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Abstract

This paper describes a method to estimate mechanical properties of soft, anisotropic materials
from measurements of shear waves with specific polarization and propagation directions. This
method is applicable to data from magnetic resonance elastography (MRE), which is a method for
measuring shear waves in live subjects or in vitro samples. Here, we simulate MRE data using
finite element analysis. A nearly-incompressible, transversely isotropic (ITI) material model with
three parameters (shear modulus, shear anisotropy, and tensile anisotropy) is used, which is
appropriate for many fibrous, biological tissues. Both slow and fast shear waves travel
concurrently through such a material with speeds that depend on the propagation direction relative
to fiber orientation. A three-parameter estimation approach based on directional filtering and
isolation of slow and fast shear wave components (directional filter inversion, or DFI) is
introduced. Wave speeds of each isolated shear wave component are estimated using local
frequency estimation (LFE), and material properties are calculated using weighted least squares.
Data from multiple finite element simulations are used to assess the accuracy and reliability of
DFI for estimation of anisotropic material parameters.
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1. Introduction

Magnetic resonance elastography (MRE) is an innovative method for non-invasive
estimation of material parameters of living biological tissue, including in human subjects. In
MRE, shear waves are introduced by external vibration at a specific frequency and the
resulting displacement fields are visualized by motion-sensitive MR imaging sequences.
Material parameters are estimated from the wavelengths (hence speed) of shear wave
components in the tissue. Recent studies using MRE have been performed to estimate the
material properties of a wide range of tissue including the liver (Klatt et al. (2010a); e.g.),
skeletal muscle (Klatt et al. (2010b); Papazoglou et al. (2006); e.g.), and brain (Green et al.
(2008); Clayton et al. (2011); e.g). While in many studies an isotropic material is assumed,
biological tissue is often anisotropic, which requires more sophisticated material models.

Recently, researchers have proposed anisotropic material models with two (Qin et al., 2013;
Sinkus et al., 2005), three (Guo et al., 2015; Feng et al., 2013; Namani and Bayly, 2009;
Papazoglou et al., 2006), and five or more (Romano et al., 2012) elastic parameters. Each of
these models assumes a transversely isotropic or orthotropic material undergoing small
elastic or viscoelastic deformations, which are appropriate assumptions for MRE of many
soft anisotropic tissues. For both two-parameter models (Qin et al., 2013; Sinkus et al.,
2005), the material is assumed to be nearly incompressible, which simplifies the model so
that analytical expressions for wave speed can be found. As a further simplification, only
shear anisotropy is considered, in which the effect of stretching the fiber is ignored. The
two-parameter model implies a single shear wave mode (slow) whose speed varies with
direction.

For the three-parameter models (Guo et al., 2015; Feng et al., 2013), both shear and tensile
anisotropies are taken into account. Tensile anisotropy accounts for the effect of fiber
stretching and is the basis of the distinction between slow and fast shear waves. While the
three-parameter model is unable to describe pressure waves in a material, for nearly
incompressible materials such as many soft tissues, the assumption of incompressibility
allows accurate predictions of isochoric deformations. Guo et al. (2015) have recently
published a method to estimate three material parameters for an ITI material from the curl of
a displacement field measured by MRE. In their material model, Guo et al. (2015) assume
incompressibility, a priori, in the derivation of the equations used in the inversion. The
estimation approach introduced by Guo et al. (2015) requires taking the curl of the
displacement field and does not explicitly require that both slow and fast shear waves are
included for inversion. The paper by Feng et al. (2013) includes the derivation of inverse
equations before applying the incompressibility assumption, which can be used to determine
ranges of the bulk modulus for which the approach is valid. Feng et al. (2013) demonstrate
how the compliance tensor with the incompressibility approximation can be used to find
expressions for Young’s moduli, shear moduli, and Poisson’s ratios.

Romano et al. (2012) introduced a spatial-spectral filter in order to identify five viscoelastic
material parameters from MRE data. Combined with Helmholz Decomposition (Romano et
al., 2012, 2005), shear and pressure waves are separated within a waveguide in which fibers
follow a known path. Wave speeds estimated in a local reference frame relative to the
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waveguide are then used to estimate material properties. A nine-parameter, orthotropic
material model is assumed, and the five independent components of the transversely
isotropic material model are revealed through redundancies.

This material model used by Romano et al. (2012) captures both shear and pressure waves
and does not require the assumption of near-incompressibility. However, the model is
described in terms of the stiffness tensor rather than the compliance tensor which greatly
increases the complexity of the estimation problem. In a nearly incompressible material, the
speed of the pressure waves tend to be orders of magnitude larger than the speed of the shear
waves; corresponding elements of the stiffness matrix may also differ by orders of
magnitude.

A phenomenon specific to anisotropic elastic or viscoelastic media is the concurrent
existence of slow and fast shear waves, which can be exploited to estimate material
properties. The three-parameter model (Feng et al. (2013), e.g.) is the simplest approach that
captures both shear waves. In this paper, we develop and demonstrate a method to identify
the three incompressible, transversely isotropic (ITI) material parameters using a directional
filter inversion (DFI) approach. The DFI method separates the slow and fast shear waves by
projecting onto the corresponding polarization vectors and using directional filters similar to
the spatial-spectral filters introduced by Romano et al. (2012). However, in the DFI
approach, arbitrary propagation directions are used with the separated slow and fast shear
waves to isolate specific components. The proposed method explicitly requires both slow
and fast shear waves for a valid material parameter estimate and can be performed directly
on the displacement field. In this study, we analyzed simulated data to assess the ability of
DFI to estimate shear wave speeds and material properties.

2. Methods

We first demonstrate that, in general, harmonic excitation at frequencies typical of MRE in
an ITI material results in both slow and fast shear waves. Next, we present the DFI method
which uses both slow and fast shear waves to estimate the three 1Tl material parameters. We
describe the simulation approach, based on a motivating physical experiment, and show how
it is used to assess the accuracy and reliability of this approach.

2.1. Theory of Shear Waves in an Incompressible, Transversely Isotropic Elastic Material

This section presents the basic concepts underlying shear wave behavior in a fibrous
material. (Appendix A includes a derivation of the equations described below.) We start
with a linear, elastic, ITI material model (a fiber reinforced isotropic substrate), as shown in
Fig. 1. Typically, both the tensile modulus in the fiber direction and the shear modulus in
planes parallel to the fibers are stiffened, as highlighted in Fig. 1b and Fig. 1d, respectively.
Rather than seeking the elements of the elasticity matrix, it is convenient to use the substrate
shear modulus y, shear anisotropy ¢ =1/, — 1, and tensile anisotropy {'= E1/E2 — 1l asthe
three material parameters.

Consider a shear wave traveling in an ITI material with an arbitrary propagation directionn ™
at an angle @from the fiber direction a Such as the one shown in Fig. 2. The displacement of
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this shear wave can be polarized into independent slow and fast shear wave components.
The polarization direction of the slow shear wave is given by (Appendix A)

—

— =
ms=n X a

)

which occurs in a direction perpendicular to both the propagation direction and the fiber
direction. The normalized vector is given by mg= mg/]mg[; which is used for all dot products.
Because the slow shear wave does not stretch the fibers, the speed of the slow shear wave
only depends on the shear anisotropy and is given by

(14+6cos?(0)), (2

2_
cy=

IR

On the other hand, from the polarization direction of the fast shear wave given by

3l
|

—
mf:

and the speed of the fast shear wave given by

c?:% (1+¢cos®(20)+(sin’(20)). (4

The normalized vector is given by m¢= mg[mg]; which is used for all dot products. It is clear
that the fast shear wave stretches the fiber and that its speed is dependent on the tensile
anisotropy. The result is two independent shear wave components traveling in the same

direction at different speeds.

To illustrate the differences between the slow and fast shear wave speeds due to tensile
anisotropy, consider the plots in Fig. 3 of wave speed versus tensile anisotropy. The slow
shear wave speed in Fig. 3a is independent of £ since the slow shear wave speed does not
depend on tensile anisotropy. However, the speed of the fast shear wave does increase for
larger values of tensile anisotropy as shown in Fig. 3b. Note for the degenerate cases of 6=
0° and #=90°, only the slow shear wave is present.

One of the critical assumptions of an ITI material model is incompressibility, in which the
bulk modulus xapproaches infinity. To see the effects of this assumption, consider Fig. 3 in
which the fast shear wave and pressure wave speeds in a nearly-incompressible transversely
isotropic (NITI) material are plotted versus bulk modulus, r, and tensile anisotropy, £
Figure 3c shows that for even a relatively small ratio of bulk modulus to shear modulus (x/u
= 100), the speed of the fast shear wave is already approaching the incompressible case. The
slow shear wave speed is unaffected by the bulk modulus. In addition, in this nearly-
incompressible material, the pressure wave speed cp, is much larger than the speed of either
shear wave as shown in Fig. 3d.
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2.2. Directional Filter Inversion

For an ITI material with a known displacement field, the three parameters can be estimated

if the slow and fast shear waves in multiple directions can be isolated and the speeds of the

waves estimated. This is the fundamental concept behind the DFI method. Figure 4 outlines
the steps used in DFI to identify the speed of slow and fast shear waves.

2.2.1. Isolation of wave components—The input to DFI is a harmonic displacement
field such as one generated in MRE. The first step is vector projection, in which the slow
and fast shear waves are isolated by performing a dot product between the displacement
field and the normalized slow and fast polarization directions, respectively. The polarization
directions are determined using Eq. (1) and (3). While the arbitrary propagation direction, n,”
may be selected, the fiber direction, a, must be known a priori using diffusion tensor
imaging (DTI) (Romano et al., 2012) or other suitable method. Next, the propagation
direction, n,7is isolated by filtering the polarized data in Fourier space (Manduca et al.,
2003). The resulting directionally filtered dataset consists of an independent displacement
field for either the slow and fast shear wave in an arbitrary propagation direction. In
principle, any arbitrary set of propagation directions may be chosen for the analysis, such as
an equally spaced 3D set or a set containing directions with large amplitude contributions
such as the one shown in Fig. 5d. Creating a set of propagation directions with large
amplitudes typically requires an iterative approach. The process is repeated for all
propagation directions in the set, for both slow and fast shear waves.

2.2.2. Wave speed estimation—We use the well-established local frequency estimation
(LFE) (Knutsson et al., 1994) method to estimate wave speeds. However, other approaches
to estimate wave speeds such as wavelet analysis (Kingsbury, 2001) can also be used. In
addition to wave speed, LFE also provides a measure of the variance of the speed estimate at
each voxel (Okamoto et al., 2014; Knutsson et al., 1994), which they call “certainty.” This
value may be useful for assessing confidence in wave speed estimates for parameter
identification. We used the LFE parameters py = 1 for the center frequency and N = 11 for
the number of filters (Okamoto et al., 2014).

2.2.3. Inclusion criteria—The main complication in estimating wave speeds for each
direction is that a displacement field may not include significant slow and fast shear wave
components at every location. For example, consider the filtered displacement fields in Fig.
4, which highlight directionally filtered wave fields that fill a subset of the domain. LFE and
other techniques return wave speed estimates for the entire domain, including regions with
little displacement. In addition, directional filters are not ideally narrow or selective.
Therefore, wave speed estimates must be carefully selected before being included in
parameter identification. In this study, we use three selection criteria: (i) amplitude of the
corresponding shear wave component, (ii) LFE “certainty,” and (iii) rejection of outlying
wave speed estimates.

i. For the amplitude threshold, the magnitude of the filtered displacement at a
particular voxel must be larger than a specified fraction of the median amplitude of
the unfiltered field. The resulting mask eliminates voxels in which the amplitude of
the specified shear wave is too low for an accurate wave speed estimate.
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ii. The certainty threshold results in a mask in which the variance of wave speed
estimates is relatively low, based on LFE. A certainty of one corresponds to a low
variance, and a certainty of zero corresponds to a large variance.

iii. The mean and standard deviation of the remaining wave speeds are then calculated
in order to create a mask that eliminates wave speeds one standard deviation above
and below the mean. This final step is a simple approach that is effective in
removing artifacts from imperfect directional filtering.

2.2.4. Material parameter estimation—Next, material parameters can be estimated
from Eq. (2), Eq. (4), and the wave speed. To estimate all three parameters, valid speed
estimates for both types of shear waves must be available for a range of propagation
directions. Therefore, estimates of material properties are improved by combining multiple
voxels that include waves with a variety of propagation directions. For a local inversion,
which results in an estimate centered at each voxel, a kernel or sphere of voxels is selected
to be included in the fitting process. The estimated material properties are then assigned to
the voxel at the center of the kernel. For a global inversion, all voxels within a region are
assumed to have uniform material properties, and consequently, any subset of the voxels
may be used for the inversion.

In this paper, we use the weighted least squares approach to estimate the material parameters
for both local and global inversion methods (see Appendix B for more details). The weights
are the relative displacement amplitudes at each voxel for a particular propagation direction
and polarization. At least two propagation directions with different angles @from the fiber
direction are required for a valid inversion. Parameter estimates are retained using a
selection criteria based on the coefficient of determination or R value. For the local
inversion, voxels with a R value greater than the mean of the non-zero R values are kept. For
the global inversion, only estimates above 0.95 of the mean of the non-zero R values are
included in the average estimated material parameters.

It should be noted that we did not attempt to estimate dissipative viscoelastic terms
(complex moduli, loss factors, or damping ratios) in this study. These terms were neglected
in order to focus on the underlying relationship between transversely isotropic elastic
parameters and slow and fast shear waves. This choice enabled us to use a simple, efficient
wavelength estimation method: LFE. LFE-based methods are limited in that information on
dissipation is not estimated without modification (Clayton et al., 2013). In principle, the
directionally filtered approach could be combined with another method such as direct
inversion (Oliphant et al., 2001) to estimate viscoelastic parameters in addition to y, ¢, and

Z

2.3. Simulation Approach

To evaluate the DFI approach, we created four finite element (FE) simulations in Comsol™
with the four sets of parameters given in Table 1. The parameters in Case 1 were chosen to
be similar to those expected in muscle tissue. Cases 1, 3, and 4 have a fiber orientation
optimal for parameters estimation, while Case 2 has a less favorable fiber orientation. We
chose a minimum tensile anisotropy of {'=0 in Case 3 and a maximum value of tensile
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anisotropy in Case 4 to explore the limits of DFI. Figure 5 shows the FE model which
corresponds roughly to a motivating experiment presented by Schmidt et al. (2015b). For
each case, the fiber direction is parallel to the xz-plane at an angle of 5 from the xy-plane.
For all cases we used an isotropic loss factor of 7= 0.2, which is similar to ranges (0.23 <
< 0.93) found for the human brain using MRE (Bayly et al., 2014), (0.11 < 7< 0.23) for
gelatin using MRE (Okamoto et al., 2011), and qualitatively similar in turkey breast ex vivo
using MRE (Schmidt et al., 2015a,b).

The Young’s moduli and Poisson’s ratios in the FE simulations were calculated from E; =
WA+ 3), Ex = Eq/(1 + {), vip = 0.49, w1 = voEo/Eq, and w3 =1 — 1,1 — 0.01. The cylinder
in the simulation had an outer diameter of 47.75 mm, an inner diameter of 3.2 mm, and was
25 mm thick. The swept mesh was equally spaced with 15 elements along the radius, 48
elements around the perimeter, and 15 elements along the vertical. The excitation amplitude
was A =5 x 1078 m at a frequency of 200 Hz.

We added noise to the FE simulation data of all four cases, which resulted in an SNR of 10,
to the simulation results of all four cases. The SNR is defined using the following
relationship

SNR=_2_
— o \/§ I (5)

where A/ V2 is the RMS of the excitation amplitude and o is the standard deviation. The
normally distributed noise was added to the total displacement.

In this section we compare the material parameter estimates using the DFI method with
known values from the four simulation cases from Table 1. First, slow and fast shear wave
speeds are compared with values calculated analytically from the wave speed equations.
Next, local material parameter estimates are presented for Case 1. Finally, global estimates
are compared with the known values for all four cases.

3.1. Wave Propagation Speeds

Since the material parameters are known in each simulation, the speed of both shear waves
can be calculated analytically from the material parameters for any propagation direction.
This allows a direct comparison between speed estimates from the DFI process and the
analytical values. Figure 6 shows the comparison for slow and fast shear waves for cases 1,
3, and 4 from Table 1. The estimated wave speeds are the mean values of all selected voxels
for each direction. For clarity, wave speeds are estimated from a total of 32 equally spaced
propagation directions within the xy-plane.

3.2. Local Parameter Estimates

The local inversion of the material parameters for the Case 1, which is typical of all four
cases, is shown in Fig. 7. Slices 8 through 17 of the total 24 are shown. A total of 48

J Biomech. Author manuscript; available in PMC 2016 November 26.



1duosnue Joyiny 1duosnue Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Tweten et al.

Page 8

propagation directions, mainly near the xy-plane as shown in Fig. 5d, were used in the
estimation process. Propagation directions near the xy-plane result in polarization directions
with large components in the z-direction, which corresponds to the direction of excitation.
We selected a fractional amplitude threshold of 0.10, a certainty threshold of 0.25, and a
kernel size (radius) of 5 voxels. We accepted estimates for which R > 0.83 resulting in
33,065 voxels with parameter estimates, which is about 83% of total number of voxels in the
displacement field. The mean values of the estimated parameters and their standard
deviations are given by i =986 + 56, ¢ =0.92 + 0.23, and {'= 1.57 £ 0.23. The results
highlight the effect of the typical limited number of directions in a relatively small kernel,
which reduces the accuracy of the inversion. For a homogeneous region, increasing the
kernel size to the total volume will typically give the best results. Great care should be taken
in a local approach to ensure that both slow and fast shear waves of sufficient amplitude
(good SNR) in multiple propagation directions are present. Therefore, we have chosen to
focus on the global approach in this paper and have only included results for the local
approach for Case 1.

3.3. Global Parameter Estimates

For the global inversion, we chose a Monte Carlo approach in which the material properties
at every voxel are assumed to be homogeneous. The same propagation directions and
threshold values used in the local inversion where applied to the global approach for all 4
cases with additive noise. For results without noise, we selected a fractional amplitude
threshold of 0.25. For the Monte Carlo analysis, we picked 100 random wave speed
estimates with an equal number of slow and fast shear wave speeds and repeated this process
1000 times. Estimates were taken from any voxel and direction remaining after the three
selection techniques from Section 2.2 were applied. For inversions with additive noise, we
repeated the Monte Carlo approach with 30 different sets of noise and averaged the mean
and variance of those 30 cases. Table 2 shows the known values, mean values, and standard
deviations of the estimated material parameters for all four cases with and without additive
noise.

4. Discussion

In materials that can be modeled as incompressible and transversely isotropic, two types of
shear wave can exist and their speeds can be used to estimate material parameters. We use
simulated data in this paper to assess the accuracy and reliability of a method based on
directional filtering to estimate parameters of an ITI material. As an intermediate step,
analytical and estimated shear waves speeds are compared in Fig. 6. This figure shows that
slow and fast shear waves can be successfully separated using vector projection onto
specific polarization directions and directional filtering. Estimating the fast shear wave
speed is critical if the tensile anisotropy is to be estimated. For most propagation directions,
excellent agreement is found between analytical and estimated wave speeds.

Two important points are highlighted by the few directions in Fig. 6, in which the wave
speed comparison is inexact. First, a sufficiently wide range of propagation directions is
crucial for good material parameter estimates. Such a range of directions could be achieved
either by an approach that includes multiple voxels in each inversion or by adding
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excitations that induce shear waves with different propagation directions. Second, good
selection criteria for determining which wave speed estimates to include in the inversion
process is essential for accurate material parameter estimates.

Local Approach

The capabilities and limitations of the local DFI approach are highlighted by the inversion
results shown in Fig. 7. Valid estimates were found for most of the central voxels, but could
not be found for voxels near the vertical edges on the left and right of the cylinder. For
voxels with valid estimates, there is good agreement between the estimated and known
parameters. More than 99% of 1 estimates, 93% of ¢ estimates, and 62% of {'estimates are
+25% from the known values. For soft tissue, in which properties are difficult to measure,
accuracy within 25% is noteworthy. Voxels in which no estimates were achieved reveals a
limitation of the local approach. Namely, for a given wave field, at certain locations there
may be too little information to accurately estimate all three parameters. Caution should,
therefore, be used when taking the local approach. However, potentially good selection
criteria can be used to eliminate a majority of poor estimates as demonstrated in the
presented case.

Global Approach

The results of the global DFI approach in Table 2 indicate that DFI is quite accurate and not
sensitive to the fiber direction or material parameters. Estimated material parameters are
within 25% of the known values for all four cases, with the exception of {in cases 2 and 4
with noise added and ¢ in case 4 with noise added. For the BCs in the simulation, a fiber
direction of = 45° from the xy-plane is optimal for estimating material properties, since the
amplitude of both shear waves will be similar. However, as the fiber direction approaches
the xy-plane, the amplitude of the fast shear wave is also reduced. A fiber direction of = 0°
will result in only slow shear waves being excited. Case 2, which includes a fiber angle of
= 15° from the plane, is expected to be challenging for DFI, but the accuracy of the material
parameter estimates for this case is similar to the other cases. Accurate estimates were
obtained for both large and small values of tensile anisotropy ratio, ¢

5. Summary and Conclusions

Material parameters of soft, anisotropic tissue can be estimated from shear wave
measurements such as those acquired from MRE. The accuracy of DFI was evaluated using
simulated data for both a local and global approach. Using a local approach, good estimates
could be found in some but not all regions of the sample. However, using information from
multiple regions in the sample, very accurate global estimates of all parameters could be
obtained. Improvements to the DFI method could include incorporating more sophisticated
selection criteria, and alternative inversion techniques could improve accuracy in material
parameter estimates. Adding multiple experiments with different modes of excitation or
fiber directions to the estimation process should increase the available information and lead
to more accurate estimates especially in the local approach in which information tends to be
more limited than the global approach. Future studies will explore the estimation of material
properties from experimental data.
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Appendix A Derivation of Shear Wave Speeds

In this section we derive the equations for both the speed and amplitude polarization of the
slow and fast shear waves. We begin with the linear elasticity tensor of a four-parameter,
nearly incompressible, transversely isotropic (NITI) material model from Feng et al. (2013),
given in Voigt notation as

o11 Ci111 Crr2 Crizz 0O
092 Ca11 Cao222 Coozz 0O
0

0
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033 i i Cs311 C3322 C3333 0

|| ’
Lo

o O oo

023 0 Cazo3 2525
J13 0 0 0 C 313 0 J L 2613

0
J192 0 0 0 0 C1212 2612

]{511
||
| o
||

[y

e |

]
|
| @
|
]

where ¢is the linearized strain from the small strain assumption. In the derivation of the

elasticity tensor, the fiber direction was assumed to be Z:[ 100 ]T which is in the
direction of x;. The plane of symmetry of the ITI material (the 23-plane in Fig. 1) is
perpendicular to the fiber direction. The terms in Eq.(A.1) are given by

Cunn =rt3p (1+5¢), Caae=Casgs=r+3p (1+5¢), "
C1122=C2211=C1133=C3s311 —ff—— 1+2 3¢), C2233=C3322=n—§u 1——(: 2
Cas23 =p, and Ci313=Cir212=p(1+9),
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where |l is the substrate shear modulus, xis the bulk modulus, ¢ is the shear anisotropy, and
Jis the tensile anisotropy (Feng et al., 2013). This stiffness matrix satisfies the symmetry
requirements for any linear, elastic transversely isotropic material, or if ¢ and are zero, an
isotropic, linear elastic material. For a nearly incompressible material, it is instructive to
examine the compliance tensor, which is the inverse of the elasticity tensor C™1 = S In this
case the compliance tensor is given in Voigt notation by

e Tor mem e mmemtee 00 0 0
e o e tor maanTe 00 0
o | m@mte stowts mawmts 00 0 A3)
0 0 % 0 0 '
0 0 0 0 & O
0 0 0 (N R—

Note that as the ratio */,, increases, the effect of the bulk modulus on the compliance tensor,
becomes negligible. In contrast, elements of the stiffness tensor approach infinity for an
incompressible material. Once the incompressible assumption is made, we take a similar
approach as Royer et al. (2011) and Rouze et al. (2013) to find the Young’s moduli E, shear
moduli Y, and Poisson’s vratios:

Er=p(4¢+3), E2:i%tsl,
m=p(1+9), Ha=, A9
Ma=3, Vo1 = m7 and 3= 21(%(_) )

where the coordinate system and fiber direction are defined by Fig. 1.

For the case of elastic, plane waves traveling in the four-parameter NITI material, the
assumed solution

—

U (T, t)=ug mexp[i (k7 - T—wt)] (A5)

satisfies the equation of motion (EOM)

U
dive=p=-, (A0

where ¢gis a second order stress tensor, div is the divergence, ug is the amplitude of the
displacement, tis time, mi=[ m; my my ]T is the polarization direction of the

displacement, 7 =[ n; ny ng3 ]T is the propagation direction, k is the wavenumber, @ is
the excitation frequency, and p is the density (Holzapfel, 2000, pp. 144-145). Substituting
the assumed solution into the EOM results in the eigenvalue problem:

Q (W) -m=pctm, (A7)
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where Q is the acoustic tensor and c is the wave speed. The solution to the eigenvalue
problem defines three eigenvalues A = pc? and eigenvectors m.”
Without loss of generality, we can specify that the propagation direction remains in the 12-

plane (see Fig. (1)) and can be defined by 7%'=[ cos# sind 0 ]T. Substituting n from the
12-plane and the elastic tensor terms from Eq. A.2 gives the acoustic tensor the form of

[ (4329 4u(40)s®  (k+g+po—5)cs 0 [
Q= (hhug—g)es  (rt3+30)*+u(l+e)c ;o
{ 0 0 p(14¢) 2+ ps? J 8)

where ¢= cos dand s= sin 6. For a given set of material properties, the eigenvalue problem
from Eq.(A.7) can now be solved numerically. For an incompressible material where the
limit of x— oo is taken, an analytical form of the eigenvalues is given by

A=pc2=p(1+¢cosd), (A9a)
Ao=pct=p(1+¢cos®(20)+(sin®(20)), and  (Agb)

A3=pc; — 00, (A9)

where cs is the slow shear wave speed, ¢y is the fast shear wave speed, and c; is the pressure
wave speed. The eigenvectors are given by

Ti=[0 0 1],
Ta=[ —sinf cosd O]T7 and (A.10)

U3=[ cosf sind 0 ]T,

and are not dependent on the value of the bulk modulus. In general, the fiber and
propagation directions will be in arbitrary directions, and the slow mg and fast ms Shear wave
polarization directions are

=—71,and (Alla)

2. (Allb)

Appendix B Weighted Least Squares Approach

Material parameters can be estimated using weighted least squares (WLS) from Eq. (2), Eqg.
(4), and the wave speed. This section follows the same approach used by Tweten et al.
(2015). We start with the typical least squares equation
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HZ=7Yy, (B1)

where H is the observation matrix, x 15 a vector containing the parameters to be estimated,
and y 5 a vector containing the measurements. The wave speed equations (Eg. 2 and Eq. 4)
for both wave modes can be written in the form of Eq. (B.1) as

1 cos?6, 0 R
1 COS20M 0 # CfM
1 cos220, sin220, Ho | =p g e
78 ,
| 1 cos®26, sin?26, | I C?,N ]

where 6 is the angle between the propagation direction n; and the fiber direction, cs 1 and
cr 1 are the slow and fast shear wave speeds in the propagation direction ny, respectively, and
M and N are the total number slow and fast wave speed estimates, respectively. Each row in
Eq. (B.2) comes from a different voxel (repeated for slow and fast shear waves), and the
total number of rows corresponds to twice the number of voxels in the kernel for the local
approach or twice the number of voxels in the volume for the global approach. At least three
rows are required, and at least two different angles @are required for a valid estimate.

The material parameters can be estimated using the WLS equation

i=HTWH) 'HTW7, B3
where x is a vector of the estimated material parameters and W is the weighting matrix. The

weights used in this paper are the relative displacement amplitudes at each voxel for a given
propagation direction and polarization.
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d) M =35

e) u=uz=§‘—;§

Figure 1.
a) Transversely isotropic material with fiber reinforcement. Tensile moduli in directions b)

parallel and ¢) perpendicular to the fibers are given by E; and E», respectively. Shear moduli
in planes d) parallel and c) perpendicular to the fibers are given by 11 and (1, respectively.
The 13-plane (not shown) has the same shear and tensile properties as the 12-plane. The
dashed boxes indicate the undeformed case.
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X

\ Plafe of
b) Displacement

Figure 2.
A displacement field with a single propagation direction, n, at an angle &from the fiber

direction, a, tan be decomposed into two shear waves, (a) “slow” and (b) “fast” with
different polarization directions. This is illustrated for the case in which the fiber direction is
aligned with the x-axis. (a) The displacements of the slow shear wave are in the mg~
polarization direction which lies in the shaded plane. (b) The displacements of the fast shear
wave are in the m¢ polarization direction which lies in the shaded (xz) plane. Note that the
wavelength of the fast shear waves is longer than that of the slow shear wave for the same
frequency.
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Figure 3.
The effect of tensile modulus {and propagation direction &on the a) slow cg and b) fast c;

shear speeds is shown (U = p= ¢ =1 and x — oo). The tensile modulus increases along a
radius from the origin with an angle &from the 6= 0 axis. An increase in J'increases cs, but
has no effect on cs. The effects of {and bulk modulus x on the ¢) fast shear speed and d)
pressure wave speed ¢, are shown (L= p= ¢ =1and 6= 135°). The fast shear speed
approaches a constant value for finite .
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Figure 4.
The process of estimating the shear wave speed for DFI begins with the 3D displacement

field. The data displayed in this figure is from the cylindrical simulation shown in Fig. 5. All
slices are shown in the xy-plane with the slice location and coordinate system indicated in
the upper left hand corner of this figure. The U, V, and W displacement fields are in the x, y,
and z directions, respectively. The total displacement field is decomposed into slow and fast
shear waves and directionally filtered using the propagation and polarization directions
shown, resulting in slow and fast shear wave displacement fields for each direction. Next,
wave speeds are estimated from the slow and fast shear wave displacement fields using LFE.
Inclusion criteria using an amplitude threshold and certainty threshold result in amplitude
and certainty masks, respectively for both the slow and fast shear waves. These amplitude
and certainty masks are applied to the speed estimates resulting in the slow and fast shear
wave speed estimates shown at the end of the process. Outlier wave speeds (> 1 standard
deviation from the mean) are not included in the subsequent parameter fitting step.

J Biomech. Author manuscript; available in PMC 2016 November 26.



1duosnue Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuey Joyiny

Tweten et al. Page 19

C) a)

L.
b) d)

Figure 5.
Finite element (Comsol™) simulation of Case 1 with displacement in the z-direction shown.

The location and direction of excitation is shown by the arrow in a), and the resulting
propagation is shown in both the b) xz-plane and ¢) xy-plane. The lines indicate fiber
direction. Note that the wavelength is longer in the direction parallel to planes containing the
fibers. For all cases, the boundary conditions (BCs) include a 5 pm excitation at 200 Hz on
the inner boundary radius = 1.6 mm; fixed displacement on the outer boundary radius = 23
mm; and free displacement on the top and bottom faces. For all cases, the output data was
discretized to simulated images with “field of view” of 48 x 48 x 24 mm3 with a 1 mm3
voxel size. d) Propagation direction vector set used for the local and global inversion
approaches.
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Case 4 » ----

45 9% 135
0 [deg]

Analytical propagation speeds (lines) and mean estimated propagation speeds from
simulation (symbols) of a) slow and b) fast shear waves. Parameters for Case 1 (dotted line,
* symbols), Case 2 (dotted line, O symbols), Case 3 (solid line, O symbols), and Case 4
(dashed line, x symbols) are given in Table 1. Mean wave speed estimates are calculated by
averaging voxel estimates for each direction using the process outlined in Fig. 4. Note that
Cases 1 and 2 have the same theoretical curve, but Case 2 has a wider range of angles, é.
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Slices Slices Slices
12-13 10-11 8-9

Slices
14-15

1
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0

e)

Slices
16-17

Local estimates of parameter values for Case 1 (see Table 1) with added noise (SNR=10)
using DFI. a) W-displacement field of slice 12 without noise (SNR= oo) above and with
noise (SNR=10) below. The b) shear modulus (lsjn, = 1000 Pa), c) shear anisotropy (gsim =
1), d) tensile anisotropy (&im = 2), and €) R 2 are shown for slices 8 through 17. For the
parameters |, ¢, and £ the range shown is +50% of the true values (this range contains 98%

of all estimated values). The full range is shown for R2,
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