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Abstract

This review provides an overview of the current state of mathematical models of cardiac growth 

and remodeling (G&R). We concisely describe the experimental observations associated with 

cardiac G&R and discuss existing mathematical models that describe this process. To facilitate the 

discussion, we have organized the G&R models in terms of (1) the physical focus (biochemical vs. 

mechanical) and (2) the process that they describe (myocyte hypertrophy vs. extracellular matrix 

remodeling). The review concludes with a discussion of some possible directions that can advance 

the existing state of cardiac G&R mathematical modeling.
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1. Introduction

The heart is a highly complex living structure consisting of a collection of cells (e.g., 

myocytes, myofibroblasts, endothelial cells, vascular smooth muscle cells) and extracellular 

constituents (e.g., collagen fibers and proteoglycans). The primary function of the heart is to 

cyclically contract in order to generate a pressure gradient to perfuse all body organs 

including itself. To do so, however, the myocardium must operate as a system where all the 

individual constituent (or sub-system) operations are tightly orchestrated.

In response to neurohormonal, chemical and mechanical cues, the myocardium can undergo 

long term adaptive or maladaptive processes that are commonly referred to as “growth and 

remodeling” (G&R). Growth and remodeling can be a manifestation of many sub-processes 

that occur at a smaller scale, including cellular hypertrophy, apoptosis, proliferation, and 

extracellular matrix remodeling1. Collectively, these sub-processes lead to geometrical and 

functional changes of the heart, which can have significant clinical implications.

Myocardial G&R is widely considered to be an important determinant of the clinical course 

of heart failure2. As heart failure progresses, the heart size increases and its function 

deteriorates. Indeed, multiple studies have shown that an increase in heart size is associated 
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with an adverse prognosis in many heart diseases3,4. By the same logic, a reversal of 

pathological G&R features in the form of a reduction in the heart size is widely considered 

to be a favorable response to treatments. This process, often referred to as reverse 

remodeling, and has been observed in numerous treatments that include prolonged support 

by left ventricular assist device5,6, bio-injection therapies7,8 and cardiac resynchronization 

therapy9,10.

Despite their clinical importance, our current understanding of the myocardial G&R 

mechanisms remain rudimentary. For example, the type of mechanical signals that myocytes 

sense (whether is it stress or strain11 or strain energy) and the way they respond to these 

signals (how their geometry and function changes) have not been fully elucidated12–14. A 

clear understanding of the various mechanisms of myocardial G&R and how they interact 

with one another may provide key insights for developing effective heart failure therapies. 

Given the complexity of the multitude of G&R pathways and their interactions, 

mathematical modeling has emerged as a powerful tool to make the problem more tractable. 

This is especially effective when mathematical models are coupled together with 

experiments in an iterative fashion to generate and test new hypotheses of G&R.

Here, our goal is to provide an overview of the state of the art in mathematical models of 

myocardial G&R. We briefly characterize myocardial G&R and then review existing 

mathematical models. We have categorized the models according to their focus on G&R 

pathways (biochemical vs. mechanical) and processes (cellular hypertrophy vs. remodeling 

of the extracellular matrix (ECM)). Finally, we call attention to how these mathematical 

models can be advanced so that G&R can be understood at a system-level.

2. Myocardial Growth and Remodeling

Myocardial G&R can be broadly defined as changes in the heart geometry and function that 

occur over a period of time that is significantly longer than a heartbeat. The nature of G&R 

can be pathological (e.g., in heart diseases) or physiological (e.g., during growth and 

development, exercise, pregnancy, ageing, etc.). In some cases, the G&R response can be 

quite similar under both circumstances. For instance, cellular hypertrophy in response to 

pressure overloading occurs in both hypertensive heart disease and during postnatal heart 

development. Under pathophysiological conditions, G&R may initially behave as a 

compensatory mechanism to normalize function in response to pathological stimuli. This is 

widely believed to be the case when left ventricular (LV) wall thickness increases during 

pressure overloading, which normalizes the wall stress15. Over time, however, the (usually 

asymptomatic) compensatory state gives way to a decompensated state that progresses to 

heart failure. The exact mechanisms responsible for the transition from compensated to 

decompensated G&R are not fully understood and are under intense investigation16.

Classically, G&R in the myocardium is categorized into two types based on the LV 

geometry: concentric and eccentric hypertrophy. During concentric hypertrophy, the LV wall 

thickens and there is little change in the chamber volume whereas during eccentric 

hypertrophy, the LV wall thins and the chamber volume increases significantly17. The LV 

also becomes more spherical in the latter. The ultrastructural basis that gives rise to these 
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two types of geometrical features has been associated with the way sarcomeres are added in 

myocytes. Specifically, thickening of the LV wall and dilation of the LV chamber are due to 

the parallel and serial addition of sarcomeres in the myocytes, respectively. The fact that the 

resultant ventricular shape is largely determined by changes in myocyte shape is not 

surprising for three reasons. First, myocytes account for the bulk (75%) of the myocardial 

mass18. Second, myocytes are highly organized with their long axis mostly orthogonal to the 

myocardial transmural direction. Last, myocytes in the adult human heart regenerate at an 

extremely slow rate in which only about 50% are exchanged during the normal life span19.

In addition to geometrical changes, G&R can also induce functional changes that affect 

myocardial contraction. These changes can occur in the cardiac tissue’s bulk mechanical and 

electrical properties, such as contractility, passive stiffness and electrical conduction 

velocity. During G&R, the myocyte contractile function, which modulates the heart systolic 

function, may be altered. Myocyte hypertrophy has been associated with both an increase 

and a decrease in contractile function. This disparity in functional changes during 

hypertrophy has been attributed to the different phases of G&R; namely, the compensated 

and the decompensated phases20. In addition to the contractile function, G&R can also 

perturb the tissue’s passive stiffness. Myocardial stiffness plays a central role in the heart’s 

diastolic function, whereby an excessive increase in stiffness can impair diastolic filling, a 

hallmark of diastolic heart failure with preserved ejection fraction. Such an increase in 

myocardial tissue stiffness has been attributed to a delayed relaxation of the myocyte’s 

contraction as well as an increase in the intrinsic myocardial stiffness21. The latter may be 

associated with an alteration of the myocardial collagen fiber network in the ECM21,22.

The highly complex fibrillar collagen network in the myocardial ECM provides structural 

integrity to the adjoining myocytes. In addition to a network of collagen fiber, the ECM also 

contains other matrix proteins such as proteoglycans, glycosaminoglycan, and other 

signaling molecules such as angiotensin II22. Scanning electron microscopy has revealed 

extensive collagen fibrillar weaves that surround and support individual myocytes23,24. Due 

to the tight connections between myocytes and the collagen network, the ECM likely serves 

as a conduit for mechanical (stresses and strains) signal transmission to the cells, in addition 

to providing structural support for the myocardium. Therefore, any changes in the structure 

and composition of the ECM would not only contribute to the overall myocardial G&R 

process (e.g., stiffening of the tissue), but it would also have an impact on the cellular 

remodeling response. In addition, excessive extracellular collagen fiber accumulation also 

leads to a decrease in myocardial conduction velocity25, and an increase in arrhythmia26.

The majority of changes during myocardial G&R can be traced to the geometrical and 

functional changes in the myocytes, as well as changes in the myocardial collagen fiber 

network. For this reason, mathematical models of myocardial G&R are mainly constructed 

to describe these events.
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3. Biochemical Models of Growth and Remodeling

3.1 Hypertrophy

A variety of hypertrophic stimuli such as mechanical cues (e.g., stresses and strains) and 

chemical agents (e.g., cytokines, growth factors, catecholamines, vasoactive peptides, 

hormones and many others) have been identified in myocytes27. Mathematical models have 

been constructed to describe and elucidate the signaling pathways associated with these 

hypertrophic stimuli13,28,29. For mechanotransduction pathways, Novak et al.30 proposed a 

model based on reaction kinetics that predicts the focal adhesion distribution in a cell in 

response to a force field. In a subsequent work, Grosberg et al.31 extended that model to 

include the fiber-length force dependency to describe the kinetics of myofibrillogenesis. 

Other approaches to describe the focal adhesions kinetics include a thermodynamically 

consistent model proposed by Deshpande et al.32. A number of models have also been 

constructed to describe the signaling pathways of non-mechanical hypertrophic stimuli. For 

example, Shin et al.29 constructed a mathematical model to describe the signaling pathway 

between calcineurin and the nuclear factor of activated T-cells, whereas Cooling et al.28 

constructed a model to describe the IP3 signal production by extracellular agonists 

endothelin-1 and angiotensin-II.

To assimilate the various pathways and stimuli of myocyte hypertrophy, Ryall et al.33 

described a computational model of the hypertrophic signaling network that integrates many 

of the established pathways. This extensive network (consisting of 193 reactions and 106 

species) was described using logic-based differential equations that represent activation and 

inhibition of reactions with normalized Hill functions. A sensitivity analysis was performed 

on the model, which identified species with the greatest effects on myocyte hypertrophy and 

revealed 12 major functional signaling modules. The model identified Ras as a primary 

network hub that has the greatest influence on hypertrophy, suggesting that the inhibition of 

cardiomyocyte hypertrophy could be better achieved by blocking Ras. This finding was 

validated experimentally in the same study. Contrary to experimental studies focusing on 

specific isolated hypertrophic signaling pathways34,35, this model demonstrates the ability of 

mathematical modeling as a tool to analyze a complex system that would otherwise be 

nearly impossible with experiments that focus on specific hypertrophic signaling pathways. 

The model could, in principle, also be used to identify drug targets for hypertrophy36. To do 

so, however, future studies are needed to measure the parameters (which were prescribed 

with default values for all the reactions in the network) to avoid ad hoc assumptions.

3.2 Extracellular remodeling

Mathematical models describing the remodeling process in the ECM are scarce. Although 

some models have been constructed to investigate a specific pathway of ECM remodeling 

(e.g., degradation of collagen fibers by MMPs37,38), system-level mathematical models that 

take into account the multiple signaling pathways during ECM remodeling are lacking. 

Given that this process is most prominent during the development of myocardial infarction, 

it is not surprising that existing models are mostly developed under this pathological setting. 

Based on mice with coronary artery ligation, Jin et al.39 developed a mathematical model to 

describe the post-MI scar formation process. In their ECM model, the time course of key 
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chemical factors post-MI (i.e., macrophage cell density, fibroblast cell density, collagen 

concentration, TGF-β and activated MMP-9 concentration) were described using a set of 

coupled ordinary differential equations (ODEs) (Figure 1). The model predictions of 

macrophage, MMP9 and fibroblast expressions are in good agreement with other published 

experiments40–42. Using the validated parameter values, the model predicted that an early 

intervention of elevating the MMP-9 level immediately after myocardial infarction will 

significantly decrease the resultant collagen density when compared to a later intervention. 

With further development, the mathematical model may be useful in elucidating the 

quantitative effects of MMP inhibitors that are currently investigated as a therapy to prevent 

post-MI LV remodeling43.

4. Mechanical models of G&R

The models discussed thus far focus primarily on the local cellular-scale biochemical 

reactions that occur during G&R. These reactions were mostly described using coupled 

ODEs of first-order reaction kinetics. As such, there is no length scale in the equations for 

describing the spatial variation of quantities such as the concentration of collagen fibers and 

size of myocytes. These models also do not directly predict changes in the geometry, 

structure and mechanical properties of the myocardium during G&R. The geometric, 

structural and material changes are important as they have direct implications on the cardiac 

function. Mathematical models of myocardial G&R that can account for these changes are 

typically constructed at the tissue- and organ-level using the principles of continuum 

mechanics. These models can be broadly classified based on their origins into: (1) structural 

adaption theory, (2) volumetric growth theory and (3) constrained mixture theory.

4.1 Structural adaption theory

One of the first cardiac G&R model that considers the (structural) remodeling of myofiber 

orientation, in addition to geometrical remodeling, was described by Arts et al.44. Using a 

heart model consisting of adjoining cylindrical shells, the myofiber orientation (in addition 

to the wall thickness) was adapted in each shell to optimize the local deviation of (1) the 

fiber shortening during systole and (2) the sarcomere length at the beginning of ejection 

from their corresponding prescribed set points. Their model yielded a transmural variation of 

myofiber orientation that is consistent with those found experimentally. A subsequent study 

by Kroon et al.45 using a finite element model of a truncated ellipsoid also produced the 

same result, though with a different remodeling law in which the myofibers adapt their 

direction to minimize the fiber-cross fiber shear strain. We refer readers to the review by 

Bovendeerd46 for a discussion of this class of models that describe the remodeling of 

myofiber orientation.

4.2 Volumetric growth theory

First proposed by Rodriguez et al.47, the volumetric growth theory is the most prevalent 

framework for modeling G&R in myocardial tissue. This theory draws from the concept of 

decomposing the deformation gradient tensor multiplicatively into an elastic component and 

a plastic component in finite strain plasticity48. Analogous to this, the deformation gradient 
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tensor F is split into an elastic deformation gradient tensor Fe and a growth deformation 

gradient tensor Fg in the volumetric growth theory as:

(1)

The growth deformation gradient tensor Fg is in general, “incompatible", which means that 

it is impossible to derive a unique displacement field from the tensor Fg itself. The 

compatibility condition as required by the deformation gradient tensor F is restored by the 

elastic component of the deformation gradient tensor Fe. In this theory, the direct 

consequence of the incompatibility of Fg is that non-homogeneous growth in a body may 

generate residual stresses and strainsa; i.e., stresses and strains that exist in the body without 

any external load49. This prediction is consistent with the fact that a residual stress/strain 

field is always present in the intact ventricular walls49,50. However, the existence of residual 

stress/strain may not only be due to G&R, as this feature can also be induced by other 

competing mechanisms51 such as tissue swelling52.

The growth deformation gradient tensor Fg can be interpreted as a change in the tissue 

stress-free configuration. The geometric changes associated with G&R during cellular 

hypertrophy and atrophy are most naturally described by this configurational change in 

which the elastic strains (i.e., strains that generate stresses) are taken with respect to this new 

configuration. Specifically, the tensorial form of Fg reflects changes in cell geometry due to 

the parallel and/or serial addition of sarcomeres as they undergo hypertrophy or atrophy 

(Figure 2). A constitutive relationship is required for the growth deformation gradient tensor 

Fg to link the geometrical changes (effects) to the stimulus (cause).

In recent years, a number of constitutive models have been developed under the volumetric 

growth framework to simulate myocardial G&R under various physiological and 

pathological conditions. Taber and colleagues have constructed growth constitutive models 

to describe G&R in the developing heart53,54. In their models, growth was described by an 

ODE equation that can be generalized as Ḟg = A: (S − S0)55, where the rate of change of the 

growth deformation gradient tensor Ḟg is driven by a deviation of the growth stimulus S 
from its homeostatic or target value S0. The growth stimulus was prescribed to be the stress 

tensor in their model and the fourth-order tensor A contains coefficients that control the 

growth-rate. This particular form has also been used by Kerckhoffs56 and Kroon et al.57 to 

simulate cardiac growth in the LV, but with myofiber and cross-myofiber normal strains as 

the growth stimuli. The unloaded configuration (which typically does not exist in vivo) was 

used as a reference state for the calculation of the strains as an input in most strain-driven 

growth constitutive models. This reference state is likely to change during G&R. As 

discussed by Rodriguez et al.47 and Taber58, however, the issue of which reference state to 

use would not arise if Cauchy stress, which does not depends on the choice of a reference 

configuration, is used as a growth stimuli.

The form Ḟg = A: (S − S0) assumes that (1) the growth rate is a linear function of the 

stimulus and (2) the amount of growth is not constrained by any physiological limit; i.e., 

aThere are special cases in which non-homogeneous growth does not generate residual stresses.
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growth (or shrinkage) continues as long as S ≠ S0. Models not adhering to these assumptions 

have also been developed. Based on the conventional hypothesis that myocardial wall stress 

and strain are, respectively, the stimulus causing concentric and eccentric cardiac 

hypertrophy during pressure and volume overload, Goktepe et al.59 described separate 

growth constitutive models to simulate these two conditions. In their model, growth in the 

myofiber and cross-fiber directions were driven by a deviation of the myofiber stretch and 

the Mandel stress from their corresponding homeostatic set point. A rate-limiting function 

was used to restrict growth to within prescribed physiological limits. Goktepe et al.59 

showed that key G&R features during pressure overload (wall thickening) and volume 

overload (chamber dilation) can be predicted using their models. This strain-driven growth 

model was further extended by Lee et al.60 to simulate a reversal of G&R in response to a 

reduction in hemodynamic load that can be found, for example, after the implantation of left 

ventricular assist device. This model has also been integrated with cardiac 

electromechanics61. Contrary to the prevailing hypothesis that concentric and eccentric 

hypertrophy are caused separately by an elevated myocardial stress and strain, respectively, 

Kerckhoffs et al.62 constructed a growth constitutive model in which the different 

components of myocardial strain tensors are used as growth stimuli. In their model, growth 

rates in the myofiber and cross myofiber directions were described by nonlinear sigmoidal 

functions of growth stimuli, which were the deviation of myofiber and cross myofiber strains 

from their corresponding homeostatic set points. In this model, growth was also restricted to 

lie within a prescribed physiological limit. Kerckhoffs et al.62 showed that by using these 

quantities as growth stimuli, the model can reproduce key G&R features associated with 

both concentric and eccentric hypertrophy. The issue of myocardial stress or strain as a 

mechanical stimulant for G&R is still under debate11, although a number of studies have 

leaned towards strain or stretch as the responsible mechanical stimulant for G&R63,64. In 

one of these studies, Holmes14 found that features of the time-varying signals, which include 

strain-related LV cavity volume amplitude and its rate of change, were significantly altered 

during early volume overload in rats. Based on this findings, he concluded that these 

mechanical signals are candidates for G&R mechanical stimuli. The issue of the true 

mechanical stimulant for G&R is not easily resolvable. But with the development of more 

growth constitutive models, various hypothesis can be formulated and tested by 

corroboration with experiment data.

Although growth constitutive models constructed based on a volumetric growth framework 

can predict geometrical changes, they cannot directly account for changes in the tissue 

mechanical properties found in the heart during G&R. These changes can be associated with 

a change in the ratio of the tissue constituent (e.g., fibrosis1,65) or a change in the intrinsic 

material property of the constituent (e.g., a change in myocyte stiffness66 and contractile 

function67). As described by Taber58, existing tissue material constitutive models describing 

its stress-strain relationship need to be reformulated with an additional input from the 

growth tensor Fg in order for volumetric G&R–based models to account for any change in 

the tissue mechanical properties during G&R. To date, none of the volumetric growth-based 

constitutive models have accounted for this change and this remains a laudable goal of future 

efforts.
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4.3 Constrained mixture theory

Subsequent to the volumetric growth theory, a separate theoretical framework based on the 

constrained mixture theory was formulated by Humphrey and Rajagopal68 to model G&R. 

This theoretical framework was built upon the hypothesis that each tissue constituent, such 

as muscle cell and collagen fiber, can turnover at different rates and possess different 

natural/stress-free configurations that evolve during G&R while being constrained to deform 

as a continuum within the mixture (henceforth the name “constrained mixture”). One of the 

key hypotheses in this theory is that the deposition of new constituents such as collagen 

fibers always occurs at the current configuration. Referring to Figure 3, a constituent of type 

k (e.g., collagen fibers) deposited at time τ with a homeostatic stretch Gk (τ) will experience 

a deformation described by Fn(τ)(t) = F(t)F−1(τ)Gk(τ) at a later time t in the configuration 

κ(t). Thus, newly deposited constituents will experience a different stress/strain state than 

that experienced by previously deposited constituents, even if they are of the same type. By 

consolidating the effects of all the constituents produced up to the current configuration at 

time t, the partial stress associated with constituent type k is given as:

(2)

Here, m(τ) is the mass production rate, G(t − τ) is the prescribed “survival” function for the 

constituent produced at time τ and f(·) is the stress response function. The “survival 

function” describes the constituent’s degradation time-course starting from birth time at τ to 

current time t. A key feature of this model is that it allows the tissue mechanical property to 

change during G&R without the need to reformulate the existing material constitutive 

descriptor (stress-strain relationship) of the constituents.

Compared to the volumetric growth theory, the constrained mixture model is relatively more 

complex to work with, in part, because of the need to track the evolving natural 

configuration of the constituents during G&R. As such, the application of constrained 

mixture G&R framework has, so far, been mostly confined to modeling arterial G&R using 

simplified geometry; e.g., approximating the arterial wall as a thin-wall membrane69–71. 

Although this model has not been applied to the heart, the theoretical framework is highly 

relevant and should be adapted to model myocardial G&R. This is because collagen 

deposition and degradation, the major focus of this theory, is an important aspect of 

myocardial G&R that has been observed in many heart diseases. For a more general review 

of continuum mixture-based models, including those applied to other biological tissues, we 

refer the readers to the review by Ateshian and Humphrey72.

5. System Growth and Remodeling

Although mathematical models of myocardial G&R have advanced over the years, much 

work is needed to refine, improve and integrate these models. The following is a discussion 

of directions that can be undertaken to advance mathematical models of myocardial G&R.
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5.1 Model Testing, Calibration and Validation

Most myocardial G&R models are not calibrated using experimental studies specifically 

designed for such a purpose. Instead, model parameters are largely estimated using previous 

experimental studies typically designed for a different purpose. As such, the experiments 

may not fully explore the variable space that is necessary to calibrate and test the models. 

For example, ventricular pressure is typically not varied over a large range in chronic 

experiments beyond hypertensive and baseline levels. This limitation may pose a problem 

where the number of experimental data points is insufficient to calibrate and test the growth 

constitutive models, particularly, in models where G&R is stress-mediated.

The number of parameters in the G&R models discussed in this review is listed in Table 1. 

In general, these parameters can be categorized based on their association with biochemical 

reaction rates, growth/mass production rates and limits/threshold/homeostatic states 

associated with G&R. The chemical rates (unit: s−1) can be discerned from the growth/mass 

production rates (unit: days−1) in terms of their timescales. As shown in the Table, the 

number of parameters can range between 8 to more than 100 in these models. This large 

number of parameters can, in effect, render the whole process of model testing, calibration 

and validation a complex task.

Perhaps a way to manage the complexity of this process in some of these models is to reduce 

them to the simplest form while retaining their primary hypothesis. To illustrate this point, 

we consider the simplification of a volumetric growth-based stress-mediated G&R 

constitutive model53,73. The hypothesis in the model is that growth (in the form of a change 

in wall thickness) occurs for the purpose of normalizing ventricular wall stress. Using 

standard Laplace’s law to calculate the wall stress, the time-rate of a change in the wall 

thickness Δh̅ can be reduced to the following ODE:

(3)

where K is the growth rate constant, Po is the pre-growth pressure, h̅ is the pre-growth wall 

thickness and P̅ is the change in pressure (see Appendix for details). Dimensions and 

pressure in the equation have been normalized to the internal LV chamber radius and Po, 

respectively. The only model parameter in this model is the growth rate constant K.

5.1.1 Testing the Model Hypothesis—In the model, steady state  occurs 

when the wall stress is restored. Under this condition, we find that the change in wall 

thickness Δh̅ is a function of the pressure change P̅ and pre-growth wall thickness h̅ by

(4)

To test whether the model hypothesis agrees with the general observations of G&R, we plot 

this non-dimensionalized functional relationship (for the experimental range of 0.2 ≤ h̅ ≤ 

0.7) with data points collected from different existing experimental and clinical studies of 

different species during LV pressure-overload (Figure 4a)74–78. These data are given in the 
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Appendix. As shown in the figure, the data gathered from experiments conducted on 

different species are, in general, compatible with this simplified model and fall within the 

range of the experimental values of h̅. On the other hand, the disparity between the model 

prediction and experiment is greater in some cases if the comparison was made based on the 

specific normalized wall thickness h̅ of each experiment. More data points are needed to 

ascertain this compatibility. In the plot, we have implicitly assumed that a steady state 

condition is reached in the experiments, but as a result of LV pressure-overloading. This 

assumption may not be valid when G&R is decompensatory; i.e., when hypertrophy is 

insufficient to mitigate the increase in pressure. Nevertheless, the general quantitative 

agreement between the data points and the prediction of the simplified model provides a 

certain level of confidence of the model hypothesis and its functional form.

5.1.2 Model Calibration and Validation—To calibrate the model parameter K (growth 

rate), longitudinal data of the LV geometry of more than 2 time points during G&R is 

required. In order to accommodate for interspecies differences in experiments, it may also be 

helpful to fit the G&R constitutive model in Eq. (1) using physiological time tp rather than 

the chronological time tc, based on the allometric scaling law tp = tc W−1/4 with W denoting 

the body weight79. As an example, we fit the model to the experimental longitudinal data of 

neonatal rats acquired up to 150 days after birth. To do so, we assumed that the fetal 

pressure is 1/10 of that in the adult rat that has an LV pressure of 120 mm Hg (P ̅ = 9)80, and 

a thickness-to-radius ratio of h̅ = 0.43 (pre-growth wall LV thickness and internal radius of 

0.65mm and 1.5mm, respectively). We find that a growth rate K = 6 × 10−4/ day is able to fit 

the experimental longitudinal data of neonatal rats relatively well80. As shown in Figure 4b, 

the parabolic growth curve predicted by the model is consistent with the trend found in the 

experimental data. In the final step to ascertain the predictive capability of the parameterized 

model, the calibrated growth rate of K = 6 × 10−4/ day needs to be validated against an 

independent set of measurements that are not used in the calibration process. Sampling 

techniques such as random subsampling, K-fold cross-validation and leave-one-out-cross-

validation can be used to overcome the limitation of a small set of experimental data.81,82

Using a simplified model, we have demonstrated the two important aspects of G&R 

mathematical model development; i.e., model hypothesis testing and model validation/

calibration. In the former, we seek to test whether the model hypothesis and formulation are 

consistent with existing experimental data, while in the latter, we seek to determine and test 

parameter values that best-fit the data. The illustrated example also demonstrates the 

potentiality of approaching the issue of model calibration and validation in a systematic 

way: (1) reducing the model to its simplest form suitable for validation and calibration, (2) 

calibrating the simplified model and (3) using the calibrated parameter values as initial 

guesses for the calibration of a more sophisticated model with realistic ventricular geometry. 

In this process, one may also find that the model may be inadequate to explain certain 

features of the experiments and if so, appropriate refinement or reformulation of the model 

then becomes necessary. For example, a hypothetical scenario where the model prediction of 

the change in thickness Δh̅ for a given change in pressure P̅ is substantially and consistently 

higher than those found in the experiment (i.e., when all the experimental data points lie 

below the curves in Figure 4a) would imply that a change in thickness during G&R is 
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insufficient to normalize the wall stress. In that case, the model would need to be 

reformulated (e.g., if G&R shows better correlation with another stimulant such as strain or 

strain energy) or refined (e.g., if experiments imply that there exists a threshold for cellular 

hypertrophy – See Figure 4c for a hypothetical example). In the latter case, new parameters 

(e.g., a threshold for hypertrophy) would need to be introduced into the model.

5.2 Model integrations across scales

As discussed, a clear distinction can be found in existing mathematical models of G&R that 

have focused on either the associated biochemical reactions or mechanics. There is still a 

disconnection between these two types of models, especially in terms of the spatial and 

temporal scales. Biochemical models of G&R were largely constructed based on 

experiments conducted using in vitro cell culture studies usually lasting a few days, whereas 

the mechanics models of G&R were largely constructed based on in vivo animal studies 

usually lasting for a few weeks.

These different mathematical models need to be integrated to achieve a system 

understanding of G&R under both physiological and pathological conditions. This is 

especially so because mechanics-based models can provide physiologically realistic input 

such as animal or patient-specific myocardial strain/stress to the biochemical models, 

whereas biochemical models can provide a more physical G&R signaling pathways for the 

mechanics-based models. The integration can be achieved via a simple relation between the 

parameters of the two different models (e.g., biochemical reaction rates -> growth rate) or a 

complete integration of the biochemical model to the mechanics-based model as illustrated 

in Figure 5.

5.3 A need for multiscale G&R modeling

It is clear that a multiscale G&R model can be a potentially useful research and clinical tool. 

Specifically, such a model can be useful in (1) developing a more in-depth understanding of 

the various G&R mechanisms, and in future, (2) a tool personalized treatment. The 

connection of G&R models of different timescale is essential in predicting how short term 

(acute) events can influence the long-term (chronic) course of a disease and/or treatment. On 

the other hand, connecting G&R models at different spatial scales will enable one to predict 

the large-scale effects arising from small-scale molecular events. A multiscale G&R model 

has the potential to unravel how minute changes at the small-scale level can lead to 

significant long-term large-scale changes, which is analogous to the so-called “butterfly 

effects”b in Chaos theory83. Such a model would be especially useful in understanding and 

predicting the progression of a number of heart diseases and potential treatments. We discuss 

two areas where such a multiscale G&R could potentially be useful.

Cardiac resynchronization therapy—Reverse remodeling in the form of a reduction in 

LV end-systolic volume (by ≥ 15%) is a clinically-relevant indicator of a positive response to 

cardiac resynchronization therapy (CRT)84. Approximately, 30% of patients, however, do 

bThe “butterfly effect” is a term coined by the mathematician Edward Lorenz in describing how a slight variation in the initial 
conditions of a complex nonlinear system can have a tremendous impact on the future outcomes. To describe this phenomenon, he 
gave an example of how the flapping of a butterfly’s wing in Brazil can set off a tornado in Texas.
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not improve after therapy and the identification of potential responders to CRT remains a 

challenge. One of the hypothesis is that CRT can help to attenuate the early systolic stretch, 

a potential G&R stimulant, found in the late activated region as a result of left branch bundle 

block85. This effect can become confounded, however, by other factors such as a depressed 

contractility in ischemic patients. Computational modeling, with its inherent ability to 

integrate all the confounding factors, have already been used to understand the short-term 

effects of this treatment86. A multiscale G&R model could potentially be used to understand 

and predict the long-term effects of CRT.

Familial Hypertrophic Cardiomyopathy—Familial hypertrophic cardiomyopathy is a 

disease associated with the genetic mutation of sarcomeric proteins87. Some of the features 

associated with this disease include myocyte hypertrophy and disarray, fibrosis, diastolic 

dysfunction, and thickening of the ventricular wall. These genetic mutations can alter 

sarcomere function, which support some of the prevailing hypotheses that the resultant 

large-scale G&R features are compensatory responses to this alteration.87 In this aspect, a 

multiscale G&R model that is able to connect small-scale molecular-level changes caused by 

mutation to large-scale ventricular G&R features could be extremely useful in testing these 

hypotheses. Given that pharmacological drugs operate at the molecular level, such a 

multiscale model could, in principle, be also used as an in silico clinical trial to test the long-

term efficacy of new drugs.

6. Conclusion

Since the first observation by Sandler and Dodge88, who speculated that the “heart may 
hypertrophy as a result of increased tension to maintain wall stress within certain limits as 
yet undefined”, the past 50 years has seen significant advances in our knowledge about G&R 

in the myocardium. Indeed, it is becoming clearer that myocardial G&R is a very complex 

process – its mechanism is certainly not as simple as the one originally suggested by Sandler 

and Dodge88. There is little doubt that mathematical modeling can play an important role in 

our quest to elucidate the complex mechanisms of G&R. There are many challenges in 

improving the current state of mathematical cardiac G&R models and synergistically 

integrating them with experiments and clinical data. Overcoming these challenges will 

require significant effort. But with heart failure still affecting a large population, the benefits 

are likely to be enormous.
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Appendix

Derivation of simplified G&R constitutive model for pressure overload

The simplified constitutive law was derived from previous 3D constitutive models of stress-

mediated G&R53,73. Those models were constructed based on the hypothesis that G&R 
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occurs for the purpose of restoring ventricular wall stress. A simplified version of these 

models can be written as follows:

(A1)

Here, Δh/ri is the change in thickness during G&R normalized with respect to the pre-growth 

LV inner radius. This quantity has the same physical meaning as the growth deformation 

gradient tensor in the volumetric G&R framework. In Equation (A1), K is the growth rate 

constant, σ is the wall stress as a result of a new pressure Pnew, and σ* is the wall stress in 

the pre-growth configuration under the previous pressure Pold, which can be assumed to be a 

homeostatic set point. Using Laplace’s law and assuming that (1) the LV can be described 

by an ellipsoid, (2) the cavity volume does not change (i.e., ri is a constant) and (3) a thick 

ventricular wall with homogeneous stress distribution across the thickness, the pre- and post-

growth meridional wall stresses can be approximated as89,90

(A2,3)

Although one can also compute for the circumferential wall stress here, the calculation 

requires information about the LV major- and minor-axis dimensions. These information are 

not given in most of the experimental studies.

Letting h̅ = h/ri, Δh̅ = Δh/ri, P̅ = (Pnew − Pold)/Pold, and substituting (A2) and (A3) into (A1) 

yields

(A4)

Equation (A4) can be solved with an initial condition of Δh̅ = 0 to obtain a time-evolution of 

the wall thickness. At steady state,  and the change in wall thickness Δh̅ can be 

computed from Equation (A4) as a function of P̅ and h̅ by:

(A5)

We note that two solutions exist for Δh̅ in Eq. (A4) under a steady state condition. However, 

only one solution yields a physically meaningful (Δh̅ > 0) solution.

Table A1

Experimental measurements of the long-term LV geometrical changes due to pressure 

overload of various species from the literature.

Species Pold (mmHg) Pnew (mmHg) P̅ ri (mm) h (mm) Δh
(mm)

h̅ Δh̅

Rats 115 197 0.71 2.45 2.8 0.8 1.14 0.33

Humans 117 220 0.88 24.00 9.0 8.0 0.38 0.33
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Species Pold (mmHg) Pnew (mmHg) P̅ ri (mm) h (mm) Δh
(mm)

h̅ Δh̅

Swine 134 179 0.34 12.50 8.9 1.1 0.71 0.09

Lamb 95 145 0.53 12.00 10.0 4.0 0.83 0.33

Sheep 110 142 0.29 17.00 14.0 3.0 0.82 0.18

Guinea pigs 71 88 0.24 2.26 2.6 0.2 1.15 0.09

Guinea pigs 62 115 0.85 2.33 2.6 0.2 1.12 0.09

Note: ri in the results from the guinea pigs are calculated from LV cavity area measurements.
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Figure 1. 
Schematic of the biochemical pathways during scar formation as described by the 

mathematical model of Jin et al.39
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Figure 2. 
Tensorial form of the growth deformation tensor Fg reflecting cellular shape changes. 

Adapted from Goktepe et al.59
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Figure 3. 
Schematic of the constrained mixture-based G&R theory. Adapted from Baek et al.69
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Figure 4. 
(a): Normalized pressure change vs. thickness change as predicted by a simplified version of 

the G&R constitutive model at steady state (lines) and obtained from different experiments 

(dots). Reference numbers and species are given on the bottom and top of each experimental 

data point, respectively. (b): Wall thickness change vs. physiological time tp in the fitted 

model (line) with experimental measurements in the neonatal rat heart (dots). Note: time-

variable and wall thickness in the experimental data has been scaled to a physiological time 

tp based on the body weight of 0.065kg and the internal LV radius of 1.5mm, respectively. 
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(c): Hypothetical example of experimental data (dots) showing the existence of a threshold 

for hypertrophy.
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Figure 5. 
An example of integrating a biochemical-based G&R model to a mechanics-based G&R 

model. In the example, the biochemical hypertrophic signaling network model is taken from 

Ryall et al.33, with mechanical stretch as one of the inputs and the cell area as one of the 

outputs. These quantities can be associated with those from existing mechanics-based strain-

mediated G&R constitutive models60,62,73 in which mechanical strain and the growth 

deformation gradient tensor are the input and output, respectively. As such, the biochemical-

based model can be integrated easily into mechanics-based G&R models.
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