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Abstract

This work is concerned with testing the population mean vector of nonnormal high-dimensional
multivariate data. Several tests for high-dimensional mean vector, based on modifying the
classical Hotelling T2 test, have been proposed in the literature. Despite their usefulness, they tend
to have unsatisfactory power performance for heavy-tailed multivariate data, which frequently
arise in genomics and quantitative finance. This paper proposes a novel high-dimensional
nonparametric test for the population mean vector for a general class of multivariate distributions.
With the aid of new tools in modern probability theory, we proved that the limiting null
distribution of the proposed test is normal under mild conditions when p is substantially larger
than n. We further study the local power of the proposed test and compare its relative efficiency
with a modified Hotelling T2 test for high-dimensional data. An interesting finding is that the
newly proposed test can have even more substantial power gain with large p than the traditional
nonparametric multivariate test does with finite fixed p. We study the finite sample performance
of the proposed test via Monte Carlo simulations. We further illustrate its application by an
empirical analysis of a genomics data set.

Keywords

Asymptotic relative efficiency; High dimensional multivariate data; Hotelling T2 test;
Nonparametric multivariate test

1 Introduction

Let X, ..., X, be independent and identically distributed (iid) p-dimensional random vectors
from the model X; = U + & where & is the random error to be specified later. In this paper,
we consider a novel nonparametric procedure for testing the hypothesis
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Ho:p=0 versus Hy:pp #0, (1)

when p is potentially much larger than n. Here and throughout this paper, p stands for the
number of variables (or features) of the data, and n for the sample size.

The above testing problem is motivated by recent advances in genomics. There is growing
evidence that most biological processes involve the regulation of multiple genes; and that
analysis focusing on individual genes often suffer from low power to detect important
genetic variation and poor reproduceability (Vo et al., 2007). As a result, increasing
attention has been focused on the analysis of gene sets/pathways, which are groups of genes
sharing common biological functions, chromosomal locations or regulations. In some
important applications, the problem of evaluating whether a group of genes are differentially
expressed can be formulated as the hypothesis in (1), where X represents a vector of
summary statistics computed on each of the p genes, such as the log-intensity ratios of the
red over green channels; or the log ratios of the gene expression levels between control and
treatment chips (or before and after drug treatment). For example, the data set we analyzed
in Section 3.2 contains microarray measurements from diabetic patients before and after
insulin treatment (Wu et al., 2007, 2011).

Testing the hypothesis in (1) becomes very challenging for high-dimensional data. The
traditional Hotelling’s T2 test is not well defined as the inverse of sample covariance matrix
may not exist when p is larger than n. It has been observed in Bai and Saranadasa (1996)
that the power of the Hotelling’s T2 test can be adversely affected even when p < n, if the
sample covariance matrix is nearly singular, see also Pan and Zhou (2011). Recently, there
has been great interest in extending Hotelling’s test to the p > n setting, see Bai and
Saranadasa (1996, p/n — ¢ £(0,1)), Srivastava and Du (2008, n = O(p®) for some 1/2 < §<
1), Srivastava (2009, n = O(p%) for some 0 < §< 1), Lee et al. (2012, p/n — ¢ > 0),
Srivastava et al. (2013, n = O(p%), 5> 1/2), Chen and Qin (2010, Tr(x4) = o(Tr2 (£2))).
Thulin (2014) proposed a more computing-intensive extension by combining Hotelling’s
tests from a large number of lower-dimensional random subspaces. A shared drawback of
the aforementioned tests is that they tend to have unsatisfactory power performance when
the multivariate distribution is heavy-tailed and is very sensitive to outlying observations.

In many microarray experiments, most genes are expressed at very low levels, few genes are
expressed at high levels. The distribution of intensities tends to be nonnormal even after log
transformation, regardless of the normalization methods (e.g., Purdom and Holmes, 2005).
For the data example in Section 3.2, it is observed that the marginal distributions of the
microarray expressions are nonnormal and have heavy tails based on values of their
marginal kurtosises. Furthermore, in microarray experiments, outliers frequently arise due to
the array chip artifacts such as uneven spray of reagents within arrays and other reasons.
This motivates us to develop a nonparametric test for high-dimensional population mean
vector or the location parameter without the multivariate normality assumption.

We propose a new test for hypothesis (1) based on spatial signs of the observations, and
further study its asymptotic theory. Comparing with the extensions of Hotelling’s T test
(Chen and Qin, 2010), the theory for the nonparametric test with p > n is considerably more
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challenging. To derive the asymptotic theory, we employ new probability tools on the
concentration properties of certain quadratic forms, which may be of independent interest
and have potential applications in developing the theory for other related high-dimensional
nonparametric procedures. The proposed nonparametric test has several appealing
properties. First it is directly applicable for the setting with p > n, and it is computationally
simple. Second, the new test is shown to lose little efficiency when the underlying data are
multivariate normal and to have potentially significant efficiency gain for heavy-tailed
multivariate distributions. This is verified by deriving its asymptotic relative efficiency.
From our Monte Carlo simulation, significant efficiency gain can be achieved at small or
moderate sample size.

Nonparametric statistical procedures have been explored little in the high dimensional
setting. An open question is whether their power advantage continues to hold (and if hold, to
what extent) in high dimension. This work takes a substantial step towards understanding
the merits of nonparametric procedures when p > n by providing both theoretical
justification and numerical evidence. Our theoretical analysis reveals a striking
phenomenon: the efficiency gain of the new nonparametric test in the high-dimensional
setting can be more substantial comparing with the well known traditional nonparametric
tests efficiency gain in the “classical” framework where p is fixed and n goes to infinity. For
example, consider the p-dimensional multivariate t-distribution with 3 degrees of freedom,
which is heavy-tailed. For this distribution, it is well known that the asymptotic relative
efficiency of the spatial sign test versus Hotelling’s T2 test is 1.9 for p = 1, 2.02 for p = 3,
and 2.09 for p = 10. This implies an increasing trend as the dimension p increases. The
theory established in this paper suggests that when p > n, the asymptotic relative efficiency
of the proposed new nonparametric test versus Chen and Qin’s extension of Hotelling’s T2
test is about 2.54. This result provides strong support for the usefulness of nonparametric
tests in high-dimensional problems.

It is worth noting that we do not impose structural constrains, such as sparsity, on the
alternative hypothesis. Hence, it allows for a dense alternative, where many components of
the vector contribute to the signal. In fact, this is one of the main motivations for gene set
analysis. For many complex diseases, such as depression and diabetes, evidence from
medical literature suggests that many of the genes from a biological pathway contribute
small signals which are hard to detect individually. Cook et al. (2012) discussed other
applications of similar nature, where sparsity may not be the reality. In the simulations, we
demonstrated that the test based on marginal p values with Bonferroni or FDR correction
may have low power to detect the global signal. On the other hand, in some other
applications involving high-dimensional testing, there may be reasons to believe the
alternative is sparse, for which case the existing tests can be further tuned to increase the
power performance, see the recent work by Hall and Jin (2010), Zhong, Chen and Xu (2013)
and Cai, Liu and Xia (2014), among others. It is noted that these tests use sample means as
basic building blocks and hence are expected to suffer from power loss for heavy-tailed
multivariate data. The new test we propose has the potential to be extended to the sparse
alternative setting with the promise of improved power performance.
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We introduce the high-dimensional nonparametric test in Section 2.1. We derive its limiting
null distribution under a set of weak conditions in Section 2.2, and investigate its power
performance under local alternatives and study the asymptotic relative efficiency in Section
2.3, some important extensions are discussed in Section 2.4. We conduct Monte Carlo
simulations and analyze the gene sets from a genomics study in Section 3. Section 4
concludes the paper and discusses relevant issues. Technical proofs are given in the
Appendix. The Supplemental Material include additional technical and numerical results.

2 A high-dimensional nonparametric test

We first focus on the case that the random vector X; follows an elliptical distribution.
Extensions to beyond the elliptical distribution family are discussed in Section 2.4.

The class of elliptical distributions encompasses many useful non-Gaussian multivariate
distributions such as multivariate t distribution, multivariate logistic distribution, Kotz-type
multivariate distribution, Pearson Il type multivariate distribution and many others. The
family of elliptical distributions is well studied in the statistical literature (e.g., Fang, Kotz
and Ng, 1990). Recently, this family becomes important for modeling finance data (McNeil,
Frey and Embrechts, 2005) due to its potential to accommodate tail dependence (the
phenomenon of simultaneous extremes), which is important in quantitative finance but is not
allowed by the multivariate normal distribution (Schmidt, 2002).

An elliptically distributed random vector X; has the following convenient stochastic
representation:

Xi=p+e;, and ;=I'R;U;, (2)

where I is a p x p matrix, U; is a random vector uniformly distributed on the unit sphere in
RP, and R;j is a nonnegative random variable independent of Uj. The distribution of X;
depends on I only through I'T'T (Fang, Kotz and Ng, 1989). Thus, we denote Q = T'T'T for
easy future reference. An important special case of (2) is the multivariate normal distribution

with mean 1 and covariance matrix 3, for which r? has a chi-square distribution with p
degrees of freedom and € = X. In general, Xj’s covariance matrix X is related to 2 by

> =p 'E(R).

2.1 The test statistic

Our test statistic Ty, is based on the spatial sign function of the observed data. The spatial

X;
sign function of X; is defined as Zi= 1] if X; # 0; and Z; = 0 if X; = 0, where ||X;|| denotes

the Ly norm of X;. The spatial sign vector is simply the unit vector in the direction of X;. In
the univariate case, it reduces to the familiar sign function.

We propose the following new nonparametric test statistics:
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n i—1

T.=) > Z{Zj @

i=1j=1

which indeed is a U-statistic. Under Hg, E (Z;) = 0 which implies E(T,,) = 0. The above test
statistic has an intuitive connection with the work of Bai and Saranadasa (1996) and Chen
and Qin (2010), particularly the latter one. To see this, we note that the test statistic of Bai

and Saranadasa (1996) for testing (1) is based on ||Y||2, while the one of Chen and Qin

(2010) is based on Z;Z?ZWX?XJ‘. By removing the diagonal elements in the
statistic of Bai and Saranadasa (1996), Chen and Qin (2010) was able to considerably relax
the restrictive condition on p and n. In this spirit, we also dismiss the diagonal elements in
defining T,,. Our test statistic hence can be deemed as a nonparametric extension of Chen
and Qin (2010).

From another perspective, the new test generalizes the multivariate spatial sign test (e.g.,
Brown, 1983; Chaudhuri, 1992; Métténen and Oja, 1995) to the high-dimensional setting. In
the classical setting of p < n, Métténen, Oja and Tienari (1997) derived the asymptotic
relative efficiency (ARE) of the spatial sign test versus Hotelling’s T test and established its
theoretical advantage for heavy-tailed distributions. For example, when the underlying
distribution is a 10-dimensional t distribution with v degrees of freedom, the ARE of the
spatial sign test versus the Hotelling’s T2 test is 2.42 when v= 3, and is 0.95 when v= 0o
(multivariate normality). However, similarly as Hotelling’s T2 test, the multivariate spatial
sign test is not defined when p > n. It is an open question whether we can modify it in a way
such that its efficiency advantage can be preserved in the high-dimensional setting. This
paper provides an affirmative answer.

Remark 1—It is interesting to compare with Bai and Saranadasa (1996) and Chen and Qin
(2010), both of which adopt a factor model structure and a type of pseudo-independence
assumption. It is noted that their model assumption excludes some commonly-used
multivariate distributions such as the multivariate t distribution. However, we can show that
Chen and Qin’s test remain valid for the multivariate t distribution (see the Supplementary
Material); but could suffer from substantial power loss. In Section 2.4, we also extend the
new test to some important models in the Chen and Qin’s class.

2.2 The limiting null distribution

Despite the simple form of Ty, deriving its asymptotic distribution when p > n is by no
means straightforward. As for any other high-dimensional inference, the most challenging
issue lies in characterizing the underlying conditions for the asymptotic theory. In Bai and
Saranadasa (1996) and Chen and Qin (2010), the key condition is stated through the
behavior of the population covariance matrix > = Cov(X;). In Bai and Saranadasa (1996), it

2
is assumed that Ama‘x(Z):O{ TI‘Q(Z )}, where Amax(*) denotes the largest eigenvalue of

a matrix and Tr(-) denotes the trace. In Chen and Qin (2010), it is assumed that Tr(24) =
o{Tr2 (=2)}, which is satisfied under quite relaxed conditions on the eigenvalues of ¥. For
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the nonparametric test Ty, it is desirable to characterize the underlying conditions in a
similar fashion. However, this is challenging as the building blocks of T, are the
transformations Z;’s, which are not directly related to .

In deriving the asymptotic properties of T,,, moment conditions directly related to Z;’s
naturally arise. Lemma 2.1 below plays an important role in this paper. It establishes some
of the key properties of the moments of Z;’s under a set of relaxed conditions on X. More
specifically, we impose the following two conditions:

(3 H=o{m*(39). (e

(%) ™) )
Tr2<22>exp{ 128pxm<z>}‘°(1)' ()

Eie’—_'g-‘
Lemma 2.1—Suppose that conditions (C1) and (C2) hold. Let B=E <||£i||2>_ Then under
Ho,

E{(Z] 25)"}=0() (B{(Z] 2)'}),
E{(Z Bz))}=0(1) (E*(2] BZ)), @)
E{(2] BZ) }=0(1) (E*(2{ Bz1)) . (0

The above result is established by using a recent probability tool developed by El Karoui
(2009) on the concentration inequality for the quadratic form of a random vector that has a
uniform distribution on the unit sphere of RP.

Some intuition on Ty’s asymptotic behavior under Hg can be gained by observing its first
two moments. First, it is evident that E(Ty,) = 0. To calculate its variance, we write

Tn:Z ,Yi, where Yi= Z -, Zi Zj 1t follows from direct calculation that

BE(Y?) lelE z]z;27 7;,)= ZE (27 2;)")
0 D2, 2D B2 2] )~ — 1 TH(2),

-1
where B is defined in Lemma 2.1. Hence, Var(Tn):%Tr(BQ)_ Although T, has a U-

statistics structure, the classical central limit theorem for U-statistics does not apply because
the dimension p may depend on the sample size n. By applying Lemma 2.1 and exploring
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Tn.
the martingale structure of T,,, we can establish the asymptotic normality of Var(T,)- The

limiting null distribution of T, is given in the following theorem.

Theorem 2.2—Assume conditions (C1) and (C2) hold. Then under Hg, as n, p — oo,

T,
——  N(0,1)
n(n2—1) Tr(B2) in distribution.

Remark 2: Condition (C1) holds trivially if all eigenvalues of X are bounded away from 0
and oo. It is noted that the bounded eigenvalues assumption is commonly adopted in the
literature of estimating high-dimensional covariance matrices (e.g., Bickel and Levina,
2008). It has also been shown that (C1) holds under some general conditions if some of the
eigenvalues are unbounded (Chen and Qin, 2010).

Remark 3: Condition (C2) is new but quite relaxed. In particular, it is generally weaker than
those conditions in the literature which explicitly imposed a relationship between n and p
such as p = o(n?). Condition (C2) holds if all eigenvalues of ¥ are bounded away from 0 and
oo. It also permits the eigenvalues to be unbounded as the exponential term is expected to
(X))
converge to zero quickly if m diverges to oo. To see this, let Ay <hp < --- <Ay be
ordered eigenvalues of 3. Assume that as p — oo, k; eigenvalues converge to 0; ko
eigenvalues diverge to oo; and p — k; — ko eigenvalues remain bounded with lower bound ¢q
> 0 and upper bound ¢y < co. Then

TQ) o Bditeip—ki—ka)+kadp gyt
\/ﬁAmBX(Z) - \/ﬁ/\;v ’
200 < E2N2+(p—ka)? c3+2ka(p—k2)eadp
TI(Z2) — kl)\%—‘,-(p—kl)cf !

Assume )\, =p~brand /\p:pb2 for by > 0, by > 0. If both k1 and k; are bounded, then it is easy

1
to see that condition (C2) is satisfied if b2<§. It is noted that (C2) can still hold under some
extra conditions on the rate of 1, and 4, even if both k; and K diverge to infinity at
appropriate rate.

Remark 4: To apply T, in practice, we need an estimator of Tr(B2). Following Chen and
Qin (2010), we may estimate Tr(B2) using the cross-validation approach as follows:

Tr(B?)={n(n — 1)}_1TT{ o (2 =202 (21— 7(j,k))ZkT} » (7

1<j#k<n
where ijk) is the sample mean after excluding Zj and Zy. It is noteworthy that the estimator

in Chen and Qin can be computationally intensive for large p as each term inside the U-
statistic involves multiplying high-dimensional matrices. In contrast, the computational
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burden of the estimator in (7) can be substantially reduced by observing that ||ZJ-H2 =1 Let

=(n — 2)*122112771. In the Appendix, it is derived that

2
)= - e A2 V27 (A7
27 H R el A

T,
In Figure 1(a), we plot the empirical distribution of /(-1 Ty(B2) and compare it with the
N(0, 1) density curve for n =50, p = 1000, where the data are generated from the N, (0, %)
distribution with the (i, j) th entry of X equal to 0.8/17Jl. The two curves are very close to
each other, which suggests that the standard normal distribution provides a satisfactory
approximation of the null distribution.

2.3 Local power analysis

We now turn our attention to the power analysis of T,, under contiguous sequences of
alternative hypotheses. This analysis enables us to further investigate the asymptotic relative
efficiency of T, with respect to Chen and Qin’s test (referred to as CQ test in the sequel).
Some interesting findings are revealed, which suggests promising efficiency gain of the new
test for heavy-tailed multivariate distributions in the high-dimensional setting.

For the local power analysis, we impose the following additional conditions.

exp< T*(50) )>:o (mm@m&x(zxxmm@))). -

256pA2,,. (> Tr(>0) " Amax(XD)

Amax(D_)=0(Tr(})))-  (ca)

2 e)|"%)=o [ min [ n 1—“(22) 1/2_Tr1/2(22)>>

For some 0<6<1, ||| E(||e]| "> ®)=0(E?(||c| ). (o)

Remark 5—Conditions (C3) and (C4) are concerned with the properties of the population
covariance matrix 3. These two conditions are relatively weak. In particular, they are
satisfied when the eigenvalues of X are bounded away from 0 and co. Conditions (C5) and
(C6) can be viewed as high-dimensional local-alternative statements for p > n. To gain some
insight into the local alternative, we consider the case the eigenvalues of X are bounded
away from 0 and oo, then the right-hand side of (C5) is o(n~1/2p~1/2). For p-dimensional
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F(v:P) It is easy to show that

spherical t-distribution with v degrees of freedom, ﬁ ~
E(||€\|72):p%2. A slightly more involved calculation based on the properties of F-
distribution reveals that E(|le/)) ™1 = O(p~Y2 and E(|[e[))"272¢ = O(p~179). Then the conditions
in (C4) and (C5) amount to ||p||2 = o(n"Y2 p1/2) and ||u/|2¢ = o(p%) for some 0 < < 1. If 5=
1/2, then the condition further reduces to ||u/| = o(n"4p/4). If we consider the local
alternatives such that all components of i are equal to x, then we have « = o(n~/4p=1/4),
which when p > n is of smaller order of n=1/2, the usual local alternative rate for Hotelling’s
test with fixed dimension. The faster rate of local alternative can be viewed as a blessing of
high dimensionality, where more information can be gained to distinguish subtle deviation
from the null hypothesis.

1 Eie’:‘lT
Theorem 2.3—Assume conditions (C1)—(C6) hold. Letting A=E {H(Ip - —|€i|2)}.

T, — 2= T A2 (140(1
Thenasn, p — oo, n D (B?) in distribution.

Theorem 2.3 implies that under the local alternatives, the proposed level « test has the local

n(n — 1) gTA2u(1+0(1))
ﬁn:q’ —Zat
power 2 VTr(B?) , where ®(-) and z,, denote the
cumulative distribution function and the upper a quantile of the N (0, 1) distribution,
_ p A
respectively. Let 7= VI (B2): Figure 1(b) plots the empirical power of the proposed test as
a function of 7 (for n = 50, p = 1000) and compare it with the theoretical power given by the
above formula. The data are generated from the multivariate t distribution with mean vector
1, covariance matrix ¥ and 3 degrees of freedom, where the (i, j) th entry of % is 0.8/-1l and
u has all elements equal to xwith x being chosen according to the value of 7. The plot
suggests that the theoretical formula of the local power provides a reasonable approximation
to the empirical power.

g [ syl
On the other hand, the test of CQ test has the local power " \/2Tr (3% /.
The asymptotic relative efficiency (ARE) of T, versus the CQ test is

_pT A Tr(30%)
Tn,CQ ||,LL||2 TI‘(BZ)

ARE (140(1)). 9

To appreciate the implication of the above result, we consider the asymptotic relative
efficiency when the data arise from a spherical p-dimensional t distribution with v degrees

_1,P— 1
([l ]T

of freedom (v > 2). In this case, A=E Ip where I, denotes the p x p identity
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matrix, Tr(B2) = p~1 and Tr(£2) = p~E2[||¢|[%]. Hence, ARETy,, CQ = p~2(p — 1)2E2[|le] 1]

L [2r(w1)/2)
E[J/2]. For the t distribution, we have E[ e|")=—" and PLI<l 1=/ 20 —17 75),

where T(t):fgout_le_“du denotes the gamma function. For large p, the asymptotic relative
2 (T((v+1)/2)\?

efficiency thus is approximately T(v/2) . For v= 3, this value

is about 2.54; for v=4, it is about 1.76; for v=15, it is about 1.51; for v=6, it is about 1.38;

for v= oo (corresponding to multivariate normal distribution), by noting that

ARE ~

Tn,cQ ~ v—2

I((v+1)/2) = I'(v/2) \/g as v — oo, we have that the ARE has limit one. Theoretically,
the efficiency loss of the new test under multivariate normality is little, but the efficiency
gain can be substantial for heavy-tailed distribution. Recall that for v = 3, the ARE of the
classical spatial sign test versus Hotelling’s T2 is 2.02 for p = 3 and 2.09 for p = 10 in the
fixed dimensional case. This suggests that nonparametric test may have more substantial

power gain in the high-dimensional case.

2.4 Extensions to beyond the elliptical distribution family

In this paper, we focus on the family of elliptical distributions because its popularity and
flexibility for modeling non-normal multivariate data. Our results have the potential to
extend to some useful multivariate distributions beyond the family of elliptical distributions.

One such class of distributions are those generated from the symmetric independent
component models (e.g., Ilmonen and Paindaveine, 2011). That is,

Xi=p+I'Z;,  (10)

where T is a full rank p x p positive definite matrix; Zj = (Zjy, ..., Zjp)" has independent
components Zj; and Zjj is symmetric about zero. The independent components model
assumes that the observed random vector can be written as linear combinations of
independent random variables. This model has received broad attentions in signal processing
and machine learning (Hyvérinen, Karhunen and Oja, 2001). For example, independent
component analysis with exponential power marginal density (p(x) oc exp (—|x|%) for some g
> 0) is popular for analyzing image and sound signals. It is noted that this class of models
encompass many of the practically useful distributions from Bai and Saranadasa (1996) and
Chen and Qin (2010).

We assume that Zj; are standardized such that Var (Zjj) = 1. Thus Var (Xj) = I'TT. We also
assume that Zj; has a sub-exponential distribution with exponent a, that is, there exist
constants a > 0, b > 0 such that for all t > 0, P (|Z;j| 2 t) < a exp (=bt). If a = 1/2, then Zjj is
sub-gaussian. The class of sub-exponential distributions include many practically used
heavy-tailed distributions. The fact that our proposed test is still valid for this class is
summarized in the following theorem, whose proof is given in the Supplementary Material.
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Theorem 2.4—Assume (C1) and (C2) hold for model (10), E(Zj*j) for some positive
TTL

constant ¢ for all i, j, E(Z;;) < cand Tr(x?) = o(Tr%(%)). Then nn= 7 (B?)
in distribution under Hg, as n, p — oo, where B has the same expression as in Lemma 2.1.

— N(0,1)

Another interesting extension of the elliptical distributions involves generating random
variables from (2) but allowing R; to be negative and depend on U;. This yields the so-called
family of generalized elliptical distributions. The asymptotic results of this paper also hold
X, U
for this class by observing that m—m under Hg. This class of models recently caught
the attentions of researchers in finance, see Branco and Dey (2001), Frahm (2004), among
others. A representative example of this class is the collection of multi-tail elliptical
distributions, where R; is a positive random variable whose tail parameter depends on I'U;
(e.g., Kring et al, 2009; Rachev et al, 2011). The multi-tail elliptical distributions are
particularly useful for modeling asset returns in finance.

Not surprisingly, generalizations to other multivariate distributions are possible although a
case-by-case consideration may be needed. Particularly, the requirement that the U; in (2) is
uniformly distributed on the L, sphere can be relaxed. For example, one possible extension
is to allow U; to be from the class of distributions discussed in Gupta and Song (1997) and
Szablowski (1998). Concentration inequalities similar to that given in Lemma A.2, which
plays an important role in the proof, can be obtained for random vectors that satisfy certain
concentration of measure properties (El Karoui, 2009).

3 Numerical studies

3.1 Monte Carlo simulations

We compare the performance of the new test with four alternatives: the test of Chen and Qin
(CQ test, 2010), the test of Srivastava, Katayama and Kano (SKK test, 2013), the test based
on multiple comparison with Bonferroni correction (BF test), and the test based on multiple
comparison with FDR control (FDR test, Benjamini and Hochberg, 1995). The SKK test is
constructed using the inverse of the diagonalized version of the sample covariance matrix
and is computationally attractive as it involves a simple estimator for the asymptotic
covariance. The BF test controls the family error rate at 0.05 and the FDR test controls the
false discovery rate at 0.05. Both the BF test and FDR test are computed using the p-values
from the t tests for the marginal hypotheses and reject Hy if at least one marginal test is
significant. The performance of the five tests are evaluated on 1000 simulation runs. We
consider n = 20, 50 and p = 200, 1000 and 2000. To save space, we report the results for p =
1000 and 2000 here. The results for p = 50, 100 and 200 are reported in the Supplemental
Material.

Example 1—In this example, random data were generated from Np(i, ). We consider
three different choices for | and three different choices for X = ().
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The three choices for p are: (1) the null hypothesis g = (0, ..., 0)T; (2) the alternative p; =
(0.25,0.25, ..., 0.25); and (3) the alternative pp = (21, .., Hop)T With pgy=. .. =H22=0,

Ho(e11)="-- :/L2(2?p):0.25 and Ho(2p )= - =H2p= — 0.25 The three choices for X are:
(1) gii = 1and 5 = 0.2 (i #J); (2) o3 = 0.87J]; and (3) X = DRD, where D = diag(dy, ..., dp)
with dj =2+ (p = i + 1)/p, R = (rjj) with rj = 1 and rjj = (=1)™ (0.2)l 7l for i #j. In the
tables, we denote these three choices for X by 31, 35 and X3, respectively. It is noted that X3
was considered in Srivastava, Katayama and Kano (2013).

Table 1 summarizes the simulations results for different choices of X, , n and p. We
observe that the five tests have nominal levels reasonably close to 0.05, especially when n =
50. For the alternative i1, the performance of the new test is very close to that of the CQ test
and the SKK test, which are significantly better than the BF test and the FDR test. The latter
two tests have especially low power when n = 20. For the alternative L, we first note that
the BF test and the FRD test perform fine for X1 when n = 50 but has significantly lower
power in all other settings. We also observe that the new test, the CQ test and the SKK test
perform similarly for X3; the new test has somewhat better performance for X4; and the SKK
test has somewhat better performance for X, for p = 1000.

Example 2—We simulate X; from a p-variate t distribution with mean vector 4, covariance
matrix > and 3 degrees of freedom. The choices of |1 and X are set to be the same as those in
Example 1. The distribution is heavy-tailed in this example.

We summarize the simulation results in Table 2. Both the new test and the CQ test have
empirical levels close to 0.05 under the null hypothesis g while the other three tests tend to
be conservative. In this example, the BF test and FDR test perform unsatisfactorily under the
alternatives p; and L. It is observed that the new test has the best power performance in all
settings; which is often substantially higher than (sometimes more than twofold) the second
best performed test (the CQ test in this example). For example, the new test (and the CQ
test) has power 0.83 (and 0.36) for the setting with p = |y, ¥ = 31, n =20 and p = 2000; 0.98
(and 0.47) for the setting with = g, 3 =35, n =50 and p = 1000; 0.88 (and 0.51) for the
setting with u = py, £ = X3, n =20 and p = 2000.

Example 3—We simulate X; from a scale mixture of two multivariate normal distributions
0.9% Np(i, X) + 0.1 * Np(k, 9%), where we consider the same choices of pand ¥ as in
Example 1. The distribution in this example also has heavy tails.

We summarize the simulation results in Table 3. Similarly as in Example 2, the new test

significantly outperforms the four contending approaches. For example, the new test (and
the CQ test) has power 0.88 (and 0.49) for the setting with p =y, X =%1,n=20and p =
2000; 0.80 (and 0.42) for the setting with p = pp, ¥ =¥, n =50 and p = 1000; 0.91 (and

0.70) for the setting with p =y, ¥ = 33, n = 20 and p = 2000.

3.2 An application

Type 2 diabetes is one of the most common chronic diseases. Insulin resistance in skeletal
muscle, which is the major site of glucose disposal, is a prominent feature of Type 2
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diabetes. To study insulins ability to regulate gene expression, an experiment performed
microarray analysis using the Affymetrix Hu95A chip of human skeletal muscle biopsies
from 15 diabetic patients both before and after insulin treatment (Wu et al., 2007). The gene
expression alterations are promising to provide insights on new therapeutic targets for the
treatment of this common disease. Hence, we are interested in testing the hypothesis in (1),
where | represents the average change of the gene expression level due to the treatment.

The underlying genetics of Type 2 diabetes were recognized to be very complex. It is
believed that Type 2 diabetes is resulted from interactions between many genetic factors and
the environment. The data were normalized by quantile normalization. When multiple
probes are associated with the same gene, their expression values are consolidated by taking
the average. In our analysis, we considered 2519 curated gene sets. The gene sets we used
are from the C2 collection of the GSEA online pathway databases (http://
www.broadinstitute.org/gsea/msigdb/collection details.jsp#C2). The largest gene set
contains 1607 genes, which makes the hypothesis testing problem a high-dimensional one.

We applied both the new test and the CQ test at 5% significance level with the Bonferroni
correction to control the family-wise error rate at 0.05 level. For the CQ method, 520 gene
sets (20.64% of all candidates) are identified as significant; and for the new method, 954
gene sets (37.87% of all candidates) are selected as significant. We observe that the
significant gene sets selected by the new test include those identified by the CQ test with
only one exception (HASLINGER_B_CLL_WITH_CHROMOSOME_12_TRISOMY).

Table 4 displays the top 10 significant gene sets identified by the two tests and their
corresponding test statistics values. The “NA” values in the table correspond to gene sets in
the top 10 list of one test but not the other. We observe these two lists share 7 common gene
sets. Among these seven gene sets,

ZWANG_CLASS_2 TRANSIENTLY_INDUCED_BY_EGF,
NAGASHIMA_EGF_SIGNALING_UP, AMIT_EGF_RESPONSE_60_HELA,
AMIT_SERUM_RESPONSE_40_MCF10A and
AMIT_SERUM_RESPONSE_60_MCF10A are known to be biologically related to insulin
effect on human cells. We also observe that for 9 out of the top 10 gene sets, the new test
has a smaller p-value than the CQ test does. The gene set SEMENZA_HIF1_TARGETS is
only on the top ten list of the new test and was also found to be biologically related to
insulin effect on human cells. Most of those significant gene sets are induced by Epidermal
growth factor (EGF) or insulin-like growth factor (IGF).

It is interesting to point out that exploratory analysis of the gene expression data suggests the
multivariate normality assumption is questionable. In fact, we investigated each of the top
10 gene sets identified by the new test and found that the multivariate normal distribution is
plausible for none of them. For example, Figure 2 displays the histogram of the marginal
kurtosises of the difference of each gene expression levels (before/after the treatment) of all
genes in MCCLUNG_CREB1_TARGETS_DN gene set, which was selected among the top
10 gene sets by the new method but not by the CQ method. Figure 2 clearly shows that some
gene expression levels have heavy tails as their kurtosises are much larger than 3, the
kurtosis of a normal distribution.
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4 Conclusion and discussions

The paper proposes a new spatial sign based nonparametric test for testing a hypothesis
about the location parameter of a high-dimensional random vector. The goal is to improve
the power performance when the underlying distribution of the data deviates from
multivariate normality. We investigate the asymptotic properties of the new test and
compare it with alternative tests based on extending Hotelling’s T2 test. A remarkable
finding is the power improvement in the large p setting can be more substantial than that in
the classical fixed p setting. The proposed test can be used as a basic building block to
develop nonparametric tests in other important settings such as testing for sparse alternative
or testing a hypothesis on coefficients in high-dimensional factorial designs (Zhong and
Chen, 2011). A spatial sign based test was proposed for sphericity when p = O(n?) in Zou et
al. (2014), and spatial sign tests were proposed for testing uniformity on the unit sphere and
other related null hypotheses when p/n — ¢ for some positive constant ¢ in Paindaveinez and
Verdebout (2013). The techniques related to sign tests have the potential to be used to
develop the high-dimensional theory for other classical nonparametric multivariate testing
procedures, such as those based on spatial sign ranks (e.g., Métténen and Oja, 1995) and
ranks (e.g., Hallin and Davy Paindaveine, 2006).

For reasons discussed in the introduction section, detecting the significance of a gene set is
often of independent interest. In particular, finding significant gene sets/pathways can
improve our understanding of the biological processes associated with a specific disease.
The proposed method can also be incorporated into a multi-step procedure, in combination
with various gene-level testing procedures and multiple tests correction methods, to further
identify a short list of top genes for the biologists. This kind of multi-step procedure is
expected to have better power to identify important individual genes as the gene set acts as a
dimension reduction from potentially thousands of genes.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Appendix: Technical proofs

Appendix 1: Some useful lemmas

We present below several useful technical lemmas, the proof for which can be found in the
online supplementary material.
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Lemma A.1

LetU=(Uq, ..., Up)T be a random vector uniformly distributed on the unit sphere in RP.
Then

1.
3 1
- —n-1) E(UH=——— E(U U =—— ¢
E(U) =0, Var(U) = p~L 1, £(U) 2(pr2) and U;U) oz forizk.
2. Let M be a deterministic real-valued matrix. Assume that ||M||, < k, where |[M||»

denotes the spectral norm of M. Then,

(p—1)(t —)°

Tarrr -1 , _
Vt>0, P (\U MU —p Tr(]\[)|>t) < 2exp ( ]2 ), where

Smk?
p—1

Lemma A.2

(A concentration inequality) Assume W = T'U, where U is uniformly distributed on the unit

Tr(Q) _h2 . 3Tr(Q)
sphere in RP. Let Q = TTT and consider the event A={ o S W]~ < T}' Then
r (%)
PAA=21-¢; R 128pA2 (>) ), forall p>1, where ¢ = 2 exp (n/2) is a finite
constant.
Lemma A.3
For any p-dimensional vectors X and y, we have (1) x = X" =X and (2)
_ _ — Ny < el i
X -l 01X1 1X1\? X 2||X||1+5,forallo<8<1, where ¢y is a

constant that does not depend on X or (.

Lemma A.4
Let B be the matrix defined in Lemma 2.1. Assume condition (C3) holds, then

2)\max (Z)

)\max(B) < TT‘(Z)

(14o(1))

Lemma A.5

_ 1 €161
Let A be the matrix defined in Theorem 2.3 and b=k { llex]? ( P €1|2> }then
Amax(A) < E(lle1/I™) and Amax(D) < E(lle1]| ™). Furthermore, if conditions (C3) and (C4)

1

hold, then Amax(4) > %E(Ilsﬂ\’l)(l —o(1)),
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Appendix 2: Proof of main theorems

We use c or C to denote generic positive constants, which may vary from line to line.

Proof of Theorem 2.2

Let 2= Var(T,)="" "Dy (g2 =" =V g 77 2% | o

2 2

n i1 o
Vi=y . JEY?|Zi,...,Zi_1)and Yi:Zj:lZi Zj. To apply the martingale central limit
theorem (Hall and Heyde, 1980), it is sufficient to check two conditions:

n
S;4ZE(Y;4) — 0 asn,p— 00, (A1)
i=2

S, 2Vn2 — 1 in probability as n,p — co. (A2)
To check (A.1), note that under Hg,

E(Y)=E {(izfz? Z;) } Sk {@2)'}+3 Y EB{(ZI2)" (2T %)}
j=1 j=1 1<,k<i—1
j#k
=(i = ) E{(Z] 2Z2)"}+3(i = 1)(i — 2B {(2] 22)" (2T 25)*} .

Hence, >, E(Y;") < ¢ [ E{(Z] 25)"V+n* B{(2] 2,)" (2] 23)"}] < en® B{(2] 25)")
4 2

by Holder’s inequality. By Lemma 2.1, we have E{(Z{ Z2) }=o (”E2{(ZfZ2) }).

Therefore, (A.1) holds.

2 212
To prove (A.2), it is sufficient to verify that g4 — O0asn, p — oco. We write
n

n
szzi:QVm—, where V,,,=E(Y}*|Z1, ..., Z;_1). We have

i—1i—1 i—1i—1 i—1i—1
V=Y Y E(Z] Z;Z[ Zy| 21, ... Zi1)=) Y Tr(Z; Z{ B)=Y > Z] BZ;
j=1k=1 j=1k=1 j=1k=1
i=1
_ T T
=2 > Z/BZ+)Y ZI'BZ;.
1<j<k<i-1 =1

If j1 <kq and jo < ky, then

2 . . . .
B(Z3BZ 25 BZ10)=E {(ZT BZ1)" } I {ji=k1=jo=ko} + E*(ZT BZ1)I {j=h1 # jo=h»}
2 . . .
+E {(Z1T322) }I{h:h, k1=ks, j1<ki}.

J Am Stat Assoc. Author manuscript; available in PMC 2017 January 15.



1duosnue Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuey Joyiny

Wang et al. Page 17
Therefore, for i <,

E (Vnn sz )

=1+ Y E{(zBZ) }+lzliE2 7T BZ) +Z[E{ (21 B2)’} - B2 B2))]
1<j<k<i1—1 j=1 k=1

=231 — 1)(ir — 2E { (2T BZ:)" } +(i1 — 1)(i2 — 1>E2<ZlTle>+< i — 1) Var(Z] BZy).

Consequently,

E(VH=E{( va)} 2 Y E(VaiVu)+Y E(VZ)
2<i<j<n j=2

=2 (i — 1)(i — 2)(2n — 2i+1)E{(Z] BZ») }—i—Z(z’ —1)(2n — 2i+1) Var(ZL BZy)
- +{n(n - 1)E(ZfB;1§/2}2.

-1
%Tr(BQ) Hence,

Note that E(Z] BZ,)=Tr(B?)and 52—
B{(072 - $2}=E( - i
:2zn:(z' —1)(i —2)(2n — 2i+1)E{(ZfBZQ)2}+i(z’ —1)(2n — 2i+1) Var(Z] BZ,)

- ¢ WE{(Z{Bzg>2}+n3Ei{:<2Zfle>2}} :

Hence, a sufficient condition for 54 £ (V2 — 52)2 —0.is

i B{(2] BZ)"}+n* B{(2] BZ1)"}
WA E2{ZTBZ,) — 0 This condition holds by Lemma 2.1. This
finishes the proof of Theorem 2.2. O

Proof of Theorem 2.3
Under the local alternatives,
LR gitp & T e eitp g
nf % (e (- i) i (- )
;]{: el \lleitpll el lesll - \llej+ull el
j<i

=41n1 +Tn2+Tn37
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m=X 12 Tl IIHE

ill, leill ) llill, and

gitp € )T Ejtup €;
’rL3 T T
Y (e <€j+ull o7 ). By Theorem 2.2,

Th1/ uTr(BQ) — N(0,1)

where

R ek n gitp & T £
me Y (e o)
J#

N\T ..
. Ton=Y EitH &\ &
To analyze Tpp, we write Typ = Tpop + Tnoo, Where 721 i<j ||€1+,u|| ||€i|| &

T £ —|—,u &; T &j
and n22_2j<1 ||€rHl|| ; =k Note that E(T21) =0, and

[ET
E(T2 )—Z ZE{( Eiy TH €i )T € E]TQ ( EiptpL €iy )}
=2 O PV 5l " Teall) Tl Tonl \Teowbll ~ Tl

-3 YE ( iy TH €iy )TB( Eig Tl Eiy )
ottt leis+all lei | leitull el
4
< Amax(B Z ZE{ H#H }

o Tealllewl
< 8Amax(z) (l—|—0 H H ZE HE ||* +Z ZEQ ||E ||
- Tr(Z) H (31 11
1<j 11<ji2<J
Amax _
< O ul[?) 254 B (]| ),

where the first inequality uses Lemma A.3, and the second inequality uses Lemma A.4. In

4Te(3?
> i) (0 o) Hence, it

2
the derivation in Lemma 2.1, we derived that Tr(B7) =

follows by condition (C5) that

E( 21) maX(Z)T\r( ) c _220
i g < OO ) = B =o(1).

-1 —1
This implies Tra1/ || L Te(B2)=0,(1) simitarly, Toen/ \| o2 Tx(B)=op(2)

Finally, we analyze T,3. Denote

_n=1) pof ertu \T o (_e2tp
Th31= 3 E<|\61+#||) E(||€2+#||)’

. ZE< ertp )T{ sitn g 4E< ejtp )}
77/ I
T \lleitnull lej+ell el llej+ul

T, Z{ st & E( eitp )}T{ ey E( gjth )}
n33— - - - - .
— | leitul el llestul lej+ull el e+l

1<t
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Then it follows that

T 3 [ () et e 2 ()]
e
x| B (i) Hoesr — 2 — B ()]

=131+ T30+ Th33.

E1tp
To analyze Tp31, by Lemma A.3 (2), we can write & (7“5 +;L||> AH+E(Q1) where
Q1= ate e (1 ci1el ) 2425 2-25
lex el el ||61|| P ey P satisfies E(|[Q1]1%) < eal|ul* T E(|[er|| )

for all 0 < §< 1, where c3 is a constant that does not depend on &; or L. Hence,

e1tp \T© Sotp \ _ 7,0 7 .
E(H€1+#||> E(Hag—i—uH)_# Ap—p" AE(Q1)—p" AE(Q2)+E(Q1)" E(Q2)-

Note that by Lemma A.5 and condition (C6), the last three terms on the right-hand side of
the above expression are bounded by

1/2 — _
2¢ 2 [l T Al El/?(ue 17272) sl 2B (Jlea| )
< ellulPo(E3(|le1 ]| ) =o0(nT A%p).

-1
Therefore, T, ns1—n(n27)ﬂTA2u(1+0(l)).

To evaluate Tngp, we observe that E(Th32) = 0 and that

2 3 e1+ e g1+
B(Ty)=0(n*) B wn) (e — e — & (2)
(st — i — 2 (2i2)) 32 (7282)
E1tH e1tp eztull ) ”
Note that by Lemma A.3 (2),
e1+p €1 ( e1+p ) 1 ( 818,{>
- ) ={ I, - —Abp+(Q1—E(Qq)).
e+l el le1+pl| ledl \P el

Applying the above decomposition, we obtain

J Am Stat Assoc. Author manuscript; available in PMC 2017 January 15.



1duosnue Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuey Joyiny

Wang et al. Page 20

T
e _ _e1tp atp e _eitp
Amas [E{<|sl+u|| - B () (B - i - 2 (125) }]
< 2] 1P A (D) +C 1P (flen ]| >
_ k) —2-20
<2|ul”E (lea ]| =) +C el B (lea] > ,

DeE 1 €1€71
by Lemma A.5, where =~ {||51\|2 P 1| }. Therefore, by Lemma A.5, conditions

ATe(Y
(C5), (C6), and observing that Tr(B)* > 9Ti((2;(1 = o(1)) we have

E(T3sg) < O(*) 2|l Elex ]| *)+C s E(llea| ) Yl *E* (o))
< O™ |ul[* B*(lea|~)=0(n?Tr(B2).

n(n—1

)
Therefore, Tn32/ \| ——5— Tr(B?)=0,(1),
To evaluate Tp33, We observe that E(T,33) = 0 and that
E(TT%SS)T
_ c1tp gotp g2 eat
=0(n)E | {y2hy — pty — B () e — v — & (b))

(e - -2 ()} (e - ‘E(u—iﬁ)}]

< O(n?) {2Hu|\ Amax (D)+C 2 E (|]e1 ||—“5)}

e _E1tp
{Hnswn = B () | ]

< O(m) 2] 1A (D) (O[22 E (Jlea| 2}
< O(n?)]|ul|*E? (Jler]| *) =o(n*Tx(B?))

n(n—1)
by Lemma A5, conditions (C5) and (C6). Therefore, Tnss/ \/ ——5— Tr(B?)=0,(1),

n) T A2 (14-0(1
v/ 1| PP Dy ey pto) )
Summarizing the above \/" 2= 1y(B2) . This

finishes the proof. O
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Figure 1.
Comparing the empirical distribution of the new test with the theoretical distribution (n =
50, p = 1000)
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The histogram of marginal kurtosises for all genes in MCCLUNG_CREB1_TARGETS DN

gene set.
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Table 4

The top 10 significant gene sets selected by the new test and the CQ test

Gene set

Newtest CQ test

ZWANG_CLASS_2_TRANSIENTLY_INDUCED BY_EGF
NAGASHIMA_EGF_SIGNALING_UP
SHIPP_DLBCL_CURED_VS_FATAL_DN

WILLERT WNT_SIGNALING
UZONYI_RESPONSE_TO_LEUKOTRIENE_AND_THROMBIN
PID_HIF2PATHWAY

PHONG_TNF_TARGETS_UP
AMIT_EGF_RESPONSE_60_HELA
MCCLUNG_CREB1_TARGETS_DN

SEMENZA_HIF1 TARGETS
AMIT_SERUM_RESPONSE_40_MCF10A
AMIT_SERUM_RESPONSE_60_MCF10A
PLASARI_TGFB1_TARGETS_1HR_UP

24.34
22.44
22.34
19.66
19.63
19.46
19.21
18.64
18.43
18.34
NA

NA

NA

20.11
17.01
18.24
NA
18.46
15.65
18.90
16.38
NA
NA
15.98
15.43
15.00
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