1duosnue Joyiny 1duosnuen Joyiny 1duosnuen Joyiny

1duasnuen Joyiny

Author manuscript
Econometrica. Author manuscript; available in PMC 2016 January 15.

-, HHS Public Access
«

Published in final edited form as:
Econometrica. 2015 July 1; 83(4): 1497-1541. d0i:10.3982/ECTA12749.

Power Enhancement in High Dimensional Cross-Sectional Tests

Jianging Fan™T, Yuan Liao¥, and Jiawei Yao"
Yuan Liao: yuanliao@umd.edu; Jiawei Yao: jiaweiy@princeton.edu

"Department of Operations Research and Financial Engineering, Princeton University 'Bendheim
Center for Finance, Princeton University *Department of Mathematics, University of Maryland

Abstract

We propose a novel technique to boost the power of testing a high-dimensional vector H : 6=0
against sparse alternatives where the null hypothesis is violated only by a couple of components.
Existing tests based on quadratic forms such as the Wald statistic often suffer from low powers
due to the accumulation of errors in estimating high-dimensional parameters. More powerful tests
for sparse alternatives such as thresholding and extreme-value tests, on the other hand, require
either stringent conditions or bootstrap to derive the null distribution and often suffer from size
distortions due to the slow convergence. Based on a screening technique, we introduce a “power
enhancement component”, which is zero under the null hypothesis with high probability, but
diverges quickly under sparse alternatives. The proposed test statistic combines the power
enhancement component with an asymptotically pivotal statistic, and strengthens the power under
sparse alternatives. The null distribution does not require stringent regularity conditions, and is
completely determined by that of the pivotal statistic. As specific applications, the proposed
methods are applied to testing the factor pricing models and validating the cross-sectional
independence in panel data models.

Keywords

sparse alternatives; thresholding; large covariance matrix estimation; Wald-test; screening; cross-
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1 Introduction

High-dimensional cross-sectional models have received growing attentions in both
theoretical and applied econometrics. These models typically involve a structural parameter,
whose dimension can be either comparable or much larger than the sample size. This paper
addresses testing a high-dimensional structural parameter:
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where N = dim(6) is allowed to grow faster than the sample size T. We are particularly
interested in boosting the power in sparse alternatives under which @is approximately a
sparse vector. This type of alternative is of particular interest, as the null hypothesis
typically represents some economic theory and violations are expected to be only by some
exceptional individuals.

A showcase example is the factor pricing model in financial economics. Let yj; be the excess
return of the i-th asset at time t, and f; = (f1,..., fkt)’ be the K-dimensional observable
factors. Then, the excess return has the following decomposition:

yit:6i+b;ft+uit, i=1,...,N, t=1,...,T,

where bj = (bjy,..., bik)’ is a vector of factor loadings and uj; represents the idiosyncratic
error. The key implication from the multi-factor pricing theory is that the intercept & should
be zero, known as the “mean-variance efficiency” pricing, for any asset i. An important
question is then if such a pricing theory can be validated by empirical data, namely we wish
to test the null hypothesis Hy : 8= 0, where 8= (44, ..., 6\) is the vector of intercepts for all
N financial assets. As the factor pricing model is derived from theories of financial
economics (Ross, 1976), one would expect that inefficient pricing by the market should only
occur to a small fractions of exceptional assets. Indeed, our empirical study of the
constituents in the S&P 500 index indicates that there are only a couple of significant
nonzero-alpha stocks, corresponding to a small portion of mis-priced stocks instead of
systematic mis-pricing of the whole market. Therefore, it is important to construct tests that
have high power when @is sparse.

Most of the conventional tests for Hy : =0 are based on a quadratic form:

W=6 Vé.

Here 4 is an element-wise consistent estimator of § and V is a high-dimensional positive
definite weight matrix, often taken to be the inverse of the asymptotic covariance matrix of
(e.g., the Wald test). After a proper standardization, the standardized W is asymptotically
pivotal under the null hypothesis. In high-dimensional testing problems, however, various
difficulties arise when using a quadratic statistic. First, when N > T, estimating V is
challenging, as the sample analogue of the covariance matrix is singular. More
fundamentally, tests based on W have low powers under sparse alternatives. The reason is
that the quadratic statistic accumulates high-dimensional estimation errors under Hp, which
results in large critical values that can dominate the signals in the sparse alternatives. A
formal proof of this statement will be given in Section 3.3.

To overcome the aforementioned difficulties, this paper introduces a novel technique for
high-dimensional cross-sectional testing problems, called the “power enhancement”. Let J;
be a test statistic that has a correct asymptotic size (e.g., Wald statistic), which may suffer
from low powers under sparse alternatives. Let us augment the test by adding a power
enhancement component Jg = 0, which satisfies the following three properties:
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Power Enhancement Properties

a. Non-negativity: Jg = 0 almost surely.
b. No-size-distortion: Under Hg, P (Jp = O|Hp) — 1.

c. Power-enhancement: Jg diverges in probability under some specific regions of
alternatives Hj.

Our constructed power enhancement test takes the form

J=Jo+J1.

The non-negativity property of Jg ensures that J is at least as powerful as J1. Property (b)
guarantees that the asymptotic null distribution of J is determined by that of J;, and the size
distortion due to adding Jy is negligible, and property (c) guarantees significant power
improvement under the designated alternatives. The power enhancement principle is thus
summarized as follows: Given a standard test statistic with a correct asymptotic size, its
power is substantially enhanced with little size distortion; this is achieved by adding a
component Jg that is asymptotically zero under the null, but diverges and dominates J;
under some specific regions of alternatives.

An example of such a Jy is a screening statistic:

N
~2 A2 o ~1/2
Jo=VNY 0507 1= VNS 0;0711{|6;[>07%5,, .},
=1

jes

where $={j < N:|é\j|>ﬁ;/25N’T }, and ; denotes a data-dependent normalizing factor, taken

as the estimated asymptotic variance of QAJ The critical value dy 1, depending on (N, T), is a
high-criticism threshold, chosen to be slightly larger than the noise level

max; < [0; — 6; \/@}/2 so that under Hg, Jo = 0 with probability approaching one. In
addition, we take Jq as a pivotal statistic, e.g., standardized Wald statistic or other quadratic
forms such as the sum of the squared marginal t-statistics (Bai and Saranadasa, 1996; Chen
and Qin, 2010; Pesaran and Yamagata, 2012). The screening set & also captures indices
where the null hypothesis is violated.

One of the major differences of our test from most of the thresholding tests (Fan, 1996;
Hansen, 2005) is that, it enhances the power substantially by adding a screening statistic,
which does not introduce extra difficulty in deriving the asymptotic null distribution. Since
Jo = 0 under Hy, it relies on the pivotal statistic J; to determine its null distribution. In
contrast, the existing tests such as thresholding, extreme value, and higher criticism tests
(e.g., Hall and Jin (2010)) often require stringent conditions to derive their asymptotic null
distributions, making them restrictive in econometric applications, due to slow rates of
convergence. Moreover, the asymptotic null distributions are inaccurate at finite sample. As
pointed out by Hansen (2003), these statistics are non-pivotal even asymptotically, and
require bootstrap methods to simulate the null distributions.
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As a specific application, in addition to testing the aforementioned factor pricing model, this
paper also studies the tests for cross-sectional independence in mixed effect panel data
models:

Yu=a+xuBtpituy, i <nt<T.

Let gj denote the correlation between uj and uj;, assumed to be time invariant. The “cross-
sectional independence” test is concerned about the following null hypothesis:

Hy:p;;=0, for all i # j,

that is, under the null hypothesis, the n x n covariance matrix X, of {uj:}i<n is diagonal. In
empirical applications, weak cross-sectional correlations are often present, which results in a
sparse covariance X, with just a few nonzero off-diagonal elements. Namely, the vector 8=
(012: M13,---» Pn—1,n) IS sparse and should be incorporated to improve power of the test. The
dimensionality N = n(n — 1)/2 can be much larger than the number of observations.
Therefore, the power enhancement in sparse alternatives is very important to the testing

problem. By choosing &y 1 to dominate max; j<n{ ﬁij|/@3]/2:pi,j:0} as detailed in Section 5,
under the sparse alternative, the set & “screens out” most of the estimation noises, and
contains only a few indices of the nonzero off-diagonal entries. Therefore, & not only
reveals the sparse structure of X, but also determines the nonzero off-diagonal entries with
an over-whelming probability.

There has been a large literature on high-dimensional cross-sectional tests. For instance, the
literature on testing the factor pricing model is found in Gibbons et al. (1989), MacKinlay
and Richardson (1991), Beaulieu et al. (2007) and Pesaran and Yamagata (2012), all in
quadratic forms. Gagliardini et al. (2011) studied estimation of the risk premia in a CAPM
and its associated testing problem, which is closely related to our work. While we also study
a large panel of stock returns as a specific example and double asymptotics (as N, T — o0),
the problems and approaches being considered are very different. This paper addresses a
general problem of enhancing powers under high-dimensional sparse alternatives.

For the mixed effect panel data model, most of the testing statistics are based on the sum of
squared residual correlations, which also accumulates many off-diagonal estimation errors in
estimating the covariance matrix of (uy, ..., Unt). See, for example, Breusch and Pagan
(1980), Pesaran et al. (2008), and Baltagi et al. (2012). Our problem is also related to the test
with a restricted parameter space, previously considered by Andrews (1998), who improves
the power by directing towards the “relevant” alternatives; see also Hansen (2003) for a
related idea. Chernozhukov et al. (2013) proposed a high-dimensional inequality test, and
employed an extreme value statistic, whose critical value is determined through applying the
moderate deviation theory on an upper bound of the rejection probability. In contrast, the
asymptotic distribution of our proposed power enhancement statistic is determined through
the pivotal statistic J;, and the power is improved via the contributions of sparse alternatives
that survive the screening process.
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The remainder of the paper is organized as follows. Section 2 sets up the preliminaries and
highlights the major differences from existing tests. Section 3 presents the main result of
power enhancement test. As applications to specific cases, Section 4 and Section 5
respectively study the factor pricing model and test of cross-sectional independence. Section
6 presents simulation results are empirical evidence of sparse alternatives based on the real
data. Section 7 provides further discussions. Proofs are given in the supplementary material.

Throughout the paper, for a symmetric matrix A, let Anin(A) and Anax(A) represent its
minimum and maximum eigenvalues. Let ||Al]> and |JA||; denote its operator norm and |4~

norm respectively, defined by ||A\|2:A}I{§X(A'A) and max; X |Ajj|. For a vector 6, define
) 1/2

16]1= (Ejej) and [|@imax = max; |4|. For two deterministic sequences ar and by, we

write at < b (or equivalently bt > at) if a; = o(by). Also, at = by if there are constants

C1, Co > 050 that C1bt < at < Cyby for all large T. Finally, we denote |S|y as the number of

elements in a set S.

2 Power Enhancement in high dimensions

This section introduces power enhancement techniques and provides heuristics to justify the
techniques. The differences from related methods in the literature are also highlighted.

2.1 Power enhancement

Consider a testing problem:

Hy:60=0, H,0 € ©O,,

where ©, € RN\{0} is an alternative set in RN. A typical example is ©, = {@: % 0}.

Suppose we observe a stationary process D:{D,g}tT:1 of size T. Let J1(D) be a certain test
statistic, which will also be written as J1. Often Jq is constructed such that under Hg, it has a
non-degenerate limiting distribution F : As T, N — oo,

Ji|Ho—F. (21)

For the significance level g € (0, 1), let Fq be the critical value for J;. Then the critical
region is taken as {D: J; > Fg} and satisfies

1i P(Ji>F,|Hy)=q.
i (1> Fy|Ho)=¢q

This ensures that J; has a correct asymptotic size. In addition, it is often the case that J; has
high power against Hg on a subset ©(J;) C ©,, namely,

lim  inf P(J;>F,l8) — 1.
T,N—00cO(J;)
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Typically, ©(J;) consists of those &, whose l,-norm is relatively large, as J; is normally an
omnibus test (e.g. Wald test).

In a data-rich environment, econometric models often involve high-dimensional parameters
in which dim(6) = N can grow fast with the sample size T. We are particularly interested in
sparse alternatives ©3 C ©, under which Hy is violated only on a couple of exceptional
components of €. Specifically, ©s € RN is a subset of ©,, and when @€ O, the number of
non-vanishing components is much less than N. As a result, its I,-norm is relatively small.
Therefore, under sparse alternative ©g, the omnibus test J; typically has a lower power, due
to the accumulation of high-dimensional estimation errors. Detailed explanations are given
in Section 3.3 below.

We introduce a power enhancement principle for high-dimensional sparse testing, by
bringing in a data-dependent component Jg that satisfies the Power Enhancement
Properties defined in Section 1. The component Jg does not serve as a test statistic on its
own, but is added to a classical statistic J; that is often pivotal (e.g., Wald-statistic), so the
proposed test statistic is defined by

J=Jo+J1.

Our introduced “power enhancement principle” is explained as follows.
1.  Under mild conditions, P (Jo = 0]Hg) — 0 by construction. Hence when (2.1) is
satisfied, we have

lim supP(J>Fy|Hg)=q.
T,N—oc0

Therefore, adding Jg to J1 does not affect the size of the standard test statistic
asymptotically. Both J and J; have the same limiting distribution under Hy.

2. The critical region of J is defined by

{D:J>Fq}.

AsJg=0,P (J>Fyl6) 2P (Jy > Fyl6) for all &< ©5. Hence the power of J is at
least as large as that of Jq.

3. When @< O is a sparse high-dimensional vector under the alternative, the
“classical” test J; may have low power as ||| is typically relatively small. On the
other hand, for 6 € ©s, Jg stochastically dominates J;. As a result, P (J > Fg|6) > P
(J1 > Fql6) strictly holds, so the power of J; over the set O is enhanced after
adding Jg. Often Jg diverges fast under sparse alternatives ©g, which ensures P (J >
Fql6) — 1 for @€ Os. In contrast, the classical test only has P (J; > Fgl@) <c <1
for some ¢ € (0, 1) and &€ O, and when ||€]| is sufficiently small, P (J; > Fg|6) is
approximately qg.
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It is important to note that the power is enhanced without sacrificing the size asymptotically.
In fact the power enhancement principle can be asymptotically fulfilled under a weaker
condition Jg|Hg —" 0. However, we construct Jg so that P (Jg = 0|Hp) — 1 to ensure a good
finite sample size.

2.2 Construction of power enhancement component

We construct a specific power enhancement component J, that satisfies (a)—(c) of the power
enhancement properties, and identify the sparse alternatives in ©5. Such a component can be
constructed via screening as follows. Suppose we have a consistent estimator g such that

maxjgN|éj — 0;/=0,(1). For some slowly growing sequence &yt — co (as T, N — oo),
define a screening set:

A A 1L A1)2 .
S:{j:\ej\>vj/ Sy J=1,...,N}, (2

where 9,>0 is a data-dependent normalizing constant, often taken as the estimated

asymptotic variance of éj. The sequence dy 1, called “high criticism”, is chosen to dominate
the maximum-noise-level, satisfying: (recall that ©, denotes the alternative set)

. A ,1/2
065%{0}?’(%%% —0;|/9;7<6y,10) =1 (23

for @under both null and alternate hypotheses. The screening statistic Jg is then defined as

J

N
52, 52 1 a1 1)2
Jo=VNY 007 = VNS 0,07 11{(0;|>0%5, ).
=1

jes

By (2.2) and (2.3), under Hy : 6= 0,

Therefore Jg satisfies the non-negativeness and no-size-distortion properties.

Let {v}j<n be the population counterpart of {ﬁj}jSN. To satisfy the power-enhancement
property, define

) 2 .
5(0):{3:\9j|>311j1./ 6N7T,‘]:1,...,N}, (2.4)

and in particular S(0) = . We shall show in Theorem 3.1 below that P(S(6) c 5|6) — 1,
for all < ©, U {0}. Thus all the significant signals are contained in & with a high
probability. If S (6) # @, then by the definition of & and &y 1 — oo, we have
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P(Jo>VN|S(0) #2) > P(VN)Y 62 >VNI[S@) # 2) — 1.

jes

Thus, the power of J; is enhanced on the subset

0, = {8 R ViS(0) # @}={0 € R VimaxIph>35, .},
JSN Y5 ’

Furthermore, & not only reveals the sparse structure of @under the alternative, but also
determines the nonzero entries with an over-whelming probability.

The introduced Jg can be combined with any other test statistic with an accurate asymptotic
size. Suppose J1 is a “classical” test statistic. Our power enhancement test is simply

J=Jo+J1.

For instance, suppose we can consistently estimate the asymptotic inverse covariance matrix

of g, denoted by va\r@)_l, then J; can be chosen as the standardized Wald-statistic:

A~ 1
T ONER
! V2N '

As a result, the asymptotic distribution of J is .4 (0, 1) under the null hypothesis.

In sparse alternatives where ||8| may not grow fast enough with N but @ € 6, the combined
test Jo + J1 can be very powerful. In contrast, we will formally show in Theorem 3.4 below
that the conventional Wald test J; can have very low power on its own. On the other hand,
when the alternative is “dense” in the sense that ||4| grows fast with N, the conventional test
Jq itself is consistent. In this case, J is still as powerful as J;. Therefore, if we denote ©(J1)
< RN/{0} as the set of alternative &s against which the classical J; test has power
converging to one, then the combined J = Jg + J; test has power converging to one against
on

O, UB(]).

We shall show in Section 3 that the power is enhanced uniformly over € ©5 U ©(J;). In
addition, the set & indicates which components may violate the null hypothesis.

2.3 Comparisons with thresholding and extreme-value tests

One of the fundamental differences between our power enhancement component Jg and
existing tests with good power under sparse alternatives is that, existing test statistics have a
non-degenerate distribution under the null, and often require either bootstrap or strong
conditions to derive the null distribution. Such convergences are typically slow and the
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serious size distortion appears in finite sample. In contrast, our screening statistic Jg uses
“high criticism” sequence &y 1 to make P (Jg = 0|Hp) — 1, hence does not serve as a test
statistic on its own. The asymptotic null distribution is determined by that of J;, which
usually not hard to derive As we shall see in sections below, the required regularity
condition is relatively mild, which makes the power enhancement test widely applicable to
many econometric problems.

In the high-dimensional testing literature, there are mainly two types of statistics with good
power under sparse alternatives: extreme value test and thresholding test respectively. The
test based on extreme values studies the maximum deviation from the null hypothesis across

o 0; s
the components of §=(4,, ..., 6,.), and forms the statistic based on maXJ§N|w_j| for some &
> 0 and a weight wj (e.g., Cai et al. (2013), Chernozhukov et al. (2013)). Such a test statistic
typically converges slowly to its asymptotic counterpart. An alternative test is based on

thresholding: for some 6> 0 and pre-determined threshold level ty,

N
R=VTY |22 P1{6;>tyw;}  s)
j=1

6
Wi

For example, when ty is taken slightly less than max_ |é_,—\ /wj, R becomes the extreme
statistic. When tt is small (e.g. 0), R becomes a traditional test, which is not powerful in
detecting sparse alternatives, though it can have good size properties. The accumulation of

estimation errors is prevented due to the threshold 1{|6;|>¢,w;} for sufficiently large ty
(see, e.g., Fan (1996) and Zhong et al. (2013)). In a low-dimensional setting, Hansen (2005)
suggested using a threshold to enhance the power in a similar way.

Although (2.5) looks similar to Jg, the ideas behind are very different. Both the extreme
value test and the thresholding test require regularity conditions that may be restrictive in
econometric applications. For instance, it can be difficult to employ the central limit theorem

directly on (2.5), as it requires the covariance between 0}- and éj . decay fast enough as k —
oo (Zhong et al., 2013). In cross-sectional testing problems, this essentially requires an
explicit ordering among the cross-sectional units which is, however, often unavailable in
panel data applications. In addition, as (2.5) involves effectively limited terms of
summations due to thresholding, the asymptotic theory does not provide adequate
approximations, resulting in size-distortion in applications. We demonstrate the size-
distortion in the simulation study.

3 Asymptotic properties

3.1 Main results

This section presents the regularity conditions and formally establishes the claimed power
enhancement properties. Below we use P (:|8) to denote the probability measure defined
from the sampling distribution with parameter @. Let © C RN be the parameter space of @
that covers the union of {0} and the alternative set ©,. When we write infg<g P (:|6), the
infimum is taken in the space that covers the union of both null and alternative space.

Econometrica. Author manuscript; available in PMC 2016 January 15.



1duosnue Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuep Joyiny

Fan et al.

Page 10

We begin with a high-level assumption. In specific applications, they can be verified with
primitive conditions.

Assumption 3.1—As T, N — oo, the sequence Sy 1 — oo, and the estimators {65, 'UAj}].SN
are such that

infBGGP(mangN ‘QA] - 0j|/6;/2<5N,T‘0) - 1;
. infyeo P(4/9<7;/v;<9/4,¥j=1,...,N|) — 1.

The normalizing constant vj is often taken as the asymptotic variance of 03 with ; being its
consistent estimator. The constants 4/9 and 9/4 in condition (ii) are not optimally chosen, as

this condition only requires {@‘}]SN be not-too-bad estimators of their population
counterparts.
In many high-dimensional problems with strictly stationary data that satisfy strong mixing

conditions, following from the large-deviation theory, typically,

maxj§N|0Aj - 0j|/@}/2:OP( VlogN). Therefore, we shall fix
Sy r=log(logT’) \/logN, (3.1)

which is a high criticism that slightly dominates the standardized noise level (it may be
useful to recall that the maximum of N i.i.d. Gaussian noises with a bounded variance

behaves as V' {09N asymptotically). We shall provide primitive conditions for this choice of
on T in the subsequent sections, so that Assumption 3.1 holds.

Recall that & and S(€) are defined by (2.2) and (2.4) respectively. In particular,
5(6)= {j:\0j|>30;/25N,T)j=17 . ,N}, so under Hy : 6= 0, S(6) = &. The following
~VNY @

A—1
theorem characterizes the asymptotic behavior of Jo Y under both the null

and alternative hypotheses.

Theorem 3.1—Let Assumption 3.1 hold. As T, N — oo, we have under Hp : 6 =0,
P(S=@|Hy) — 1. Hence

P(Jo=0|Hy) — 1 and P(Jo>VN|§) — 1.

inf
{6€0:5(6)+2}

In addition,

inf P(S(0) c S|9) — 1.
olg(_)(()c 0) —
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Besides the asymptotic behavior of Jg, Theorem 3.1 also establishes a “sure screening”
property of &, which means it selects all the significant components whose indices are in
S(8). This result is achieved uniformly in Qunder both the null and alternative hypotheses.

Remark 3.1—Under additional mild assumptions, it can be further shown that

P(5=5(8)|8) — 1 uniformly in 6. Hence the selection is consistent. While the selection
consistency is not a requirement of the power enhancement principle, we refer to our earlier
manuscript Fan et al. (2014) for technical details.

We are now ready to formally show the power enhancement argument. The enhancement is
achieved uniformly on the following set:

|6

1
0,={0 ¢ @:Ijng%cﬁ>351vj}. (32)
J

In particular, if QAJ is V'T-consistent, and U;/Z is the asymptotic standard deviation of aAj, then

oj=1/Tv; is bounded away from both zero and infinity. Using (3.1), we have

logN
O,= {0 € @:Ijng%c|0j|/oj>3log(logT) O% } .

This is a relatively weak condition on the strength of the maximal signal in order to be
detected by Jg.

A test is said to have a high power uniformly on a set ©* ¢ RN\ {0} if

inf P(reject Ho by the test|@) — 1.
0cOx

For a given distribution function F, let Fy denote its gth quantile.

Theorem 3.2—Let Assumptions 3.1 hold. Suppose there is a test J; such that

i. it has an asymptotic non-degenerate null distribution F, and the critical region takes
the form {D : J; > Fq} for the significance level g € (0, 1),

ii. it has a high power uniformly on some set ©(J;) C ©,

L. there is ¢ > 0 50 that infyce, P(c VN +J1>F,|8) — 1,85 T, N — oo,

Then the power enhancement test J = Jg + J; has the asymptotic null distribution F, and has
a high power uniformly on the set ©; U ©(J1): as T, N — oo

inf  P(J>F,|0) — 1.
6cO,UO(J)
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The three required conditions for J; are easy to understand: Conditions (i) and (ii)
respectively require the size and power conditions for J1. Condition (iii) requires J; be
dominated by Jy under ©. This condition is not restrictive since Jp is typically standardized
(e.g., Donald et al. (2003)).

Theorem 3.2 also shows that J; and J have the critical regions {D : J; > Fg} and {D : J >
Fq} respectively, but the high power region is enhanced from ©(J;) to ©s U ©(J1). In high-
dimensional testing problems, ©5 U ©(J1) can be much larger than ©(Jq). As a result, the
power of J1 can be substantially enhanced after Jg is added.

3.2 Power enhancement for quadratic tests

As an example of J1, we consider the widely used quadratic test statistic, which is
asymptotically pivotal:

_TOVO— N(1+py,)
? Eve VN

where py T and &y T are deterministic sequences that satisfy uy 1 —0and &yt — £ € (0,
00). The weight matrix V is positive definite, whose eigenvalues are bounded away from
both zero and infinity. Here TV is often taken to be the inverse of the asymptotic covariance

matrix of 5. Other popular choices are V=diag(a; 2, - - -, o, %) with o= \/TTfy (Bai and
Saranadasa, 1996; Chen and Qin, 2010; Pesaran and Yamagata, 2012) and V = |, the N x N
identity matrix. We set J; = Jg, whose power enhancement version is J = Jg + Jg. For the
moment, we shall assume V to be known, and just focus on the power enhancement
properties. We will deal with unknown V for testing the factor pricing problem in the next
section.

Assumption 3.2

i.  There is a non-degenerate distribution F so that under Ho, Jg —4F
ii.  The critical value Fgq = O(1) and the critical region of Jg is {D : Jg > Fq},

iii. V is positive definite, and there exist two positive constants C; and C, such that Cq
= xmin(v) = )\max(V) <Cy.

iv. C3=Tvj<Cyj=1, ..., N for positive constants C3 and Cy.
Analyzing the power properties of Jg and applying Theorem 3.2, we obtain the following
theorem. Recall that Jy 1 and ©; are defined by (3.1) and (3.2).
Theorem 3.3—Under Assumptions 3.1-3.2, the power enhancement test J = Jg +Jq
satisfies: as T, N — oo,

i.  under the null hypothesis Hy : =0, J —9F,

ii. thereis C >0 so that J has high power uniformly on the set
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0, U {8 € ©:)0|>>C82  N/T} =0,U06(J,);

that is, infoeesue(JQ)P(‘]>‘F‘1|0) — Lforany q € (0,).

3.3 Low power of quadratic statistics under sparse alternatives

When Jq is used on its own, it can suffer from a low power under sparse alternatives if N
grows much faster than the sample size, even though it has been commonly used in the

econometric literature. Mainly, T@lvé aggregates high-dimensional estimation errors under
Ho, which become large with a non-negligible probability and potentially override the sparse
signals under the alternative. The following result gives this intuition a more precise
description.

To simplify our discussion, we shall focus on the Wald-test with TV being the inverse of the
asymptotic covariance matrix of g, assumed to exist. Specifically, we assume the

standardized Télvé to be asymptotically normal under Hg:

TOVO - N

Hy—4%.4(0,1). (33)
\/2_N | 0— ( )

This is one of the most commonly seen cases in various testing problems. The diagonal

entries of Ly-lare given by {vj}j<n-

Theorem 3.4—Suppose that (3.3) holds with ||V|j; < C and |[V~1||; < C for some C > 0.

Under Assumptions 3.1-3.2, 7=0( V') and log N = o(TL™Y) for some 0 < y < 1, the
quadratic test Jg has low power at the sparse alternative © for any ¢ > 0, given by

N
0.={0 € ©:>_1{0; # 0}=0( VN /T, |0]] u<C}-
j=1
In other words, Vc > 0, V8 € O, for any significance level g,

T,Jl\%'liloop(‘]@ >Zq |0):‘J7

where zq is the gth upper quantile of standard normal distribution.

In the above theorem, the alternative is a sparse vector. However, using the quadratic test
itself, the asymptotic power of the test is as low as g. This is because the signals in the
sparse alternative are dominated by the aggregated high-dimensional estimation errors:

A2
TZj;g_j:()ej. In contrast, the non-vanishing components of & (fixed constants) are actually
detectable by using Jo. The power enhancement test Jg + Jg takes this into account, and has
a substantially improved power.
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4 Application: Testing Factor Pricing Models

4.1 The model

The multi-factor pricing model, motivated by the Arbitrage Pricing Theory (APT) by Ross
(1976), is one of the most fundamental results in finance. It postulates how financial returns
are related to market risks, and has many important practical applications. Let yj; be the
excess return of the i-th asset at time t and f; = (fyy, ..., k)’ be the observable factors. Then,
the excess return has the following decomposition:

yit:Gi—i—bift—i—uit, i=1,...,N, t=1,...,T,

where bj = (bjy, ..., bijk)’ is a vector of factor loadings and uj; represents the idiosyncratic
error. To make the notation consistent, we stick to use @to represent the commonly used
“alpha” in the finance literature.

While the APT does not necessarily deliver an observable factor model, the specification of
an observable factor structure is of considerable interest and is often the case in empirical
analyses. The key implication from the multi-factor pricing theory for tradable factors is that
the intercept 4 should be zero for any asset i. Such an exact feature of factor pricing can also
be motivated from Connor (1984), who presented a competitive equilibrium version of the
APT. An important question is then testing the null hypothesis

Hy:0=0, (@4.1)

namely, whether the factor pricing model is consistent with empirical data, where 6= (&,
..., &) is the vector of intercepts for all N financial assets. One typically picks five-year
monthly data, because the factor pricing model is technically a one-period model whose
factor loadings can be time-varying; see Gagliardini et al. (2011) on how to model the time-
varying effects using firm characteristics and market variables. As the theory of the factor
pricing model applies to all tradable assets, rather than a handful selected portfolios, the
number of assets N should be much larger than T. This ameliorates the selection biases in the
construction of testing portfolios. On the other hand, our empirical study on the S&P500
index provides empirical evidence of sparse alternatives: there are only a few significantly
nonzero components of 6, corresponding to a small portion of mis-priced stocks, instead of
systematic mispricing of the whole market.

Most existing tests to the problem (4.1) are based on the quadratic statistic 13-—79 v
where 4 is the OLS estimator for & and V is some positive definite matrix. Prominent
examples are given by Gibbons et al. (1989), MacKinlay and Richardson (1991) and
Beaulieu et al. (2007). When N is possibly much larger than T, Pesaran and Yamagata
(2012) showed that, under regularity conditions (Assumption 4.1 below),

af_’TTé/Z;lé _N

d
TN —4A47(0,1).

Ji=
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where a1 > 0, given in the next subsection, is a constant that depends only on factors’
empirical moments, and X, is the NxN covariance matrix of u¢ = (Uyy, ..., Unt)’, assumed to
be time-invariant.

Recently, Gagliardini et al. (2011) proposed a novel approach to modeling and estimating
time-varying risk premiums using two-pass least-squares method under asset pricing
restrictions. Their problems and approaches differ substantially from ours, though both
papers study similar problems in finance. As a part of their model validation, they develop
test statistics against the asset pricing restrictions and weak risk factors. Their test statistics
are based on a weighted sum of squared residuals of the cross-sectional regression, which,
like all classical test statistics, have power only when there are many violations of the asset
pricing restrictions. They do not consider the issue of enhancing the power under sparse
alternatives, nor do they involve a Wald statistic that depends on a high-dimensional
covariance matrix. In fact, their testing power can be enhanced by using our techniques.

4.2 Power enhancement component

We propose a new statistic that depends on (i) the power enhancement component Jg, and

-1
(ii) a feasible Wald component based on a consistent covariance estimator for Zu , which
controls the size under the null even when N/T —co.

_ 1T 1T AL
Define f:TZ f; and w=(f2t:1ftft) f. Also define

t=1

_/ / N —1
a,,=1—fw, and ay=1— Ef; (Eftft) Ef;.

The OLS estimator of &can be expressed as

’

A A A

0=(01,...,0,), 0,=

1 & ,
 yi(l—fiw). 42
Ta, =

When cov(f,) is positive definite, under mild regularity conditions (Assumption 4.1 below),
as T consistently estimates ay, and as > 0. In addition, without serial correlations, the

conditional variance of éj (given {fi}) converges in probability to

vj=var (u;t) / (Tayf),

which can be estimated by ¢, based on the residuals of OLS estimator:

A A/

T
Ll N
Uj:?Zujt/(Taf,T)’ where Ujt=Yjt — 0]’ — b]ft
t=1
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We show in Proposition 4.1 below that max,_ 6, — 0]»|/ﬁ;/2:01, ( % lOQN). Therefore,

Sy r=log(logT) \/logN slightly dominates the maximum estimation noise. The screening
set and the power enhancement component are defined as

A A ~1/2 .
S={j:16;|>0}/*6 . j=1,... . N},

and

A2
Jo=VN> 6;07".

jeSs

4.3 Feasible Wald test in high dimensions

Assuming no serial correlations among {ut}tT:1 and conditional homoskedasticity
(Assumption 4.1 below), given the observed factors, the conditional covariance of g is
2u/(Tag 7). If the covariance matrix 3, of uy were known, the standardized Wald test statistic
is

N — 1A
Ta,,8% "6- N. @3
V2N

Under Hg : #= 0, it converges in distribution to - (0, 1),

Note that factor models are often only justified as being “approximate” (Chamberlain and
Rothschild (1983)), where X, is a non-diagonal covariance matrix of cross-sectionally
correlated idiosyncratic errors (uyt, ..., Unt). When N/T — oo, it is difficult to consistently

estimate 2;1 as there are O(N?) off-diagonal parameters. Without parametrizing the off-
diagonal elements, we assume X, = cov(Uy) a sparse matrix. This assumption is natural for
large covariance estimations for factor models, and was previously considered by Fan et al.
(2011). Since the common factors dictate preliminarily the co-movement across the whole
panel, a particular asset’s idiosyncratic shock is usually correlated significantly only with a
few of other assets. For example, some shocks only exert influences on a particular industry,
but are not pervasive for the whole economy (Connor and Korajczyk, 1993). Recently,
Gagliardini et al. (2011) also obtained a feasible test by using a similar thresholding
technique as to be introduced below to estimate the asymptotic covariance matrix. They
showed that the sparsity approach for estimating covariance matrices covers the block
diagonal case, which is expected to be present in the factor modeling of stocks (as
elaborated in Gagliardini et al. (2011), a typical example of the sparsity of %, is due to the
presence of remaining industry sector effects).

-1
Following the approach of Bickel and Levina (2008), we can consistently estimate Zu via

. 1T . . .
thresholding: let Sij:Tthluitujt. Define the covariance estimator as
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= _ Siis ifi=j,
(Zu)l]_{ hij(sij)v ifs ;éj,

where hjj(-) is a generalized thresholding function (Antoniadis and Fan, 2001; Rothman et

109N> 1/2

al., 2009), with threshold value 7i=C <5ii5jj— for some constant C > 0, designed

logN 1/2
to keep only the sample correlation whose magnitude exceeds ¢ T . The hard-

thresholding function, for example, is hjj(x) = x1{|x| > 7;}, and many other thresholding
functions such as soft-thresholding and SCAD (Fan and Li, 2001) are specific examples. In
general, hij(-) should satisfy:

i hij@=0ifz] < 5;

ii. |hij(Z) -7|< Tjs

il there are constants a > 0 and b > 1 such that |hij(z) — 2| < anj if |z| > bg;.

The thresholded covariance matrix estimator sets most of the off-diagonal estimation noises

1T . .
in {th:1u”ujt} _, tozero. As studied in Fan et al. (2013), the constant C in the
21>

threshold can be chosen in a data-driven manner so that Zu is strictly positive definite in
finite sample even when N > T.

~ —1
With Zu , we are ready to define the feasible standardized Wald statistic:

A A 1A
g T8, 8- N
watd,— Y
V2N

whose power can be enhanced under sparse alternatives by:

J=Jo+J wald-

Remark 4.1—The thresholding approach described here can be modified to take
advantages of the block structure of ;. The covariance matrix can first be divided into
blocks according to the industries, and then estimated block-by-block. The estimation
procedure and theoretical analysis will be similar to the block-thresholding of Cai and Yuan
(2012).

4.4 Does the thresholded covariance estimator affect the size?

A natural but technical question to address is that when X, indeed admits a sparse structure,

A —1
is the thresholded estimator Zu accurate enough so that the feasible Jy 44 is still

Econometrica. Author manuscript; available in PMC 2016 January 15.



1duosnuen Joyiny 1duosnue Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Fan et al.

Page 18

asymptotically normal? The answer is affirmative if N(log N)* = o(T2), and still we can
allow N/T — oo. However, such a simple question is far more technically involved than
anticipated, as we now explain.

When X, is a sparse matrix, under regularity conditions (Assumption 4.2 below), Fan et al.
(2011) showed that

logN

_ ~ —1
I3 =30, 1,=0.(\/ 2=, @

This convergence rate is minimax optimal for the sparse covariance estimation, by the lower

-1
bound derived by Cai et al. (2010). On the other hand, when replacing Zu in (4.3) by

A -1
Zu , 0ne needs to show that the effect of such a replacement is asymptotically negligible,

namely, under Hg,

A e ~ -1,
T (Y ' 3" )8/ VN=0,(1). (45)
However, when #= 0, it can be shown that ||é||2:op (N/T). Using this and (4.4), by the

Cauchy-Schwartz inequality, we have

NlogN
T

6 (7 -3 0l V=0, )

Thus, it requires N log N = o(T) to converge, which is basically a low-dimensional scenario.

The above simple derivation uses, however, a Cauchy-Schwartz bound, which is too crude
N 1 ~ -1 -1 ~ —1
for a large N. In fact, @ (Zu - Zu )0 is a weighted estimation error of Zu - Zu ,

where the weights 5 “average down” the accumulated estimation errors in estimating

—1
elements of Zu , and result in an improved rate of convergence. The formalization of this
argument requires further regularity conditions and novel technical arguments. These are
formally presented in the following subsection.

4.5 Regularity conditions

We are now ready to present the regularity conditions. These conditions are imposed for

three technical purposes: (i) Achieving the uniform convergence for 5 _ g as required in
A -1
Assumption 3.1, (ii) defining the sparsity of X so that Zu is consistent, and (iii) showing

-1
(4.5), so that the errors from estimating Zu do not affect the size of the test.

Letr ©__and F 2° denote the o-algebras generated by {fi: —oo <t< 0} and {f: T<t< oo}
respectively. In addition, define the a-mixing coefficient
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o(T)=supF ° ., B € F ®|P(A)P(B) — P(AB)|.
Ae

Assumption 4.1
i. —1
{utherisiid. ¥ (0, ) where both Syl and [, I, are bounded;

ii. {fi}er is strictly stationary, independent of {u;}+<T, and there are rq, by > 0 so that

r%z}gp(|fit|>s) < exp(—(s/b1)"™).

lil. There exists r, > 0 such that r*+r;1>0.5and C >0, for all T € Z*,

a(T) < exp(—CT"™).

iv. cov(fy) is positive definite, and maxi<y ||bjl| < ¢1 for some ¢4 > 0.

Some remarks are in order for the conditions in Assumption 4.1.

Remark 4.2—The above assumption, perhaps somewhat restrictive, substantially facilitates
our technical analysis. Here u is required to be serially uncorrelated across t. Under this
condition, the conditional covariance of p, given the factors, has a simple expression
2/(Tag 7). On the other hand, if serial correlations are present in u;, there would be
additional autocovariance terms in the covariance matrix, which need to be further estimated
via regularizations. Moreover, given that X, is a sparse matrix, the Gaussianity ensures that

most of the idiosyncratic errors are cross-sectionally independent so that cov (uZ, ué»t):o, 1=
1, 2, for most of the pairs in {(i, j): i #j}.

Note that we do allow the factors {fi}+<7 to be weakly correlated across t, but satisfy the
strong mixing condition Assumption 4.1 (iii).

Remark 4.3—The conditional homoskedasticity £ (u,u;|f,)=FE(u,u;) is assumed, granted
by condition (ii). We admit that handling conditional heteroskedasticity, while important in
empirical applications, is very technically challenging in our context. Allowing the high-

dimensional covariance matrix E(utu;\ft) to be time-varying is possible with suitable
continuum of sparse conditions on the time domain. In that case, one can require the sparsity
condition to hold uniformly across t and continuously apply thresholding. However, unlike
in the traditional case, technically, estimating the family of large inverse covariances

{E(utu;\ft)fl;t:L 2,...} uniformly over tis highly challenging. As we shall see in the
proof of Proposition 4.2, even in the homoskedastic case, proving the effect of estimating

-1
Zu to be first-order negligible when N/T — oo requires delicate technical analysis.

To characterize the sparsity of X, in our context, define
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N
mN:%%(Zl{(ZU)U # 0}, Dszl{(Zu)ij #0}.

i£]

Here my represents the maximum number of nonzeros in each row, and Dy represents the
total number of nonzero off-diagonal entries. Formally, we assume:

Assumption 4.2—Suppose NY2(log N)Y = o(T) for some y > 2, and

min(zu)fd(zu)iﬁ > 4/ (logN)/T.

ii. at least one of the following cases holds:

a. T
2 _
Dy = O(NY2), and "'~ =iz 00 7))

b Dy =0ON), and m? =0(1).

As regulated in Assumption 4.2, we consider two kinds of sparse matrices, and develop our
results for both cases. In the first case (Assumption 4.2 (ii)(a)), £ is required to have no
more than O(NY/2) off-diagonal nonzero entries, but allows a diverging my. One typical
example of this case is that there are only a small portion (e.g., finitely many) of firms
whose individual shocks (uj;) are correlated with many other firms’. In the second case
(Assumption 4.2(ii)(b)), my should be bounded, but X, can have O(N) off-diagonal nonzero
entries. This allows block-diagonal matrices with finite size of blocks or banded matrices
with finite number of bands. This case typically arises when firms” individual shocks are
correlated only within industries but not across industries.

Moreover, we require N¥2(log N)? = o(T), which is the price to pay for estimating a large
error covariance matrix. But still we allow N/T — oco. It is also required that the minimal
signal for the nonzero components be larger than the noise level (Assumption 4.2 (i)), so that
nonzero components are not thresholded off when estimating 3.

4.6 Asymptotic properties

The following result verifies the uniform convergence required in Assumption 3.1 over the
entire parameter space that contains both the null and alternative hypotheses. Recall that the
OLS estimator and its asymptotic standard error are defined in (4.2).

Proposition 4.1—Suppose the distribution of (f;, uy) is independent of & Under
Assumption 4.1, for 6, . =log(logT') \/logN, as T, N — oo,

. 5o /al/2
Jnf P(max|0; — 0;] /07" <0y 116) — 1.

6'in(f)P(Zl/9<@j/vj<9/4,V]‘:L ..., N|§) — 1.
<o

Proposition 4.2—Under Assumptions 4.1, 4.2, and Hg,
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Ta, .8, 6N

=4 (0,1).

-1
As shown, the effect of replacing Zu by its thresholded estimator is asymptotically
negligible and the size of the standard Wald statistic can be well controlled.

We are now ready to apply Theorem 3.3 to obtain the asymptotic properties of J = Jg + Jyald
as follows. For 6, . =log(logT') \/logN, let

T/2|6,] —1/2
Varl/g(u]jt)>3af 6N,T}:

©,={0 € ©:max
J<N
@(Jwald):{o € @:||0||2>0612\J,TN/T}'

Theorem 4.1—Suppose the assumptions of Propositions 4.1 and 4.2 hold.

i.  Under the null hypothesis Hg: #=0, as T, N — oo,

P(Jo=0|Hp) — 0, Juaa—2#(0,1)

3

and hence

J=Jo+Twaa—* A (0,1).

ii. ThereisC>0sothatforanyqge (0,1),asT, N — oo,

inf P(Jo>VN|8) — 1, inf P(Jyua>2,0) — 1,
0co 00 (Jyaia)

and hence
inf P(J>2z)0) — 1,
0€0:U0(Jyaid)
where z4 denotes the 1 — g quantile of the standard normal distribution.

We see that the power is substantially enhanced after Jq is added, as the region where the
test has power is enlarged from ©(Jyalg) t0 ©s U O(Jwald)-

5 Application: Testing Cross-Sectional Independence

5.1 The model

Consider a mixed effect panel data model
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/ .
yit:a+xit13+/ui+uita 7 S n, t S T’

where the idiosyncratic error uj; is assumed to be Gaussian. The regressor xj; could be
correlated with the individual random effect ;, but is uncorrelated with uj;. Let p;j denote the
correlation between uj; and ujt, assumed to be time invariant. The goal is to test the
following hypothesis:

Hy:p;;=0, for alli # j,

that is, whether the cross-sectional dependence is present. It is commonly known that the
cross-sectional dependence leads to efficiency loss for OLS, and sometimes it may even
cause inconsistency (Andrews, 2005). Thus testing Hg is an important problem in applied
panel data models. If we let N = n(n — 1)/2, and 8= (012, ..., Pin, 223, -+» P2ns +-r Pn—10) DE
an N x 1 vector stacking all the mutual correlations, then the problem is equivalent to testing
about a high-dimensional vector Hy: 8= 0. Note that often the cross-sectional dependences
are weakly present. Hence the alternative hypothesis of interest is often a sparse vector 6,
corresponding to a sparse covariance matrix X of ui.

.. . . L. r__ A2 25
Most of the existing tests are based on the quadratic statistic n —ZKJ»TPU =T 6 \where
pi; is the sample correlation between uj; and uj, estimated by the within-OLS (Baltagi,

2008), and 0=(p15, . .- s Pn—1,)- Pesaran et al. (2008) and Baltagi et al. (2012) studied the
rescaled W, and showed that after a proper standardization, the rescaled W is asymptotically
normal when both n, T — co. However, the quadratic test suffers from a low power if X, is
a sparse matrix. In particular, as is shown in Theorem 3.4, when n/T — oo, the quadratic test
cannot detect the sparse alternatives with Zj<j1{jj # 0} = o(n/T), which can be restrictive.
Such a sparse structure is present, for instance, when %, is a block-diagonal sparse matrix
with finite block sizes.

5.2 Power enhancement test

i . . R 1 T
Following the conventional notation of panel data models, let §;;=yit — ?thlyit,

. 1T - 1 T , -
Rig=Xit — ), Xir, and Gi=uip — > wit. Then g, =% 8+, The within-OLS
estimator 3 is obtained by regressing 3., on %, for all i and t, which leads to the estimated
residual o,;,=7,, — % 3. Then pjj is estimated by

T
R D 1 N P
Pii= i Ou= 2 il

i Ojj t=1
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For the within-OLS, the asymptotic variance of p,; is given by v;;=(1 — pfj)z/T and is

estimated by 9;;=(1 — p”) /T. Therefore the screening statistic for the power enhancement
test is defined as

A2 A— ’\ ~1/2 P
‘]0_ \/—( Z) p12_7 1_7 ) {(7’ .7) |pz_7‘/ / >6N,T’Z<-7 S n} (5.1)
i.j)es

where 6, . =log(logT') \/logN as before. The set & screens out most of the estimation
errors.

To control the size, we employ Baltagi et al. (2012)’s bias-corrected quadratic statistic:

n
J1= Z TP — AT 1) (5.2)
’L<]

Under regularity conditions (Assumptions 5.1, 5.2 below), .j; —%.47(0, 1) under Ho. Then the
power enhancement test can be constructed as J = Jy + J1. The power is substantially
enhanced to cover the region

‘/—|PJ|

@3:{0:m<a >3log (logT)/logN}, (5.3)
1<j
in addition to the region detectable by J; itself. As a byproduct, it also identifies pairs (i, )

for pjj # 0 through g. Empirically, this set helps us understand better the underlying pattern
of cross-sectional correlations and subsequently the cause of the correlation.

5.3 Asymptotic properties

In order for the power to be uniformly enhanced, the parameter space of 8= (012, .., P1n,
P23, -y P2ns -+ Pn—1,n) 1S required to be: @is element-wise bounded away from +1: there is

Pmax € (0, 1),

62{0 €R N:”e“mdx —= anx}

The following regularity conditions are imposed. They hold uniformly in < ©.

Assumption 5.1—There are Cq, C, > 0, so that

i .
Zi¢j§n|Ex itxitE(uitujt)|<C’1n,
I maxjgnE(u?t)<Cl,miannE(u?t)<C’2,

Condition (i) is needed for the within-OLS to be v'nT'-consistent (see, e.g., Baltagi (2008)).
It is usually satisfied by weak cross-sectional correlations (sparse alternatives) among the
error terms, or weak dependence among the regressors. We require the second moment of uj;
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be bounded away from zero uniformly in j < nand < ©, so that the cross-sectional
correlations can be estimated stably.

The following conditions are assumed in Baltagi et al. (2012), which are needed for the
asymptotic normality of J; under H.

Assumption 5.2
E {w},_,areiid N©, %), E(u:[{f:},_,,0)=0almost surely.

ii. 1T )
With probability approaching one, all the eigenvalues of th:fzjti jtare
bounded away from both zero and infinity uniformly for j < n.

Proposition 5.1—Under Assumptions 5.1 and 5.2, for 6, . =log(logT") \/logN, and N =
n(n—1)/2,as T, N — oo,

. N .1/2
Jnf P(max|py; — pij| /055" <0y r[0) — 1

01I1£P(4/9<’LAJ”/’U1J<9/4, Vi # j|0) — 1.
€

Define
O(J)={0 @:Zp?j > Cn2logn/T}.

1<j

For J; defined in (5.2), let

J=Jo+J1. (5.4)

The main result is presented as follows.

Theorem 5.1—Suppose Assumptions 5.1, 5.2 hold. As T, N — oo,
i. under the null hypothesis Hg: 8= 0,

P(Jo=0|Hp) — 0, Jyaa—4(0,1),

and hence

J=Jo+J1—%(0,1);
ii. thereis C >0 in the definition of ©(J;) so that for any q € (0, 1),

inf P(Jo> /N6 inf P(J1>2,)0
il (Jo>VN|0) — 1, gl P(N1>2/0) = 1,
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and hence

inf P(J1>2,|0 1.
0€®:8®(J1) (J1>24/6) —

Note that the high power region is enhanced from ©(J1) to ©5 U ©(J1) uniformly over sparse
alternatives. In particular, the required signal strength of ©4 in (5.3) is mild: the maximum

cross-sectional correlation is only required to exceed a magnitude of log(logT’) \/ (logN) /T

6 Numerical studies

In this section, Monte Carlo simulations are employed to examine the finite sample
performance of the power enhancement tests. We also present empirical evidence of sparse
alternatives in the factor pricing model using real data.

6.1 Testing factor pricing models

To mimic the real data application, we consider the Fama and French (1992) three-factor
model:

yit:0i+b;ft+uit-

We simulate {b;}Y , {f;}_, and {u,}L_, independently from A3y ZB), sy, Zf),

and 4 (0, Zu) respectively. The parameters are set to be the same as those in the
simulations of Fan et al. (2013), which are calibrated using daily returns of S&P 500’s top
100 constituents, for the period from July 15t, 2008 to June 29" 2012. These parameters are
listed in the following table.

Set X, = diag{A1, ..., An/a} to be a block-diagonal correlation matrix. Each diagonal block
Ajis a4 x 4 positive definite matrix, whose correlation matrix has equi-off-diagonal entry
0, generated from Uniform[0, 0.5].

We evaluate the powers of our tests under two specific alternatives (we set N > T):

_ 03, i<Z
spares alternative H}:0;= ‘= N
0, 1>
logN . 0.4
weak theta HZ2:0,= T Z.S N
0, i>NO4

Under 7, there are only a few nonzero s with a relatively large magnitude. Under H?2,
there are many non-vanishing &s, but their magnitudes are all relatively small. In our

simulation setup, V logN/T varies from 0.05 to 0.10. We therefore expect that under 1,

P(ﬁ:@) is close to zero, as most of the first N/T estimated &'s should survive from the
screening step. These survived ;’s contribute importantly to the rejection of the null
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hypothesis. In contrast, P(S“:@) should be much larger under /2 because the non-vanishing
&'s are too weak to be detected.

Four testing methods are conducted and compared: the standardized Wald test J, 514, the
thresholding test Jin as in Fan (1996), and their power enhancement versions Jg + Jyalg and

Jo + Jinr. In particular, the thresholding test Jy,, is defined as, 0% = \/2/ma™'t? (143t %)

and py= \/2/7Ta_1t1,\,(1-+-t;2)7

N
_ A2 . A (~—1/2
Jthr:UNl(Zng]‘ 11{|07|U] / >tN} - lu’N)a
j=1

where ty=1/2log(Na), a = (log N)~2. Here the threshold value ty is chosen smaller than
our &y 1, and it results in a non-degenerate null distribution of Jy,,. When X, is diagonal, its
asymptotic null distribution is - (0, 1), but when £, is non-diagonal, it can suffer from
substantial size distortions (see Fan (1996) for detailed discussions). For each test, we
calculate the relative frequency of rejection under Ho, 77! and £2 based on 2000
replications, with significance level g = 0.05. We also calculate the relative frequency of &

being empty, which approximates P(S=g). We use the soft-thresholding to estimate the
error covariance matrix.

Table Il presents the empirical size and power of each testing method. Numerical findings
are summarized as follows.

i. The sizes of both Jy414 and Jg + Jyarg are close to the significance level. In contrast,
the thresholding tests (Jir and Jinr + Jg) have significant size distortions.
Furthermore, adding Jg results in just 0.1-0.2% increase of the size.

il Under Ho, P(S:@) is close to one, indicating that the power enhancement

component Jg screens off most of the estimation errors. Under £}, p(é‘:@) is less
than 10% because the screening procedure manages to capture the big thetas. Under

H?, as the non-vanishing thetas are very weak, & has a large chance of being
empty.

i, Under H, the power of the thresholding test is much higher than that of the Wald
test, as the Wald test accumulates too many estimation errors. Besides, the power is
significantly enhanced after Jg is added.

iv. Finally, under A2, the power enhancement is not substantial as the nonzero thetas
are very weak, and the thresholding test has higher power than Jg+Jyyaig does. The
power of the thresholding test can be further enhanced after Jg is added with little
increase of false rejections. Note that in this case g still has more than 10% chance
of being nonempty. Whenever it is non-empty, adding Jg potentially enhances the
power of the test.

Econometrica. Author manuscript; available in PMC 2016 January 15.



1duosnue Joyiny 1duosnue Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Fan et al.

Page 27

6.2 Testing cross-sectional independence

We use the following data generating process in our experiments,

yu=a+Pfrytpituy, 1 <n,t <T,

T =Ex; 1+ pi+E4t. 6D
Note that we model {x;}’s as AR(1) processes, so that Xj; is possibly correlated with y;, but
not with uj;, as was the case in Im et al. (1999). For each i, initialize xj; = 0.5 att = 1. We
specify the parameters as follows: ; is drawn from +#(0:0.25) for i = 1, ..., n. The
parameters @ and Sare set —1 and 2 respectively. In regression (6.1), £= 0.7 and

EitNJV(O, 1)

We generate {ut};f:1 from 4x(0, Zu). Under the null hypothesis, 3, is set to be a diagonal

. 2 2
matrix Zup:dlag{gla 0}, Following Baltagi et al. (2012), consider the
heteroscedastic errors

2

ol=0?(1+KT;)° (6.2)

with x= 0.5, where 7, is the average of x;; across t. Here o2 is scaled to fix the average of

o?'s at one.

For alternative specifications, we use a spatial model for the errors u;;. Baltagi et al. (2012)
considered a tri-diagonal error covariance matrix in this case. We extend it by allowing for
higher order spatial autocorrelations, but require that not all the errors be spatially correlated
with their immediate neighbors. Specifically, we start with X, ; = diag{Z1, ..., Zya} asa
block-diagonal matrix with 4 x 4 blocks located along the main diagonal. Each %j is
assumed to be 14 initially. We then randomly choose |n®-3| blocks among them and make
them non-diagonal by setting Zj(m, n) = PM="(m, n < 4), with p= 0.2. To allow for error

1/2 1/2
cross-sectional heteroscedasticity, we set ZUZZMO Zu,lZu,O, where

Zu,o:diag{a%’ - on}as specified in (6.2).

The Monte Carlo experiments are conducted for different pairs of (n, T) with significance
level g = 0.05 based on 2000 replications. The empirical size, power and the frequency of
§—gasin (5.1) are recorded.

Table 111 gives the size and power of the bias-corrected quadratic test J; in (5.2) and those of
the power enhanced test Jg + J1. The sizes of both tests are close to 5%. In particular, the
power enhancement test has little distortion of the original size.

The bottom panel shows the power of the two tests under the alternative specification. The
power enhancement test demonstrates almost full power under all combinations of (n, T). In
contrast, the quadratic test J; only gains power when T gets large. As n increases, the
proportion of nonzero off-diagonal elements in X, gradually decreases. It becomes harder
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for Jq to effectively detect those deviations from the null hypothesis. This explains the low
power exhibited by the quadratic test when facing a high sparsity level.

6.3 Empirical evidence of sparse alternatives

We present empirical evidence of sparse alternatives based on a real data example. Consider
Carhart (1997)’s four-factor model on the S&P 500 index. We collect monthly excess
returns on all the S&P 500 constituents from the CRSP database for the period January 1980
to December 2012, and construct the screening set & on a rolling window basis: for each
month, we evaluate & using the preceding 60 months’ returns (T = 60). The panel at each
month consists of stocks without missing observations in the past five years, which yields a
balanced panel with the cross-sectional dimension larger than the time-series dimension (N
>T). In this manner we not only capture the up-to-date information in the market, but also
mitigate the impact of time-varying factor loadings and sampling biases. In particular, for
testing months z=1984.12, ..., 2012.12, we run the regressions

T =T =07 +5] e MKTT —1%)+67 o (, SMBE +67  HMLE+57, o MOME +ujy,  (6.3)

-
i,SMB i,HML i,MOM

fori=1,..,Nyandt=7—159, ..., 7, where rj; represents the return for stock i at month t, r
the risk free rate, and MKT, SMB, HML and MOM constitute market, size, value and
momentum factors. The time series of factors are downloaded from Kenneth French’s
website. To make the notation consistent, we use ¢ to represent the “alpha” of stock i.

Table 1V summarizes descriptive statistics for different components and estimates in the
model. On average, 618 stocks (which is more than 500 because we are recording stocks that
have ever become the constituents of the index) enter the panel of the regression during each
five-year estimation window. Of those, merely an average of 5.2 stocks are selected by the
screening set & which directly implies the presence of sparse alternatives. The threshold

dyr=1/(logN)log(logT) varies as the panel size N changes at the end of each month, and
is about 3.5 on average. The selected stocks have much larger alphas (6) than other stocks
do. Therefore empirically we find that there are only a few significant nonzero “alpha”
components, corresponding to a small portion of mis-priced stocks instead of systematic
mis-pricing of the whole market.

The power enhancement procedure is particularly suited for the empirical setting where
sparse alternatives are present. Note that finding only a few stocks with nonzero alphas is
probably explained by the focus on a balanced panel of highly traded stocks with large
capitalizations (cf. constituents of the S&P500). On the other hand, as in Gagliardini et al.
(2011), the empirical finding would probably be different if we consider a much larger
universe of stocks with possibly many more mis-pricing.

7 Discussions

We consider testing a high-dimensional vector H: 8= 0 against sparse alternatives where the
null hypothesis is violated only by a few components. We introduce a “power enhancement
component” Jg based on a screening technique, which is zero under the null, but diverges
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quickly under sparse alternatives. We suggest constructing Jg as described in the paper since
the screening set & can reveal the sparse structure of 6, and a negative outcome of the test
suggests a specific set of alternatives.

In the factor pricing model, the issue of missing a small number of factors is also important
to consider. One one hand, when the unspecified factors are not “pervasive”, only assets that
are influenced by the missing factors are affected, which may lead to a sparse alternative. On
the other hand, the unspecified pervasive factors may substantially affect the sparse structure
of either @or X, or both. In this case, we can extend the current model to allow for
unobservable factors, which can be statistically inferred using principal components (PC)
method as in Stock and Watson (2002) and Fan et al. (2013). Since the PC method is robust
to over-specifying factors, the screening set & should be stable if the “working number of
factors” f- is no smaller than the true number of factors K. As a result, one can estimate &
and construct & using either a consistent estimator of K or a slightly overestimated z-. Once
& is reasonably robust to the choice of £, it indicates that no pervasive factors are omitted.
We can then proceed to use the proposed J; to conduct the test.

In addition, this paper considers unconditional population moments of asset returns and
focuses on the factor pricing model. Unconditional moments of financial returns, under a
broad class of data generation processes, are time invariant and can thus be estimated from
time series data. Though theoretical models often imply a conditional linear model with
respect to investors’ information sets, it is much more convenient to deduce testable
implication that does not depend on this conditioning information (see Hansen and Richard
(1987)). On the other hand, the use of conditioning information is also appealing and has
been addressed by several authors (see,e.g., Gagliardini et al. (2011) and Ang and
Kristensen (2012)). It will be an interesting direction to accommaodate such conditioning
information in deriving power enhancement tests.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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A Proofs for Section 3

Throughout the proofs, let C be a generic constant, which may differ at different places.
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A.1l Proof of Theorem 3.1

Proof

Define events

Ol
IN
~

A= {max|0 —0, \/A1/2<5N‘T}, ,42:{

For any j € S (6), by the definition of S(8), |9; |>36NT ] ® Under A1 NA,,

195
~1/2 —
Yj

1051 —10; 651 2165
A1/2 = 12 5N,T>5N,T-
3v;

This implies that j ¢ S, hence 5(6) S. In fact, we have proved this statement on the event
A1 17 A, uniformly for < ©:

inf P(S(0) c S|9) — 1.
olg(_)(()c 0) —

Moreover, it is readily seen that, under Hy: 6= 0, by Assumption 3.1,

P(Jo=0|Hy)=P(S=0|H,) P(max{|0 /032 }<8y | Ho) — 1.

In addition, by infyco P(S(8) C S|8) — 1,

supP(Jo < VN|S(6) # 2) < supP(JU < VN,§5#0|50) # ®)+SupP(S 2|S(0) + )
fc

0co
< supP( \/—252 < VN, S # 2|5(6) ;ﬁ ®)—|—o(l)
0co
_]ES
<supP(VN&2 | < VN|S(8) # @)+0o(1) — 0.
0co

Note that the last convergence holds uniformly in 8 € © because &y 1 — co. Therefore,

infgeo P(Jo> V'N|S(8) # @) — 1. This completes the proof.

A.2 Proof of Theorem 3.2

Proof

It follows immediately from P (Jg = O|Hg) — 1 that J —9 F, and hence the critical region
{D:J > Fy} has size g. Moreover, by the power condition of J; and Jp = 0,

inf P(J>F,|0) > inf P(Ji>F,6)— 1.
9co(J1) 0€o(J1)
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This together with the fact
inf P(J>F,|0) > min{ inf P(J>F,|0 inf P(J>F,|0
oe@:geul) (7> £y )_mm{ole%s (J> £y )’oeglul) (>Fql0)},

establish the theorem, if we show infyco P(J>F,|0) — 1.

By the definition of Sand Jg, we have {Jo< \/ﬁéi)T}:ﬁ:@}. Since infgeo P(S(6) €56
— 1 and Os= {f € ©: S(6) £}, we have

supP(Jp< \/N(S?V . \0):supP(5':®|0)
O ’ [SH
< sup P(5=0,5(0) C S|0)+o(1),
{6cO0:5(0)+0}

which converges to zero, since the first term is zero. This implies

infe, P(Jo > V'NG2 _|6) — 1. Then by condition (ii), as 8y — oo,

inf P(J>F,|0) > inf P(VNG&2 +J,>F,|0) > inf P(cVN+J,>F,|8) — 1.
0c0, 6co, NT 60,

This completes the proof.

A.3 Proof of Theorem 3.3

Proof

It suffices to verify conditions (i)—(iii) in Theorem 3.2 for J; = Jo. Condition (i) follows
from Assumption 3.2. Condition (iii) is fulfilled for ¢ > 2/£ since

_ N(O+pyr)
Evr VN

inf P(cVN+J,>F,|0) > inf P(cvVN >F,|0) — 1,
0c6;,

0cO;

by using Fq = O(1), &yt — & and py,1 — 0. We now verify condition (ii) for the ©(Jg)
defined in the theorem. Let D = diag(vy, ..., vn). Then ||D|l» < C3/T by Assumption 3.2(iv).

N ’ 2
On the event A={||(6 — 6) D™/?|| <6 N/4}, we have

(6-6)Ve| < |@-6)DV2||DV2V
1/2 1/2 [ pf 1/2
< e VNIDIL VI (0°Ve) /2
’ 1/2
< dyr vN(C3/T)1/2||V||;/2(o vo) /2.

For ||0\|2>C512\,,TN/T with C = 4C3||V|l2/Amin(V), we can bound further that
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16— 6) Vol < §'Ve/4.

Hence, & V@ > 6'Ve — 2(6 — 6) VO > 6'Ve /2. Therefore,

sup P(J, < Fl) < sup P(TEE22E < F[0)+ sup P(A%)6)
8c0(J,) e(J,) & o (J,)
< sup P(TAmin(V)||0]*<2F,£ VN+4N|0)+o0(1)
e(J,)
< sup P(Anin(V)C82 _N<5N|0)+0(1),
e(Jy) ’

which converges to zero since 0% . — cc. This implies 1o, P'(/o>F4/0) — 1ang
finishes the proof.

A.4 Proof of Theorem 3.4

Proof

Through this proof, C is a generic constant, which can vary from one line to another.
Without loss of generality, under the alternative, write

’

0'=(6,05)=(0,6,), 6'=(6,.9,),

where dim(6;) = N — ry and dim(&,) = ry. Corresponding to (¢';, 65), we partition V! and
V into:
4 (M B _( Mi'+A @
A% _(,3 M2>andV—< G c |

where Mqand A are (N —ry) x (N —ry); fand G are ry X (N —ry); My and C are ry X ry.

By the matrix inversion formula,

A=M; 18 (M, — sM;'8) ' BM; L.

Let A=T6'V6 — T, M; 6, . Note that

A=T6,A8,+2T6,G0,+T6,C8,.
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We first look at TéllAEI. Let Ay ;=T Amax((Ma — AM;18) ) and D, =diag(+M; ) Note

that the diagonal entries of Lv-lare given by diag(+V)={v; }jSN. Therefore Dy isa

diagonal matrix with entries {v) }jSN,TN, and maxv;=O(T ).
Since Bis ry x (N — ry), using the expression of A, we have

T~ 12
76 1A6, < )\N,THﬂMl 101H

1,7 2 2
< A IV @1 = 01) (e 5[5y

i_T‘N]S

C1am1/2012 )~ —1/2 2 112
< Ayren IMTIDYZ D201 - 00)],0 IV

where we used @ = 0 in the second inequality and the fact that

—1
maxi <7y 185l IV Note that|| v, —0(1)=|[ V| . Hence,

_11/2,2 _
IM;'DY?|,=0(T "), and A, .=O(T).

Thus, there is C > 0, with probability approaching one,

A~ 71/2 —~ 2 9
T01A01 S CTN”DI (01 _01)||max S Cr.,o

NN, T"

Note that the uniform convergence in Assumption 3.1 and boundness of ||6|| _imply that

max

P(0]],,. < C) — 1for asufficient large constant C. For G = (gjj), note that

max —

N-—r
maXiSrzjzl lgij] < IVI[ly Hence, by using &, = 0 again, with probability tending to one,

T6,G6;| = T|6,GDy*D;"*(8; - 61)|

N N—r
R s
< T)6a)| Dy 201 — 00| >3 l9is| VT
i=1j=1
< CrN(SN’T VT.

Moreover, Té;C@ < T||@|\2||C||2:OP (r,T). Combining all the results above, it yields
that for any 9 € Oy,

A=0,(r 5 +ryT).

NYN,T

We denote var(), var(eAl), var(oAQ) to be the asymptotic covariance matrix of 9, 4, and g,.

Then , v—1_var(6)2d 1 M, =var(8, ) It then follows from (3.3) that
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A e _ _
Z = TelMl 01 (N er)_>d¢/1/(0’ ].).

2(N —r,)

Forany 0 < £ < Fg, define the event A={|A — r |< V2N €}. Hence, suppressing the
dependence of &,

P(J,>F)=P( TN >F,)
N— A—
=P(Z\ 5+ =52 > Fy)

VL4 € SF))+P(A%),

<Pz

which is further bounded by 1-®(Fq—¢)+P(A%)+0(1). Since 1-®(Fq) = g, for small enough,

& 1-®(Fq—¢) = q+O(e). By letting £ — 0 slower than O (TTN/ \/N) we have P (A°) = o(1),
and lim supN 00T 00 P (Jg > Fg) <. On the other hand, P (Jg > Fq) =2 P (J1 > Fg), which

1duosnue Joyiny 1duosnuely Joyiny

1duosnuep Joyiny

converges to g. This proves the result.

B Proofs for Section 4
Lemma B.1

When cov(f,) is positive definite, Bf, (Ef,f]) Ef,<1.
Proof

If Efi= 0, then Ef, (Ef,f, )_1 Ef,<1. If Efy # 0, because cov(fy) is positive definite, let
c=(Eff)) " Ef, then ¢’ (EBE,f, — Bf,Ef,)c>0. Hence ¢’ Ef, Bf, c<c Bf,f,c implies

/ — ’ — 2 .. . , ,
Ef,(Ef£) ' Bf,>(Ef,(Eff)  Ef,) . This implies Ef, (E£f))  Ef,<1

B.1 Proof of Proposition 4.1

’ ro—1 1 AN .
Recall that v;=var(u;;)/(T' — TEf,(Ef,f,) Ef;), and v]-:fz t:{“?f/ (T'a, ;). Write

1 T —~
o 2 : A,,__E : . o2=Tv. 2_
Uz]_( u)ij’ O"LJ—T tzluztujta J—T'U_y, and oj —T@].

Simple calculations yield

~ _ 1 T /
Hi:0i+af’;?;uit(l — ftW)
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We first prove the second statement. Note that there is omjn > 0 (independent of 6) so that

. — logN
Min; 6j > Omin. By Lemma ??, there is C > 0, infe P(max; _y[7j — 0j])<C \\ "1 ) =

A logN
On the event {MaX; <[ — 05|<C }
o2 16, — ;| _ C\/logN
max |- — 1| < max' 24— %l < o9
JsN J1/2 I=N 9j Omin \/T

This proves the second statement. We can now use this to prove the first statement.

Note that vj is independent of 6 so there is C; (independent of €) so that

max,_,v; /*<C; VT. On the event

1/2 /,1/2 logN
{max,_ v}/ /072 <2} N {max_|6; — 0;/<C }
|‘9AJ — 9j| logN —1/2
%%{T S C szj&X’UJ S 2CCl \/logN<5N,T'

The constants C, C; appeared are independent of 8 and Lemma ?? holds uniformly in &
Hence the desired result also holds uniformly in 6.

B.2 Proof of Proposition 4.2
By Theorem 1 of Pesaran and Yamagata (2012) (Theorem 1),

Taf’Té?Z;lé ~ N)/VaZN—4 4 (0,1).

Therefore, we only need to show

76 (7 -3, )0

The left hand side is equal to

(125 Vrls S S0) St N VL P S 31 [0 P O S )
VN VN

= a+b.
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It was shown by Fan et al. (2011) that

- logN
||Zu - ZquOP(mN V"7 —HZ Z H In addition, under Ho,

2 (o}
16]°=0,.(N1ogN/T).. Hence b=0 (M) 0, (1)

The challenging part is to prove a = op (1) when N > T. As is described in the main text,
simple inequalities like Cauchy-Schwarz accumulate estimation errors, and hence do not

-1 ’
work. Define et:Zu w=(eit, - - -,€y,), which is an N-dimensional vector with mean zero

—1
and covariance Zu , Whose entries are stochastically bounded. Let w=( Eftft’)’1 Ef,. Akey
step of proving this propaosition is to establish the following two convergences:

22
1
ZZ — Eu?)( Ze“ — W) | =o(1), ®1)
NT’L 1t=1 '
1 L 1 & ’
_E‘W ;(Uitujt_EUitujt)[ﬁ;eis(l_ Ze]k SW | —O(l),

SU:{(ivj):(Zu)

The sparsity condition assumes that most of the off-diagonal entries of X, are outside of Sy.
The above two convergences are weighted cross-sectional and serial double sums, where the

1 T r__
weights satisfy ﬁztzleit(l — £,W)=0,(1) for each i. The proofs of (B.1) and (B.2) are
given in the supplementary material in Appendix D.

We consider the hard-thresholding covariance estimator. The proof for the generalized

1 T
sparsity case as in Rothman et al. (2009) is very similar. Let sij:fE ., Gidjiand
ai=(Zy)ij Under hard-thresholding,

R ~ N1 1/2
Uij:(zu)ij: Sigo it # j, |sij|>C(sus JJ_TL)

0, ifi# g, [si| < C(sii5); TN)

1/2

N -1 N -1 c .o
Write @ >~ ). to denote the ith element of 8 Y, and 55 ={(:7):3_ ), =0}, For

gij = (Zu)ij, and ‘31‘1:(2)”- we have
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N o, T o
a=F52 03, (0~ i)t O DRRNCHET
VN u Ziv " " w JiV W 1]

=1 \/Nwﬁ] (i,5)€S,,

-1
+% Z (0 )(0 Zu ) (Gij — 0ij)
(i,3)€S;
=a1+az+as

We first examine a3. Note that

T 'L a e A
a3_\/—_ ze: GZU )z(0 Zu )jam.

Obviously,

logN 1/2)

P(az>T~! )<P( max |U”\ +0) <P( max |sm\>C(su i —Z—)

Because s;j is uniformly (across i) bounded away from zero with probability approaching

logN
one, and Ma% jese [5:1=05({/ =), Hence for any € > 0, when C in the threshold is

large enough, P (a3 > T 1) < ¢, this |mpI|es az=op (1).

The proof is finished once we establish a; = op (1) for i = 1, 2, which are given in
Lemmas ?? and ?? respectively in the supplementary material.

Proof of Theorem 4.1

Part (i) follows from Proposition 4.2 and that P (Jo = O|Hg) — 1. Part (ii) follows
immediately from Theorem 3.3.

C Proofs for Section 5

C.1 Proof of Proposition 5.1

LemmacC.1

Under Assumption 5.1, uniformly in 8€ ©, P(v/nT||8 — B||< /logn) — 1.

Proof—Note that

-1

ZZ%% ZZM%

zltl zltl

VTl|B — =

T

~/ ~ ~ ~
g PRuXi Bty < O,

- - 1 n
Uniformly for 8 € ©, due to serial independence, and ﬁzizl
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n T n T

B MZZX”“#” _nTZZZZEXﬁXJSU”UJS

i=1t=1 i=1t=1j=1s=1

n T T
:%ZZE}E;tiltEﬁzt&zt+%ZZE}E;ti]tEﬂltﬁ]t
i=1t=1 i#jt=1
~l ~ ~ ~
< C142) | Bxy%| |Bagiy| < C.
i#]

Hence the result follows from the Chebyshev inequality and that

1 n T ’
Amin(ﬁzi:lzt:liitiit) is bounded away from zero with probability approaching one,
uniformly in 6.

LemmaC.2

1 o ro - . /
Suppose man§n||?ZthtXit”2<C with probability approaching one and E(uj,)<C".
There is C > 0, so that uniformly in 6 ©,

1 T
P(mangn|th:1th|<C \/logn/T) — 1
j—
P(maXi’jgn|?Zt:1uitUﬁ — Euitth|<C A/ logn/T) — 1
1T . 19
P(maxjfnfzt:1(uﬂ —145)°<Clogn/T) — 1

1l , S
P(maXi’j§n|?Zt:1uitUﬂ — Euitujt|<C’ logn/T) — 1

i.
ii.
iii.
iv.

Proof

By the Bernstein inequality, for C:(8maxj§nE(u§t))1/ ? we have

~

|TZu]t\>C’\/7)<nmaXP %Z t|>C\/7)

t=1
o C2logn _1
< exp(logn 4max]§nE(u§ )) n’

. 1 T 1
Hence (i) is proved as P(maxj§n|fzt:1ujt|<c \0ogn/T) >1— e

" For C:(12maxj§nE(u§t))1/2, we have, uniformly in € ©,

Econometrica. Author manuscript; available in PMC 2016 January 15.



1duosnue Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Fanetal. Page 39

lo n
max|TZultth — Buyuj| > C /=4

,j<n
< n2zngl‘?7(zp(|%zumuﬂ - Euitujt‘ > Cy lojg“n)
W= t=1
C? logn

< exp(2logn —

dmaxj<, E ]f))

iii.
N 1 T ! ~
Note that @t — ujt= — fztzluj‘t — X j¢(f — B), and

I . o . - .
manSnH?ZthtX jt||2<c with probability approaching one. The result then
follows from part (i) and Lemma C.1.
iv. Observe that
T T

|Tzu1tu]t - Eultu_]t| < ‘ Zultu]t - Eultu_]t|+| Tzultu]t - uztu]t|
t 1 t=1

1/2
R 2 R
< |%Zu¢tu]‘t — Euitu]’t|+%2(u]‘t — th)z-l-(?z:u?t) (TZ(uﬁ — ujt)2)
=1 =1 t

t

2 N 1z _ _
The first two terms and (?Zt(uﬁ —u;)%)  in the third term are bounded by results in
(ii) and (iii). Therefore, it suffices to show that there is a constant M > 0 so that

P( IJIlg)l(TZu]t<I\I — 1.

1 1
Note that mangnTZtU?t <max;<n|z U — Bufy|+max; <, Buj,. In addition, by (i),
there is C > 0 so that

1z
P(Ijn<a;(|?z:u§t - Eu§t|<C \Jlogn/T) — 1.
=t =

Hence we can pick up M so that M — max;<, E(u3,)>C y/logn/T, and
P(I;lgaf%;uft >M) < P(Ijngazq%;u?t - Eu3t| > M — ?ngu?t)

logn
1 2 2
< P(%H_ Et Uy — Eujt| >C ) — 0.

This proves the desired result.
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Lemma C.3

Under Assumption 5.1, there is C > 0, uniformly in 6 € ©,
P(maxij\ﬁij — pij|<C’\/logn/T) — 1.

71/2 1 T, -1/21 T .
Proof—By the definition p;;= (= Zt 1 Zt (—thlujt) thzluz'tujt-Bythe

T
triangular inequality,

’ < |%Z Qiplijp — iy
Pij — Pijl = 512 1/2
(@) (3 )
X1
T ~1/2 A ~1/2
Z%t“gt” Z Zﬁit) - (Tzuzztfzuft) |
o T t=1 t=1

Xo

. T
By part (iv) of Lemma C.2, P(max; j<,| %thlﬁitﬁjt — Bujuj|<Cy/logn/T) — 1.
Hence for sufficiently large M > 0 such that minjE(U%) — C/M>C/logn/T,

P(max| X1 |>M /%) < P(mint S 42 <C/M)+o(1
(ijlll V) < (jTXt:Jt /M)+o(1)

< P(mjax|%2ﬁ]2t - Eu§t|>miju§t — C/M)+o(1)=o(1).
t

+ |logn
By a similar argument, there is M”> 0 so that P(maxj| Xo[>M \\ 1 )=0(1)- The result
then follows as, uniformly in &< ©,

P(max|py; — pij| = 20 +M') \/Togn]T)
)
< P(max|Xy| > (M+M0') \/logn/T)+P(max| Xo| > (M+1') /Togn/T)=o(1).
1] )

Proof of Proposition 5.1

Asl— p§j>1 — cuniformly for (i, j) and &, the second convergence follows from Lemma C.
3. Also, with probability approaching one,

|Pij_/)ij\§ 3T c 109n<5NT_
@}]/2 2(1—c¢) T ’
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C.2 Proof of Theorem 5.1
Lemma C.4
J1 has power uniformly on @(Jl):{Zijfj > Cn*logn/T} for some C. Proof. By

Lemma C.3, there is C > 0, infgco P(max;;|p;; — pij|<C y/logn/T|0) — 1. Let

A={3"(p;; = piy) < C*n?(logn/T)}.

i<j

Then infg P(A|#) — 1. On the event A, we have, uniformly in = {g;},

Sy — piois < (X —pi)) () < /;9” ).

1<j 1<j 1<j 1<j

2 2.2
Therefore, when Zijij > 16C"n"logn/T

R 2 . 2Cn +/logn 1/2
Y P5=Y Py — pis) +pi 2Py —pij)pij 2 Y Py — T(Z :

i<j i<j i<j

. . 2 2
This entails that when Zijz‘j > 16Cn"logn /T we have

n(n —1) n vn(n—1)
sup P(J;<F,|0) < sup P( B 7—1— F,+ 0
@(}1)) (Ni<Felf) < @(Jll)) ;p] 2T (Fy 2(T—1)) T 9)

n(n —1) n(n — 1)
< sup P(AN pl<——ZL+(F,+ 6)+ sup P(A°|9) —
o) (2i<j J oT ( q 2(T — 1)) T | ) o) ( ‘ )

Proof of Theorem 5.1

It suffices to verify conditions (i)—(iii) of Theorem 3.2. Condition (i) follows from Theorem

vn(n—1) n
1 of Baltagi et al. (2012). As for condition (ii), note that Ji2 - 9 - 2(T — 1)
almost surely. Hence as n, T — oo,
il PeVN+71>2,0) > inf P(e VN~ v ”(Z —U_ 2(T” > l)=1
[S(SH -

Finally, condition (iii) follows from Lemma C.4.
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Size and power (%) of tests for cross-sectional independence

Table llI

T n=200_ n=400 n=600 n =800 R
J1/PE/P(S=@) J1/PE/P(S=@) J,/PE/P(S5=2) J,/PE/P(5=9)

Ho

100 4.7/5.5/99.1 4.9/5.3/99.6 5.5/5.7 /199.7 4.9/5.2/99.7

200 5.3/5.3/100.0 5.5/5.9 /99.6 4.7/5.1/99.4 4.9/5.1/99.8

300 5.2/5.2/100.0 5.2/5.2 /100.0 4.6/4.6 /100.0 4.9/4.9/100.0

500 4.7/4.7 /100.0 5.5/5.5/100.0 5.0/5.0 /100.0 5.1/5.1/100.0
Ha

100 26.4/95.5 /5.0 19.8/98.0/2.3 13.5/98.2 /2.0 12.2/99.2 /0.9

200 54.6/98.8 /1.6 40.3/99.6 /0.5 24.8/99.6 /0.4 21/99.7 /0.3

300 78.9/99.2/1.1 65.3/100.0 /0.1 41.7/99.9 /0.2 37.2/100.0 /0.1

500 93.5/99.8 /0.2 89.0/100.0 /0.0 69.1/100.0 /0.0 61.8/100.0 /0.0

Page 47

Note: This table reports the frequencies of rejection by J1 in (5.2) and PE = Jg + J1 in (5.4) under the null and alternative hypotheses, based on

2000 replications. The frequency of 5' being empty is also recorded. These tests are conducted at 5% significance level.
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