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ABSTRACT We report measurements of the geometrical a x'x
structure and temporal evolution of metastable helical inter- h P 8Cos Y/
mediates in the pathway for cholesterol crystallization in native z
and model biles. We fid that the lecithin component in the bile
can dramatically affect the kinetics along this pathway. We also
present a theoretical description of these helical intermediates d ik P = 2;p tanyr
using an elastic free energy appropriate for anisotropic bilayers b C
of tilted chiral amphiphiles, which provides a quantitative c * \
description ofthe observed helical ribbon geometry and insight
into the relative free energies of the observed metastable
intermediates. Zc

Cholesterol gallstone disease is consequent upon the forma-
tion of cholesterol monohydrate crystals (ChMs) after super-
saturation of bile in the gallbladder (1). We have recently
demonstrated (2) that cholesterol crystallization involves a
succession of metastable intermediate structures: fiaments
-+ helical ribbons -- tubules, and thence to ChMs, the
thermodynamically stable crystal habit (3). In view of the
clinical importance of controlling cholesterol crystallization,
we have carried out experimental and theoretical studies of
kinetics and energetics of these metastable intermediates in
a series of model biles. Although, to our knowledge, helical
ribbon structures had not been previously reported in bile,
twisted strips, helical ropes, helical ribbons, and tubules have
been observed in a variety of systems composed of chiral
amphiphiles (4-9). To understand the extraordinary helical
and tubular superstructures formed in bile, we shall adopt
and extend previous theoretical models for the elastic free
energy ofbilayers whose symmetry is broken by the chirality.
In Fig. la we show the geometrical quantities required to
describe a right-handed helical ribbon surface. The coordi-
nates of a point Y on this surface are

(p cos 4, p sin X, p4 tan i+ h), 0' h ' w/cos q,, [1]

where p, w, q,, 4, and h are, respectively, the radius, width,
pitch angle, azimuthal angle, and distance from the edge as
shown. In 1986, Helfrich (10) proposed a simple elastic model
in which the optimal shape of a helical ribbon is controlled by
a balance between bending of the ribbon and torsion of its
edges, leading to a universal pitch angle of 450 for an
elastically isotropic ribbon. Two years later Helfrich and
Prost (11) generalized the bending free energy for anisotropic
bilayers. To account for the lack of mirror reflection sym-
metry of bilayers of chiral molecules, they also added a term
linear in the surface curvature to the elastic free energy (11).
Despite these refinements, the analysis of the pitch angle was
made only for an isotropic bilayer and the pitch angle
remained 45°. In 1990, Ou-Yang and Liu (12) modeled the
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FIG. 1. (a) Geometry ofa helical ribbon. p, Radius; qi, pitch angle;
P, pitch; w, width; 8, width along the z axis. (b) Local coordinate
system of a symmetric tilted bilayer. (c) Local coordinate system on
a tubule made of a tilted bilayer. Helical lines with arrows show the
direction of t.

helical ribbon as a cholesteric liquid crystal layer and also
obtained the pitch angle of 45°.

Herein, we describe experimentally observed helical rib-
bon structures with either of two distinctive pitch angles: 540
or 110. We also present a form for the elastic free energy of
anisotropic chiral bilayers that provides analytical expres-
sions for the geometrical features and growth of the helical
ribbon structures observed in our biles.

MATERIALS AND METHODS
All model biles were composed of the common bile salt
sodium taurocholate, lecithin, and cholesterol in a molar ratio
of 97.5:0.8:1.7. Sodium taurocholate (Sigma) was recrystal-
lized and found to be >98% pure by HPLC and TLC.
Cholesterol (Nu Chek Prep, Elysian, MN) was >99% pure by
TLC, GC, and HPLC. Grade I egg yolk lecithin (Lipid
Products, Nutley, U.K.) was >99% pure by TLC. Synthetic
sn-1-16:0-sn-2-18:1 lecithin (lecithin I) and sn-1-16:0-sn-2-
16:0 lecithin (lecithin II) were obtained from Avanti Polar
Lipids. Model biles A, B, C, and D contained lecithin I, a 1:1
mixture of lecithin I and lecithin II, egg yolk lecithin, and
lecithin II, respectively. Native bile was a generous gift from
M. Cahalane (Beth Israel Hospital, Boston) (2). Using TLC,
no degradation of the components of bile was observed
during our experiments.
At a total lipid concentration of 70 mg/ml (0.15 M NaCl/3

mM NaN3), all four model biles formed micellar solutions
with a mean hydrodynamic radius of 17 ± 5 A (2, 13).
Meticulous precautions were taken to reduce the nucleating
effect of dust. A 5-ml vial with a Teflon septum cap was
acid-cleaned, rinsed, filled with Milli-Q water (Millipore),

Abbreviation: ChM, cholesterol monohydrate crystal.
§Present address: Department of Gastroenterology, Ichilov Hospi-
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dried by purging clean argon gas using needles through the
septum, and sealed. After incubation for 1 h at 60°C, 500 ,ul
ofbile and 2500 ,u of saline solution were injected into the vial
through a 0.22-,um (pore size) filter and incubated at 37°C. At
intervals, 150-,ul samples were transferred to a sealed drop-
slide on a temperature-controlled stage (37°C) for a micro-
scope (Optiphoto-Pol, Nikon). Images were taken with a

video camera and digitized with a frame grabber on an Apple
Macintosh Ilci computer. Public-domain IMAGE software
(National Institutes of Health) was used for image enhance-
ment and measurement of the diameter, pitch, and width of
helical ribbons. Measured values of pitch and width were
corrected for the inclination of the helical ribbon axis from
the observing plane. Handedness of helices was determined
by comparing the relative vertical height of different parts of
the ribbon. Pitch angles qi were calculated from the ratio of
the pitch to the radius (see Fig. la). The reported uncertainty
in qi represents the 90% confidence interval.

RESULTS

Micellar model biles initially prepared were thermodynami-
cally stable with a cholesterol saturation index of about 90%
(2, 13). Because of the location of the phase boundary in the
pseudo-quaternary phase diagram, a 1:6 dilution of bile
resulted in cholesterol-supersaturated bile (cholesterol satu-
ration index > 200%) containing both mixed micelles and
vesicles (2, 13). Within 2-4 h of dilution, filamentous struc-
tures were observed that appear to be composed of anhy-
drous cholesterol (2). Within a few days, in model biles A, B,
and C, filaments coexisted with helices, tubules, and plate-
like crystals, and eventually, only plate-like ChMs remained.
A particularly striking finding was that in model bile D
composed with lecithin II alone, no helical structures were
observed to form over a 2-week period. Initial helical ribbon
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FIG. 3. Sequence and relative stability of metastable intermedi-
ates plotted as functions of time after supersaturation of bile.
Less-stable structures have higher chemical potential. Solid and
dotted arrows represent, respectively, observed and presumed tran-
sitions.

structures had high pitch angles (z54°), as shown in Fig. 2a,
and grew laterally while maintaining a fixed pitch angle to
form tubules, as shown in Fig. 2b. Within a few weeks, high
pitch helices disappeared, while helices with low pitch angle
(Q-11°) formed independently and followed a similar growth
pattern (see Fig. 2 c and d). Due to Brownian motion and
convection, it is difficult to track a single helix over many
days. Nevertheless, we directly observed the dissolution of
two high pitch helices and numerous other transitions de-
scribed in Fig. 3. In contrast, we never found a direct
conversion from high to low pitch helices. Tubules grown
from low pitch helices were sometimes observed to fracture,
producing plate-like ChMs. Such a fracture was found even
in native bile as shown in Fig. 2 e andf Without exception,
all helical structures, including tubules with residual helical
marks, were right-handed. Fig. 3 summarizes the sequence
and relative stability of the intermediate structures discussed
above.

Fig. 4 displays measurements of pitch as a function of
diameter of representative helical ribbons in model bile A.
After 1 day of incubation, high pitch helices with diameters
of 3-15 p.m were observed (Fig. 4a). However, after 10 days,
only low pitch helices remained (Fig. 4b). The diameters of
the low pitch helices were generally larger than those of the
high pitch helices. The solid lines in Fig. 4 depict linear least
square fits of pitch versus diameter for the high and low pitch
helices. Pitch angles iias calculated from the slopes were 54.3
± 2.30 and 11.1 ± 0.50. In model bile B, filaments and high and
low pitch helices formed in the same sequence, but more
slowly. Fig. 5 displays the population distribution of high and
low pitch helices found in model bile B as a function of time.
Initially, high pitch helices predominated and gradually grew
in ribbon width, but over time the population of indepen-
dently formed low pitch helices increased. Pitch angles for
the helices in model bile B were 54.1 ± 0.80 and 11.5 + 0.70,

~~~~~~~~~~~~~~~~~~~~~~~~....-''

FIG. 2. Typical helical and tubular structures in bile. (a and b)
High pitch helical ribbon and helically grown tubule, respectively. (c
and d) Similar structures of low pitch. The tubule in c shows helical
marks oflow pitch. (e) Fracture ofa low pitch tubule. (f) Subsequent
growth of the low pitch tubule in e into a plate-like ChM after 12 h.
(Bar = 20 Um.)
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FIG. 4. Pitch versus diameter of helices in model bile A observed
at the indicated times after supersaturation. Pitch angles were 54.3 ±
2.30 and 11.1 ± 0.50.
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FIG. 5. Pitch versus diameter of helices in model bile B observed
at various times after supersaturation. Pitch angles were 54.1 ± 0.80
and 11.5 ± 0.70 for high (o) and low (o) pitch helices, respectively.

within experimental error ofvalues for model bile A. In model
bile C, the structure and time sequence of the intermediates
were quite similar to model bile A.

Fig. 6 displays all the data for biles A, B, and C. Regardless
of diameter, all helices have pitch angles of either = 53.7
± 0.80 or = 11. 1 + 0.50, in sharp contrast to the prediction
for isotropic bilayers shown as the dotted line in Fig. 6.

DISCUSSION

Theory for the Shape of Helical Ribbons. Let us model the
helical ribbon drawn in Fig. la as constituted of n symmetric
bilayers of tilted chiral amphiphiles that have the same local
structure as chiral tilted smectic layers. Since observed
helices have well-defined macroscopic shapes, we infer that
bilayer molecules have long-range positional and orienta-
tional order. The configuration of a bilayer in the ribbon can
be described using a local coordinate system (see Fig. lb)
determined by the two unit vectors i and e, which lie along
the direction normal to the ribbon plane and along the
projection of the molecular tilt, a, onto the ribbon plane,
respectively. The third axis, i x e, is denoted as f. The elastic
free energy associated with a small deformation of chiral
smectic phases has been derived by de Gennes (14) in terms
of the rotation of the local frame of reference around the
space axes. Dahl and Lagerwall (15) provided a translation
table from the spatial derivatives of rotations of the local
frame ofreference to a vector calculus representation with k,
e, and 0. Using Dahl and Lagerwall's reformulation (15), we
express the elastic free energy per unit area of the ribbon as

120
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FIG. 6. Pitch versus diameter of helices in model biles A, B, and
C combined. Pitch angles were 53.7 ± 0.80 and 11.1 ± 0.50 for high
(o) and low (e) pitch helices, respectively. The dotted line represents
the pitch angle of 450.

Gbilayer = Gk + Gc + Gkc + Gchiral, [2]

where

All11 1 A A21
Gk Al [ k(Vf).]2 + -A [ k.(Vk).(]2 +

2 2 2

G= B, [k-(V x e)]2 + 2 (V.e)2 + 3 {I&[V x e + evi).of
2 2 2

-1B3[k(V X O)]{[V X e + (V0).'JO,
Gkc =X-C[(V )C][f(V X )]-](),

Gchira= D1l*(V x e) - D2e.(Vk).o - De*[V x e + (Vi).o]. [3]

Note that the elastic moduli in Eq. 3 correspond to the moduli
in de Gennes' expression (14) integrated over the ribbon thick-
ness. Thus our elastic moduli ofthe ribbon are determined both
by the molecularconfiguration and by the numberofconstituent
bilayers in the ribbon (16, 17). Here we have considered only
"'soft" deformations (15) of the layer shape and the molecular
tilt direction (. Gk, the free energy per unit area associated with
deformation oflayer shape, contains only quadratic terms in Vt.
The Gc term is associated with distortions of the directions of
e within the layer of a given shape and contains quadratic
combinations of V x e and V{. The coupling of these two
deformations of k and e is contained in the Gk term. G
contains three terms linear in Vi or V x e that change sign on
mirror reflection through the it plane. These terms are allowed
because of the lack of mirror reflection symmetry of the chiral
molecules. Furthermore, their linearity implies an important
contribution to the total elastic free energy Gbiiayer.

It is instructive to calculate first the elastic free energy for
a long hollow tubule that has the same structure as a helical
ribbon but lacks the edges of the ribbon. For simplicity, we
assume that variations ofmolecular arrangement from bilayer
to bilayer are negligible and we treat a multilamellar ribbon
as a single-bilayer ribbon with elastic moduli being a function
of the number (n) of the constituent bilayers. Then, in
cylindrical coordinates (p, 4, z), the unit vectors i, e, and
of the tubule are given by (see Fig. lc)

i; = , e = cos , 4+ + sin 8 i, - -sin ,B + cos , 2, [4]

where ,B is the molecular phase angle (15) between e and 4.

Substituting Eq. 4 into Eq. 3 and making notational substi-
tutions, KnC = A12, KPP = A21, KcP = All/2, and K* =-D29
where the subscript n denotes the dependence on the number
of bilayers, we obtain an elastic free energy per unit area of
a tubule similar to that of Helfrich and Prost (11),

Gtubule(PA 13) =
Kcccos4p + KPPsin4/3 + (KcP/2)sin22/8

2p2

K*sin 2,B
2p

[5]

The K"C and KPP terms correspond to the bending of the
bilayer along the e and 0 directions, respectively. The K?P and
K* terms correspond to the twist of the coordinate system
about the k direction. The K* term is present since the system
has chirality. A positive value of K* corresponds to a
right-handed structure. Optimal geometry of the tubule is
found by minimizing the free energy using the conditions,

-Gtubule Gtubule6
dp a's[6
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These yield the following two equations for pand (, regarding
the four elastic moduli as constants,

pK* = K'Ccos3(3 csc 3+ KPPsin3p3 sec 83+ KCPsin 2/3, [7]

pK* = -KcCCos2(3 tan 2p3 + KPPsin2(3 tan 2,3 + KcPsin 2(3.
[8]

By equating Eqs. 7 and 8, we find the remarkable result that
the optimal molecular phase angle P is independent of the
elastic moduli KcP and K* and is determined entirely by the
ratio of two elastic moduli as

tan4(3 = KCc/KPP. [9]

Substitution of Eq. 9 into Eq. 7 yields the optimal radius of
the tubule,

tubue
= 2(Kn/K*)sin 2, [10]

where Kn-(KIP + VKncKP)/2. Clearly, the tubular struc-
ture is resulting from chirality through K*. Substituting Eqs.
9 and 10 into Eq. 5, we obtain the minimum elastic free energy
per unit area of the tubule as

GnUune = K*2/(87Kn). [11]

We now consider the elastic free energy for a helical
ribbon, for which we must include the effect of the ribbon
edges. By cutting a parallel strip out of a tubule along a
constant helical pitch angle 4i, we may construct a helical
ribbon surface as shown in Fig. la. We assume that the
helical strip is cut parallel to the direction ofe (4 = S3 (11, 12)
and will determine the optimal value of pitch angle by
minimizing the resulting free energy. Removal of the helical
strip exposes two helical edges. As a result, while the free
energy per unit area of the remaining ribbon remains the
same, an additional elastic free energy term associated with
the newly exposed edges must be included. Since any curve
can be completely specified except for its location by the
curvature K and torsion x, the elastic free energy per unit
length, gcure, due to a small deformation of a curve can be
generally expanded (18),

gcurve =2 (K K 2+(x-o)2 + go, [12]

where A,, and A, are elastic moduli for the curvature and
torsion and Ko and To are the spontaneous curvature and
torsion of the curve, respectively. go [= gcv,,e(io, To)] is the
free energy per unit length of a curved edge having the
spontaneous curvature and torsion. We have found that
inclusion of the edge curvature term results in a change in
pitch angle as a function of ribbon width. Since this did not
occur experimentally in our system, we regard the magnitude
of the curvature term as negligible in contrast to the torsion
term. Thus the effect of exposing two edges to the helical
ribbon of width w can be accounted for by an extra edge
energy per unit area,

[An 21A20I2w2g
n

TGege=
2 w w w

The geometrical form of the helical ribbon of width w having
lowest free energy is found using the conditions,

aGhelix 8Ghelix= =0.
ap

[15]

These yield the analytical expressions for the pitch angle /
and radius pn(w) of an n-bilayer helical ribbon:

[16]tan4i = K"ccKpp.

2w(Kn/K*) + (An/K*)
w + 2'ro(A /Kl*) si 2iA

W( tubule + p)
= Pn w +

where p° = sin cos */T°is the radius in the limit of w-- O.
Thus, we have obtained the interesting result that regardless
of the edges, the optimal pitch angle is equal to the molecular
phase angle of the cylindrically grown tubule having a min-
imum elastic free energy Gin.ule The pitch angle is also
entirely independent of other properties ofthe ribbon such as
the width w and elastic moduli K?P, K*, An, and Tn. For an
isotropic bilayer (K C = KPP), the pitch angle is 450, identical
to Helfrich and Prost's results (11). pn(w) increases with w,

provided that 4KnTn > K*. Ifthis inequality is reversed, p"(w)
decreases with w. In the present case, we found experimen-
tally that the former condition applies. In Fig. 7, we plot pn(w)
according to Eq. 17. By analyzing experimental data on p
versus w, one can determine the spontaneous torsion r0, and
the relative magnitudes of elastic moduli, Kn/K* and An/K*.
It is important to recognize that the ribbon width can only
grow until the two edges merge. According to Fig. la, this
occurs when 8 = P, or when w,(p) = 2wrp sin 4,. In Fig. 7,
we present w,,l(p) as a dotted straight line. The intersection
between pn(w) and this straight line represents the radius,
pnJ( ofa helically grown tubule. This graph shows clearly that
the helically grown tubules should have the same radius pr"
for a fixed n. Note also that the asymptotic value for pn(w) in
the limit ofw is equal to ptubule, the radius of cylindrically

grown tubules.
By inserting the expressions for the pitch angle Eq. 16 and

the radius Eq. 17 into Eq. 14, one obtains the dependence of
the optimal elastic energy per unit area on the width of a
helical ribbon as

K= 2 An(K*- 4&T7)2 2go
Ghfi -+

8Kn 8Kn(2-Knw + An) w

= Gmtu {1 _ [ptbU1le/p (W) - 1]2} + Gedge. [18]

For a positive go, G,iC decreases monotonically with w

toward the value corresponding to w = w,,x, i.e., toward

ptubule

pnza

[13]

where 1, A,, T(= cos i/ sin ./p) (10), and To are the total
length, torsional rigidity, torsion, and spontaneous torsion of
a helical ribbon edge, respectively. Then the overall free
energy per unit area of the helical ribbon is given by

Ghelix(p, q,; w) = Gtubule(p, f) + Gedge(P, II; w). [14]

0

Pn(w
" Wmax(P)

,.# _-
Wmax w

FIG. 7. Theoretical form of radius versus width of the helical
ribbon. Solid line represents p,(w) in Eq. 17 and dotted line repre-
sents w,,,(p). The intersection of these two lines determines p"'.

[17]

I lb~~~
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Gj"Jj, (w.,.). At wm,,,, however, the ribbon edges merge and
Gedge disappears. As a result, GW"Jl drops to a value that is
still higher than Gtminl by the amount ofAG = lGmiuu%leI(P"UbUll
pnmX1)2. Hence, the helically grown tubule can achieve a

lower energy by expanding to a larger radius p"ibIle. Indeed,

we observed fracture of the tubules consistent with this
result. Now we speculate why cylindrically grown tubules do
not form. We envision two possible initial configurations for
a direct formation of a tubule; the cylindrical growth of a
circular strip or circular growth ofa straight strip both having
a cylindrical curvature of l/pntubuk. Since the width of these
initial structures is small, edge energies dominate over sur-

face terms. For either of these starting structures, edge
energies per unit area are higher than that of a helix with
spontaneous torsion by the amount An(rI)2/W. Thus initial
helices are energetically advantageous relative to cylindrical
initial structures. Once a helix is formed, further decrease in
energy with w according to Eq. 18 drives the subsequent
lateral growth of the helical ribbon to the tubule as was

observed experimentally. In principle, alteration of the edge
energy, with suitable chemical species in bile, should provide
control of the kinetics of this pathway.
So far we have analyzed ribbons of a fixed number of

bilayers, n. Let us now discuss the consequences of having
different values of n. In that case, the elastic properties of
multilamellar ribbons will depend strongly on interlayer
interactions, and the elastic moduli will have a spectrum of
discrete values depending on the integer number n. The n

dependence of the pitch angle will be determined by the ratio
Knc/KPP If the two bending moduli, KnC and KPnP have the
same n dependence, the pitch angle will be independent of n.

Similarly, A, K,,/K* and An/K* will determine the n depen-
dence of pn(w) given by Eq. 17.
Comparison of Theory with Experimental Observations. As

can be seen in Figs. 4-6, pitch angles of the helical ribbons
were constant and independent of p and w, thus confirming
that the pitch angle is determined by the ratio of the two
elastic moduli as predicted by Eq. 16. Since pitch angles were
observed to be independent of ribbon thickness, the two
moduli KCc and KPP must have the same dependence on n.

From the two distinctive pitch angles, we infer that the two
kinds of helices have different elastic properties. The calcu-
lated ratios K"C/KPP are 3.4 and 1.5 x 1O-3 for the high pitch
angle of 53.7° and low pitch angle of 11.10, respectively. The
low pitch helices appear to be composed of hydrated bilayers
of cholesterol since the pitch angles were independent of
lecithin species, direct transitions of a fractured tubule into a
plate-like crystal were observed, and the 11.1 ± 0.50 pitch
angle matches the 79.150 (= 900 - 10.85°) edge angle of ChM
plates (3). The high pitch helices may be composed of
anhydrous cholesterol bilayers. Clearly, it is desirable to
obtain further chemical and x-ray data to conclusively es-
tablish the composition of both high and low pitch helices.
We have also measured p versus w of the helical ribbons

and qualitatively observed the corresponding ribbon thick-
ness. These preliminary observations suggest that the data
may be grouped into a sequence of curves, as shown in Fig.
8, whose asymptotic radius ptubule appears to increase mono-
tonically with n. We suggest that the data shown in Fig. 8 may
correspond to lamellae having small values of n. Further
measurements of thickness are clearly needed. We note that
Yager and coworkers (7, 8) have observed helically grown
tubules of pure lecithin of constant radius. These findings
also point out the importance of future studies of the depen-
dence of the elastic properties on layer thickness.
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FIG. 8. Radius versus width ofhelical ribbons for high (a) and low
(b) pitch helices. Possible subgroups having different thicknesses are
indicated by dotted lines.

CONCLUSION
Helical ribbon structures are metastable intermediates in the
formation of ChMs from model bile. We have analyzed these
helical structures using an elastic free energy appropriate for
multilamellar bilayers of tilted chiral amphiphiles and ob-
tained a quantitative description of the observed pitch angles
and dependence of helix radius on ribbon width. Further-
more, this elastic free energy provides a qualitative under-
standing of the formation, relative stability, and even the
fracture of these intermediates. Our experiments demon-
strate that the evolution of these structures is sensitive to the
chemical structure of the lecithin component of bile. If these
pathways, involving helical intermediates, should prove to be
physiologically important, it may be possible to inhibit cho-
lesterol crystallization and associated gallstone formation by
controlling the edge energy and, hence, the kinetics of these
intermediates.
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