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Abstract A piece-wise linear planar neuron model,
namely, two-dimensional McKean model with periodic
drive is investigated in this paper. Periodical bursting
phenomenon can be observed in the numerical simulations.
By assuming the formal solutions associated with different
intervals of this non-autonomous system and introducing
the generalized Jacobian matrix at the non-smooth
boundaries, the bifurcation mechanism for the bursting
solution induced by the slowly varying periodic drive is
presented. It is shown that, the discontinuous Hopf bifur-
cation occurring at the non-smooth boundaries, i.e., the
bifurcation taking place at the thresholds of the stimulation,
leads the alternation between the rest state and spiking
state. That is, different oscillation modes of this non-au-
tonomous system convert periodically due to the non-
smoothness of the vector field and the slow variation of the
periodic drive as well.
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Introduction

The biological nervous system is a very complex infor-
mation network composed of innumerable coupling neu-
rons, and it can encode, transfer and integrate information
by firing activities. The firing activities of nervous system
are mainly embodied in generation and processing of
action potential pulses by neurons, and thus neural infor-
mation coding is reflected by time rhythms and oscillating
patterns of impulse firing sequences (Yang and Lu 2008;
Du et al. 2010). Neurons often exhibit bursting phe-
nomenon, which distinctly characterized by alternating
phases of spiking and rest state. Sometimes the bursting
behavior is referred to as “mixed-mode oscillations” in
some literatures (Marszalek and Trzaska 2010). Its
dynamical behavior and classification have been investi-
gated in many neural firing experiments (Harris-Warrick
and Flamm 1987; Johnson et al. 1992) and theoretical
studies (Zhang et al. 2014; Xu and Wang 2014).

A series of neuron models has been built which can
accurately reflect corresponding action potential shapes for
different neuronal cell types (Hodgkin and Huxley 1952;
Rinzel and Lee 1987; Chay et al. 1995; Izhikevich 2003;
Dong et al. 2014). Typically such models, being based around
that of Hodgkin and Huxley (1952), are high dimensional and
usually need to be analyzed using singular perturbation the-
ory. Besides, a class of one dimensional integrate-and-fire
(IF) type model is often advocated since it is easy to analyze
(Tiesinga 2002). However, disadvantages of both cases are
existed. For example, the high dimensional models do not
necessarily pave the way for tractable network studies, while
the IF models do not quite capture the dynamics of a truly
excitable system with gating variables (Coombes 2008). Thus
a search for planar models possessing one voltage and one
gating variable that can mimic the behavior of high
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dimensional conductance based models is naturally operated.
Perhaps the most famous example of such a model is the
FitzHugh-Nagumo model (Fitzhugh 1961; Nagumo et al.
1962), which has many of the same characteristics as the
Hodgkin—Huxley model. Inspired by this, piece-wise linear
(PWL) nullclines is introduced to build a broader class of
PWL models that can describe the rich dynamical behavior of
many common cell types (Yamashita and Torikai 2014).

As far as theoretical analysis is concerned, analysis of
bursting has been studied by many authors, for example
Rinzel (1985), Sherman and Rinzel (1992) and Smolen
et al. (1993). They revealed the inherent dynamical nature
of bursting by some crucial bifurcations. On the basis of
these works, Izhikevich (2000) considered more compre-
hensive bifurcations associated with bursting and provided
a more complete theoretical classification, that is top—down
fast—slow dynamical bifurcation analysis, which has been
extended to be used in non-autonomous system recently.

However, up to now, most of the work is confined to the
smooth systems. Because of the non-smoothness of the
vector field of non-smooth systems, there’s an obvious dif-
ference between the bifurcation mechanism of non-smooth
systems and that of smooth system (Qin and Lu 2009).
Besides, the analysis method applied to smooth systems
could not be appropriate for non-smooth systems (Simpsona
and Meiss 2012). The bursting phenomena of non-smooth
systems especially under non-autonomous condition are still
the open problems. In recent years, a class of planar models
possessing one voltage and one gating variable that can
mimic the behavior of high dimensional neuron models is
extensive studied (Jaume et al. 2013). In this case the PWL
element has been introduced to mathematical models. This
gives rise to the so-called McKean model (McKean 1970;
Tonnelier 2003). How to understand the behavior of these
PWL systems is very important to study the effect of
bursting in fundamental functions of the brain such as
information transmission, encoding and processing.

In this paper, the two-dimensional McKean model of a
single neuron activity, which is a piecewise linear model is
explored. The non-smooth model with a periodic drive is
focused on. Specifically, we analyze this non-smooth model
with a slowly varying periodic drive and study the interaction
of the fast-slow dynamics with the non-smooth bifurcation.

The model and numerical simulations

The McKean model is a planar PWL models that can
mimic the firing response of several different cell types. It
can be written as system (1) (Coombes 2008),
Cv=f(v)—w+I,

w=g(v,w)=v—yw,

(1)
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where f(v) is given by

—v, v<a/2
fv)=<v—a, a/2<v<(1+a)/2
1 —v, v>(14+a)/2

Here, v is membrane potential, C > 0, y > 0 and f(v) is a
piecewise linear caricature of the cubic FitzHugh—Nagumo
nonlinearity  f(v) =v(1 —v)(v —a), whilst g, w)
describes the linear dynamics of the gating variable and 7 is
an external drive (Coombes 2008). For the neuronal sys-
tems, the stimulation may be constant or not, for example,
a periodic stimulation. Thus, the external drive is let in the
form as I = cos(wyt) here.

In order to reveal the dynamical behavior of this system,
these parameters are fixed at C = 0.1, a = 0.25, y = 0.55
as Ref. Coombes (2008) shows, meanwhile w, is set as
wo = 0.05. The periodic bursting can be observed by
numerical simulation (seen in Fig. 1).

In order to explore the interior relation between the
behavior of bursting and the periodic stimulation, time-de-
pendence of stimulation is overlaid on the time series of the
system. During each longest period demonstrated in the time
series, which is the same as the period of the external drive,
another frequency can be observed from the time series,
which is much higher than the frequency of stimulation (see
Fig. 1). The co-existence of these two frequencies leads the
dynamics of the system exhibit fast—slow effect. In the fol-
lowing, we will investigate the mechanism of this periodic
bursting based on non-smooth bifurcation in details.

Non-smooth bifurcation mechanism

Firstly, for the autonomous case, that is, the value of I is
fixed, system (1) can be described as follows,

Cv=fv)—w+1

. (2)
W=v—9w,
—-v, v<a/2
where f(v) = v—a, a/2<v<(1+a)/2.
1—v, v>(l+a)/2

Two switching boundaries exist, denoted by X: v = a/2
and X,: v = (1 + a)/2. Thus, three equilibria can be observed
for different certain values of current, which expressed as
Ep:{v=1ylh/(y+1), w=1IL/(y+1)} for v<a/2,
Ev:{v=yla—1)/(y=1), w=(a—1)/(y—1)}

for a/2<v<(l1+4a)/2,
Ex{v=y(1+1)/(y+1), w=(1+1L)/(y+1)}
for v> (1+4a)/2.

It is worth pointing out that, only one equilibrium point
could be obtained for one certain fixed drive under the above
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Fig. 1 Phase portraits and time series of system (1)
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Fig. 2 Distribution of the equilibria of system (2) with different
values of I,

parameters due to the piecewise linearity of f{v). For example,
Fig. 2a shows the distribution of the equilibria with different
values of I,. It could be found that, the w-nullcline intersects
different branches of the v-nullcline only once. The stabilities
of these crossing points, i.e., the equilibria of the associated
autonomous systems, are determined by the eigenvalues of the
related linearization matrix. Specifically, the stability of E
{v=0,w = 0} for I, = 0 is determined by the eigenvalues
of Jy, while the stabilities of E; {v = 0.3055, w = 0.5556} for
Iy =0.5and E, {v = 0.7097, w = 1.2903} for I, = 1.0 are
determined by the eigenvalues of J; and J; respectively. J and
J1, J, are expressed as follows with the above parameters,

J— 1/c -1/C ~|10.0 —10.0
Tl |1 —05s
with eigenvalues 4; = 8.9470, 1, = 0.5029,
-1/c -1/C —-10.0 -10.0
J() - JZ = =
1 —y 1 —055

with eigenvalues 1, = —1.7642, 1, = —8.7858.

Obviously, the equilibria Ey and E, are stable nodes,
while E; is an unstable node. And because the equilibrium
for I, = 0.5 is unstable, it can be observed from numerical

T,=125.387

1.2 1 | | .
20050 20100 20150 20200 20250 20300

simulation that the behavior of the autonomous system
exhibits periodic oscillation for Iy = 0.5 (see Fig. 2).

Now we turn to the non-autonomous case with the input
varies periodically, i.e., I = cos(wy?). Though system (1) is
a non-autonomous system, it can be looked as an autono-
mous system at any certain moment and we can regard the
time-dependent external drive as a bifurcation parameter
that moves the system through three distinct states.

To investigate the bifurcation mechanism, we introduce
the transformation wgt = 60, which leads the vector field to
a “generalized autonomous” form, described as system (3),
and f(v) here has the same form as it in system (1).

Cv =f(v) —w+ cos(0),

W=V — 7w,

(3)

Because of the linear structure of the system, though
non-smooth, we now assume the “solution” of system (3)
can be written as
{(v,w)|v = kq1 sin 0 + ky cos 0 + kyg,

w = k21 sin 0 + kzg cos 0 + kzo}

(4)

By substituting this “solution” (4) into the system (3),
one may obtain three types of coefficients in the “solution”
corresponding to different conditions. The details can be
described as:

1. foral2 <v=(l + a)/2,

ki = wo(Cag + C* — 1)/ (CPwg + Cofy?
—2Cw§ + wy+7* =27+ 1),

ko = — (0 + 72 =)/ (Coiy + Coly?
—2Cay + wy + 7> — 2y + 1),

kay = wo(Cy — 1)/ (C*wy + C*wgy?
—2Cowf + f + 72 — 2y + 1),

k= —(Cof +y—1)/(CPag + CPaig 2
—2Cw§ +wy +7* =27+ 1),

ko =ay/(y—=1), ko =a/(y—1);
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2. forv>(1+ a)2,

ki = wo(Cog + Cy* — 1) /(C*wy + C*owgy?

—2Cwg + of + 79> +2y + 1),

ki = (0f + 9 +7)/(Cof + Cloygy?®

—2Cw§ + wy + 7>+ 27+ 1),

wo(Cy + 1)/ (CPayy + CPargy?

—2Cwg+ o5 +7* + 27+ 1),

s = —(CaR — 7 1)/ (Coo + Coi?
—2Cow5 + wf + 77+ 2y + 1),

kio=7/(r+1), kao=1/(y+1);

3. forv<al2,

ko

ki = wo(Cag + C* — 1)/ (CPwg + Cogy?
—2Cof + f + 7> — 2y + 1),

2 = (@47~ 1)/ (Coo + Cay?
—2Caj + wf + 79> — 2y + 1),

ka1 = wo(Cy — 1)/(C2wg + Czw%yz,
—2Cw§ + wy +7* =27+ 1),

ko = —(Cog+7y—1)/(CPag+ CCaygi’
—2Cof + wf + 72 — 2y + 1),

kio =0, ky =0.

The “solution” expressed by Eq. (4) can be regarded as
“generalized equilibrium point” of system (3), which is
described as a “generalized autonomous system” above.
And the stability of these solutions can be determined by
the eigenvalues associated with the linearized matrix of the
vector field. Further computation reveals that these Jaco-
bian matrixes and the eigenvalues related to the “solution”
can be expressed in the same forms expressed above for the
autonomous case because of the piecewise linear structure
of the equation. That is, while the parameters are still fixed
at those values in above, the “solution” is a stable node for
v>(l+4+a)2 or v<al2,ie., for I >[a(y+1)—y+1]
/2y or I<a(y+1)/2y. While a/2<v<(1+a)/2, the
“solution” is an unstable node for a(y+1)/2y<I<
[a(y +1) =y + 1]/2y. The distribution of the “solutions”
of system (3) is presented in Fig. 3, where the pink solid
lines (the solid curves in region I and region III) denote the
stable “solutions” while the pink dash lines (the diagonal
dash lines) represent the unstable “solutions”. The green
line (the diagonal straight line) w, is the nullcline of
w. Above (below) w,, we have w <0 (w > 0).

However, the classical continuous Jacobian matrix
cannot be obtained because the vector field of this system is

@ Springer
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Fig. 3 The “generation solution” of system (3)

non-smooth. According to differential inclusions, we can
use the generalized differential of Clarke to set up a gen-
eralized Jacobian matrix to explore the bifurcation of the
equilibrium at the switch boundary (Leine and van Campen
2006; Leine 2006). The generalized Jacobian of system (3),
expressed by Js(q) = {gJ1 + (1 — q)Jo,¥q € [0, 1]}, at the
bifurcation point is the closed convex hull of the Jacobians
on each side of the switching boundary (Leine 2006). The
eigenvalues of J5(g), denoted by Ag 2, are set-valued and
form a path in the complex plane with ¢ as path parameter
(see Fig. 4).

The path in Fig. 4, from which it may be found that, the
eigenvalues of J;(q) are purely imaginary for g = 0.4725.
The path of the eigenvalues of J5(g) shows that discontinuous
Hopf bifurcation occurring at the switch boundaries (Leine
and van Campen 2006; Leine 2006). According to bifurcation
theory, the absolute value of this purely imaginary implies the
oscillating frequency generated from this bifurcation, which is
calculated at w, = 3.032 (shown in Fig. 4).

Now we explain the mechanism of the periodic bursting
based on non-smooth bifurcation theory. Real solution of
system (1), that is, the phase portraits shown in Fig. 1 is
projected onto the distribution diagram of the “generalized
equilibrium” of the non-autonomous system which is
demonstrated in Fig. 3 (shown in Fig. 5).

In Fig. 5, we see that the “generalized solution” located
in regions (I) and (III) is quite close to the actual solution.
However, there is less similarity between the generalized
and real solutions in region (II), which is due to the slowly
varying input current.

The “generalized equilibrium points” are stable nodes
in region (I) as well as region (III), and they lose their
stability at the switch boundaries 2, and X, respectively
via discontinuous Hopf bifurcation. Thus, the trajectory
will be disengaged from these stable attractors and tend to
move along the limit cycles generating from the bifurca-
tion. Because the value of the drive is variable, this kind of
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Fig. 5 Overlap of the “solution” and the real solution

periodic oscillation has been maintained within the corre-
sponding value range of the drive until the trajectory is
drawn to the stable “solution” again. Meanwhile, the

periodicity of the variation of the drive may lead the
behavior of the system transfer between these two different
states periodically and slowly. The slow-fast effect appears
due to the order gap between the two frequencies, i.e., the
frequency of the periodic drive and the frequency gener-
ated from discontinuous Hopf bifurcation. To be specific,
the frequency of the periodic drive is related to the slow-
rest state and the frequency generated from discontinuous
Hopf bifurcation is related to the fast-spiking state. Based
on the analysis above, the motion of system (1) in one
period is described in detail as follows.

Point N, is set as the starting point, which is located at
the switching boundary X;. Notice that point N; is above
the nullcline w,,, the value of w will decrease since w<0.
That is to say, the orbit runs downward at point N, as the
arrow on the phase path shows. The anticlockwise
direction of the trajectory can be demonstrated by the
time series plotted in Fig. 1. The trajectory may move
exactly along the stable “solution” with the angular fre-
quency of stimulation (wy = 0.05) until it reaches to the
switching boundary X; at the point N; when the ampli-
tude of the current / reaches the threshold, which is given
by I =a(y+1)/2y ~ 0.3523. The value of angular fre-
quency of the oscillations obtained from simulation, i.e.,
wos = 21/Ty ~ 0.050 matches the frequency found in the
analysis. Note that the passage remaining on the “solu-
tion” is relatively slow, which can be called as rest state
(RSy).

Fig. 6 Phase portraits and time 0.2F
series of system (1) for a 0.10
I = 0.3cos(wpt) and b
I = 0.5 cos(wot) 0.1r 0.05
2 00} 0.00
-
0.1+ -0.05
-0.2 L 1 1 1 1 1 -0'10 1 1 1 1
-0.10 -0.05 0.00 0.05 0.10 20050 20100 20150 20200 20250 20300
v (a) t
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08+ 0.8
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04} . 04
2 021
’ 0.2
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Once the slowly-varying current passes through the
bifurcation value, namely, discontinuous Hopf bifurcation,
the trajectory crosses the switching boundary X; at the
point N; and circles with the angular frequency w, = 3.032
determined by this bifurcation. The value of w, is much
higher than @, so the passage related to w;, is relatively
fast, called as spiking (SP,). The frequency of SP; also can
be verified by the numerical simulation above. Based on
time series shown in Fig. 1, the associated angular fre-
quency can be computed as wg = 2n/T =~ 2.920, which is
very asymptotic to the frequency w, generated from dis-
continuous Hopf bifurcation. Then the trajectory evolves
close to this frequency until the amplitude of I reaches a
second critical value of 0.7614 obtained from the above
analysis. The orbits converge to the stable nodes quickly at
N, and move along these stable attractors again until it
meet the switching boundary X,. Like the pervious status,
this passage also can be called as rest state (RS,). After that
the “solution” loses its stability via discontinuous Hopf
bifurcation at ]\fz, which is similar to that of Ni, and then
the spiking state (SP,) appears again until the trajectory
reaches the point N; to begin another period.

It is worth pointing out that, as the analysis presented
above, there exists two threshold values of the external
drive, ie., Iy =a(y+1)/2y and L =[a(y+1) —y+1]
/2. It means that, when and only when the value of the
drive could reach these two threshold values periodically
and relatively slowly, the type of periodic bursting
demonstrated above will be observed. That is, if the
amplitude of the drive A; <min{|/,|, ||}, bursting phe-
nomenon will not be observed. If min{|l;|, ||} <A;
<max{|],|l>|}, bursting can be obtained when one of the
rest state branch of the phase portrait disappeared. For
instance, we consider the two input currents of different
amplitude expressed as [I=0.3cos(wpt) and I=
0.5 cos(wot). The associated dynamical behaviors, i.e., the
limit cycle and the periodic bursting with one rest state can
be seen in Fig. 6.

Conclusions

Bursting phenomenon can be observed for the PWL planar
McKean model with periodic stimulation. The stimulation
acts as a control parameter varying periodically and rela-
tively slowly, which induces the dynamical behavior of the
system exhibits a transition between the rest state and the
spiking state. Since the vector field is non-smooth, it is
discontinuous Hopf bifurcation occurring at the non-
smooth boundaries that connect the two states. The fre-
quency generated by discontinuous Hopf bifurcation is
related to the fast-spiking passage while the frequency of
stimulation is associated with the slow-rest passage. The
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nature of the external drive, i.e., amplitude and frequency is
important to the fire pattern of the neuron model. It might
be interesting to explore the relationship between the
periodic input and the neuron’s spiking output.

Acknowledgments Supported by the National Natural Science
Foundation of China (Grant Nos. 11302086, 11374130, 11474134,
and 11302136), Natural Science Foundation of Jiangsu province
(Grant No. BK20141296), Post-doctoral Science Fund of China
(Grant No. 2014M561574), Post-doctoral Science Fund of Jiangsu
province (Grant No. 1302094B).

References

Chay TR, Fan YS, Lee YS (1995) Bursting, spiking, chaos, fractals,
and university in biological rhythms. Int J Bifurc Chaos
5:595-635

Coombes S (2008) Neuronal networks with gap junctions: a study of
piece-wise linear planar neuron model, SIAM. J Appl Dyn Syst
7:1101-1129

Dong J, Zhang GJ, Xie Y, Yao H, Wang J (2014) Dynamic behavior
analysis of fractional-order Hindmarsh—-Rose neuronal model.
Cogn Neurodyn 8:167-175

Du Y, Lu QS, Wang RB (2010) Using interspike intervals to quantify
noise effects on spike trains in temperature encoding neurons.
Cogn Neurodyn 4:199-206

Fitzhugh R (1961) Impulses and physiological states in theoretical
models of nerve membrane. Biophys J 1182:445-466

Harris-Warrick RM, Flamm RE (1987) Multiple mechanisms of
bursting in a conditional bursting neuron. J Neurosci
7:2113-2128

Hodgkin AL, Huxley AF (1952a) A quantitative description of
membrane current and its application to conduction and exci-
tation in nerve tissue. J Physiol (Lond) 116:449-472

Hodgkin AL, Huxley AF (1952) Propagation of electrical signals
along giant nerve fibres. Proc R Soc Ser B Biol Sci 140:177-183

Izhikevich EM (2000) Neural excitability, spiking and bursting. Int J
Bifurc Chaos 10:1171-1266

Izhikevich EM (2003) Simple model of spiking neurons. IEEE Trans
Neural Netw 14:1569-1572

Jaume L, Manuel O, Enrique P (2013) On the existence and
uniqueness of limit cycles in planar continuous piecewise linear
systems without symmetry. Nonlinear Anal Real World Appl
14:2002-2012

Johnson SW, Seutin V, North RA (1992) Burst firing in dopamine
neurons induced by N-methyl-p-aspartate: role of electrogenic
sodium pump. Science 258:665-667

Leine RI (2006) Bifurcations of equilibria in non-smooth continuous
systems. Phys D 223:121-137

Leine RI, van Campen DH (2006) Bifurcation phenomena in non-
smooth dynamical systems. Eur J Mech A/Solids 25:595-616

Marszalek W, Trzaska Z (2010) Mixed-mode oscillations in a
modified Chua’s circuit. Circuits Syst Signal Process
29:1075-1087

McKean HP (1970) Nagumo’s equation. Adv Math 4:209-223

Nagumo J, Arimoto S, Yoshizawa S (1962) An active pulse
transmission line simulating nerve axon. Proc IRE
50:2061-2070

Qin ZY, Lu QS (2009) Map analysis for non-smooth bifurcations.
J Vib Shock 28:79-81

Rinzel J (1985) Bursting oscillation in an excitable membrane model.
In: Sleeman BD, Jarvis RJ (eds) Ordinary and partial differential
equations. Springer, Berlin, pp 304-316



Cogn Neurodyn (2015) 9:573-579

579

Rinzel J, Lee YS (1987) Dissection of a model for neuronal parabolic
bursting. J Math Biol 25:653-675

Sherman A, Rinzel J (1992) Rhythmogenic effects of weak electro-
tonic coupling in neuronal model. Proc Natl Acad Sci USA
89:2471-2474

Simpsona DJW, Meiss JD (2012) Aspects of bifurcation theory for
piecewise-smooth, continuous systems. Phys D 241:1861-1868

Smolen P, Terman D, Rinzel J (1993) Properties of a bursting model
with two slow inhibitory variables. SIAM J Appl Math
53:861-892

Tiesinga PHE (2002) Precision and reliability of periodically and
quasiperiodically driven integrate-and fire neurons. Phys Rev E
65:041913

Tonnelier A (2003) The McKean’s caricature of the Fitzhugh—
Nagumo model I. The space-clamped system. SIAM J Appl
Math 63:459-484

Xu X, Wang RB (2014) Neurodynamics of up and down transitions in
a single neuron. Cogn Neurodyn 8:509-515

Yamashita Y, Torikai H (2014) Theoretical analysis for efficient
design of a piecewise constant spiking neuron model. IEEE
Trans Circuits Syst I Express Br 61:54-58

Yang ZQ, Lu QS (2008) Different types of bursting in Chay neuronal
model. Sci China Ser G-Phys Mech Astron 51:687-698

Zhang F, Lubbe A, Lu QS, Su JZ (2014) On bursting solutions near
chaotic regimes in a neuron model. Discrete Contin Dyn Syst Ser
S 7:1363-1383

@ Springer



	Dynamical analysis of periodic bursting in piece-wise linear planar neuron model
	Abstract
	Introduction
	The model and numerical simulations
	Non-smooth bifurcation mechanism
	Conclusions
	Acknowledgments
	References




