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Abstract

Phase of an electromagnetic wave propagating through a sample-of-interest is well understood in
the context of quantitative phase imaging in transmission-mode microscopy. In the past decade,
Fourier-domain optical coherence tomography has been used to extend quantitative phase imaging
to the reflection-mode. Unlike transmission-mode electromagnetic phase, however, the origin and
characteristics of reflection-mode Fourier phase are poorly understood, especially in samples with
a slowly varying refractive index. In this paper, the general theory of Fourier phase from first
principles is presented, and it is shown that Fourier phase is a joint estimate of subresolution offset
and mean spatial frequency of the coherence-gated sample refractive index. It is also shown that
both spectral-domain phase microscopy and depth-resolved spatial-domain low-coherence
quantitative phase microscopy are special cases of this general theory. Analytical expressions are
provided for both, and simulations are presented to explain and support the theoretical results.
These results are further used to show how Fourier phase allows the estimation of an axial mean
spatial frequency profile of the sample, along with depth-resolved characterization of localized
optical density change and sample heterogeneity. Finally, a Fourier phase-based explanation of
Doppler optical coherence tomography is also provided.

1. INTRODUCTION

Phase is a manifestation of an electromagnetic wave propagating through a medium [1]. In
microscopic imaging, where the media are often cells and tissue samples with low intrinsic
contrast under bright-field imaging conditions, phase contrast [2,3] and differential
interference phase contrast [4,5] microscopes are extensively used to noninvasively visualize
the structure and dynamics of these unlabeled biological samples. Over time, research
efforts have focused on developing microscopes with the ability to both visualize and
quantify this phase contrast [6-12] and applying them to characterize cellular dynamics and
pathology [13-19]. The phase in these transmission-mode quantitative phase microscopes is
well understood in wave optics. It is the integral of the sample refractive index along its
depth—that is, the optical path length (OPL)—with respect to the surrounding medium and
couples together the refractive index and the sample thickness.

"Corresponding author: shf28@pitt.edu.
OCI S codes: (170.4500) Optical coherence tomography; (180.3170) Interference microscopy; (070.0070) Fourier optics and signal
processing.



1duosnue Joyiny 1duosnue Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Uttam and Liu Page 2

In the past decade, Fourier-domain optical coherence tomography (FD-OCT) [20,21] has
been utilized to successfully extend the idea of quantitative phase from transmission-mode
to reflection-mode [22-24], generating significant interest in the research community [25-
41]. Unlike the transmission phase, however, the phase measured through FD-OCT—either
using spectral-domain OCT (SD-OCT) or swept-source OCT (SS-OCT) configurations—is
the phase of the Fourier transform of the spectral interference between the depthwise
coherently integrated back-reflected waves from within the sample and a reference
(preferably a common mode). This Fourier phase, therefore, involves an explicit
recharacterization of the phase associated with the propagating electromagnetic wave and
carries distinctly different information than the OPL in transmission-mode quantitative
phase microscopy (QPM). While studying cellular dynamics at a strong interface, the
authors of [23] showed that Fourier phase at the interface estimates the subresolution change
in its optical depth location. They named their FD-OCT-derived approach for measuring
Fourier phase changes at strong interfaces as spectral-domain phase microscopy (SDPM). In
our own work, we have been interested in extending the measurement of Fourier phase to
fixed-depth locations within the sample without any strong interfaces. This has led to the
development of depth-resolved spatial-domain low-coherence quantitative phase microscopy
(dr-SLQPM) [42,43]. During its development, we realized that both SDPM and dr-SLQPM
are special cases of a more general and richer theory of Fourier phase. This general
theoretical framework is the focus of this paper.

We show that Fourier phase in the context of FD-OCT is an estimate of the otherwise
inaccessible (based on Fourier amplitude) structural information about the sample refractive
index within the implicit coherence gating enforced by the limited spectral bandwidth of the
light source. This structural information characterizes the subresolution offset and mean
spatial frequency of the coherence-gated refractive index at the optical depth being probed.

Subresolution offset, first introduced in [23] for a special case, is in general a measure of the
subresolution deviation between the optical depth where the measurement is made and the
optical depth corresponding to the weighted-center of the coherence-gated refractive index
around the probed optical depth. In the particular case of a strong interface, it can be used to
measure the subresolution change in the optical depth location of the interface [23]. (Also
see Eq. (9) and the related discussion, and Section 4).

The mean spatial frequency is a measure of the average rate-of-change of refractive index
within the coherence gate at the optical depth being probed. It is, therefore, a measure of the
intrinsic structural property of the coherence-gated refractive index. It quantifies not only the
changing (increasing or decreasing) optical density within the gate but also its mean
heterogeneity.

Fourier phase is a joint estimate of these two characteristics of the coherence-gated sample
refractive index. We show why this is so and derive analytical expressions for this joint
estimate from first principles. We additionally show that under specific sample and
measurement conditions, SDPM and dr-SLQPM are special cases of this joint estimate. To
bring the theoretical framework full circle, we further show that for an ideal source with
unrestricted spectral bandwidth, all structural information is carried in the Fourier amplitude
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of FD-OCT and the Fourier phase is zero. The theoretical results presented here are
illustrated and verified throughout by plotting the derived analytical expressions and
performing numerical simulations.

These analytical expressions and numerical simulations have interesting implications. Using
them we estimate the axial mean spatial frequency profile of the sample, along with
providing depth-resolved characterization of localized heterogeneity of the sample refractive
index and density changes in the sample refractive index. We also show that they provide a
Fourier-phase-based explanation of the principle of Doppler OCT (D-OCT), a functional
extension of FD-OCT [44].

The paper is structured as follows. In Section 2, we present how Fourier phase originates
and derive its general expression by introducing the concept of structural information.
Section 3 explains Fourier phase in the context of a slowly varying refractive index and
presents the corresponding analytical expression. This expression is used to establish the
validity of dr-SLQPM. In Section 4, the refractive index profile with a strong interface is
considered, and the general expression for Fourier phase is used to derive the specific
measurement made by SDPM. In Section 5, Fourier phase is discussed for an ideal source
with infinite spectral bandwidth. Simulation-based results along with Fourier phase
applications and a Fourier phase-based explanation of the D-OCT principle are presented in
Section 6. We conclude in Section 7. For ease of explanation, detailed derivations associated
with the above sections have been collected in the appendices.

2. GENERAL THEORY

Consider an FD-OCT optical setup that either uses a coherent source with point scanning or
a spatially incoherent source with full-field illumination. In the latter case, the van Cittert—
Zernike theorem [1] along with the light source properties can be utilized to design optical
setups (see, for example, [45]) that decompose the sample illumination beam into mutually
incoherent light channels. In either case, if the illumination angle is small, the back-reflected
sample field at an en face location (X, ') is characterized by a one-dimensional (1D) axial
refractive index profile ng(Z), with Z denoting the physical depth [46]. This 1D
characterization is also used in developing the principle of SDPM [23,24] and FD-OCT
itself [20].

Assuming that the sample being probed satisfies the Born approximation [1], the reflection
profile corresponding to ng(Z) is given by [47,48]

/)_ 1 dlogns(z/)

1
2 dz' - 0

rs(z
We note that the concept of Born approximation is typically associated with describing the
scattering potential of a weakly scattering sample in the setting of diffraction tomography to
reconstruct the three-dimensional (3D) refractive index distribution of the sample via far-
field measurements of the scattering amplitude [49]. There, the scattering potential F(r)
characterizes the refractive index distribution of the sample ng(r) with respect to the
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ns(r)
surrounding medium ny(r) through the relation F(r)= - kg(nz (r) -1 [1,47,50], where

2
ko:)\— is free-space wavenumber corresponding to wavelength Lg. However, in the context

of Fourier phase, the gradient of the refractive index within the sample is of primary interest
as it is the change in the refractive index within the sample that gives rise to the back-
reflected sample field. It has been shown that the validity of the Born approximation also
allows the scattering potential of an object to be described in terms of the gradient of the 3D
refractive index [47]. The restriction of the gradient to the 1D setting is given by Eg. (1).

For the purpose of explication, we adopt a common-path reflection-mode geometry, while
noting that it is not a requirement. (Methods have been developed to remove phase noise
arising in optical setups, where the reference is generated using a mirror placed in a separate
reference arm [51].) In common-path geometry, the reference wave generated by reflection
from the substrate—sample interface spectrally interferes with the back-scattered waves from
all sample depths (see Fig. 1) resulting in a spectrally interfered signal given by [50]

P(k)=S(k) (r2+[{r2(z )dz
+2f€7‘s(z/)r,rcos(47rkzopl(z/))dz’) . @
Here, S(K) is the source spectrum, and the integration upper limit L represents the sample
thickness. Equation (2) states that for every wave number k=1/\ (we use the spectroscopic
wave number notation), the last term on the right-hand side is the coherent integration of
interference between the reference and reflections from all depths, modulated by the source
spectrum. The strength of the sample reflection from physical depth Z is given by the
reflection profile r¢(Z) and that of the reference by r,. The self-interference of the reference
and within-sample scattering gives rise to the first two terms. In this expository development
of Fourier phase, we ignore the first two terms. In practice, ancillary background

measurements are used to separately measure and remove 2. Furthermore, typical

experimental conditions ensure rg(Z) << r,, and we can ignore the second term fgrg(z')dz'.
(In SS-OCT dual balanced detection is used to mitigate the effect of the first two terms.)
We, therefore, simplify Eq. (2) to

P(k)=2S5(k) [Er (2 )cos(dmkzop (2 ))d2,  (3)
where, the reflection term has been normalized to remove ry.

In reflection-mode geometry shown in Fig. 1, the illumination and back-scattered wave
vectors corresponding to the wave number k, respectively, are .— — k3 and k, —kz. The
resulting axial spatial frequency, therefore, is given by

K=k, — ki=[k — (—k)|2=2kz=K 2 We note that throughout this paper spatial frequency
will exclusively refer to axial spatial frequency. Incorporating it in Eq. (3) and transforming
to the optical-space where Fourier measurements are made, we reformulate Eq. (3) as (see
Appendix A)
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P(K)=28(K) [ o1 (zop1 (2 ))cos (27 K 2opi (2))dzopl (2, (@)
where
2op(2)=[7 n(z")dz", ©)
is the optical depth corresponding to the physical depth Z and

s (2op1 (2))

/ b 6
naGop (7)) ©

Topl (zop1(2))=

defines the mapping of the reflection profile r(Z) to the optical-space. Equation (4) now
expresses the coherent integration of interference between the reference and reflections from
all depths within the sample as a function of the optical depth instead of the physical depth.
We emphasize that this mapping from physical-space to optical-space is imperative with the
use of Fourier transform in FD-OCT, as the Fourier transform allows access only to the
latter and not the former.

The spectral source SK) we controls the resolution with which can recover rop(Zopi(2))
through the virtual coherence gating enforced by its correlation function in the optical-space.
If the source spectrum had infinite bandwidth, we would have ideal resolution allowing for
exact measurement of real-valued rqpi(Zopi(Z)) with Fourier phase being zero. (We prove this
in Section 5.) In practice, however, only a finite spectral bandwidth can be realized, with an
attendant loss in resolution. The resulting Fourier transform of the spectral interference has
both amplitude and phase, with both carrying distinct information about the refractive index
profile within the coherence gate.

The amplitude of the Fourier transform has been well understood within the context of FD-
OCT. It captures the coherence-gated average of rqpi(Zopi(Z)) and therefore is a point
estimate of the average strength of coherence-gated rqp(Zopi(2)) at the optical depth being
probed. Fourier phase, on the other hand, is a point estimate of two distinct structural
characteristics of the refractive index profile within the coherence gate.

The first structural characteristic is the subresolution offset. We denote it by 8zqp(2), where
ZypI(2) indicates the optical depth being probed. Subresolution offset estimates the

subresolution deviation of the optical depth associated with the weighted-center z;;(2) of
the refractive index profile within the coherence gate, from zyp(2). (Note that the coherence
gate is centered at zyp (2).) Mathematically, the subresolution offset is given by

0Zop1(2)=20pl(2) = 2op1(2):  (7)

where
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Zéulfl(z):,fgopl(L)Z?pl(Z,) ,
Topl(zopl(z ))F(Zopl(z )7zopl(z))dzop1(z ) (8)

Zoot() 1 Copl(2 )T (20p1 (2) = Zopl(2))dzepl ()

Here, T'(Zopi(Z)~ Zopi(2)) is the correlation function centered at the probing depth z,p(2) that
ensures the integration is performed only at those depths that lie within the coherence gate
centered at Zop(2). The weighting by the normalized reflection profile rqp(Zopi(Z))
emphasizes those depths where the reflection are strong relative to other depths, resulting in

z5p1(2) being the weighted-center of the refractive index profile. Although no assumption
about a strong interface is made, and in fact none is required, we do note that for a strong

interface located at zyp|(20), Fopi(Zopi(Z)) — 1i8(Zopi(Z)~Zopi(20))—a Dirac-delta at zypi(2p)
with reflection coefficient r—and Eq. (7) reduces to

9Zopl (2)=Z0p1(2) = 2opi(20)-  (9)

Thus, for a strong interface, 5z (2) describes the subresolution offset of z,,(zp), the optical
depth where the strong interface is located, from z,(2), the optical depth being probed.
Although a strong interface is easy to identify, 5z,p|(2) provides additional accuracy in
estimating the correct optical depth location of the interface, when there is only a
subresolution deviation of the optical depth being probed from the actual optical depth
location of the interface. This is the basis for SDPM [23]. Figure 2(a) is a visual illustration
of subresolution offset using a simple refractive index profile model. (Note that a strong
interface is not assumed.) Later, in Section 3.A, we present a parametric model for this
simple refractive index profile, where the subresolution offset is modeled through the
subresolution shift parameter. We will effectively employ this model to validate our results.

The second structural characteristic is the mean spatial frequency of the coherence-gated
refractive index. We denote it by s(Zpi(2)), where zyp(2) is again the optical depth where
the refractive index profile is being probed. Mean spatial frequency estimates the average
rate at which change in refractive index occurs within the coherence gate centered at z,,(2).
(As we will show, the averaging is a direct consequence of the coherence gate.) For
example, for an increasing or decreasing refractive index profile within the coherence gate,
it characterizes how fast or slow that subresolution change occurs. More generally, it is a
characterization of the refractive index heterogeneity within the coherence gate. (Details are
in Sections 3 and 6.H.) A simple illustration of mean spatial frequency is depicted in Fig.
2(b), where small changes in the shape of the refractive index model are used to indicate the
increasing or decreasing rates-of-change in optical density. The parametric modeling of
mean spatial frequency is done through the subresolution shape parameter.

Having described what structural characteristics Fourier phase estimates, we next show how
and why this is the case.

A. Structural Information

Consider the spectral interference P(K) in Eq. (4) in its generalized complex form,
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P(E)=25(K) [ PR (rop (zop1 (2 )2 701 ) ) dzgp (2)

=28(K)R (féopl(L)TOPl(Zopl(Z/))eierZOPI(Z/)dZopl(Z/)> ; ()

with R representing the real part of its argument. Here, for a given K, we interpret the
integrand of Eq. (10) as a phasor rotating with angular frequency 2nzyp(Z). The amplitude
of this phasor is the real-valued reflection profile rqpi(Zopi(2)). Probing ropi(Zopi(2)) at
optical depth zyp(2) corresponding to the physical depth z does not return rqp)(Zopi(2)) but its
weighted average over the coherence gate around Zop (2). Using the phasor representation,
we explicitly incorporate this loss in resolution by extending the phasor amplitude to its
general complex form

ropt(Zopt () =ropi(zopi(2)) e 7o) gy

where | (K, 5Zqp1(2)) controls the division of rqp(Zopi(Z)) between the quadrature cosine and
sine components. It is the cosine component that we have access to through Eq. (10). The
imaginary sine component represents the resolution loss due to the coherence gate.
Therefore, a nonzero value of I(K, zyp(2)) results in a leakage of rqp(Zpi(Z)) from the real
in-phase component to the imaginary quadrature component. This loss will naturally be
greater for refractive index profiles with greater structural content within the coherence gate.
Therefore, we refer to I(K, Zpi(2)) as structural information reflecting the subresolution
structural content of the coherence-gated refractive index profile. We choose 1(K, Zpi(2)) to
be a function of both spatial frequency K and the optical depth zop(2) at which the refractive
index is being probed. The dependence on the latter is natural because the measurement is
being made at that optical depth. The dependence on the former is because the measurement
is being made in the spectral domain where the sample is being probed by waves with wave

K
numbers k‘z?

To characterize the nature of the dependence of I(K, zypi(2)) on K and z,p (2), we note that
when we probe the refractive index at Zp(2), the Fourier amplitude is the coherence-gated
average of rqp(Zopi(Z)). We denote it as [p(Zopi(2))]. If we were to place an actual coherence
gate, corresponding to the correlation function of the light source at the probing depth
Zypi(2), then the corresponding coherence-gated average of ropi(Zopi(Z)) would be

Pavg= Lo ropt (Zopl (2 )T (20p1 (2) = 2opt(2))dzop(2), (12

where we have exploited the symmetry of the correlation function to write the convolution
as a correlation. This coherence-gated average has an associated weighted-center where the
optical depth of the structural content of the refractive index profile within the coherence

w

gate is centered. This weighted-center is precisely given by 25 (z) [defined in Eq. (8)]. If
this weighted-center and the probing depth zyp(2) coincide, then [p(zopi(2)|=Tavg- If,
however, the two are offset from each other, then the deviation manifests as 5z (2) given
by Eq. (7) and can be accounted for in the following way. The reflection profile within the
coherence gate centered at zyp(2) is given by the equivalent reflection profile
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Topt (Zopl (2 ) =Tavgd (zop1 (2) — 225 (2)) Equation (10) then tells us that the spectral
interference signal corresponding to the back-reflected waves from this equivalent profile is

P(k)=2S(K)R(ravge ™20y 13)
which can be rewritten as

P(kf) :2S(K)m (ravgei27er(7f;ﬁ (2) (e—iZTeropl(z) eiQwKzopl(z)))

ZQS(K)?{ (TavgefiZwK(Zopl (2) —Z50 (2)) 127K zop1 (2) ) (14)
DS )R (ragge 2K 2o (2) 20K 2001 ()

where §2op1(2)=20p1(2) — 25p1(2) is the subresolution offset and for reflection profile

ropl(zopl(z/)):ravgé(zopl(z') — zgp1(2)) is exactly given by Eq. (7). On comparing the
complex phasor amplitudes in Egs. (11) and (14), we define the structural information as

I(K, zopi(2))= — Kdzop1(2).  (15)

This bilinear—in K and 8zyp(2)—characterization of information-loss in conjunction with
Eqg. (11) bounds I(K, 6zyp)(2)) to the range (-1, 1). For values outside this range, the
structural behavior will manifest in the Fourier amplitude—the amplitude of p(zypi(2))
defined in Eq. (18).

Incorporating Eqg. (15) in Eq. (11), we get

e—i27‘rK§zop1(z)
)

71 (Zopl (2)) =Topl (zopl (2)) (16)

which simplifies the spectral interference P(K) in Eqg. (10) to (see Appendix B)

P(K)=25(K) [V ropi(zopi(2"))

Xcos(ZWK(zopl(z,) — 020p1(2)))dzopi (2 (7

i

).

Thus, the phasor representation of resolution loss allows us to express spectral interference
in terms of structural information. We next show that an estimate of this structural
information I (K, Zpi(2)) is accessible to us through Fourier phase.

B. Fourier Phase

Fourier phase at the optical depth zop(2) is the phase of the Fourier transform of the spectral
interference P(K),

p(zopi(2))=[ , P(K)e > rGAR. (g)

Appendix C details the expansion of p(zop(2)) in Eg. (18) to p(Zopi(2)
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= 24!

0 27 _ A
_ (Z (5Zop1(2)) 9{(<T§;I)K D) on(2)))
<ézop1 z)Z (5253’1(?)), () F)(zopmz))) ,

(19)

with 3 representing the imaginary part of its argument and * denoting the convolution
operation. R, as before, represents the real part of its argument. As explained in Appendix C,
Eqg. (19) is the baseband representation of the Fourier transform of the spectral interference
whose carrier frequency corresponds to the central frequency of the source

S(K)

LT SR

dK. (20)

In Eq. (19), ( op]) KC(Zopl(Z/)), 0=0,1,2, ... is the baseband representation of the (4 th
derivative of reflection profile, and T'(zypi(2)) is the baseband representation of the
correlation function corresponding to the source spectrum centered at K. Note that Zis a
general representation for both 2j and 2j + 1.

The baseband signal holds the entirety of the information content—both amplitude and
phase—of the back-scattered signal. A closer look at Eq. (19) reveals that

(") Com(=))
0
baseband reflection profile (ropl)’{“(zopl(z')), about zyp|(2), and therefore characterize the
reflection profile in optical-space. The convolution with the correlation function ensures that
only their coherence-gated structural characterization about Zqp(2) is reflected in p(zypi(2)).

,£=0,1, 2, ..., are the coefficients of the Taylor expansion of the

Equation (19) shows that Fourier phase is given by

00 (820p1(2))”
20 (2j+1)!

s(( E,fi“)) )<zop1<z>>

Zj‘i@ (820p1(2))”

2j'

R (( iiﬂ)) *F) (zop1(2))

where the odd and even order derivatives, respectively, appear in the numerator and
denominator of the fraction. Taken with their respective imaginary and real parts, the
separation of odd and even coherence-gated Taylor coefficients, respectively, to the
numerator and denominator characterizes the structure in a manner that is consistent with
tangent phase notation.

-1

¢(Zop1(2))=tan™" | zop1(2) ey
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Equation (21) states that the Fourier phase measured at Zop(2) jointly estimates two
structural features of the coherence-gated refractive index profile. The first is the
aforementioned subresolution offset, 5z, (2). The second feature is characterized by the
fraction

3 S () o) o)

=0 (2j+1)!
2] . :
e (C-URRL I

Despite its rich information content, this fraction is difficult to interpret apart from noting
that it is some form of structural characterization of the reflection profile. However, there
are two specific scenarios, where the fraction and therefore Eq. (21) reduce to simpler forms.
Fortunately, these are the two scenarios of most interest in the context of FD-OCT. The first
is when the refractive index profile is dominated by a strong interface and the Fourier phase
measurement is made at this interface. SDPM and its derivatives fall in this category. The
second arises when there are no strong interfaces within the sample and the sample is well-
matched with the medium that it is immersed in. In this scenario, the refractive index profile
has a small gradient so that the Born approximation is satisfied. Here, the Fourier phase
measurements do not track a particular interface but are made at fixed depth locations. dr-
SLQPM falls under this latter category.

It was in anticipation of the second category that we developed the general theory under the
assumption that the Born approximation was satisfied. For the first category, certain specific
considerations need to be satisfied to ensure the validity of Eq. (21). We detail them in
Section 4, where we re-establish the validity of Eq. (21) and its simplification in the
presence of a strong interface. We, however, first present the Fourier phase for a slowly
varying refractive index profile.

3. FOURIER PHASE ALONG A SLOWLY VARYING REFRACTIVE INDEX

PROFILE

Samples with slowly varying refractive index profiles have small gradients. Consequently,
their corresponding reflection profiles, given by Eqg. (6), have even smaller derivatives. As a
result, higher-order derivatives of the reflection profile can be neglected, allowing the
simplification of Fourier phase in Eq. (21) as

3 ((r’opl)K“ . F) (zopi(2))

R ((ropt) " ) (zop1(2))

$(zopi(2))=tan™" | 6zop1(2) , (@)

where only the reflection profile (zeroth-order derivative) and its gradient (first-order
derivative) are considered. For notational ease, we define
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3 (7o) #T) Gni(2)
R ((rop))"* #T) (20p1(2))

(23)

si(zopi(2))= ,

and rewrite Eq. (22) succinctly as
$(zopl(2))=tan™" (8zopi (2)si(20p1(2))).  (24)

Equation (24) shows that the Fourier phase for a slowly varying refractive index profile is a
joint estimate of 8zyp)(2) and (zopi(2))- To characterize the structural information estimated
by the latter, we express s(Zpi(2) in terms of the refractive index profile itself. Using Egs.

(1) and (6), we expand Eqg. (23) to

A _ 15 < (opt (2))/n2 (o1 (2)))
$i(20p1(2) =3 7 Cori (/72 (oo ()
10 o (2)) /3 o (2))

T < Gop () /2 op ()’

(25)

(
(

where f(-) represents the convolution of its argument with the correlation function and
therefore enforces the coherence gating. Equation (25) reveals that for a slowly varying
refractive index, the Fourier phase at some optical depth of interest is a manifestation of the
interplay between the coherence-gated refractive index profile ng(zyp(2) and its first two

derivatives n’(zop1(2)) and n” s (zop1(2)) at the optical depth Zopi(2). We refer to the two
derivatives, respectively, as the gradient and curvature of ng(z,p(2)). The ratio between the
coherence-gated curvature and the coherence-gated gradient is the first term of Eq. (25),

with both derivatives having been first normalized by n2(z.p(z)). (This normalization is due
to the measurement being performed in optical-space.) In the slowly varying refractive index
regime, both the curvature and the gradient are well-defined and so is the ratio. Furthermore,
the first term of Eq. (25) has a simple interpretation: it is an estimate of the mean spatial

frequency of the coherence-gated refractive index profile. To see this, first observe that for a

slowly varying refractive index the contribution of ng(zopl(z)) effectively cancels out,

Lf(n"s(20p1(2)))
therefore simplifying the first term to m. The effect of canceling the
contribution of n2(z.,(z)) from the numerator and the denominator of the first term is
illustrated in Fig. 3(a), which shows a scatter plot of the first term and its simplified form for
a range of slowly varying refractive index profiles at a fixed probing zyp|(2). The refractive
index model used to generate the scatter plot is defined in Eq. (26) (see the following
section), and the refractive index variation is controlled through the subresolution shape
parameter that varies from —3 to —2.3 in the log-scale (also explained in the next section).
This is the range of slow changes in the shape of the refractive index. As can be seen, the
scatter plot aligns along the 45° line showing close correspondence between the first term
and its simplification. This simplified form is a ratio of the coherence-gated curvature and
gradient of the refractive index profile within the coherence gate. The former is a measure of
the mean gradient of the refractive index within the coherence gate, while the latter
measures the net change in the refractive index within the coherence gate. The ratio of the
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two, therefore, is an estimate of the mean spatial frequency of the coherence-gated refractive
index profile. This can be easily understood by considering the analogy with a car equipped
with an accelerometer and a speedometer. For a fixed time interval At, the average velocity

of the car is v=[ ,,a(t)dt, while the average traveled distance is 5= ,,v(t)dt. Here, a(t)
and v(t) respectively, denote the instantaneous acceleration and velocity of the car measured,

5
respectively, by the accelerometer and the speedometer. The ratio > gives the average time

the car takes to travel distance . The ratio % on the other hand, gives the average number of
times the car can travel the distance 3 in one unit of time, that is, it gives the mean temporal
frequency of car motion. On relating acceleration with curvature of the refractive index,
speed with the gradient of the refractive index, and the time interval with the coherence gate,
it is easy to see that the first term of Eq. (25) in the slow-varying regime estimates the mean
spatial frequency of refractive index change within the coherence gate around Zqp(2). This
mean spatial frequency describes the average rate at which the spatial change in the
refractive index occurs within the coherence gate. This change can be an increasing or a
decreasing refractive index within the coherence gate and is described by the subresolution
shape of the refractive index profile illustrated in Fig. 2(b). This change can also be an
increase (or a decrease) in subresolution heterogeneity, which will manifest as an increase
(or a decrease) in spatial frequency. (See Section 6.H.) Finally, to complete the discussion of

the first term of Eq. (25) we note that the normalization by ng(zopl(z)) need not be neglected
as it naturally results from making the measurements in the optical-space. Even with
normalization, the first term of Eq. (25) is an estimate of the mean spatial frequency in
optical-space. The simplification was primarily done to explain this first term without being
encumbered by the normalization factor.

The second term of Eq. (25), also well-defined for a slowly varying refractive index, is
unresponsive to the slow variation. Figure 3(b) shows the scatter plot between it and its

o J(1/n3(zop(2))) _ _
simplified form F(1/12(zop1(2)))? where the effect of the gradient of the slowly varying
refractive index profile is neglected in the numerator and the denominator. First, it can be
seen that the scatter plot has no spread illustrating the unresponsiveness of the second term
to the variation in refractive index. Second, the location of the scatter points shows that the
effect of the gradient of the refractive index profile is to reduce the contribution of the
second term to §(zpi(2)) in Eq. (25).

In absolute terms, the factors used to normalize the scatter plots for the first and second
terms of Eq. (25), respectively, are 1.019 x 10’ m~1 and 0.0025 m™1. Since the former is
much greater than the latter, the second factor can be neglected, resulting in §(zyp(2)) itself
being an estimate of mean spatial frequency. It is also worth noting that the value of the
subresolution shape parameter for which §(zypi(2) 1.019 x 10" m~1in the log-scale is —2.3.
In the linear-scale the log-scale value corresponds to 1 x 107 m~1, illustrating that Si(Zopi(2)
is indeed an estimate of the mean spatial frequency. Finally, we note that §(zpi(2)) is not
defined in the impractical scenario of the refractive index gradient being zero, that is, when
the reflection profile is zero and there is no back-scattered light.
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Therefore, we can now state that the Fourier phase jointly estimates the structural
information given by 8z,pi(2) the subresolution offset, and s;(zopi(2)), the mean spatial
frequency.

A. Subresolution Shape and sj(zop|(2))

Consider the refractive index model given by the modified sigmoidal function

ne(2 ) =no+ (26)

An
1+€—2$(zl —2z0) ’

where an isolated change in shape is modeled at a physical depth zy. Figure 4 provides the
illustration. A small change in zy will shift the physical depth where the isolated change
occurs. We refer to this change in zj as the subresolution shift in the location of the isolated
change in the refractive index profile. In Section 6, we decompose 7j as zy = z,+ Azy. We
perform our Fourier measurement at optical depth zop(z) corresponding to physical depth
z« AZy models the subresolution offset. Since z,is kept fixed, the subresolution shift
parameterizes the subresolution offset. The structural characteristic 6z,p)(2p) is an estimate
of Azy in optical-space.

The parameter ng is the baseline refractive index, and An is the net change in refractive
index around physical depth z,. Noting that the refractive index of vacuum is one, we set ny
> 1. The shape parameter s controls how the net change An manifests itself. For a given An,
small values of sindicate a slowly varying refractive index, while the limit s — oo indicates
a strong interface, where the net change An occurs in a single discontinuous step. This range
of shapes of the refractive index profile is shown in Fig. 4. We refer to this shape parameter
as subresolution shape as its effect is primarily localized within the coherence gate. We note
that for the refractive index model in Eq. (26), the subresolution shape s controls the rate at
which the isolated change occurs. For increasing s, the rate-of-change increases. This notion
can be made precise by considering the Fourier transform of a sigmoidal function. The

1 Fz7 t [m Tw
Fourier pair is given by Tre 257 3 \/;COSEC’Z (g) It can be seen in the amplitude
of the Fourier transform that the frequency spread of cosech away from zero is controlled by
the subresolution shape s. As sincreases, the rate at which the isolated change occurs
increases, and the Fourier pair shows that the higher spatial frequencies are present in the
refractive index model in proportion to s. Therefore, we use sas a measure of spatial

frequency of the refractive index profile within the coherence gate. The unit of s is meter™1.

Based on this model and using Eg. (25), we can analytically compute the value of §(zyp1(2).
Additionally, if for the sake of simplicity, we assume dz,p|(2) to be some constant ¢, we can
qualitatively isolate the effect of 5(z,pi(2) on Fourier phase ¢(zypi(2)) through the simplified
relation p(zopi(2) = tan~1 (csi(zopi(2)))- Figures 5(a), 5(b), and 5(c) plot this effect of
Si(zopi(2) on Fourier phase, respectively, due to changes in s, ng and An. We express the
shape parameter in log-scale by transforming sto logyg (sd2), where d = 1 nm. The shape
parameter of this transformed representation changes from -3 to 0 as the refractive index
changes from a slowly varying profile (0.002/d) to one with a strong interface (2d). We note
that to approximately ensure that the parameter-based changes in the refractive index profile
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can be reasonably described as subresolution changes, we consider a small range of values

for the three parameters.

Figure 5 shows that the Fourier phase responds most strongly to change in subresolution
shape and most weakly to change in nyg. The Fourier phase eventually becomes unresponsive
to increasing subresolution shape because these are higher-order changes not captured by the
curvature and gradient of the refractive index. Fourier phase has a moderate response to An
primarily through the indirect effect of An on the subresolution shape for any given value of
the s parameter. An itself does not directly affect the Fourier phase because it is the common
term in both the curvature and gradient of the refractive index profile and therefore its effect
is canceled out [in the first term Eq. (25)], while its effect on the second term is weak.

B. Depth-Resolved Spatial-Domain Low-Coherence Quantitative Phase Microscopy

In dr-SLQPM, the sample satisfying the Born approximation is embedded in a well-matched
medium, making it ideally suited to the Fourier phase approximation in Eq. (22) for
volumetric structural characterization. Utilizing an approximately collimated and spatially
incoherent white light source, dr-SLQPM decomposes the 3D physical-space into lateral x,
y-space, with each en face location x, y associated with an axial z channel (with the
associated z-space), which is mutually incoherent with channels corresponding to other
lateral locations. The standard FD-OCT principle allows dr-SLQPM to map each z-space
refractive index profile to optical-space z,p, allowing dr-SLQPM to operate in the hybrid
space (X, y, Zopi)- For all en face locations, the Zqp space is sampled at fixed optical depths
(note, not interfaces) with the sampling interval a small fraction of the width of the
coherence gate. This oversampling mimics the action of a sliding window along the axial
refractive index profile. Oversampling has two benefits. First, the small sampling step
ensures that any change in Fourier phase results in a two-dimensional (2D) Fourier phase-
based map that washes out the effect of 8zyp(2)—the reason and the extension to 3D is
discussed in Section 6.C—allowing the map to characterize the mean spatial frequency of
the axial refractive index.

4. FOURIER PHASE AT A STRONG INTERFACE

In 2005, two groups independently proposed spectral-domain phase microscopy (SDPM)
where they measured the Fourier phase ¢(Zqp(2)) to, respectively, study subresolution
motion in living cells and perform quantitative phase-contrast imaging in the reflection-
mode. In both of these works, Fourier phase measurements were performed at a strong
interface. One of the groups was also the first to provide a physical interpretation of their
results (see Eq. (2) in [23]) by establishing a relation between the Fourier phase
measurement at a strong interface and the subresolution offset 5z, (2) between the optical
depth the measurement was made and the optical depth where the interface was actually
located. We now show that their result is a special case of the Fourier phase defined in Eq.
(21).
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A. Establishing the Validity of the Born Approximation

Our derivation of Fourier phase required the validity of the Born approximation which
assumes a sample with a slowly varying refractive index profile [1]. Such a profile
decouples the Cartesian components of the complex light wave

E(z ,k)=E, (2 k)2 +E, (', k)J+E. (2, k)2 as it travels through the sample by ensuring
that the last term of the wave equation

V2E(2, k)+4m2k?n? (2 )E(2 , k)
LIV(E(Z k) - Vieg(n(z')))=0, &
is negligible, thereby allowing a one-to-one far-field correspondence between K and kg —
ki. However, when the refractive index profile is defined by a strong interface, the gradient
of the refractive index can no longer be neglected. Nevertheless, for normal source
illumination where the sample can be decomposed into an en face representation of 1D
refractive index profiles—a condition typically satisfied by FD-OCT setups— the
decoupling is valid despite the strong interface, under the strict condition that the number of
strong interfaces is restricted to one.

Consider the general case of a plane-polarized light wave incident on the interface at an
angle 4. (See Fig. 6.) Assuming the parallel and perpendicular polarization of the light wave
at the interface be the complex-valued amplitudes E, and Eg, respectively—the polarizations
are described with respect to the plane of incidence—the Cartesian components of the
incident wave are given by £,/ =Es, E ) =[,cos0;, and E_ = E, sind;. When the angle of
incidence is normal, that is, 9;=0, E_, is zero. As the gradient of the refractive index profile
is along the z-direction with its lateral components zero, the last term of Eq. (27) is zero.
Furthermore, a single strong interface does not violate the assumptions of negligible
multiple-scattering events and negligible depth distortion effects due to the refractive index
gradient required for the Born approximation to hold. As a result, both Eq. (1) [47,48,52]
and Eg. (21) remain valid, however, Eq. (22) is not.

B. Invalidity of Eq. (22) at a Strong Interface

Corresponding to the refractive index profile model of (2") in Eq. (26), the reflection
profile in the optical-space is

!
"V Tz (Zopl(= )
Topl (Zopl (Z ) ) T (Zop1 (z, ) [,See Eq (6)]
_ Anse™25Gopl(z )=20p1(20)) (28)
= .
(no+An+n0e725(10pl(zl)*zopl(m)))

In the limit s — oo, the refractive index is approximated by a Heaviside function, while the
reflection profile in Eq. (28) approaches (see Fig. 7) a Dirac-delta

! ’

7'01,01(20101(2 )):ri(S(zopl(z ) — Zopl(zO))a (29)
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where Ti:(no—l—(no—f—An)) (no+(no+An)) is the reflection coefficient at the optical depth
ZypI(2). It is interesting to note that this reflection strength corresponds to the reflection

An

coefficient (no+(no+An)) obtained using the Fresnel equations for normal illumination [1],

1
after accounting for the optical-space transformation factor (no+(no+An))’

Incorporating Eq. (29) in Eq. (21), we rewrite the Fourier phase at Zop)(Zo) as

(8zop1(20))¥
@i+ D!

> S(EHFD)T 4 T) (zopi(20))

¢(Zopl (ZO)):tan_l 5Zop1 (ZO) (6zUp1(zo))2j
241

Z?;oi’“(é@”);“ #T') (20p1 (20))
where

K. ’
(8" (20p1(2") — 2opi(20))
:elzﬂ—Kc(Zopl(z )7Zopl(20))5(g) (Zopl(z ) — ZOpl(ZO))'

(30

Here, ¢denotes the order of Dirac-delta derivative. We note that since r; is common to both

the numerator and the denominator, it cancels out.

Equation (30) shows that unlike the slowly varying refractive index profile, higher-order

derivatives of the refractive index profile are not negligible, thereby invalidating Eq. (22).
However, as we now show, under a mild condition, we get a simple closed form for the
Fourier phase at a strong interface that matches the result in [23]. We note that this Fourier

phase is derived under more general conditions than those in [23].

C. SDPM: General Development

We begin by restating the Fourier phase in Eq. (30) as (see Appendix D for details)

2 4 3
TO)A (1 - 47+47) +1(0) (22 - 19%°) +1042(0) 4

+H.O.T.

d(2opl (zo)):tcmfl (

where

A'=2rK bzop1(20))", LE€ZT,

and

74(0)=T(0) (8201 (20))*, € € Z*.
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The abbreviation H.O.T. stands for “higher-order terms” with respect to y(0).

Simplification of Eq. (31) requires that the condition [7(0)| <1 be satisfied. We know from
Eqg. (11) and the discussion thereafter that | K.6z.p1(20)| <1. Therefore, for the condition

(o
[v(0)] = ‘F@)(O)((Szopl(zo))z‘ < 1to be valid, we only need to show % , that is,
the ratio of the second-order derivative of the correlation function evaluated at its center of
symmetry, and the square of the center frequency of the source is much less than one. For a
typical Gaussian correlation function with standard deviation o, the magnitude of I'@)(0) is

<1

1
1 S
—5. Therefore, the condition [7(0)] << Lis satisfied when (; 7 )? <1 For a standard

deviation o, the corresponding full width at half-maximum of the coherence gate is

2
0.=2/2In20- Furthermore, the central wavelength of the source spectrum /\CIE' Figure 8

1
plots (o—Kc)2 as a function of £ and A¢. As can be clearly seen, for a majority of 4 and A¢

combinations typical for OCT setups, (UKC)Q <1 Eor these combinations|7(0)| < 1 and
Eqg. (32) simplifies to

o)A (1- %—f+%—f)) o)

Zopl (20 =tan~!
¢( l( )) t (F(O)( —%—f—f—%—?)

142 al
=tan ™} (A7< £ o ) ., (33)

(1-5+4r)

as the higher powers of y40) can be neglected. For |A| =27 K 62z0p1(20)| <1, the ratio

(L-5r+5)

(1 — %—f+ﬁ—f) in Eq. (33) is upper bounded by 1.554, and the Fourier phase is given by
D(zop1(2))=tan 1 (1.554(27 K .020p1(2))).  (34)
For even smaller values of A, the ratio approaches one, and the Fourier phase is given by
$(zopl (2))=tan™ (2r K 8zop1(2)).  (35)
For|A| = |2 K 6z0pi(20)| < 1, Fourier phase is simply approximated by
@(zopl(2))=2m K :dzop1(20)-  (36)

This result is identical to that obtained in [23].
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5. FOURIER PHASE FOR AN IDEAL CONDITION: INFINITE SPECTRAL
BANDWIDTH

For infinite spectral bandwidth, the correlation function approaches a Dirac-delta,

F(zopl(z')) — 6(zop1(z')), with £ — 0. As a consequence, the integral on the right-hand side
of Eq. (8) approaches zyp((2), resulting in dzypi(2) — 0. It then follows from Eg. (21) that the

Z, z 2 ; c
Zﬁ%wﬁ?ﬁ”)’( # T) (20p1(2))

o0 (5Zop1(2))

(25)\Ke
Fourier phase approaches zero if the fraction Z R((ropm’)  * ) (20p1(2))
remains well-defined. To verify that this indeed is the case, We first note that K is no longer
the center frequency. In fact, the concept of center frequency becomes meaningless for an
ideal source with infinite spectral bandwidth. It follows that the baseband and the passband
representations of the derivatives of the reflection profile are the same because downshifting
the ideal source by any amount has no effect. As a result,

(T((ji))])l{ﬁ(Zopl(z/)):T((ji))]<Zopl(Z/)); (=0,1,2,3,...,and each imaginary term in the numerator
is
3 ((rfiﬂl'+1>)Kc * 5) (2opl(20)) j=0,1,2,3,... @37
=3 ((rgf){*l)) x 5) (2op1(20)) 5 §=0,1,2,3,... (38)
=3 (5 P Copt(2))8(z0p1(20) = Zop () dzopi(2)), 7=0,1,2,3,... (39)
=3(rS) (zopi (20)) j=0,1,2,3,... (40)
=0. (41)

We note that (7 op)l)(zopl(ZO))) is always a real-numbered value. Equations (37) through (41)
show that all the summation terms in the numerator of Eq. (21) are zero and therefore so is
the numerator.

The denominator, on the other hand, reduces to
X (62
3o Bzant() ((rii{) £ T) o (2)
27!
7=0

3~ Can ) (@ gy2))

Jj=0 2!

(42)
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) 23 .
(rpt # 8) (2o (2))+ (Z ot ()« <zop1<z>>> @)
i=1 :

:(Tol)l * 0) (201)1(2))7 (44)

0
and consequently, the fraction reduces to (Fopl * 6)(Zopl (7)) =0 Therefore, it is indeed well-

defined and is in fact zero and so is the Fourier phase. Equations (41) and (44) further show
that the Fourier transform of the spectral interference given in Eq. (19) is

P(20p1(2))=(Top1 * 8) (20p1 (2))=Topl (20p1(2))-  (45)

Thus, for an ideal source with infinite spectral bandwidth, the Fourier transform of the
spectral interference between the reference wave and the back-reflected sample field is a real
signal, equal to the actual reflection profile of the sample.

6. RESULTS AND DISCUSSION

Having presented the theoretical development of how the Fourier phase jointly estimates
subresolution offset and mean spatial frequency, we present simulations based on the
parametric model of the refractive index profile given in Eq. (26) to support our theoretical
predictions, illustrate the suitability of Fourier phase for dr-SLQPM, and highlight its
distinct characterization of coherence-gated structural information with respect to Fourier
amplitude. We also present multiple applications of Fourier phase and describe flow velocity
in D-OCT in terms of Fourier phase.

A. Parametric Modeling of the Refractive Index Profile

We use Eq. (26) to model the refractive index profile. This profile is parameterized by 7y, ng,
An, and s. Parameter 7 is the depth location around which the change in the refractive index
profile occurs with respect to the baseline refractive index characterized by ng. Parameters
An and s control the nature of this change. The former specifies the increase (An > 0) or
decrease (An < 0) in refractive index, while the latter specifies how this increase or decrease
is realized. For small values of s, the rise is gradual and spread over a range of depths
around z. This spread implies that back-reflected waves are coming from a range of depths,
corresponding to greater structural complexity and higher structural information. It is in this
range of smaller values of sthat the Fourier phase is most responsive, as is shown in the
results presented below.

For s — oo, the rise is sharp and localized at zj, corresponding to a strong interface. Here,
based on our discussion in Section 4, we expect the Fourier phase to primarily estimate
dZopi(2). This is indeed the case. As a side point, we note that An contributes to the strength
of the interface. A sharp change might not imply a strong interface if An is small. This is
especially true in experimental settings, where the refractive index profile with a sharp
change can only be approximated by a Heaviside function. In such settings, for the sharp

J Opt Soc Am A Opt Image Sci Vis. Author manuscript; available in PMC 2016 February 04.



1duosnue Joyiny 1duosnue Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Uttam and Liu Page 20

change to qualify as a strong interface, An should be large enough that it relatively
dominates the slow-varying changes in the refractive index at other depths. However, in the
simulations presented here, the interface with a sharp change and strong interface coincide.

Each of the above four parameters define the following four behaviors:

1. Behavior 1: subresolution shift controlled by z. [See Fig. 2(a).] As noted in
Section 3.A, for a fixed z4 change in zy parameterizes subresolution offset Az.

2. Behavior 2: subresolution shape controlled by s. [See Fig. 2(b).]
3. Behavior 3: baseline shift controlled by ng. [See Fig. 9(a).]
4. Behavior 4: interface increment controlled by An. [See Fig. 9(b).]

The first two have already been discussed in the context of 6zypi(2) and s(zopi(2))-
Simulation results presented below validate those connections. The last two behaviors are
included for a complete description of Fourier phase response to all model parameters.

In Sections 6.C, 6.D, and 6.E we, respectively, present Fourier phase simulations for
Behaviors 1 and 2, 3 and 2, and 4 and 2. The reason for including Behavior 2 in all the three
cases is that we have presented theoretical details for the refractive index profile that is
either slowly varying or has a strong interface, and the demarcation between these two
regimes is controlled by s. We begin by detailing our simulation methodology.

B. Simulation Methodology

To simulate the Fourier phase measurement, we consider a white light spectral source SK)
with spectral bandwidth B (500-800 nm), center frequency K= 3.25 MHz, and £ = 1.5 um
corresponding to a Gaussian-shaped S(k), and mean refractive index of 1.4. The refractive
index profile ng(Z), defined by Eqg. (26), is implemented as a multilayer system with the unit
layer thickness taken to be d = 1 nm. The implementation requires constructing a transfer
matrix [53] to mimic wave propagation through the refractive index profile. This is done for
each K = 2k = 1. The back-reflected waves from all depths are interfered with a reference
that is implemented in the common mode, by defining a substrate and refractive index
profile interface. These interferences from all depths are integrated to get the spectral
interference curve, P(K), as a function of spatial frequency K. (We note that unlike the
experimental implementation, where phase noise can be greatly minimized by common-
mode geometry, it is not important in the context of this simulation. It suffices to simply set
the reference reflection-coefficient to one.) The self-interference of the reference and back-
reflected sample waves is ignored. The Fourier transform of the spectral interference curve
is the complex Fourier signal p(zyp|(2)) as a function of optical depth. The Fourier transform
is implemented as a discrete-time Fourier transform. The phase of the Fourier transformed
spectral interference is

¢(zop1(z)):arctan<( “
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This phase is wrapped and modulated by the center frequency K. Therefore, it is first
unwrapped along the optical depth, followed by subtracting =27K ¢zqp(2) from it to remove
the phase ramp associated with the Kq-centered passband of the source spectrum. The
resulting phase is the unwrapped Fourier phase. This, however, is not the final result as the
unwrapped Fourier phase, by definition, accumulates Fourier phase along the depth due to
the unwrapping. Therefore, at any optical depth, it is affected by all depths preceding it. We

_ d¢(zop1(2))

resolve this conflict by computing the gradient ¢ (opi(2 ))_m and integrating it
within the coherence gate around the optical depth Zqp(2) to get the correct Fourier phase.
Note that this coherence-gated integration of the phase gradient is not providing any
additional information. It is only retrieving the coherence-gated unwrapped Fourier phase
information—associated with p(zop(2))—otherwise difficult to access due to phase
wrapping. Furthermore, since ¢/(zyp(2)) is the instantaneous frequency, it cannot exceed the
bandwidth of the source spectrum. Therefore, we use it to filter out those depths where the
instantaneous spatial frequency exceeds the source bandwidth.

The phase obtained after the filtering is expressed in units of length by multiplying it by 2)\—;
where . is the wavelength corresponding to K.. We denote it by sopl. As an illustration,
Fig. 10 shows Fourier phase as a function of optical depth computed using the method
outlined above for refractive index profile modeled by Eq. (26) with increasing values of s.
This method to extract Fourier phase is used in all results presented below.

C. Fourier Phase: Estimating Subresolution Offset and Subresolution Shape

We consider a 7 um refractive index profile and set ng = 1.4 and An = 0.01. The
corresponding OPL is roughly 10 um. Parameter ng fixes the baseline refractive index, and
An fixes the net increment in the refractive index with respect to the baseline. The two
parameters zy and sare varied:

1. A Fourier phase measurement is made at z4 and Az is varied from —-20 through 20
nm. We set z,= 2.85 um, resulting in a subresolution shift in zy = Az,+ Az, ranging
from 2.83 through 2.87 pm.

2. The shape parameter sis varied from 0.002d to 24, which changes the shape at the
interface from slowly varying to strong. To avoid cluttering the figures, sis plotted
in a log-scale (from -3 to 0). The transformation to log-scale was discussed in
Section 3.A.

For each of the pairwise values of zy and s, the Fourier phase is measured at zyp((z/) = 4 pm.
Figure 11(a) shows the 2D plot of the resulting Fourier phase as a function of Azyand s. In
the slowly varying refractive index regime, Fourier phase increases with the increasing value
of sjust as theoretically predicted by Eq. (25), shown in Fig. 5(a). Fourier phase, therefore,
captures increasing optical density. Comparing Eq. (24) with Egs. (34) and (35) shows that
Si(Zopi(z9) is approximately bounded by 27K. Therefore, as the value of sapproaches the
strong interface regime, its value approaches or exceeds 27K, and Fourier phase
dependence on sceases. As a result, for strong interfaces Fourier phase primarily depends
on &Zypi(2,) in accordance with theoretical results in Egs. (34)—(36). Figure 11(b) shows this
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dependence through the marginal representation extracted from the 2D plot. As can be seen,
Fourier phase captures the subresolution offset 6zop(z/). For Az < 0, Zyp)(20) < Zopi(29, and
in conjunction with Eq. (7), implies 255 (2¢) <2opi1(2¢) and 6Zgpi(2,) > 0. Similarly, for Az >
0, dzypi(z9) < 0. It should, however, be noted that in the simulation ézyp(z4), underestimates
the subresolution offset Az, partly because of the correlation function weighting in Eq. (8)
skews the weighted-center toward zyp(z/) and partly by the action of tan~1. We note that
Fourier phase estimation of dz,pi(z/) for a strong interface makes it suitable for measuring
subresolution dynamic changes in optical depth of the interface via SDPM.

In our theoretical development of a slowly varying refractive index profile, we showed in
Eq. (24) that tan (9(2opi(29)) = 0ZopI(2)S(Zopi(29)- From our simulation we know the value
of Fourier phase ¢(Zopi(z9), and also 6zgpi(z)), allowing us to estimate the mean spatial
frequency, which for the model we have used is parameterized by the subresolution shape.
Figure 11(c) shows the estimate of subresolution shape corresponding to the actual s=-2.7
in the log-scale as function of Az,. First, the estimate of sis approximately —2.27 and is
constant for all values of subresolution offsets, thereby illustrating that ¢(zypi(z/) captures
the intrinsic structural characteristic of the refractive index profile. Second, the value of sis
slightly over-estimated primarily because the value of 6zyp(z/) is under-estimated.

In the slowly varying refractive index regime, the symmetry of Fourier phase dependence on
dZopi(z,) can be used to remove its effect by performing Fourier phase measurements at
multiple optical depths with subresolution sampling intervals. Given the symmetry, a
depthwise average of the Fourier measurements will wash out the dependence of Fourier
phase on ¢Zypi(z,) and only capture the effect of s [or more generally (Zopi(z4)] as desired.
Moreover, it is not even necessary that the Fourier phase average be taken for the entire
sample depth. A window, the size of the coherence gate, can be moved over the Fourier
phase profile. Averaging within the window will remove the effect of dz,p(z,), while also
providing a depth-resolved estimate of s. (See Section 6.H below.) When performed at all
lateral locations, we get a 3D characterization of s.

Fourier phase and Fourier amplitude: can Fourier amplitude estimate either dzypi(z/) or
Si(Zopi(z9) unambiguously? The answer is no. In Figs. 12(a) and 12(b), we show the Fourier
amplitude profiles, respectively, for different values of Az, and s. For the former, the
subresolution offsets of the order of 10 nm do not substantially change the amplitude profile.
For the latter, although the amplitude does change with changing s, it is difficult to ascertain
the cause. This causal ambiguity—whether the amplitude change is due to a slowly varying
refractive index or simply due to a smaller interface increment An for a sharp interface—is
not present in Fourier phase. For a slowly varying refractive index, a fast increase in Fourier
phase, as shown in Fig. 11, can happen only due to an increasing g(Zopi(z/). (This point is
further emphasized by the results in the next two sections.) On the other hand, for refractive
index profiles with a strong interface, the change in Fourier phase is only due to
subresolution offset ¢zypi(2)).
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D. Fourier Phase: Estimating Baseline Shift and Subresolution Shape

Here, we set 7y = zyand define the baseline refractive index to be ng = z,+ dhg, with z,= 1.4
and dhg (Behavior 3) varying between —0.02 and 0.02. As in Section 6.C above, shape
parameter sis varied from 0.002d through 2d, corresponding to -3 through 0 in the log-
scale. For each pairwise value of dng and s, the Fourier phase is computed. Figure 13 shows
the 2D plot of Fourier phase as a function of shg and s. The plot shows that Fourier phase
captures the subresolution shape of the refractive index profile but very weakly depends on
the baseline shift, which is in line with the theoretical prediction of Eq. (25) shown in Fig.
5(b). The primary discrepancy between theory and simulation is that when the baseline shift

is large enough for the same measurement location of z,p(z/), the weighted-center 2 (z¢)
moves from one side of zyp(z/) to the other, thereby inducing a change in sign. Specifically,
when the baseline increases, that is dng > 0, the optical depth z,p(zp) where the interface is
located also increases for the same physical depth z, and at some combinations of sand hy
it exceeds Zop|(z) and dzopi(z,) becomes negative. This can be seen in Fig. 13, where the
change from positive to negative is not centered at ny = 0 but deviates from it depending on
what sis. This is not an issue in the practical scenario. If one ensures that the mean
refractive index of the medium in which the cell or tissue sample is embedded is less than
the mean refractive index of the sample, dng will effectively be less than zero, resulting in
our operating in the positive regime. Given this regime, the Fourier phase dependence on |
gl is weak.

E. Fourier Phase: Estimating Interface Increment and Subresolution Shape

We set ng = z4 zy = z4 and vary interface increment An (Behavior 4) and subresolution
shape s, respectively, between —0.02 and 0.02, and -3 and 0 (log-scale). Figure 14 shows
that as in the previous two cases, Fourier phase reliably estimates structural information
corresponding to subresolution shape parameter sin the slowly varying refractive index
regime. However, unlike the theoretical prediction in Fig. 5(c), where the dependence of
Fourier phase on interface increment is moderately weak, the simulation shows that the
dependence of Fourier phase on interface increment is even weaker. This discrepancy
primarily arises because the interface increment indirectly affects the shape of the increment.
This indirect effect is easily captured in the plot of the analytical expression. In the case of
simulation, however, this effect is subsumed by the changing shape parameter.

We note that Fourier phase distinctly captures one characteristic of An, and that is the
direction of change. For negative values of An, Fourier phase becomes more negative with
increasing values of suntil it enters the strong interface regime, where it stops responding to
changes in s. The opposite happens for positive An.

F. Application: Fourier-Phase-Based Estimation of the Axial Mean Spatial Frequency

Profile

The parametric model of the refractive index profile helped illustrate the nature of structural
information carried by Fourier phase. In practice, however, such an ideal profile has modest
relevance. Therefore, we turn our attention to a more realistic refractive index profile (with
ng = 1.4) depicted in Fig. 15(a). Fourier phase measurements are performed on this
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refractive index profile using the simulation methodology outlined in Section 6.B above.
These measurements are performed at fixed oversampled optical depths in accordance with
the strategy discussed in Section 3.B. The resulting optical phase profile ¢(z,p(2)) is
convolved with a Gaussian window W—mimicking the coherence gate imposed by the
spectral source described in Section 6.B above—to suppress the effect of subresolution
offset 6Zqp(2) due to its local symmetry and obtain ew(Zopi(2)). (See Section 6.C above.) The
estimate of the optical-space axial mean spatial frequency profile is then given by

3i(2op1(2))= |by (20p1(2))| /Lc Where the coherence & as the normalization factor.

To show that 3;(z.p,1(2)) does indeed carry axial mean spatial frequency information, we also
estimate the axial mean spatial frequency directly from the refractive index profile by
performing a short-time Fourier transform (STFT) along ng(Z) after mapping it to the
optical-space zyp|(Z). The STFT window is chosen to be the same window W used to
compute 3;(zopi(2)). The STFT window scans the refractive index profile at all those optical
depth locations Zqp(2) for which the phase profile was computed. At each optical depth

F,Z)[;l(z) (K )‘ of the Fourier transform of the windowed refractive index

Zopi(2) the amplitude

profile n!" (2,1 (2)) centered at zqp)(2) gives its axial spatial frequency distribution over the
spatial frequency range defined by the spectral source baseband bandwidth. This distribution

is used to calculate the STFT-based mean spatial frequency X (.) at that optical depth

,IBK ‘K;t;l(z) <K)‘ dK

Kzo z) -
using the relation Pi(2) fB ‘szl(z)(l()‘ dK . Figure 15(b) plots the Fourier phase and

STFT-based estimates of the axial mean spatial frequency of the refractive index profile in
Fig. 15(a) as a function of optical depth. These mean spatial frequency profiles are plotted in
the log-scale. The figure clearly shows that both approaches result in similar behavior,
although Fourier phase in this example underestimates the mean spatial frequency.

G. Application: Fourier Phase-Based Depth-Resolved Characterization of Change in
Optical Density

For the same refractive index profile as above, we now include a small local decrement
(minimum An = -0.001) in the refractive index around optical depth zyp|(zp) = 5.3 um.
Figure 16(a) illustrates the refractive index profiles with and without this decrement. The
corresponding Fourier phase profiles ¢(zop(2)) are plotted in Fig. 16(b). They show that
Fourier phase is able to provide a depth-resolved characterization of this decrement. As
discussed in Section 6.E above, however, this characterization is the indirect effect of the
local refractive index decrement on 3;(z.p1(2)). We note that we have not computed
»wlZopl(2)) because, first, the decrement occurs in a window smaller than the coherence
gate, and second, it gives us an opportunity to illustrate the phase profile itself.

H. Application: Fourier Phase-Based Depth-Resolved Characterization of Heterogeneity

Heterogeneity is a well-established statistical characteristic in many biological processes,
such as cancer development. Here we indicate the presence of heterogeneity by considering
two refractive index profiles with a localized difference in the rate of variation of the
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refractive index around the optical depth zop(zp) = 7.7 um. This localized heterogeneity is
shown in Fig. 16(a), and the corresponding Fourier phase profiles are shown in Fig. 16(b). It
can be seen that the phase value increases with an increase in heterogeneity.

In practice, it is difficult to separate local change (increment or decrement) in the refractive
index from refractive index heterogeneity, and in a real scenario Fourier phase will manifest
the combined effect of the two. This is only natural because they both affect the mean spatial

frequency s (zopi(2).

I. Doppler OCT in the Context of Fourier Phase

A different scenario arises when we consider, for example, blood flow through static tissue.

Here, the flow of blood primarily affects the weighted-center z;; (2) within the coherence
gate resulting in the subresolution offset 6zqp(2) between it and the probing depth Zqp(2).
For a fixed probing depth zyp (29), the phase difference A® between the Fourier phase at two
adjacent A-scans, therefore, captures the net axial subresolution offset. If the time t between

AD
the two A-scans is known, the axial flow velocity is given by V=5"—7-=. Strictly speaking,
this is the axial optical flow velocity. To estimate the axial flow velocity itself, v should be
divided by the average refractive index of the sample.

7. CONCLUSION

Despite being enthusiastically received by the research community, the scope and physical
meaning of Fourier phase within the framework of FD-OCT has not been fully studied. This
paper is an attempt to fill that gap. We have shown that Fourier phase is a direct
consequence of finite spectral bandwidth of the source that results in a loss of structural
information into the quadrature component of the complex spectral interference. Phasor
representation allowed us to reveal that Fourier phase is, in fact, able to access an estimate
of this structural information. We showed that this joint estimate characterizes subresolution
offset and mean spatial frequency of coherence-gated refractive index profile, and derived
an analytical expression precisely showing how and why this is the case. We also showed
that both dr-SLQPM and SDPM are special cases of this general theoretical framework of
Fourier phase and look at complementary aspects of Fourier phase. The former focuses on
measuring mean spatial frequency, while the latter measures subresolution offset. Both have
the advantage associated with any derivative of FD-OCT that they quantify the coherence-
gated depth-resolved structure of the sample without being confounded by its thickness as in
transmission-mode QPM.

Based on the general framework of Fourier phase, we further showed that Fourier phase can
be applied to estimate axial mean spatial frequency profile and characterize localized change
in the refractive index and heterogeneity. These characterizations play an important role in
early cancer detection and risk assessment [43]. Finally, we utilized the principle of Fourier
phase to derive axial flow velocity in D-OCT.
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APPENDIX A: SPECTRAL INTERFERENCE

Starting with Eqg. (3), and noting that g 5., we have

. ’ K ’ /

P(K)=2S (K) jOLr(z )eos 47TEZOP1(Z )>dz
/ , , (AD

=25 ( ) fo r(z )cos (2K zopi (2 ))dz ,

implying a dilation of the source spectrum under the transformation from wave number to
spatial frequency. We denote the source spectral density in the spatial frequency basis by

K
S1(K)=S <5> As this representation is purely notational, we redefine SK) = S;K without
any loss in generality or accuracy because dilation, though made implicit, is not ignored.
Therefore, we rewrite Eq. (Al) as

P(K):ZS(K)]OLT(ZI)COS (277Kzop1(zl )) dz. (A2)

The OPL is a monotonically increasing function of physical depth for any given refractive
index profile. This definition, expressed in Eqg. (5), is used in Eq. (A2) to get

P(K)=25(K) fzopl r(z/)cos (27erOp1(zl))dZ%IZ€;) (A3)

=25(K) /[, Zop1(L) (271'K20p1(z’)) %dzom(zl), (A4)

s dzep(2)
where the substitution 42 :7,12;/) follows from the Leibniz theorem. Equation (A4)

states that when the integration is performed in the optical-space zyp(Z), the reflection

r(z )
profile is modified from r(Z), to ;7\ n(z): The normalization by the refractive index accounts
for mapping of the reflection profile from the physical-space to optical-space. The mapping
Zopi(Z) from physical-space to optical space defines a homeomorphism between the two
spaces that preserves the topological structure of the two spaces. As a result, the value of the
modified reflection profile at Z is the same as that at Zop(Z). Therefore, we denote the
modified reflection profile at the optical depth zy,(Z) (corresponding to physical depth Z)

(Zopl(#))

)
by TOPI(ZOPI(Z )) ( opl( /))

P(K)=28(K) [5" ) o1 (zopt (2 ) cos (27 K zop (2 ))dzopl(2).  (AS)
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It is helpful to think of rop(Zopi(2)) as a distribution acting on cos(2 7Kzyp(Z) through
integration, because it allows the modeling of interfaces within the reflection profile that
otherwise are difficult to handle mathematically. (See Section 4.B for an example.) This
interpretation is feasible because cos(27Kzqp(Z)) is a smooth function with compact support

over [0, Zypi(L).
APPENDIX B: SIMPLIFYING SPECTRAL INTERFERENCE
Starting with generalized representation of the spectral interference

L)

P(K)=25(K)% ( sl e (zop(2)) e K Aot (= >dzop1<z’>) (B1)

and substituting Eq. (11) we get

P(K)=2S(K)R (fgopl(L)ropl(Zopl(z))e—i%rk’ézop] (2)

. ’ , B2
% ei2mKzopi(2 )dzopl(z )) (B2)

=2S(K) ([§rop(zopi (=) )cos(2mK (2o (2')

_520p1 (Z)))dzopl (Z/)) . ®)

APPENDIX C: FOURIER TRANSFORM OF THE SPECTRAL INTERFERENCE
Starting with Eq. (18),

P(zop(2))=/ , P(K)e *TM2nDdK ey
and substituting Eq. (17), we get

Plzopt(2))=2] S (J57 " (zopi())cos 2m K (2op(2)

! . C2
—06zop1(2)))d20pl (2 )) e~ 2mKzop1(2) K. (€2

Due to finite spectral-bandwidth, finite sample-depth, and real samples, Fubini’s theorem
applies, allowing for the interchange of integrals. This, in conjunction with Euler
representation of the cosine term, results in

Pleont(2))= (o) (1, S 2t )

| , , ©3)
+e—z2ﬂ'K(zUp1(z)+zop1(z )—0zop1(2)) )dK) dZopl (Z ) .

Rearranging Eqg. (C3) allows us to express p(Zopi(2)) as a sum of
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Pr(opt ()= o (=) ([, S(K)
x 2K Cont) =2 (DK ) o (),

and

Pa(zopi(2)= [ §7(zop (=) (f, S(K)

X eiizﬂ—K(Zopl (z)+zop1(z/)fézopl(z))dK) dZOpl (z/ ) . (CS)

1. Baseband Represenation of p1(zqp(2))

To simplify Eq. (C4), we rewrite it as

I CC)
:fgopl( )ropl(zopl(z )) (IBS(K) e 12mK 020p1(2)
xe*i%K(%pl(Z)*%pl(z’>>dK) dzopi(+)

127rK520p1 (z)) (C6)

Zop1(L)

=Jo Topl(Zopl (2 ( Z =

X e_i27_K(Zop1(Z) Zopl(z ))dK) dzopl( )

_ %opl( ! : (ZQT(K(SZO 112 ' .- Z27TK620 1(2))2j+1 —127 K (zop1(2)—2o, 2 !
) (jBS(K) (Z—: 2g|p X_: (2ji1)! x em 2@ =2enENAK | dzopi(2),  (c7
J=0 j=0
where Eq. (C6) employs the power series representation of the analytic exponential function
012K dz,p1(2), and Eq. (C7) decomposes the power series into its even and odd powers.
Denoting them, respectively, by he(Kdzypi(2)) and ho(Kdzopi(2)), we write Eq. (C7) as

P1(2op1(2)) =5 ot (20p1 () ) (f 5 SU) (he (K bzp1(2)) — ho<Kazop1(z)))e*””“%“(z'”df‘) deopi(2).  (cO)

The inner integrals are the Fourier transforms of S(K)hg(KdZopi(2)) and SK)ho(Kdzopi(2)),
evaluated at (Zopi(2)—Zopi(z)). Considered together with the outer integrals, they reduce Eq.
(C8) to a convolution between the reflection profile, the correlation function of the light
source, and Fourier transforms of he(K dzypi(2)) and ho(K dzpi(2)). The transforms of latter,
respectively, are

0 (J) 2 (2 5 (2N
FT (he(Kbzp(2))} =y o et ;;!@ opi(2)*

7=0

(C9)
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5(25+1) (zop1(2))

> (5zop1(z))
FT {ho(Kz, — 6z, _Eel®) (1o

where the notation &9 (zopi(2)) denotes the (4th derivative of the Dirac-delta, 8. The
convolution of the outer integral then simplifies to

 (6zop y 0zopi (2 j
» <zop1<z>>=j§%(éiﬁ*r)<zop1<z>)+5zop1<zz( O (5 o) o) o

where Tc()fﬂ) (zop1(2)) is the (2j)th derivative of the reflection profile, * indicates the

convolution operation, and T, (zepi(z)) =e ™2 Keerl)T (2,1(2)) is the correlation function
corresponding to the source spectrum centered at K. T (2,1 (2)) itself is its baseband
representation. We assume that the source spectral range is [K1, K»] and its center frequency
K¢ is as defined in Section 2.B.

There is a second interpretation of Eq. (C11). To see it, we focus on the convolution

operation (7’((,?1 * Fc) (20p1(2)) in Eq. (C11),

—i27 K. (zopl(z)*zopl(z )) dZopl(z/) (C12)

(ripr ) Gopt(2) =57 r G (2om () T (zopi(2) = zom (1)) e

=e 12 Kezoni(?) EDPI(L)Tgi)l (Zolnl(zl)) ef?ritesn@) T (ZOPI(Z) - Zopl(zl)) dzopi(2)  (C13)

:e’izﬂKcZopl(Z)f(zfpl )( E)i))l) (zopl(zl)) r (zopl(z) — zopl(z/)) dzopl(z/) (C14)

127K ezop (2) (( (g) F> (zop1(2)) s (C15)

Ke 12Kz z) . .
where (7’(()/;,)1) (2op1(2)) ZTC()?l (zopi(2)) €27 K=*01() i the haseband representation of the

(4th derivative of the reflection profile. As mentioned above, I'(Zp(2)) is the baseband
representation of T'(zyp|(2)) which is the correlation function corresponding to the source.
Substituting Eq. (C15) in Eq. (C11), we get the final form of py(zpi(2)) as

P1 (zop(2)
e 12mKczopl (2 (5ZOP (Z)) (29) % 2 (2
=e i (Z CEp ()" +T) o) -
27
+ 5zop1<z>]§0 “f;;’ﬁff. ((roi%“))Kc . r) (zopmz))) ,
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which decomposes py(Zopi(2)) into its baseband representation (the term in the parentheses)
and the carrier signal (the exponential before the parentheses) with carrier frequency K. The
Fourier phase depends only on the baseband representation. Therefore, in the main text we
exclusively use the baseband representation of py(Zopi(2))-

2. Baseband Representation of p,(zp(2))

Following the same approach as above, po(Zopi(2)) simplifies to p,(Zpi(2))

p2 (ZOpl(?))

— =27 Kezopi(2) (iw <<T(()ijl'))K: % r) (zop1(2))

j=0 2j!

~820p1(2) i% () o) (Zopl(Z))> ,

(c17)

*
c

. . . . 2j
where we have exploited the symmetry of the correlation function. The notations (répi))

2j+1)\ K¢ o\ Ke . K.
and (T(()pj1+ )) denote the complex conjugation of (7" iijl)) and (7" ((,?31“)) , respectively.

Summing Egs. (C16) and (C17) gives us the Fourier transform p(z,p) of spectral
interference P(K) as

p(ZOpl(Z))
=p1(2op1(2))+p2(20p1(2))

. o (6201 (2))* )
—9e— 127 Kczopl () ZM R ((T(QJ)> * P) (zopl(Z)) (C18)

= 2]| opl
, & (0zopt(2)) (1 (2j+1)\ Ke
+id20p1(2) ;W\S <(Topl+ ) * F) (Zopl(Z))) )

with R and 3 representing the real and imaginary parts of their respective arguments. We
emphasize that in the main text the baseband representation of p(z,pi(2)) is used. Also, the
leading is dropped as p(zopi(2)) can be normalized by it.

APPENDIX D: SIMPLIFYING FOURIER PHASE REPRESENTATION AT A
STRONG INTERFACE

We start by evaluating the first three convolutions in both the numerator and denominator of
the Fourier phase expression in Eq. (30).

First convolution in the denominator of Eq. (30):

m(éKc * F)Zopl(zo)
zopi(L / /
=R (fo 6 (zpi (=) = Zop1 (20))T (20p1 (20) = 2opi(2)) (b1)
% eiZﬂ'Kc(Zopl(Z,)_ZOPI(ZO))dZOpl(ZI))
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=R(I'(0)) (©2)
=I(0). (03

First convolution in the numerator of Eq. (30):

3 ((5(1>)K° " r) 2op1(20)

=3 (56D (z0p1 (") = zopt(20))T (zop(20) — zopi(#))  (©)
« t2mKe(Zopl (z/)*zopl (ZO))dZopl (Z’ ))

=3(i2n K.I'(0)+I D (0)) (05)
=2rK.I'(0). (D6)

Second convolution in the denominator of Eq. (30):

R((52) "+ T)zepi(20)

=R ( '(ZJopl(L)(S@)(ZOpl(z/) - ZOPI(ZO))F(ZOPI(ZO) - Zopl(z/)) (D7)
eiZTrKC (zopl(z’),zopl(zo))dzopl(zl))

=R(— (27 K.)’T(0)+i2(2r K) T (0)+T?(0))  (D8)
= — (27 K.)’T(0)+T'?(0). (DY)

Second convolution in the numerator of Eq. (30):

3 ((5(3))Kc x r) Zopl(20)
=3 (576 (z0p1 (") = 20p1(20))T (zepi(20) — zopa(+))  (©10)

% e’i27TKc(zop1(Z/ )_ZOPI(ZO))dZopl (Z, ))

=3(—i(2nK,)*T(0) — 3(2rK.)’T)(0)

+i3(2r K,) T2 (0)+T3)(0)) (D11)

= — (27K.)*T(0)+3 (27 K.) T (0)). (D12)
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Third convolution in the denominator of Eq. (30):

KC
3{((5(4)) * ) 2op1(20)
=R (f 576D (zopa(2') — 2opi(20))T (zopi(20) — Zopi (=) (013)
% eiQWKc(Zopl(zl)720?1(20))dzop1(2/))

:9?((27TKC)41—‘(0) — i4(27rKc)31"(1)(0) _ 6(271_1(0)21—\(2) 0)

+i4(2n K. )T (0)+T® (0)) (D14)

=(2nK,)*T(0) — 6(2r K.)’T®(0)+T*(0). (D15)

Third convolution in the numerator of Eqg. (30):

3 <(5(5>)K“ ] r) 2opi(20)

=3 (S5 P60 (zp1(2') = 20 (20))T (2op1(20) — 2zop1 () (010
% eiETrKc(zopl(z/)—zopl(zo))dzopl(z/))

=3(i(27K,)°T(0)+5(2r K. ) T (0) — i10(27 K..)*T?) (0)

—10(27 K )T®)(0)+i5 (2n K,) TW(0)+T®)(0)) (1)

=27 K,)°T(0) — 10(27K,)*T®(0)+5 (2rK.) T (0). (D18)

Substituting Egs. (D3), (D6), (D9), (D12), (D15), and (D18) in Eq. (30), the Fourier phase
becomes

T(O)A (1-47+47)+
10) (-4 ) 110,2(0) 4 +HO.T

5!

1

£p(2opi(20))=tan™ ., (D19)

2 4
r0)(1-45+450

2 2
+7(0) (% — %) + 52 +H.0.T

where A= (27K 5zopi(20)) & €€ ZF; and Y40) = TA(0)(Szopi(20))?4 ¢ <€ Z*. Again, the
abbreviation H.O.T. stands for “higher-order terms” with respect to »(0).
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Fig. 1.

Stylized depiction of spectral interference due to sample back-scattering and common-path

reference.
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Fig. 2.
Behavior of the refractive index profile within the coherence gate. (a) Subresolution shift

within the coherence gate (indicated by the difference between the solid and dashed lines)
for increasing (red) and decreasing (blue) refractive index profiles. It is the parameter used
to model subresolution offset. (b) Subresolution change in shape within the coherence gate
(indicated by dashed and solid lines) for increasing (red) and decreasing (blue) refractive
index profiles. It is the parameter used to model mean spatial frequency.
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Fig. 3.
Correlating the behavior of the exact and simplified forms of each term in Eq. (25) at optical

depth zyp(2) = 4 um, using the refractive index model defined in [Eq. (26)]. The parameters
of the refractive index model are ng = 1.4, An = 0.01, and sranging from -3 to —2.3 in the
log-scale, indicating a slowly varying refractive index profile. (a) Normalized scatter plot of
the first term of Eq. (25) along the y-axis and its simplification along the x-axis. The
normalization factor for both axes is 1.019 x 10’ m~2. (b) Normalized scatter plot of the
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second term of Eq. (25) along the y-axis and its simplification along the x-axis. The
normalization factor for both axes is 0.0025 m™1,
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Fig. 4.
Simple refractive index profile model with an increasing value of the shape parameter.
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Fig. 5.

Ef?‘ect of 5(zpi(2)) on Fourier phase for changing values of the s, ng, and An parameters.
The shape parameter sis expressed in the log-scale. (a) Increasing sfor ng = 1.4, An=0.01,
and zy = 2.85 um. (b) Increasing ng for s=-2.3, An = 0.01, and z; = 2.85 pum. (c) Increasing
Anforng=1.4,s=-2,and 7y = 2.85 pm.
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Strong interface
X'V at some depth z,

Fig. 6.
Plane-polarized light incident on a strong interface at an angle 4. The plane of incidence is

in the y'-Z plane. Parallel and perpendicular polarization of only the incident illumination is
shown.
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Fig. 7.
Optical-space reflection profile expressed in Eq. (28), corresponding to the refractive index

model in Eq. (26) and plotted in Fig. 4, for increasing values of the shape parameter.

J Opt Soc Am A Opt Image Sci Vis. Author manuscript; available in PMC 2016 February 04.



1duosnue Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnuey Joyiny

Uttam and Liu Page 44

l\.
~ L .' Loy
“\U . X
< 0.5 SRERELS
) i _
. T 1200
. 1000
3 : 800
; B 600
fe(pm) A (nm)
C
Fig. 8.
1

Behavior of ;i )2 as a function of full width at half-maximum coherence length, &, and
central wavelength of the source spectrum, Ac.
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Fig. 9.
Behavior of the refractive index profile within the coherence gate in addition to those shown

in Fig. 2. (a) Baseline shift (indicated by solid and dashed lines) for increasing (red) and
decreasing (blue) refractive index profiles. (b) Interface increment (indicated by solid and
dashed lines) for increasing (red) and decreasing (blue) refractive index profiles.
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Fig. 10.
Fourier phase profiles for fixed refractive index model parameters z; = 2.85 um, An = 0.01,

and ng = 1.4 and increasing shape parameter s. The optical depth corresponding to physical
depth zy = 2.85 pm is 4 pm.
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Fig. 11.
Behavior of Fourier phase by varying the subresolution offset and shape for a fixed baseline

shift and interface increment. Fourier phase is plotted in units of length and the shape
parameter sis expressed in the log-scale. (a) Fourier phase as a 2D function of subresolution
offset and shape. (b) Isolating the effect of subresolution offset on Fourier phase. (c)
Estimating the subresolution shape from Fourier phase and subresolution offset for true
shape parameter value of —2.7 in the log-scale.
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Fig. 12.
Fourier amplitude profiles as a function of optical depth for (a) Az ranges from —11 to 9 nm

for s=-2.2 and (b) changing subresolution shape from —2.4 through —1.8 for AZy = -11 nm.
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Fig. 13.
Behavior of Fourier phase by varying the baseline shift and subresolution shape for fixed

subresolution offset and interface increment. Fourier phase is plotted in units of length and
the shape parameter sis expressed in the log-scale.
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Fig. 14.
Behavior of Fourier phase by varying the interface increment and shape for fixed baseline

shift and subresolution offset. Fourier phase is plotted in units of length and the shape
parameter s is expressed in the log-scale.
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Fig. 15.
(a) Refractive index profile mapped to the optical-space, and (b) Fourier phase and STFT-

based estimates of the axial mean spatial frequency profile corresponding to the refractive
index profile. Both are expressed in the log-scale. The optical depth range is limited to
(1pm, 9um) to avoid simulation-based boundary artifacts.
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(a) Refractive index profile in optical-space with localized refractive index change and
heterogeneity, respectively at optical depths zyp|(2p) = 5.3 um and zyp|(2p) = 7.7 um, and (b)
corresponding depth-resolved changes in Fourier phase. Fourier phase is plotted in units of

length.
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