) | < J )z [det ((wig) — 21y)| hto (w) dw. (415)
By the non-degenerate condition (C2), there exists a constant @’ > 0 such that as [|(w;j)|| —

_ —a/ . 2
00, o (W) =0 (e I (i) ) On the other hand, the determinant inside the integral in
(4.15) is a polynomial in w;jj and x, and it does not affect the exponentially decay, hence as x
— 00, |Z(t, X)| = o(e~™2) for some constant a > 0. Combine this with (4.13) and (4.14), and
note that

detV f (to) =det (Qp; Qg V2 (to) Q1, Qi) =det (A (t0)) odet Q1 V2 (t0) Q1o ) +

we obtain that, as x — oo,

E {|detV2f (t0) [1,,.. o2 su0yyon f (t0) =2 V.f (t0) =0}

=(=1)det (A (to)) E {def (Quo V2 [ (to) Q1) 1{mdex(v2f(t0)):N}\f (to) =z, V[ (to) 20}
=(=1)"det (A (to)) T {det (Qu, V2 (to) Quo) | f (to) =2, V f (to) =0} +o (e=2=")
=(-1)VE {detV2f (to) |f (to) =z, V[ (to) =0} +o (e72=")

Plugging this into (4.12) yields (2.2).

Lemma 4.2 Under the assumptions in Theorem 2.3, as X — oo,

B {detV?f () |f (t) =2, V[ (£) =0} =(~1)"det (A (1)) 2V (140 (272) ). (a16)

Proof Let Q; be the N x N positive definite matrix such that Q:A(t)Q; = In. Then we can
write V2 £ (t) =Q; 'Q: V2 f () Q:Q; " and therefore,

E{detV2 [ (8) £ () =2,V [ (t) =0} =det (A (1)) B {det (QuV2] (£) Q1) |f (8) =2,V f (1) =0} . @.17)

Since f(t) and Vf(t) are independent,

E{Q:Vf (1) Qulf (0) =2,V f (£) =0} = —aI,.
It follows that
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E{Q:VF (1) Qilf (1) =2,V f (1) =0} =E {det (A (1) — 21} } . @18

where & ()= (Aij (t)>1§i’]§N is an N x N Gaussian random matrix such that £ {A (t)} =0
and its covariance matrix is independent of x. By the Laplace expansion of the determinant,

det (A (t) - xl ) =(-D)¥ [xN =5 (A@) V48 (Ae) V2 +(-1)Vs, (A (t))} ,

N
where Si (A (75)) is the sum of the< i > principle minors of order i in A (t)- Taking the

expectation above and noting that £ {51 (A (t))} =0since E {A (t)} =0, we obtain that as
X — 00,

E{det (A (1) — 21, ) } =(-1)"a" (140 (+7)).

Combining this with (4.17) and (4.18) yields (4.16).

Lemma 4.3 [Azais and Wschebor (2008), Lemma 2]. Let {f(t) : t € T} be a centered, unit-
variance, isotropic Gaussian random field satisfying (C1) and (C2). Then for eacht € T and
i,j,kl1e{l, ..., N},

E{fi(t)f(®)}
=E{fi (t) fx ()}
=0, E{fi(t)f; )}
—E{f; (1) 1 (1)} 49
= — 2pl5ij, E {fz_] (t) fra (1)}
=4p" (6:0k+0i00+6:01) »

where djj is the Kronecker delta and o' and o” are defined in (2.5).

L emma 4.4 Under the assumptions in Lemma 4.3, the distribution of V2f(t) is the same as

that of \/8p" M, +21/p" &I, where My is a GOE random matrix, & is a standard Gaussian
variable independent of My and Iy is the N x N identity matrix. Assume further that (C3)
holds, then the conditional distribution of (V2f(t)|f(t) = x) is the same as the distribution of

8p" My + {2p'r+2 P = p’Qi] Iy
Proof The first result is a direct consequence of Lemma 4.3. For the second one, applying
(4.19) and the well-known conditional formula for Gaussian variables, we see that (V2f(t)|

f(t) = x) can be written as A + 20/xly, where A = (Ajj)1<ij<n is @ symmetric N x N matrix with
centered Gaussian entries such that
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E{Ai A} =4p" (3ib+6205%) +4 (P” - Plg) 80kt

Therefore, A has the same distributionm as the random matrix /80" M, +2+/p" — p'%¢1,,
completing the proof.

Lemma 4.5 below is a revised version of Lemma 3.2.3 in Auffinger (2011). The proof is
omitted here since it is similar to that of the reference above.

Lemma4.5 Let My be an N x N GOE matrix and X be an independent Gaussian random
variable with mean m and variance o2. Then,

N+1 2
:F( 2 )EN+1 {exp |:)\12V+l _ ()\N+l —m) :|}’ (4.20)

]E{‘det(]\fN—XINHl W COE B 20_2

{index(ay ~x1y )=N} }

where ENV*1is the expectation under the probability distribution Qp41(dA) as in (2.6) with N

GOE

replaced by N + 1.

Lemma 4.6 Let {f(t) : t € T} be a centered, unit-variance, isotropic Gaussian random field
satisfying (C1) and (C2). Then for eacht € T,

2 _nl _ 2\!/? NA+1 NN/2 N1 )‘12v+1
E {|detV f(t)\1{index(v2f(t>):N}|Vf(t)—0}—<;> F(T) (80") TENEL exp —E

Proof Since V2f(t) and Vi(t) are independent for each fixed t, by Lemma 4.4,

E {\detw F @) N2 ryony |V (t0) :o} - E { etV £ (8) 1y, o2 r0yom) }

E {det (VB M +2V/p"er, ) 1

{index( 8p" My +2 \/,J"§1N):N} }

_ (8,0”)N/QE {‘det (M, — XI,) H{;ndex(MN_sz):N} } )

where X is an independent centered Gaussian variable with variance 1/2. Applying Lemma
45withm=0and =1/ \/5, we obtain the desired result.

Lemma4.7 Let {f(t) : t € T} be a centered, unit-variance, isotropic Gaussian random field
satisfying (C1), (C2) and (C3). Thenforacht € Tand = € R,
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{index(V2£(#))=N} ‘f (t) =z,Vf (t) =

’ X 2
(%)1/2F (*#) (8P")N/2<7%>1/2 x BN eap | Yo g GMﬁ?) if p'=p*>0,

2 GOE o —p

8" )" ’E {(HIA |>1 } if p —p?=0.
(p) Eor NG {AN<%} if po—p

Proof Since V(t) is independent of both f(t) and V2f(t) for each fixed t, by Lemma 4.4,

E{[detVF (6)[1,,.,. om0y | (1) =2 V1 (£)=0}
=E {|det V2 ()11, 02 00)omy f () =2}

=E {|det (VB9 M, + 20’ w+2 V"= p2%€] I, ) | x1

(4.21)
{index( \/;MN+ [2p’z+2 m.g} IN):N} } .
When p” — ¢/2 > 0, then (4.21) can be written as

i\ N/2
(30") / ]E{|det (M, — XI,)|1 }
{indcx(}\lN—XIN):N}

’
where X is an independent Gaussian variable with mean "= —’J—\/;T and variance

02:/%;/;/—2. Applying Lemma 4.5 yields the formula for the case o — /2> 0.

When o/ - g2=0,ie. =~ \/;, then (4.21) becomes

) o - )y e e { (e )y

N3N

We finish the proof.

The following result can be derived from elementary calculations by applying the GOE
density (2.6), the details are omitted here.

Proposition 4.8 Let N = 2. Then for positive constants a and b,

2
]EGNO+E1 {el‘p [2/\12v+1 - (’\N+1 - b) }}

1 Lo, w bv2a\ byatlm wh 2w e V2ab
f«{(”l’_l)%@(\/m)Jr PRV, v | ¢,< (2a+1)(a+1)>}'
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4.2 Proofs for Section 3

Define u(to, &), Un(to, &), 1y, (to,€)and 3~ (to,€) as in (4.1) with Uy () replaced by Byo(<)
respectively. The following lemma, which will be used for proving Theorem 3.1, is an
analogue of Lemma 4.1.

Lemma 4.9 Let (M, g) be an oriented N-dimensional C3 Riemannian manifold with a C1
Riemannian metric g. Let f be a Gaussian random field on M such that (C1”) and (C2’) are

fulfilled. Then for any ¢, 6]\}, ase— 0,
E{u(to,e) (1 (to,e) — 1)} =o (eN) .

Proof Let (U, @u)qei be an atlas on M and let € be small enough such that ¢,(Bro(<)) C
oo(U,) for some a € 1. Set

Fo=fo¢y"pa (Us) CRY = R.

Then it follows immediately from the di eomorphism of ¢, and the definition of u that

H <t0>€) =p (fa Uasto, 5) =H (faa Pa (Ua) Pa (tO) 56) :

Note that (C1’) and (C2") imply that f¢ satisfies (C1) and (C2). Applying Lemma 4.1 gives

E {'U‘ (faa Pa (Ua) Pa (tO) 75) [/L (faa Pa (Ua) Pa (tO) ,5) - 1]} =0 (‘/Ol ((Pa (Bto (E)))) =0 <€N> .

This verifies the desired result.

Proof of Theorem 3.1 Following the proof in Theorem 2.1, together with Lemma 4.9 and
the argument by charts in its proof, we obtain

P {f (to) oy (10,9) > 1), P (0,0 2140 (V) B (Tho)} +o (")

Fy, (w) =lim
By the Kac-Rice metatheorem for random fields on manifolds [cf. Theorem 12.1.1 in Adler
and Taylor (2007)] and Lebesgue's continuity theorem,

{f(t)>u}l{index(VQf(t)):N} IVf(t)=0

X pr(t) (0) Volg
=B {|det V2 (t0) [1{(10)>u} L sy [V (80) =0 P sieo) (0).

where Volg is the volume element on M induced by the Riemannian metric g. Similarly,
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B {/“LN (tOv

. 2
Vol (B (2) _E{‘detv (1) 1Ly 00y | 9 (20) =0} 25 50 (0)

Plugging these facts into (4.22) yields the first line of (3.2). The second line of (3.2) follows
similarly.

Applying Theorem 2.3 and Corollary 2.4, together with the argument by charts, we obtain
(3.3).

Lemma 4.10 below is on the properties of the covariance of (f(t), Vf(t), V2f(t)), where the
gradient Vf(t) and Hessian V2f(t) are defined as in (3.1) under some orthonormal frame
{Ei}1<ien 0n $Y. Since it can be proved similarly to Lemma 3.2.2 or Lemma 4.4.2 in
Auffinger (2011), the detailed proof is omitted here.

Lemma 4.10 Let f be a centered, unit-variance, isotropic Gaussian field on $, N = 2,
satisfying (C1”) and (C2/). Then

E{f; () f ()}
=E{f; (t) fir (1)}
=0, E{fi(®)f; ®)}
=-—E{fi; ) f(@®)}
:C/(SijaE{fij(t)fkl(t)}
=C" by 851+0i10 1)
+ (C’/+C’ ) 8i50kt,

(4.23)

where C” and C” are defined in (3.5).

Lemma 4.11 Under the assumptions in Lemma 4.10, the distribution of V2f(t) is the same

as that of vV2C" M, + VC"+C'¢1,,, where My is a GOE matrix and £ is a standard
Gaussian variable independent of My.. Assume further that (C3’) holds, then the conditional
distribution of (V2f(t)[f(t) = x) is the same as the distribution of

VaC M+ [ VRO = O - C'a 1,

Proof The first result is an immediate consequence of Lemma 4.10. For the second one,
applying (4.23) and the well-known conditional formula for Gaussian random variables, we
see that (V2f(t)[f(t) = x) can be written as A — C’xly, where A = (Bij)1<i j<N is a symmetric N
x N matrix with centered Gaussian entries such that

E {AijAkl} :C” (6ik6jk) + (C//+C, — Clz) 5ij5kl'

Therefore, A has the same distribution as the random matrix

V2C" M+ VC"+C" — C'2%¢1,, completing the proof.
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By similar arguments for proving Lemmas 4.6 and 4.7, and applying Lemma 4.11 instead of
Lemma 4.4, we obtain the following two lemmas.

. N
Lemma4.12 Let {f (t)te$ } be a centered, unit-variance, isotropic Gaussian field
satisfying (C1”) and (C2’). Then for each ¢t € $%,

{index(V2£(t))=N} |Vf (t) =0

" 1/2 N/2 1
_ 2C NA41 " N+1 142 C 2
_<-7T(C//+C/)> r <—2 ) (ZC ) EGOE {61‘}) |:§)\N+1 — —C”Jrc/ )\N+1:| } .

. N
Lemma4.13 Let {f (t)te$ } be a centered, unit-variance, isotropic Gaussian field
satisfying (C17), (C2’) and (C3'). Then for each t € $" and z € R,

{indcx(uzf(t)):N} |f (t) =z, vf (t) :0

r(c"+c’-C" GOE c"+c’'-c"?

17 N2 ! 1" ! !
(20) gy —Cz )1 if C"+C —C"?=0.

N
GOE (H)\'b_ /20 //) ’
1= ¢ Oz
! {XN<\/QC”}
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Figure 1.
Density function h(x) of the distribution Fy, for isotropic Gaussian fields on R?
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——C'=2andC"=2
——C=2andC"=20
----- C'=2and C" =200

Figure 2.
Density function h(x) of the distribution Fy, for isotropic Gaussian fields on %2
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