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Abstract

In diagnostic studies, the receiver operating characteristic (ROC) curve and the area under the
ROC curve are important tools in assessing the utility of biomarkers in discriminating between
non-diseased and diseased populations. For classifying a patient into the non-diseased or diseased
group, an optimal cut-point of a continuous biomarker is desirable. Youden’s index (J), defined as
the maximum vertical distance between the ROC curve and the diagonal line, serves as another
global measure of overall diagnostic accuracy and can be used in choosing an optimal cut-point.
The proposed approach is to make use of a generalized approach to estimate the confidence
intervals of the Youden index and its corresponding optimal cut-point. Simulation results are
provided for comparing the coverage probabilities of the confidence intervals based on the
proposed method with those based on the large sample method and the parametric bootstrap
method. Finally, the proposed method is illustrated via an application to a data set from a study on
Duchenne muscular dystrophy (DMD).
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1. Introduction

In diagnostic studies, the ROC curve, a plot of a test’s sensitivity versus (1-specificity) for
every possible cut-point or criterion value, and the area under the ROC curve (AUC) are
important tools in assessing the diagnostic utility of biomarkers in discriminating between
non-diseased and diseased populations (Goddard and Hinberg, 1990; Zweig and Campbell,
1993; Pepe, 2004). However, finding an optimal cut-point of a continuous biomarker for
discriminating between non-diseased and diseased groups is also of paramount importance,
and cannot be accomplished using the AUC. The Youden index (Youden, 1950), defined as
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J :m(ax{sensitivity(c) +specificity(c) =1}, (g

serves as another global measure of overall diagnostic accuracy and can be used to find an
optimal cut-point, where —oo < ¢< oo and the value of Jis between 0 and 1. When Jequals
1, the distributions of the biomarker values for the diseased and the non-diseased
populations are completely separated, and hence the diagnostic test is perfectly accurate.
When Jequals 0, the distributions of these two populations are completely overlapped, and
hence the diagnostic test is completely ineffective. From the ROC curve plot, this index is
the maximum vertical distance or difference between the ROC curve and the diagonal line
and acts as a global measure of the optimum diagnostic utility (Schisterman and Perkins,
2007). An alternative method used to establish the “optimal” cut-point is that of finding the
point on the ROC curve closest to (0, 1). Perkins and Schisterman (2006) obtained the
inconsistency of optimal cut-points using the Youden index and the point closest to (0, 1) on
the ROC curve.

There are several approaches for confidence interval or point estimation of the Youden index
and its corresponding optimal cut-point. For instance, Schisterman et al. (2005) presented a
method for estimating this index and the optimal cut-point, and extended its applications to
pooled samples; Fluss et al. (2005) examined two parametric approaches (normal
assumptions and transformations to normality) and two non-parametric approaches (the
empirical method and the kernel method) for estimating Jand the optimal cut-point;
Schisterman and Perkins (2007) used the delta method to estimate the confidence intervals
of the Youden index and its corresponding optimal cut-point under assumptions of normal
and gamma distributions.

The purpose of this paper is to provide an alternative method for constructing the exact
confidence intervals of the Youden index and its corresponding optimal cut-point under the
assumption of normal distributions, especially for small to moderate sample sizes. Our
approach is based on the concepts of the generalized confidence intervals introduced by
Weerahandi (1993). The exact confidence intervals developed in this article are based on an
exact probability statement rather than any approximation to the normal distribution. This
idea of generalized inference has been widely applied to many different problems where a
conventional exact confidence interval based on sufficient statistics does not exist; see
Gamage et al. (2004), Lee and Lin (2004), Liu et al. (2006), Tian and Wilding (2008) and
many others. In particular, the generalized inference is very efficient when the sample sizes
are small; see Weerahandi (1995), Krishnamoorthy and Lu (2003), Tian and Cappelleri
(2004), Lin et al. (2007), Li et al. (2008) and so on. Further details on generalized
confidence intervals can be found in Weerahandi’s books (1995, 2004).

This paper is organized as follows. In Section 2, the preliminary knowledge about the
Youden index and its corresponding optimal cut-point is presented. In Section 3, the
generalized inferences for the Youden index (J) and cut-point (¢) are proposed. In Section 4,
simulation results are presented for evaluating the coverage probabilities and the mean
lengths of the confidence intervals based on the generalized pivotal quantity in comparison
with those of the confidence intervals based on the large sample method of Schisterman and
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Perkins (2007) and the parametric bootstrap method. In Section 5, the proposed approach is
applied to a data set on Duchenne muscular dystrophy (DMD). A summary and discussion
are presented in Section 6. The Appendix covers the basic concepts of generalized
confidence intervals.

2. Preliminaries

In the following, we will briefly review the confidence interval estimation of Jand cvia the
large sample method for which further details can be found in Schisterman and Perkins
(2007).

Let Y7 and Y5 denote the diagnostic biomarker measurements for the diseased (case) and
non-diseased (control) populations, respectively. Assume that ¥; ~ N (y;, 0%) and

Ya~N (u2, o3) and that they are independent. Without loss of generality, assume that 14 >
otherwise take the negative of the biomarker values. Under the normality assumptions for
these two populations, the value of ¢ can be obtained from Eqg. (1) such that Jachieves the
maximum. The optimal cut-point cand Jas stated in Schisterman and Perkins (2007) are

_m(P*-1)-atd Z/2a21+(b2—1)a§1n(b2) "

and

J=9 <H1_C> +9 (c—,ug) -1, @
g1 g9

where a= (4 — b, b=2., and ¢() denotes the standard normal cumulative distribution
function. When variances are equal, Eq. (2) is undefined and it can be replaced by

p1tp2
2 )

4
which is the limit of (2) as b — 1.

Suppose that ¥y ,~N(u1,0%) for k=1, ... ,m and Yyy~N (pp, 02) for /=1 ... m are the
diagnostic biomarker measures for the diseased and non-diseased subjects, respectively.
Under the normality assumptions, when distributional parameters are unknown, estimators J°

and é can be found by substituting sample means, ¥; and Y5, and sample variances, SZand

S2, for w4, th, o2 and o2, respectively, in Egs. (2) and (3), or Egs. (3) and (4) for the equal
variance case. Consequently, on the basis of the delta method, the approximate variances of
Jand éas follows:

5 aJ \? dJ \? oJ \? oJ \?
Var(J) ~ (8_H1> Var(ﬂl)_k(%) Var(&l)—l—(%) Var(ﬂz)—l—(a—@) Var(62) (5)
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and

R e \? R e \? . e \? . e \? N
Var(é) ~ (8—/”) Var(pl)—l—(a—m) Var(a1)+(8—m> Var(p2)+(%> Var(62). (6)
The (1 - @) 100% confidence intervals for Jand c are respectively given by

J £ 201 a2\ Var(J) and & £ 21 _q/2) \/ Var(é), where zy - ) is defined by ¢ (21 - w2))
= (1 - al2).

3. A generalized confidence interval

In this section, we will propose generalized confidence intervals of the Youden index and its
corresponding optimal cut-point, and also the corresponding algorithm is given.

Let y;and s? be respectively the observed values of Y;and S i=1, 2. The generalized
pivotal quantity for estimating z;can be expressed as

o Yi—pi gi Si __ S;
Rm—yi (Uz/\/n—l) S \/— =Y;— \/74\/_ =i~ Z\/—_7 ()]

. \/T(Y —Hi) ~ /. — — z ~
where Z;= N0, 1), Vi==5 Xn,—1, and t;= =—r—— follows a Student’s ¢-

distribution W|th degrees ; of freedom /7, 1, for /=1, 2. The generalized pivotal quantity for
estimating 7 can be expressed as

o?

(ni_ 2 .
Rp=g g D= il @
(2

Therefore, the generalized pivotal quantity for estimating o;is defined as o; = 1/ Raf.

The generalized pivotal quantities R.and R, for cand Jcan be obtained by substituting a
and bin Eq. (2) with corresponding generalized pivotal quantities

R,=R,,—R,, and Ry=R,,/R,,. (9)

Consequently, the generalized pivotal quantity for the optimal cut-point, /., with unequal
variances, is given by

o Fua(Ri-) -t By |JREA (B -DRAE)
“ R}—1 '

When the variances are equal, Eq. (10) is undefined and it can be replaced by
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By + Ry,

R.= 9 )

(11

which is the limit of (10) as /R, — 1. After substituting y;, o, and ¢ with their generalized
pivotal values R, R,;and R, into J the generalized pivotal quantity for the Youden index
can be derived as

pma (B g (B Ly
J R, R,

It is easy to check that /;and R, satisfy the two conditions necessary for them to be the
generalized pivotal quantities described in Appendix. For given y;and s; 7= 1, 2: (1) the
distributions of R;and R are independent of any unknown parameters; and (2) the values of
R;and R,are Jand c, respectively, as ¥;= y;and S;j= s;for /=1, 2.

Let R;, and R, , denote the ath quantiles of the distributions of /;and £, respectively.
Then the 100(1 — a)% confidence intervals of Jand cbased on R;and R are (R4,

Ry 1-a2) and (Rc a2, Re 1-a/2), respectively. The distributions of £;and R are estimated by
simulation as described below.

Computing algorithm

For a given data set including J11, ... Vi , and sy, ... Vop, Jthe generalized confidence
intervals are computed on the basis of the following algorithm.

1. Compute the sample mean Jiand sample variance s?, for /=1, 2.
2. Fork=1,.. K

»  Generate fp,-1 and Z,-1.

Generate V;from y2 _;, /=1, 2.

+ Compute R, and R,; /=1, 2, following (7) and (8).
» Compute R «and R, following (10)-(12).

(end kloop)

3. Compute the 100(«a/2)th percentile Ra,» and the 100(1 — a/2)th percentile
RJ, 1-af20f RJ]J_, ey RJ,K- Then, (RJ,(IJZI RJ, 1-a/2) 18 @ 100(1 - @)% confidence
interval of J.

4. Compute the 100(a/2)th percentile ~; aj, and the 100(1 - a/2)th percentile
Re 1-ai20f Re1, ... Re k- Then, (R a2y Re 1-a2) 18 @ 100(1 — @)% confidence
interval of ¢

4. Simulation results

Simulation studies are performed to evaluate the coverage probabilities and the mean lengths
of the confidence intervals based on the generalized pivotal quantity in comparison with
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those of the confidence intervals based on the large sample method by Schisterman and
Perkins (2007) and the parametric bootstrap method.

In this simulation study, we are primarily interested in the small to moderate sample sizes.
However, large sample sizes are also considered. Under the normality assumption, control

groups were normally distributed with mean #» = 0 and variance s5=1, and case groups with

mean 1 and variances o7=(0.5, 1, 3, 5). The specific values for z1 were chosen to
correspond to J= 0.2, 0.4, 0.6, 0.8, 0.9. Using the R statistical software package, 2000
samples of m cases and 7, controls for each parameter set were randomly generated. To
estimate the confidence intervals by the proposed approach and the parametric bootstrap
method, within each of the 2000 samples, 2500 sets of random numbers are generated in
order toestimate the distributions of R.and R;. We generated samples of sizes (m, ) =
(10, 10), (20, 20), (30, 30), (10, 30), (30, 20), (50, 20), (50, 50), (100, 100) with normal
distributional assumptions.

For each of the 2000 samples, 95% confidence intervals and the mean lengths were
constructed via the generalized pivotal quantity method, the large sample method and the
parametric bootstrap method. When |6 - 1| < 0.01 and |Rp — 1| < 0.01, they will be
considered as & — 1 and Ry, — 1, respectively. According to the large sample theory, an
estimated probability will be between 0.9405 and 0.9596 at the 95% nominal confidence
level.

Tables 1 and 2 present the simulation results of coverage probabilities of 95% confidence
intervals and the mean lengths for Jand ¢, respectively. The simulation results indicate that
our proposed method appears satisfactory except that it tends to be slightly conservative for
some scenarios, while the large sample method and the parametric bootstrap method appear
liberal for many cases, especially when sample sizes are small or unequal.

To investigate the robustness of the proposed procedure under other types of distribution
other than normal assumptions, simulation studies are conducted for the contaminated
normal data and #distribution data. The results are displayed in Tables 3-6. For each
parameter setting presented, the contaminated normal data are generated as a mixture of two
normal distributions, that is, Yin(1=B;) N (i, 2 02)+B; N (i, 202) where B;~
Bernoulli(0.1) for /=1, 2. From Tables 3 and 4, when sample sizes are increasing, the
coverage probabilities of the generalized pivotal quantity method appear liberal for Jand ¢,
respectively. For ¢distribution data, Y7 is generated from a non-central #distribution and Y5
is generated from a central ¢distribution, that is, Y7 ~ {v ) and Y, ~ {v, 0) where vis the
degree of freedom and &'is a non-centrality parameter. From Tables 5 and 6, when vand the
sample size are increasing, the coverage probability of the generalized pivotal quantity
method is close to the 95% nominal confidence level for Jand ¢, respectively.

5. Example

In this section, the proposed approach for confidence intervals of Jand cwill be applied to a
data set on Duchenne muscular dystrophy (DMD) available from Carnegie Mellon
University Statlib Datasets Archive at http:/lib.stat.cmu.edu/ datasets/biomed.desc. The data
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set was discussed by Cox et al. (1982) and has been analyzed for ROC analysis. DMD is a
typical X-linked disorder involving rapidly worsening muscle weakness. The disease is
inherited from mothers to their children, primarily affecting boys. Females can be carriers of
the disease but usually do not show symptoms. Currently, there is no known treatment for
Duchenne muscular dystrophy. Therefore, the screening of females as potential DMD
carriers is important.

The data set contains 38 carriers and 87 normals for which blood samples were obtained and
four different variables were measured. For illustrative purposes, we consider the first
biomarker in this data set and randomly select 24 carriers and 29 normals. Because the data
set appears to be non-normal for both the carrier and normal groups, we take a logarithmic
transformation for this data set to improve the normality. The sample means for carrier and
normal groups are y1 = 4.7501 and y», = 3.6382, respectively. The sample variances for

carrier and normal groups are s? =0.6902 and s3 =0.1601, respectively. The point estimates
for Jand care 0.6654 and 4.1922, respectively. The 95% confidence intervals for Jare
(0.4951, 0.8104), (0.5014, 0.8242) and (0.5033, 0.8275) for the GPQ method, the large
sample method and the parametric bootstrap method, respectively; the 95% confidence
intervals for care (4.0492, 4.3572), (4.0334, 4.3451) and (4.0422, 4.3422) for the GPQ
method, the large sample method and the parametric bootstrap method, respectively.
Therefore, when the sample sizes are moderate, the confidence intervals with the proposed
approach are close to those for the large sample approach and the parametric bootstrap
method.

6. Summary and discussion

In this article, we provide an alternative approach for estimating the confidence intervals of
the Youden index and its corresponding optimal cut-point based on the concepts of
generalized inference. From the simulation study, the generalized pivotal quantity method
was found to be better, especially when sample sizes are small. And the simulation results
from the generalized pivotal quantity method, the large sample method and the parametric
bootstrapping method are very close when the sample sizes are large enough for each group.

The confidence intervals based on the concept of the generalized pivotal quantity were
derived based on the assumption of normal distributions. The violation of normality
assumption could result in potential bias in the estimation of confidence intervals. Before
applying the generalized pivotal quantity method, the model assumption of original data
should be checked and an appropriate transformation of the data carried out, if necessary.

The results of simulations show that the proposed method based on the generalized pivotal
quantity is an efficient inferential procedure. Moreover, this method is based on a simple
algorithm, so it is relatively easy to implement without calculating the complicated variance
estimation as in the large sample approach. Thus, the generalized pivotal quantity method
for estimating the confidence intervals of the Youden index and its corresponding optimal
cut-point is applicable for practical use.
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In the following, we will briefly review the basic concept of the generalized confidence
interval proposed by Weerahandi (1993).

Suppose that Y'is a random variable whose distribution depends on (6, 6), where @is a
parameter of interest and §is a nuisance parameter. Let y be the observed value of Y. A
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generalized pivotal quantity R(Y; y;, 6 6), a function of Y, y; 6, and 6, for interval estimation,
defined in Weerahandi (1993), satisfies the following two conditions:

1. R(Y;y 09) has adistribution free of all unknown parameters.
2. Thevalue of (Y, 66) at Y= yis 0, the parameter of interest.

Let R, denote the ath quantile of the distribution of /. Then the 100(1 — a)% confidence
interval of &based on Ris (R, Ri-q2)-
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Coverage probabilities of the 95% confidence interval for the Youden index Junder the #distribution.

ny n, v=5 v=8 v=10
J=0.7329 J=0.7898 J=0.8068

10 10 0.9660 0.9725 0.9635

20 20 0.9485 0.9615 0.9665

10 30 0.9675 0.9725 0.9720

50 50 0.9315 0.9490 0.9640

100 100 0.9005 0.9455 0.9510

The tdistribution is defined as Y1 ~ {v, 6) and Y2 ~ v, 0) where vis the degree of freedom and &'is a non-centrality parameter.
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Table 6
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Coverage probabilities of the 95% confidence interval for the optimal cut-point ¢ under the ¢distribution.

ny n, v=5 v=8 v=10
J=0.7329 J=0.7898 J=0.8068

10 10 0.9485 0.9605 0.9710

20 20 0.9420 0.9585 0.9635

10 30 0.9520 0.9605 0.9665

50 50 0.9290 0.9630 0.9620

100 100 0.9155 0.9505 0.9555

The tdistribution is defined as Y1 ~ {v, 6) and Y2 ~ v, 0) where vis the degree of freedom and &'is a non-centrality parameter.
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