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Abstract

Patterning of periodic stripes during development requires mechanisms to control both stripe
spacing and orientation. A number of models can explain how stripe spacing is controlled,
including molecular mechanisms, such as Turing’s reaction-diffusion model, as well as cell-based
and mechanical mechanisms. However, how stripe orientation is controlled in each of these cases
is poorly understood. Here, we model stripe orientation using a simple, yet generic model of
periodic patterning, with the aim of finding qualitative features of stripe orientation that are
mechanism-independent. Our model predicts three qualitatively distinct classes of orientation
mechanism: gradients in production rates, gradients in model parameters, and anisotropies (e.g. in
diffusion or growth). We provide evidence that the results from our minimal model may also
apply to more specific and complex models, revealing features of stripe orientation that may be
common to a variety of biological systems.
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Introduction

Periodic patterns are found in a wide variety of different organisms, forming across a large
range of time- and length-scales. Well studied examples include: the regular spacing of villi
in the gut (Shyer et al. (2013)); hair follicle patterning on mammalian skin (Sick et al.
(2006); Mou et al. (2006)); the formation of regularly spaced digits in the limb (Sheth et al.
(2012)); branching morphogenesis in the lung (Menshykau et al. (2014)); and pigmentation
patterns in a variety of animals (Kondo and Asai(1995); Nakamasu et al. (2009); Yamaguchi
et al. (2007); Frohnhofer et al. (2013)).

A number of different models have been proposed to explain the formation of these periodic
patterns, most notably Turing’s ‘reaction-diffusion model’, in which periodicity is generated
molecularly (Kondo and Miura(2010)). The canonical reaction-diffusion model involves two
diffusing molecules: a rapidly-diffusing inhibitor molecule, and a slowly-diffusing activator
molecule. Provided that the activator stimulates production of both itself and its inhibitor
sufficiently strongly, and that the inhibitor diffuses sufficiently more rapidly than the
activator, periodic patterns can spontaneously emerge from an initially homogeneous pattern
(termed a Turing instability) (Turing(1952)).

Despite the prominence of molecular-level reaction-diffusion models, there are many other
ways to generate periodic patterns — or, to put it mathematically, many other systems that
exhibit Turing instabilities. These include more complex molecular circuits but importantly
also a number of cell-based and mechanical models which can recapitulate periodic
patterning in silico (Maini et al. (1991); Hiscock and Megason(2015); Murray and
Oster(1984b); Murray et al. (1988); Myerscough et al. (1998); Lubensky et al. (2011)). The
logic of each of these models is similar, but the underlying biology is different. For example,
a reaction-diffusion model uses a short-ranged activator and a long-ranged inhibitor to
generate a periodic pattern. An analogous cell-based model would be where cells signal to
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each other, using a short-ranged pro-mitotic signal, and a long-ranged anti-mitotic signal.
Similarly, a mechanical model where a tissue buckles into a periodic shape consists of a
short-ranged mechanical interaction - resistance to bending - and a long-ranged mechanical
interaction - compression of the tissue.

Since the logic of each of these mechanisms is similar, it can be difficult to experimentally
distinguish them (Hiscock and Megason(2015)). Furthermore, there is increasing evidence
that cellular and mechanical processes are relevant in vivo. For example, a combination of
cell-movement, cell proliferation and signalling via long, cellular protrusions has been
shown to be important in patterning the stripes on the zebrafish skin (Hamada et al. (2014);
Yamanaka and Kondo(2014)). Equally, tissue mechanics has been strongly implicated in
forming regularly spaced villi during growth of the gut (Shyer et al. (2013)). Thus, a variety
of models — spanning molecular, cellular and/or mechanical processes — must be considered
if we are to understand general properties of periodic patterning.

One property that has so far received little attention and forms the focus of this work is
pattern orientation. Here, we focus our discussion exclusively on striped as opposed to
spotted periodic patterns, since stripe orientation is more apparently functional. As an
example, stripes in animal pigment patterns often have a stereotyped direction e.g. wildtype
zebrafish have stripes parallel to their long axis during normal development. However,
during aberrant patterning - for example, when the pattern regenerates after damage
(Yamaguchi et al. (2007)), or when the pattern proceeds in the absence of some organizing
signal (Frohnhofer et al. (2013)) - the tight regulation of pattern orientation is impaired
(Figure 1).

Several mechanisms have previously been proposed to control stripe direction. Firstly, if the
initial condition of the pattern is a single stripe, then subsequent stripes will tend to form
parallel to the first stripe, in which case the direction of the first stripe specifies the
orientation of the entire pattern (Nakamasu et al. (2009)). Secondly, boundary conditions
also influence pattern orientation (Lacalli et al. (1988); Murray(2003)) - for example, in a
long, narrow geometry, stripes can only “fit” in one direction (mimicking the pattern of
stripes found on e.g. leopard tails (Murray(1988))). However, in many tissues, stripe
orientation likely relies on multiple cues besides strong initial conditions or extreme
geometry (for example, during limb patterning, discussed below). What controls pattern
orientation in these cases? Two further hypotheses have been proposed: (i) a morphogen
gradient interacts with a Turing system (Sheth et al. (2012); Glimm et al. (2012)); or (ii) the
diffusion of Turing molecules is anisotropic (Shoji et al. (2002)). This previous work has
generated a number of interesting hypotheses, but has several limitations. Firstly, these
hypotheses have been generated from simulation data and thus it is difficult to generalize
them, particularly to cellular and mechanical models. Secondly, the simulations do not
determine the uniqueness of any particular prediction. The property of uniqueness is key,
since the ability of a specific mechanism to orient stripes in silico is, by itself, not good
evidence for that specific mechanism actually operating in vivo. What is needed is to show
that the proposed mechanism can uniquely explain the data on orientation; or alternatively,
that other plausible mechanisms cannot orient stripes in silico i.e. a ‘negative control’
model.
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Here we seek to extract common features of stripe orientation, to generalize the results to
nonmolecular models, and to determine the uniqueness of any particular result by using a
simple but generic model of periodic patterning. By choosing a theoretical framework at the
appropriate level of abstraction, we hope to make predictions that are generalizable to
different mechanisms. The framework we used is based on a single variable description of a
generic Turing instability: the Swift-Hohenberg equation (Cross and Hohenberg(1993)).
This equation is based on a core set of assumptions that formally describe the shared
features of Turing-like patterns which allows us to derive analytical results that could be
generally applicable rather than using simulations of specific models. By analyzing this
simple model, we find three qualitatively distinct ways to orient stripes and suggest the
generality of our predictions by applying them to several specific examples.

A generic model of stripe orientation

Most mechanisms for periodic patterning are based on a simple core logic: local activation
and long-range inhibition (LALI) (Meinhardt and Gierer(2000); Meinhardt and
Gierer(1974); Gierer and Meinhardt(1972)). Local activation amplifies the pattern locally to
create regions of increased pattern density; long-range inhibition ensures that these high
density regions are separated by a minimum distance, thereby forming a periodic pattern
(Figure 1A). For different biological systems the underlying nature of these interactions
might be different (e.g. molecular vs. cellular vs. mechanical interactions). However, in each
case, the core LALI logic is conserved.

We thus seek a model that captures the main features of the LALI logic. To do this, we take
a few simple assumptions about the patterning mechanism:

1. The equations should be invariant under translation and rotation.

2. The equations should generate stable periodic patterns from a nearly homogeneous
starting point.

3. The amplitude of these patterns should be finite.
4. The stable pattern should be stripes, not spots.

Given these conditions, the simplest possible partial differential equation (PDE) model that
describes the time evolution of a pattern, ¢(x,t), in a two-dimensional space, is:

o . 3
5 =ao-Lo=dd’,

where a, d are constants and # is a differential operator defined as:
£ = ar(14+2Vq 2+ V). ()
This equation is known as the Swift-Hohenberg equation, and has been used extensively to

understand pattern formation in a variety of contexts (Cross and Hohenberg(1993)). In
Supporting Online Information, section S1A, we show that this equation can be derived
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simply by considering the phenomenonology of periodic patterns and by appealing to the
principle that models should be simple. This approach contrasts with that of many
engineering or physics models, in which the underlying processes are well-understood and
the model is used to understand the consequences of these processes. In biology, however,
the underlying processes are often unmeasured, sometimes unknown and almost always
complex. Thus the generality and simplicity of a phenomenological model is often valuable.

Since the Swift-Hohenberg equation compresses a multivariate set of PDEs into a single
variable description, it may be difficult to have an intuition of the terms in equation 1. The
most non-intuitive term is the form of the operator %~ what is its biological interpretation?
The intuition becomes clear if we remember that the operator describes a system, and not a
single molecule. This is analogous to representing the complexities of molecular transport
by the diffusion operator V2 - it is a coarse-grained approximation of a much more complex
system of interactions. With this viewpoint, ¥ describes the aggregate effect of nonlocal
interactions in the system. Why can a single form of % describe many mechanisms? It
reflects the core logic of periodic patterning i.e. Zis a formal description of a local
activation, long-range inhibition interaction (Supporting Online Information, section S1B).
For example, in a activator/inhibitor reaction-diffusion system, we can conceptualize the
activator to activate itself at short distances, and inhibit itself at long distances (indirectly,
via the rapidly diffusing inhibitor). The operator #then describes this spatially-distributed
negative feedback.

Limitations of the model

The limitation of using a simple model is that it cannot describe all the features of a more
complex biological model. To understand which features it can, and can’t, describe, we can
explore the relationship between the simple model, specified by equation 1, and a more
complex model. When the complex model can be specified by a set of coupled PDEs,
equation 1 is a reasonable description of the full set of PDEs in a parameter regime near the
onset of a Turing instability, see Supporting Online Information, section S1A. Equation 1 is
therefore applicable to a wide range of biological mechanisms, provided patterning is via a
Turing instability. However, we stress that this condition need not always hold for striped
patterns. For example, stripes of pair rule gene expression do not require a Turing instability
and instead involve specifying each stripe separately (Stanojevic et al. (1991)). When Turing
instabilities are not required, models based on Equation 1 are not useful. In addition, the
model breaks down if there are other instabilities in addition to the Turing instability. For
example, stripes may be oriented by processes that involve travelling waves (Page et al.
(2005); Sheth et al. (2012)), or oscillations (Sakamoto and Miyakawa(2008)); behaviours
that cannot be described by equation 1 (Supporting Online Information, section S1C).
Equation 1 and thus the results in this article, hold when stripes can arise in bulk from a
homogeneous initial condition and form a stable steady state, in the absence of extreme
boundary effects. In short: for a given mechanism, Equation 1 can predict some ways to
orient stripes. It cannot rule out other, more complicated ways to orient stripes. However, we
expect these exceptions to be qualitatively distinct from a Turing instability (e.g. oscillations
or travelling waves) and thus can be ruled in or out by observation of the pattern dynamics
in vivo.
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Solving the equation

One approach we take to solving Equation 1 is to simulate it (see Supporting Online
Information, section S2 for simulation details). However, these results do not make the
connection to stripe orientation transparent. Therefore, we sought an analytical solution in
order to build our understanding of the problem. The goal of this approach is to understand
the qualitative features of stripe orientation, namely to determine i) what types of
mechanism can orient stripes, and ii) in which direction the stripes tend to be oriented. This
does not require modeling stripes in all orientations. Instead, the qualitative features can be
derived by considering just the two extreme stripe orientations: stripes oriented along the y-
axis, ‘A-stripes’, or stripes oriented along the x-axis, ‘B-stripes’ (Figure 1). To see this, note
that if both A- and B-stripes are stable, then so are all intermediate stripe orientations. In
contrast, if a given mechanism causes A-stripes to be unstable, then there will be a range of
stable stripe orientations that centers around B-stripes and excludes A-stripes. As the
strength of the orientation mechanism increases, the range of permissible orientations will
narrow until only B-stripes are robustly formed. Thus, by considering just A- and B-stripes,
we can determine the main qualitative features of stripe orientation (see also Supporting
Online Information, section S3,4 for an expanded discussion).

We can now solve Equation 1 by making the ansatz that the solution is a superposition of A-
and B-stripes, i.e.

B(x,t)=A(x,1)e" "+ B(x,t)e'®4c. ¢, (3)

where c.c denotes the complex conjugate. In Supporting Online Information, section S5, we
show that this transforms Equation 1 into two separate equations:

A=rA—|APA-2|B*4, @
B =rB—|B|?B-2|A|’B. (5)

These equations describe the time evolution of the amplitude of A- and B-stripes
respectively and, as such, are often referred to as ‘amplitude equations’ (Van Hecke et al.
(1994)). The parameter r denotes the strength of the Turing instability. For r < 0, the steady
state pattern is uniform in space, whereas for r > 0, we transition into the Turing regime in
which periodic patterns spontaneously arise. We analyze these equations in the regime r <0,
which corresponds to the regime of straight but unoriented stripes. We expect the analysis to
yield qualitative insights outside this regime, although cannot prove this formally.

Having obtained the amplitude equations, we must then solve them to determine whether A-
and/or B-stripes are produced. To do this, we look for the (nonzero) steady states of
Equations 4&5, which are either A-stripes, (4, B)=(V/7,0), or B-stripes, (4, B)=(0, V7).
We then examine the stability of these steady states to small variations, (6A, 6B). For A-
stripes, we consider (4, B)=(v/7+6A,5B), Substituting into the above equations gives:
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6 A=—2r5A, ()
§ B=—7r6B, ()

i.e. A-stripes are a stable steady state solution. Now, the symmetry of equation 4&5 under
A<«+B means that B-stripes will also be a solution, meaning that Equation 1 alone cannot
orient stripes along a particular direction. To successfully orient stripes, the symmetry A<>B
must be broken. In the remainder of this article, we use this framework to show that many
different mechanisms to orient stripes fall into three qualitatively distinct categories. In each
case, the category is defined by exactly how the symmetry A<+B is broken (The details of
the algebra are outlined in Supporting Online Information, section S5-9).

Stripes are oriented perpendicular to a production gradient

The first modification we consider is something we call a ‘production gradient.” Imagine a
periodic patterning mechanism that amplifies periodic disturbances in pattern density. To
create a production gradient, we add a spatially varying overall bias in pattern production
(Figure 2A). To formulate this mathematically, we rewrite Equation 1 as:

%:a¢—$¢—d¢3+h(fﬂ>7 ®)

where h(x) represents the spatially varying production rate, which we assume to be a
gradient oriented along the x axis. As an example, consider a canonical reaction diffusion
model that generates pattern by having two diffusible molecules regulate each other’s
production rates. If, in addition, these production rates are regulated by a separate, graded
morphogen signal, this would be a production gradient (Glimm et al. (2012)). A cell-based
example could be where the generation of a particular cell type (e.g. melanocytes in the
zebrafish skin) is controlled by a gradient.

To solve Equation 8, we convert it to a set of amplitude equations:

A:’I’A—‘A|2A—2‘B|2A—|—h/‘, 9)
B =rB—|B*B—2|A]*B. (10)

Here, ha is a constant and breaks the symmetry of the equations. In Supporting Online

Information, section S6, we show that when h >hei = %7,%, B-stripes lose their stability.
Near the transition point, hei;, only B-stripes are unstable, and stripes that are oriented
between A- and B-stripes remain stable. However, as h increases further, we expect the
range of stable orientations to narrow, until stripes are robustly aligned along a single

direction i.e. A-stripes.
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To explore this further, we simulated Equation 8 directly. In agreement with the analytical
results, we found that a production gradient tends to align stripes perpendicular to the
direction of the gradient. Further, the stripes become more sharply and reliably oriented as
the strength of the gradient term increases (Figure 2A). Taken together, the simulations and
analysis suggest that a production gradient can orient stripes perpendicular to the gradient.

Stripes are oriented parallel to a parameter gradient

A production gradient orients stripes perpendicular to the gradient. However, others have
arrived at the opposite conclusion when simulating the impact of graded Fgf signaling on
digit/non-digit patterning in the mouse limb i.e. Fgf oriented stripes are parallel to the
gradient (Sheth et al. (2012)). This motivated us to consider a second type of gradient, which
we term a ‘parameter gradient.” In this case, the gradient does not stimulate production of
the pattern variable, independent of the periodic pattern. Instead, it causes spatial variation
in some parameter of the periodic patterning mechanism, such that the system transitions
from a homogeneous sub-Turing region to a periodic, Turing region. Not all parameters in
the underlying model can achieve this - it is only those which control the effective Turing
instability parameter, r. Mathematically, we describe this effect as:

¢ _ 743
E—a(x)qﬁ Lo—de”. (11)

For a reaction diffusion model, an example of a parameter gradient would be a gradient of
reaction rate parameters, achieved, for example, if some graded signal regulated the strength
of interactions between activator and inhibitor molecules. As before, we recast Equation 11
as a set of amplitude equations:

A=r(z)A—|APA-2|B* A+ad,,, (12

B =r(z)B—|B|?’B-2|A’B, (13)

where the parameter gradient, r(x), is oriented parallel to the x axis, and « is a constant that
breaks the symmetry of the equations. In Supporting Online Information, section S7, we
show that, for large enough spatial variation in the parameter r, that A-stripes lose their
stability. As before, we expect that intermediate stripes between A- and B-stripes may still
be stable. To investigate this further, we simulated Equation 11 with different parameter
gradients, a(x). We found that a steep parameter gradient (large 0a/ox) produces stripes that
were more reliably aligned along a single direction (Figure 2B). These results suggest that
parameter gradients can orient stripes parallel to the gradient.

Stripes are oriented by anisotropies

The third modification we consider is when there is some intrinsic anisotropy in the
mechanism. Anisotropy means that a parameter takes a different value depending on the
direction that is being considered. This can be modelled by a simple modification of the
differential operator, & in Equation 2. In the isotropic case, Zis direction-independent i.e.
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< = $(8§+6§). To incorporate anisotropy, this condition is relaxed i.e. & = (82, 85) to
represent that the operator depends on the the direction (x,y) of the change, giving:
9¢

= =00—L(07,0))p—dg".  (14)

An example of this is a reaction diffusion model with anistropic diffusivities, in which
molecules diffuse more rapidly along certain directions than along others (Shoji et al.
(2002)). Anisotropy could also be present in cell motility, in the strength of intercellular
signaling via oriented cellular protrusions, or in the mechanical properties of a tissue. When
we add anisotropy to the amplitude equations, we obtain:

A=r,A-|APA-2|B*A, @)
B =r,B—|B|?B-2|A]’B. (16)

Anisotropy is captured by the two parameters, rp, rg. As long as rp # rg, the symmetry of
these equations is broken. In Supporting Online Information, section S8 we show that if rg >
2rp (i.e. a sufficiently large anisotropy), then A-stripes lose their stability. Once again, near
the critical point rg ~ 2ra, we expect a large range of possible stripe orientations that
becomes progressively narrower as rg increases. We observed this qualitative trend when
simulating Equation 14 (Figure 2C). These results imply that anisotropies in the tissue can
orient stripes, and that the stripes are oriented along the direction that maximizes the
parameter r.

A slightly different, but common source of anisotropy is anisotropic tissue growth. Again,
the effect of this anisotropy is to make rp # rg. Simulations (Figure 2D) and analysis
(Supporting Online Information, section S9) demonstrate that stripes tend to be oriented
parallel to the direction of uniform tissue growth. We note that this is achieved only if the
growth is fast compared to the patterning kinetics. In many cases (e.g. rugae in the palate
(Economou et al. (2012))), growth occurs on a timescale much slower than patterning and so
stripes need not be oriented by growth.

The simple model can correctly predict stripe orientation in more complicated models

In summary, our analysis of a simple model (equation 1) predicts three ways to orient
stripes. Do these results hold for more complex models? To answer this question, we took
six previously published models - spanning molecular, cellular and mechanical processes -
and aimed to orient stripes by introducing gradients in production, parameters, or adding
anisotropies(see Supporting Online Information, section S10 for a description of each
model. Particular care must be taken for the case of a parameter gradient, in which the
appropriate parameter(s) are those that can transition the system from the sub-Turing to the
Turing regime). In each case, we find that our simple model could correctly predict the
simulation results of the more complex models (Figure 3). However, our simulations also
revealed parameter regimes for which a single orientation mechanism alone can only
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partially orient the stripes. This suggests that some stripe-orientation mechanisms may be
sensitive to exact parameter choice and further investigation is required to comment on the
robustness of stripe orientation more generally.

Despite the diversity and complexity of the different mechanisms studied, our work shows
that three types of stripe orientation appear to be common to many mechanisms in certain
parameter regimes, and are consistent with a much simpler model. However, this does not
rule out there being more complicated mechanisms to orient stripes that are not captured by
equation 1. For example, we found parameter regimes in the CIMA system where stripes are
oriented by oscillations, and in the 2 component reaction-diffusion system where stripes are
oriented by travelling waves (see Supporting Online Information, section S1C). However,
these are qualitatively distinct mechanisms and thus should be distinguishable by
specifically designed biological experiments.

Conclusions

In this article, we have addressed the question of how Turing-like stripes are oriented. By
analyzing a generic model of stripe orientation that applies given a limited set of
assumptions, we have found three qualitatively distinct types of orientation mechanism.
These can be concisely summarized by rewriting Equation 1 as:

%:a(x)gﬁ—f(@i,3Z)¢—d¢3+h(x). an

Here, (i) h(x)is a production gradient, (ii) a(x) is a parameter gradient, and (iii) £ (82, 85)
represents anisotropies. We find that (i) production gradients orient stripes perpendicular to
the gradient; (ii) parameter gradients orient stripes parallel to the gradient; and (iii)
anisotropies orient stripes along the direction of the anisotropy.

Overall, this analysis provides an intuition for understanding general features of stripe
orientation. It can explain and unify existing results that have simulated specific models. It
can also be readily applied to new biological scenarios and can be used to critically evaluate
existing hypotheses. We discuss these features in the context of limb development in the
case study section. We thus hope that the results in this article provide an intuition for the
simple and universal features of stripe orientation amidst the complexities and variety of the
underlying biology.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Limb patterning as a case study

To illustrate how to apply our general model to a specific case, we consider an example:
digit/non-digit patterning in the mouse limb. The formation of regularly spaced digits
(and metacarpals) was ascribed to a Turing-like mechanism several decades ago
(Newman and Frisch(1979)), with a number of candidate molecules being proposed
(Badugu et al. (2012); Zhu et al. (2010; Miura and Shiota(2000)), although the hypothesis
has remained controversial. Recent studies, however, strongly suggest that digit/non-digit
patterning is indeed periodic, as evidenced by mouse mutants with periodic but more
closely spaced digits (Sheth et al. (2012)). Further, there is data that supports a reaction
diffusion model of patterning, based on Wnts and BMPs (Raspopovic et al. (2014)). This
specific model has been simulated in detail and can recapitulate many features of limb
patterning in silico. However, roles for alternative molecular, cellular or mechanical
processes are difficult to rule out, particularly since extensive cell movement and ECM
remodeling is also observed during patterning, at least in vitro (Raspopovic et al. (2014)).

If digits are patterned via a Turing-like mechanism as a set of stripes, it raises the
question: what orients the stripes so that the digits always form parallel to the limb?
Some hints come from an in vitro model of digit formation that lacks several important
signalling centres e.g. Shh secreted posteriorly, and AER-derived Fgf. In this case, a
periodic pattern still forms, although the orientation of the pattern is no longer well-
defined thereby generating a labryinthine pattern (Paulsen and Solursh(1988); Miura and
Shiota(2000)) (see Figure 4A).

There are several existing hypotheses for digit alignment that have been generated by
simulating specific reaction-diffusion models. Sheth et al. (2012) advance the idea that a
combination of Fgf and Hox gradients modulate the reaction terms in the reaction-
diffusion equations and that this is sufficient to orient stripes (also reviewed in (Green
and Sharpe(2015))). Raspopovic et al. (2014) use a slightly more complex reaction-
diffusion model and suggest that, in addition to the Fgf and Hox gradients, anisotropic
growth of the limb bud contributes to digit orientation. A third hypothesis is that the
geometry of the limb dictates boundary conditions that orient stripes (Newman and
Frisch(1979)). However, the work of Raspopovic et al. (2014) and Sheth et al. (2012),
which use measured limb bud geometries in their simulations, suggests that boundary
conditions alone are insufficient. Given this existing data - from both experiments and
simulations - what can our analysis add?

The first strength of the approach presented here is that it can generalize existing
hypotheses. Stripe orientation by Fgf/Hox gradients falls into the category of a parameter
gradient - the gradient moves the system from sub-Turing to Turing, and orients stripes
parallel to the gradient. Immediately, our analysis predicts that many other parameter
gradients could also orient stripes. Table 1 gives some example hypotheses. Similarly,
stripe orientation by anisotropic growth is just one example of the more general
phenomenon of stripe orientation by anisotropies. Table 1 provides some other examples.

Our model also predicts the existence of a third way to orient stripes - a production
gradient along the anterior-posterior axis of the limb that orients stripes perpendicular to
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the gradient. The obvious candidate molecule is Shh, although a Shh null mouse still has
correctly oriented digits (Sheth et al. (2013); Sheth et al. (2007)) and therefore an
alternative gradient must be sought.

The second strength of our approach is that it allows us to interpret existing data and
hypotheses and to determine the uniqueness of any simulation results. Current data on
digit alignment is largely descriptive - digits emerge as stripes that fan out radially along
the PD axis of the limb bud (Figure 4B). Thus stripes must be oriented in a way that
reflects this radial geometry. For this reason, alignment via a production gradient seems
unlikely, since it is hard to construct a gradient along the AP axis that would respect the
radial geometry. In contrast, a parameter gradient controlled by the AER is naturally in a
radial orientation. Further, there is a transition from a sub-Turing no-digit regime (the
zeugopod) to a Turing, digit regime (the autopod), again consistent with a parameter
gradient. Orientation of digits by anisotropies is also plausible, but requires the
anisotropy to be radially organized. This is certainly possible - for example, a radially
directed gradient of Wnt5a regulates anisotropic cell behaviours via the PCP pathway as
the digits form (Gao et al. (2011) ).

Thus, stripes are likely oriented by either a parameter gradient or by anisotropies. The
specific models of Sheth et al. (2012) and Raspopovic et al. (2014) are important in that
they developed specific hypotheses for what these parameter gradients and anisotropies
are - namely reaction parameters and anisotropic growth in a reaction diffusion system,
using a BMP- and Wnt-based model that has strongest experimental support. However,
our modelling suggests that other mechanisms, within the same broad categories of
parameter gradients and anisotropies, could be at play. To distinguish these models
requires experiments that are specific to the proposed orientation mechanism e.g. directly
perturbing the proposed reaction parameters without affecting anisotropic growth and
measuring the effect on stripe orientation. In vitro chondrogenesis models (Paulsen and
Solursh(1988)) are an appealing system in which to disentangle the interdependence of
growth and patterning that complicate the interpretation of in vivo experiments.

In summary, we hope that this example illustrates how our simple but generic model can
help to generalize and critically evaluate results from specific models and existing
hypotheses.
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Box A/Figure A. Applications of our results to digit/non-digit patterning in the mouse limb
A: Left: labryinthine periodic patterns in cultured mouse limb cells (reproduced with

permission from (Miura and Shiota(2000))) contrasts to robustly oriented skeletal
elements of a mouse limb (adapted from Sheth et al. (2012). Reprinted with permission
from AAAS.).

B: Left: The mouse limb develops under the influence of several morphogen gradients
(coloured sections illustrate gradient sources) (Tickle(2006)). Right: Skeletal elements
(forming the metacarpals and subsequently the digits) form with stereotyped orientation,
parallel to the axis of the limb and fanning out radially.

Table A

Hypotheses for digit orientation mechanisms for
molecular, cellular and mechanical processes.

Type of periodic patterning mechanism

Mechanism to orient

stripes Molecular Cell-based Mechanical
Production gradient Shh stimulates molecular Shh stimulates Shh promotes
production production of ECM production
interdigit cells
Parameter gradient Fgf affects interactions Fgf modulates Fgf controls
between two molecules intercellular tissue stiffness
signaling
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. . Type of periodic patterning mechanism
Mechanism to orient

stripes Molecular Cell-based Mechanical
Tissue anisotropy Diffusion is anisotropic Cell motility is Tissue elasticity
anisotropic tensor is
anisotropic
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Schematic model In silico Pigmentation
A patterning
Labyrinthine .
stripes
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B —— £X

Arbitrary A-stripes B-stripes

Figure 1. The phenomenology of stripe orientation
A: Left: Many periodic patterns involve local activation, long range inhibition; here, the size

of the circles reflects the range of the interaction. We propose that additional mechanisms
(e.g. some form of gradient, as schematized) are needed to orient stripes. Middle: In silico
stripes are oriented in random directions in the absence of an orientation mechanism. Right:
the zebrafish choker mutant has labryinthine stripes (adapted from Frohnhdfer et al. (2013)),
in contrast to the stereotyped longitudinal stripes of wildtype adults (reproduced with
permission from Rawils et al. (2001) ).

B: In this work, we use a rectangular geometry, specified by (x, y)coordinates. Stripes can
either be arbitrarily oriented (left), parallel to the x axis (middle), or parallel to the y axis

(right).
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Figure 2. Stripe orientation in the Swift-Hohenberg model
A: Stripes are oriented perpendicular to a production gradient. Upper: Pattern production

varies along the x axis, as schematized by the early spatial bias in pattern density. As the
pattern evolves over time, we predict that this will generate stripes parallel to the y axis.
Lower: Simulation of Equation 8 shows that stripes are oriented perpendicular to the
production gradient.

B: Stripes are oriented parallel to a parameter gradient. A: Interaction strength varies along
the x axis, schematized by the graded transparency of the colored sections. We predict that
this will generate stripes parallel to the x axis. B: Simulation of Equation 11 confirms that
stripes are oriented parallel to the parameter gradient.

C: Stripes are oriented by anisotropies. Upper: A schematic of local activation, long range
inhibition with anisotropic interactions. Lower: Simulation of Equation 14 confirms the
ability of anisotropies to orient stripes.

D: Stripes are oriented by directional growth. Upper: A schematic of periodic patterning in
the presence of uniform growth along the x axis. Lower: Simulation of Equation 1 in the
presence of anisotropic growth shows stripe alignment along the direction of growth.
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Figure 3.
Simulations of 6 different Turing models (Lengyel and Epstein(1992), Sheth et al. (2012);

Raspopovic et al. (2014); Hiscock and Megason(2015); Murray and Oster(1984a)) reveal
common features of stripe orientation, that are consistent with the simpler model presented
here.
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