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Abstract

We review and formulate results concerning log-concavity and strong-log-concavity in both
discrete and continuous settings. We show how preservation of log-concavity and strongly log-
concavity on R under convolution follows from a fundamental monotonicity result of Efron
(1969). We provide a new proof of Efron's theorem using the recent asymmetric Brascamp-Lieb
inequality due to Otto and Menz (2013). Along the way we review connections between log-
concavity and other areas of mathematics and statistics, including concentration of measure, log-
Sobolev inequalities, convex geometry, MCMC algorithms, Laplace approximations, and machine
learning.
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1. Introduction: log-concavity

Log-concave distributions and various properties related to log-concavity play an
increasingly important role in probability, statistics, optimization theory, econometrics and
other areas of applied mathematics. In view of these developments, the basic properties and
facts concerning log-concavity deserve to be more widely known in both the probability and
statistics communities. Our goal in this survey is to review and summarize the basic
preservation properties which make the classes of log-concave densities, measures, and
functions so important and useful. In particular we review preservation of log-concavity and
“strong log-concavity” (to be defined carefully in section 2) under marginalization,
convolution, formation of products, and limits in distribution. The corresponding notions for
discrete distributions (log-concavity and ultra log-concavity) are also reviewed in section 4.

*Research supported in part by NI-AID grant 2R01 Al29168-04, a PIMS post-doctoral fellowship and post-doctoral Fondecyt Grant
3140600

TResearch supported in part by NSF Grant DMS-1104832, NI-AID grant 2R01 Al291968-04, and the Alexander von Humboldt
Foundation



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Saumard and Wellner

Page 2

A second goal is to acquaint our readers with a useful monotonicity theorem for log-concave
distributions on R due to Efron [1965], and to briefly discuss connections with recent
progress concerning “asymmetric” Brascamp-Lieb inequalities. Efron's theorem is reviewed
in Section 6.1, and further applications are given in the rest of Section 6.

There have been several reviews of developments connected to log-concavity in the
mathematics literature, most notably Das Gupta [1980] and Gardner [2002]. We are not
aware of any comprehensive review of log-concavity in the statistics literature, although
there have been some review type papers in econometrics, in particular An [1998] and
Bagnoli and Bergstrom [2005]. Given the pace of recent advances, it seems that a review
from a statistical perspective is warranted.

Several books deal with various aspects of log-concavity: the classic books by Marshall and
Olkin [1979] (see also Marshall, Olkin and Arnold [2011]) and Dharmadhikari and Joag-
Dev [1988] both cover aspects of log-concavity theory, but from the perspective of
majorization in the first case, and a perspective dominated by unimodality in the second
case. Neither treats the important notion of strong log-concavity. The recent book by Simon
[2011] perhaps comes closest to our current perspective with interesting previously
unpublished material from the papers of Brascamp and Lieb in the 1970's and a proof of the
Brascamp and Lieb result to the effect that strong log-concavity is preserved by
marginalization. Unfortunately Simon does not connect with recent terminology and other
developments in this regard and focuses on convexity theory more broadly. Villani [2003]
(chapter 6) gives a nice treatment of the Brunn-Minkowski inequality and related results for
log-concave distributions and densities with interesting connections to optimal transportation
theory. His chapter 9 also gives a nice treatment of the connections between log-Sobolev
inequalities and strong log-concavity, albeit with somewhat different terminology. Ledoux
[2001] is, of course, a prime source for material on log-Sobolev inequalities and strong log
concavity. The nice book on stochastic programming by Prékopa [1995] has its chapter 4
devoted to log-concavity and s—concavity, but has no treatment of strong log-concavity or
inequalities related to log-concavity and strong log-concavity. In this review we will give
proofs some key results in the body of the review, while proofs of supporting results are
postponed to Section 11 (Appendix B).

2. Log-concavity and strong log-concavity: definitions and basic results

We begin with some basic definitions of log-concave densities and measures on R?.

Definition 2.1. (0-d): A density function pwith respect to Lebesgue measure A on (RY, 29
is log-concave if p= ¢ whgre Qis a convex function from R7to (-co, co]. Equivalently, p
is log-concave if p = exp(¢) where ¢ = —¢is a concave function from R?to [-co, o).

We will usually adopt the convention that pis lower semi-continuous and ¢ = —log pis
upper semi-continuous. Thus {x € R?: p(x) > & is open, while {x € R?: ¢(x) < #& is closed.
We will also say that a non-negative and integrable function Ffrom R%to [0, co) is log-
concave if = ¢ ?where ¢ is convex even though fmay not be a density; that is [grd fdl €
(0, 00).
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Many common densities are log-concave; in particular all Gaussian densities

—d/2 1 -1
Py (@=r ) e (<5 - w0 @ - w)
with z € R%and X positive definite are log-concave, and
pe(@)=1c(2)/A(C)

is log-concave for any non-empty, open and bounded convex subset € € RY. With Copen, p
is lower semi-continuous in agreement with our convention noted above; of course taking C
closed leads to upper semi-continuity of p.

In the case d= 1, log-concave functions and densities are related to several other important
classes. The following definition goes back to the work of Pdlya and Schoenberg.

Definition 2.2. Let p be a function on R (or some subset of R), and let xq < - < x4, )4 < -
< Vx Then pis said to be a Polya frequency function of order & (or p € PFy) if det(o(x; -
¥))) = 0 for all such choices of the Xs and y's. If pis PFifor every & then p € PR, the class
of Polya frequency functions of order oo.

A connecting link to P6lya frequency functions and to the notion of monotone likelihood
ratios, which is of some importance in statistics, is given by the following proposition:
Proposition 2.3.

a. The class of log-concave functions on R coincides with the class of Polya
frequency functions of order 2.

b. A density function pon R is log-concave if and only if the translation family {o(- -
6) . < R} has monotone likelihood ratio: i.e. for every ¢, < & the ratio p(x -
&)/ p(x - 6;) is a monotone nondecreasing function of x.

Proof. See Section 11.
Definition 2.4. (0-/m): A probability measure Pon (R? 289 is log-concave if for all non-
empty sets A, B € #%and for all 0 < 9< 1 we have

P(0A+(1—0)B) > P(A)’P(B)' .

It is well-known that log-concave measures have sub-exponential tails, see Borell [1983] and
Section 5.1 below. To accommodate densities having tails heavier than exponential, the
classes of s—concave densities and measures are of interest.

Definition 2.5. (s-a): A density function p with respect to Lebesgue measure A on an convex
set C C R%is s—concave if
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p(0z+(1 — 0)y) > M,(p(z), p(y);0)
where the generalized mean M{v, v; 0) is defined for v, v= 0 by

(Bus+(1 — 0)v*)/*,  s=#0,

M (u,v;0) = ulv! =7, 5=0,
R min{u,v}, 5= — 00,
max{u, v}, s=-+o00.

Definition 2.6. (s-/7): A probability measure Pon (RY, 289 is s—concave if for all non-
empty sets A, Bin #%and for all 6 < (0, 1),

P(0A+(1 — 6)B) > M,(P(A), P(B);0)

where M{u, v; 0) is as defined above.

These classes of measures and densities were studied by Prékopa [1973] in the case s=0
and for all s R by Brascamp and Lieb [1976], Borell [1975], Borell [1974], and Rinott
[1976]. The main results concerning these classes are nicely summarized by Dharmadhikari
and Joag-Dev [1988]; see especially sections 2.3-2.8 (pages 46-66) and section 3.3 (pages
84-99). In particular we will review some of the key results for these classes in the next
section. For bounds on densities of s—concave distributions on R see Doss and Wellner
[2013]; for probability tail bounds for s—concave measures on R see Bobkov and Ledoux
[2009]. For moment bounds and concentration inequalities for s—concave distributions with
§< 0 see Adamczak et al. [2012] and Guédon [2012], section 3.

A key theorem connecting probability measures to densities is as follows:

Theorem 2.7. Suppose that Pis a probability measure on (R? 29 such that the affine hull
of supp(AP) has dimension d. Then Pis a log-concave measure if and only if it has a log-
concave density function pon R? that is p= ? with ¢ concave satisfies

P(A)[ ,pdrforA € 2%,

For the correspondence between s—concave measures and #—concave densities, see Borell
[1975], Brascamp and Lieb [1976] section 3, Rinott [1976], and Dharmadhikari and Joag-
Dev [1988].

One of our main goals here is to review and summarize what is known concerning the
(smaller) classes of (what we call) strongly log-concave densities. This terminology is not
completely standard. Other terms used for the same or essentially the same notion include:
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o Log-concave perturbation of Gaussian, Villani [2003], Caffarelli [2000]. pages
290-291.
e Gaussian weighted log-concave, Brascamp and Lieb [1976] pages 379, 381.

»  Uniformly convex potential: Bobkov and Ledoux [2000], abstract and page 1034,
Gozlan and Léonard [2010], Section 7.

«  Strongly convex potential: Caffarelli [2000].

In the case of real-valued discrete variables the comparable notion is called w/tra log-
concavity; see e.g. Liggett [1997], Johnson, Kontoyiannis and Madiman [2013], and
Johnson [2007]. We will re-visit the notion of ultra log-concavity in Section 4.

Our choice of terminology is motivated in part by the following definition from convexity
theory: following Rockafellar and Wets [1998], page 565, we say that a proper convex
function #: R? — R is strongly convex if there exists a positive number ¢ such that

MO+~ B)y) < Bh(x)+(1 — O)h(y) — 1eB(1 —O)]}& — y]

for all x, yc Rand 6 € (0, 1). It is easily seen that this is equivalent to convexity of 4(x)
- (1/2)d| X2 (see Rockafellar and Wets [1998], Exercise12.59, page 565).

Thus our first definition of strong log-concavity of a density function pon R s as follows:

Definition 2.8. For any o2 > 0 define the class of strongly log-concave densities with
variance parameter o2, or SLCy(0?, d) to be the collection of density functions p of the form

p(z)=9(2)0,,, ()

for some log-concave function gwhere, for a positive definite matrix > and z € R, oy (- -
4) denotes the Ny, X) density given by

o2t —m=Cr T e (<5 -0 @ m) . ey

If a random vector X has a density p of this form, then we also say that X'is strongly log-
concave.

Note that this agrees with the definition of strong convexity given above since,

2
h(z) = ~logp(x)= ~ logg(x) +dlog(s VEF)+ oy

so that
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2
T
—logp(zx) — %: —logg(x)+dlog(o v2m)

is convex; i.e. — log p(x) is strongly convex with ¢ = 1/02. Notice however that if p €
SLCy(c?, d) then larger values of ¢ corresp to smaller values of ¢= 1/0%, and hence p
becomes /ess strongly log-concave as o2 increases. Thus in our definition of strong log-
concavity the coefficient 0® measures the “flatness” of the convex potential

It will be useful to relax this definition in two directions: by allowing the Gaussian
distribution to have a non-singular covariance matrix X other than the identity matrix and
perhaps a non-zero mean vector 4. Thus our second definition is as follows.

Definition 2.9. Let & be a @ x dpositive definite matrix and let # € R9- We say that a
random vector X and its density function pare strongly log-concave and write p € SLG (4,
¥, a) if

p(2)=g(x)¢5-(x — p) for & € R

for some log-concave function gwhere ¢x(- — ) denotes the NV (y, ) density given by (2.1).

Note that SLC5(0, 62/, d) = SLCy(o?, d) as in Definition 2.8. Furthermore, if p € SLC (4, 2,
d) with X non-singular, then we can write

o~ (z —
0z

p(z)=g ox@)

where =71 - /62 iis positive definite if 1/02 is smaller than the smallest eigenvalue of =71, In
this case, /7is log-concave, so p € SLCy(d?, d).

Example 2.10. (Gaussian densities) If X~ pwhere pis the N0, X) density with X positive
definite, then X (and p) is strongly log-concave SLC,(0, %, @) and hence also log-concave.
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In particular for d= 1, if X ~ pwhere pis the A4(0, 02) density, then X (and p) is SLCy(c?,
1) = SLCy(0, o2, 1) and hence is also log-concave. Note that ¢, (z) = (—logp) (z)=1/0%is
constant in this latter case.

Example 2.11. (Logistic density) If X ~ pwhere p(x) = /(1 + € X)2 = (1/4)/(cosh(x12))?,
then X (and p) is log-concave and even strictly log-concave since

¢ (z)=(—logp) (z)=2p(z)>0for all x € R, but X is not strongly log-concave.

Example 2.12. (Bridge densities) If X ~ pgpwhere, for 8 (0, 1),

_ sin(70)
2 (cosh(6z)+cos(m6))’

Po(z)

then X (and py) is log-concave for 0 € (0, 1/2], but fails to be log-concave for 0 € (1/2, 1).

For € (1/2, 1), ¢g(z):(—logp9)” () is bounded below, by some negative value depending
on 6, and hence these densities are semi-log-concave in the terminology of Cattiaux and
Guillin [2013] who introduce this further generalization of log-concave densities by
allowing the constant in the definition of a class of strongly log-concave densities to be
negative as well as positive. This particular family of densities on R was introduced in the
context of binary mixed effects models by Wang and Louis [2003].

Example 2.13. (Subbotin density) If X ~ p,where p{x) = Crexp(=|x'1r) for xe R and r>0
where C,= 1/[2T(1/A/A/"1], then X (and p,) is log-concave for all 7= 1. Note that this
family includes the Laplace (or double exponential) density for r=1 and the Gaussian (or
standard normal) density for 7= 2. The only member of this family that is strongly log-
concave is p, the standard Gaussian density, since (—log p)”(x) = (r— 1)|x/2 for x# 0.

Example 2.14. (Supremum of Brownian bridge) If Uis a standard Brownian bridge process
on [0, 1], Then Asupg<x1 U > x) = exp(-2x2) for x> 0, so the density is fx) = 4x
exp(=2x2)1(g, o)(X), which is strongly log concave since (-log A”((X) = 4 + x"2 = 4. This is
a special case of the Weibull densities 74(x) = AL exp(-x%) which are log-concave if 5= 1
and strongly log-concave for = 2. For more about suprema of Gaussian processes, see
Section 9.3 below.

For further interesting examples, see Dharmadhikari and Joag-Dev [1988] and Prékopa
[1995].

There exist a priori many ways to strengthen the property of log-concavity An very
interesting notion is for instance the log-concavity of order p. This is a one-dimensional
notion, and even if it can be easily stated for one-dimensional measures on R? see Bobkov
and Madiman [2011] Section 4, we state it in its classical way on R.

Definition 2.15. A random variable £> 0 is said to have a log-concave distribution of order
p= 1, if it has a density of the form fx) = ¥*1g(x), x> 0, where the function gis log-
concave on (0, co).
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Notice that the notion of log-concavity of order 1 coincides with the notion of log-concavity
for positive random variables. Furthermore, it is easily seen that log-concave variables of
order p> 1 are more concentrated than log-concave variables. Indeed, with the notations of
Definition 2.15 and setting moreover 7= exp (-¢p and g = exp (=¢g), assuming that fis %
we get,

-1
Hessgof:Hessgog—i-pm—2

As a matter of fact, the exponent p strengthens the Hessian of the potential of g, which is
already a log-concave density. Here are some example of log-concave variables of order p.

Example 2.16. The Gamma distribution with a = 1 degrees of freedom, which has the
density £x) =T (o)1 X471 X1y o)(¥) is log-concave of order .

Example 2.17. The Beta distribution B, swith parameters > 1 and = 1 is log-concave of
order a. We recall that its density gis given by g(x) = B(a, /™ x*™1 (1 = 0P 1o 1y(0.

Example 2.18. The Weibull density of parameter = 1, given by /4(x) = %L exp (-x/)
1(0, 50)(%) is log-concave of order £

It is worth noticing that when X'is a log-concave vector in R with spherically invariant
distribution, then the Euclidian norm of X, denoted ||.X|, follows a log-concave distribution
of order &1 (this is easily seen by transforming to polar coordinates; see Bobkov [2003] for
instance). The notion of log-concavity of order pis also of interest when dealing with
problems in greater dimension. Indeed, a general way to reduce a problem defined by @-
dimensional integrals to a problem involving one-dimensional integrals is given by the
“localization lemma” of Lovasz and Simonovits [1993]; see also Kannan, Lovasz and
Simonovits [1997]. We will not further review this notion and we refer to Bobkov [2003],
Bobkov [2010] and Bobkov and Madiman [2011] for nice results related in particular to
concentration of log-concave variables of order p.

The following sets of equivalences for log-concavity and strong log-concavity will be useful
and important. To state these equivalences we need the following definitions from Simon
[2011], page 199. First, a subset A of R%is balanced (Simon [2011]) or centrally symmetric
(Dharmadhikari and Joag-Dev [1988]) if x € A implies —x € A.

Definition 2.19. A nonnegative function fon R?is convexly layered if {x: fx) > a} is a
balanced convex set for all @ > 0. It is called even, radial monotone if (/) {—x) = fx) and (ii)
frX) = fx) forall0< r<1andall x< RY,

Proposition 2.20. (Equivalences for log-concavity). Let p= € ¢ be a density function with
respect to Lebesgue measure A on R that is, p= 0 and [z pd = 1. Suppose that ¢ € C2.
Then the following are equivalent:

a. ¢=-log pisconvex; i.e. pis log-concave.
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b. V¢=-Vpp:R9— R%is monotone:
(Vp(ze) — V(z1),z0 — 1) > 0for all zy, 20 € R

c. V2p=V2%¢)=0.
d.  Jidx p) = ma+ xp(a- x) is convexly layered for each a € RY.
e. J{xp) is even and radially monotone.

f.  pis mid-point log-concave: for all X, x; € RY,

1 1
p <§$1+§$2> > P(fl)l/zp(@)l/z-

The equivalence of (a), (d), (e), and (f) is proved by Simon [2011], page 199, without
assuming that p € C2. The equivalence of (a), (b), and (c) under the assumption ¢ € C? is
classical and well-known. This set of equivalences generalizes naturally to handle ¢ ¢ 2,
but ¢ proper and upper semicontinuous so that pis lower semicontinuous; see Section 5.2
below for the adequate tools of convex regularization.

In dimension 1, Bobkov [1996] proved the following further characterizations of log-
concavity on R.

Proposition 2.21 (Bobkov [1996]). Let i be a nonatomic probability measure with
distribution function F= g ((-o0, X]), x€ R. Set a=inf{xe R : F(x) >0} and 6=sup {x
€ R : F(X) < 1}. Assume that Fstrictly increases on (a, &), and let F1: (0, 1) — (& b)
denote the inverse of Frestricted to (&, 6). Then the following properties are equivalent:

a. pislog-concave;
b. forall #> 0, the function R, (p) = F(F L () + #) is concave on (&, b);

c. Mhas a continuous, positive density fon (&, 6) and, moreover, the function /(p) = f
(F1(p)) is concave on (0, 1).

Properties (b) and (c) of Proposition 2.21 were first used in Bobkov [1996] along the proofs
of his description of the extremal properties of half-planes for the isoperimetric problem for
log-concave product measures on R?. In Bobkov and Madiman [2011] the concavity of the
function /(p) = F(F 1 (p)) defined in point (c) of Proposition 2.21, plays a role in the proof
of concentration and moment inequalities for the following information quantity: — log f.X)
where X'is a random vector with log-concave density 7. Recently, Bobkov and Ledoux
[2014] used the concavity of /to prove upper and lower bounds on the variance of the order
statistics associated to an i.i.d. sample drawn from a log-concave measure on R. The latter
results allow then the authors to prove refined bounds on some Kantorovich transport
distances between the empirical measure associated to the i.i.d. sample and the log-concave
measure on R. For more facts about the function /for general measures on R and in
particular, its relationship to isoperimetric profiles, see Appendix A. 4-6 of Bobkov and
Ledoux [2014].
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Example 2.22. If iis the standard Gaussian measure on the real line, then /is symmetric
around 1/2 and there exist constants 0 < ¢y < ¢; < oo such that

cot \flog(1/1) < I(1) < ext \log(1/1),

for t< (0, 1/2] (see Bobkov and Ledoux [2014] p.73).
We turn now to similar characterizations of strong log-concavity.

Proposition 2.23. (Equivalences for strong log-concavity, SLC;). Let p= € ? be a density
function with respect to Lebesgue measure A on R that is, p= 0 and [rd pdi = 1. Suppose
that ¢ € C2. Then the following are equivalent:

a. pisstrongly log-concave; p € SLC (o2, a).
b. p(X) = Ve(x) - xo? : R? — R7is monotone:

(p(x2) — p(x1), 22 — x1) > Ofor all 77,2z € RY.

c. Vp(X)=V2p— llo?=0.
d. For each a € Rthe function

p(a+z)pla — z)

e = @
a21/2

a
is convexly layered.

€. The function J¢ (z;p) in () is even and radially monotone for all a € RY,

f. Forall x, ye RY,

1 1 1
p (5559 = @) o) ex (e —of?)

Proof. See Section 11.

We investigate the extension of Proposition 2.21 concerning log-concavity on R, to the case
of strong log-concavity. (The following result is apparently new.) Recall that a function #is
strongly concave on (&, b) with parameter ¢> 0 (or ¢-strongly concave), if for any x, y € (&
b),any € (0, 1),

h(0z+(1 — 0)y) > Oh(z)+(1 — 6’)h(y)+%c€(1 —0)||z —y|*
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Proposition 2.24. Let i be a nonatomic probability measure with distribution function F= y
((=00, X)), xe R. Set a=inf{xe R : F(X) >0} and b=sup{x e R : F(X) <1}, possibly
infinite. Assume that Fstrictly increases on (&, ), and let £1: (0,1) — (a, b) denote the
inverse of Frestricted to (& 6). Suppose that X'is a random variable with distribution 2.
Then the following properties hold:

i. IfXeSLC (¢ 1), c>0,then /(p) = F(FL(p)is (dfi)? -strongly concave and
—y/Var(X )
(C ar(X) -strongly concave on (0, 1).

ii. The converse of point (i) is false: there exists a log-concave variable X which is not
strongly concave (for any parameter ¢ > 0) such that the associated /function is
strongly log-concave on (0, 1).

iii. There exist a strongly log-concave random variable X € SLC(c, 1) and /i > 0 such
that the function Ry, (p) = F(F(p) + hy) is concave but not strongly concave on
(a b).

iv. There exists a log-concave random variable X which is not strongly log-concave
(for any positive parameter), such that for all /2> 0, the function Ry, (p) = F(F1
(o) + h) is strongly concave on (&, b).

From (i) and (ii) in Proposition 2.24, we see that the strong concavity of the function /is a
necessary but not sufficient condition for the strong log-concavity of X. Points (iii) and (iv)
state that no relations exist in general between the strong log-concavity of X and strong
concavity of its associated function R,

Proof. See Section 11.

The following proposition gives a similar set of equivalences for our second definition of
strong log-concavity, Definition 2.9.

Proposition 2.25. (Equivalences for strong log-concavity, SLG,). Let p= € ? be a density
function with respect to Lebesgue measure A on R? that is, p= 0 and [gd pdld = 1. Suppose
that ¢ € C2. Then the following are equivalent:

a. pisstrongly log-concave; p € SLCy(u, &, d) with = >0, y€ RY.
b. p(X) = Ve(x) - Y x- 1) : R?— R%is monotone:

(p(x2) — p(z1), 29 — 1) > Ofor all 27,z € RY.

c. Vp(x)=Vip-x1x0.

d. Foreach a € RY the function

9 (z;p)=plat+a)p(a — 2) /oy ()
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is convexly layered. (¢) For each a € R%the function J? (x;p) in (d) is even and
radially monotone.

e. Forall x, yc R?,

p (%H%y) > p(z)"*p(y)Pexp (%(x )Ty (@ y)) :

Proof. To prove Proposition 2.25 it suffices to note the log-concavity of g(x) = p(X)/ ¢sy2 (%)
and to apply Proposition 2.20 (which holds as well for log-concave functions). The claims
then follow by straightforward calculations; see Section 11 for more details.

3. Log-concavity and strong log-concavity: preservation theorems

Both log-concavity and strong log-concavity are preserved by a number of operations. Our
purpose in this section is to review these preservation results and the methods used to prove
such results, with primary emphasis on: (a) affine transformations, (b) marginalization, (c)
convolution. The main tools used in the proofs will be: (i) the Brunn-Minkowski inequality;
(ii) the Brascamp-Lieb Poincaré type inequality; (iii) Prékopa's theorem; (iv) Efron's
monotonicity theorem.

3.1. Preservation of log-concavity

3.1.1. Preservation by affine transformations—Suppose that X has a log-concave
distribution Pon (R? 289, and let A be a non-zero real matrix of order /77 x d. Then consider
the distribution Q of Y= AXon R

Proposition 3.1. (log-concavity is preserved by affine transformations). The probability
measure @ on R defined by Q(B) = AAX € B) for B < #is a log-concave probability
measure. If Pis non-degenerate log-concave on R?with density pand m= dwith A of rank
d, then Qs non-degenerate with log-concave density g.

Proof. See Dharmadhikari and Joag-Dev [1988], Lemma 2.1, page 47.

3.1.2. Preservation by products—Now let 2, and P, be log-concave probability
measures on (R, %) and (R%, 2%) respectively. Then we have the following
preservation result for the product measure P, x 2, on (R% x R®2, BN x B%R):

Proposition 3.2. (log-concavity is preserved by products) If 2, and P, are log-concave
probability measures then the product measure P, x A5 is a log-concave probability measure.

Proof. See Dharmadhikari and Joag-Dev [1988], Theorem 2.7, page 50. A key fact used in
this proof is that if a probability measure Pon (RY. 289 assigns zero mass to every
hyperplane in R?, then log-concavity of 2holds if and only if AGA + (1 - 6 B) = AA)?
AB)~Yfor all rectangles A, B with sides parallel to the coordinate axes; see Dharmadhikari
and Joag-Dev [1988], Theorem 2.6, page 49.
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3.1.3. Preservation by marginalization—Now suppose that pis a log-concave density
on R™/7and consider the marginal density g()) = [rm p(X, })dx. The following result due to
Prékopa [1973] concerning preservation of log-concavity was given a simple proof by
Brascamp and Lieb [1976] (Corollary 3.5, page 374). In fact they also proved the whole
family of such results for s—concave densities.

Theorem 3.3. (log-concavity is preserved by marginalization; Prékopa's theorem). Suppose
that pis log-concave on R and let g()) = [rm p(x, ¥)dx. Then gis log-concave.

This theorem is a center piece of the entire theory. It was proved independently by a number
of mathematicians at about the same time: these include Prékopa [1973], building on
Dinghas [1957], Prékopa [1971], Brascamp and Lieb [1974], Brascamp and Lieb [1975],
Brascamp and Lieb [1976], Borell [1975], Borell [1974], and Rinott [1976]. Simon [2011],
page 310, gives a brief discussion of the history, including an unpublished proof of Theorem
3.3 given in Brascamp and Lieb [1974]. Many of the proofs (including the proofs in
Brascamp and Lieb [1975], Borell [1975], and Rinott [1976]) are based fundamentally on
the Brunn-Minkowski inequality; see Das Gupta [1980], Gardner [2002], and Maurey [2005]
for useful surveys.

We give two proofs here. The first proof is a transportation argument from Ball, Barthe and
Naor [2003]; the second is a proof from Brascamp and Lieb [1974] which has recently
appeared in Simon [2011].

Proof. (Via transportation)). We can reduce to the case 7= 1 since it suffices to show that the
restriction of gto a line is log-concave. Next note that an inductive argument shows that the
claimed log-concavity holds for m+ 1 if it holds for m, and hence it suffices to prove the
claim for m=n=1.

Since log-concavity is equivalent to mid-point log concavity (by the equivalence of (a) and
(e) in Proposition 2.20), we only need to show that

+
q <u2v> > q(u)2q(0)'? @32

forall u, v R. Now define
F@)=p(z,u), g(z)=p(x,v), h(z)=p(z, (u+v)/2).
Then (3.2) can be rewritten as
Sh(@)dx > (ff(2)dx) "> (f g(w)dx) /.

From log-concavity of pwe know that
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S'(2)+T(2)

2

Ja(y;9)=a(a+y)q(a—y)=[ [p(z,a+y)p(2z, a~y)dxdz=2[ [p(u+tv, a+y)p(u—v, a—y)dudv=2[ [ Jy o (v, y;p)dudv

Page 14

+ fw ut
h <Z 2’11}) —p (Z 221)’ u2’U> > p(z’u)l/Qp(w7U)1/2:f(2)1/29(w)1/2. (33)

By homogengity we can arrange f, g, and Aso that [AX)adx= [g(x)dx = 1; if not, replace F
and gwith fand gdefined by fix)= Ax)/[fxX)adxX = AX)/g(v) and g(X) = g(X)/[g(X)adx =
9 (v).

Now for the transportation part of the argument: let Zbe a real-valued random variable with
distribution function K having smooth density 4. Then define maps Sand 7 by K(2) =
HS(2)) and K(2) = G(T(2)) where Fand G are the distribution functions corresponding to £
and g. Then

where &, 7 = 0 since the same is true for &; £ and g, and it follows that

1/2 ’
2

dz=[h(z)dx

by the inequality (3.3) in the first inequality and by the arithmetic - geometric mean
inequality in the second inequality.

Proof. (Via symmetrization). By the same induction argument as in the first proof we can
suppose that /m= 1. By an approximation argument we may assume, without loss of
generality that p has compact support and is bounded.

Now let @ € R”and note that

where, for (v, &) fixed, the integrand is convexly layered by Proposition 2.20 (d). Thus by the
following Lemma 3.4, the integral over vis an even lower semi-continuous function of y for
each fixed «, a. Since this class of functions is closed under integration over an indexing
parameter (such as &), the integration over « also yields an even radially monotone function,
and by Fatou's lemma J(y; g) is also lower semicontinuous. It then follows from Proposition
2.20 again that gis log-concave.

Lemma 3.4. Let fbe a lower semicontinuous convexly layered function on R™1 written as
flx, O, xe R te R. Suppose that fis bounded and has compact support. Let
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g(@)=]_f(z,t)dt.

Then gis an even, radially monotone, lower semicontinuous function.
Proof. First note that sums and integrals of even radially monotone functions are again even
and radially monotone. By the wedding cake representation

fl@)=[01{f(z)>t}dt,

it suffices to prove the result when fis the indicator function of an open balanced convex set
K. Thus we define

K(z)={t € R:(z,t) € K}, forx € R".
Thus K(X) = (c(X), d(X)), an open interval in R and we see that
g(z)=d(z) - c(z).

But convexity of Kimplies that ¢(x) is convex and o) is concave,and hence g(x) is
concave. Since Kis balanced, it follows that o(-x) = —d(x), or d—x) = —¢(X), so gis even.
Since an even concave function is even radially monotone, and lower semicontinuity of g
holds by Fatou's lemma, the conclusion follows.

3.1.4. Preservation under convolution—Suppose that X, Y are independent with log-
concave distributions 2and Qon (R? 2%, and let R denote the distribution of X+ Y. The
following result asserts that R is log-concave as a measure on R?.

Proposition 3.5. (log-concavity is preserved by convolution). Let Pand Q be two log-
concave distributions on (R? 289 and let R be the convolution defined by R(B) = [rd AB-
W) for B< A9 Then Ris log-concave.

Proof. It suffices to prove the proposition when Pand Q are absolutely continuous with
densities pand gon RY. Now A(x, ¥) = p(x - ) () is log-concave on R2? and hence by
Proposition 3.3 it follows that

r(y)=J @ y)dy=]  p(z —y)q(y)dy

is log-concave.

Proposition 3.5 was proved when ¢= 1 by Schoenberg [1951] who used the PF, terminology
of Pélya frequency functions. In fact all the Polya frequency classes PFy, k= 2, are closed
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under convolution as shown by Karlin [1968]; see Marshall, Olkin and Arnold [2011],
Lemma A.4 (page 758) and Proposition B.1, page 763. The first proof of Proposition 3.5
when d'= 2 is apparently due to Davidovi¢, Korenbljum and Hacet [1969]. While the proof
given above using Prékopa's theorem is simple and quite basic, there are at least two other
proofs according as to whether we use:

a. the equivalence between log-concavity and monotonicity of the scores of 7 or

b. the equivalence between log-concavity and non-negativity of the matrix of second
derivatives (or Hessian) of — log £ assuming that the second derivatives exist.

The proof in (a) relies on Efron's inequality when = 1, and was noted by Wellner [2013] in
parallel to the corresponding proof of ultra log-concavity in the discrete case given by
Johnson [2007]; see Theorem 4.1. We will return to this in Section 6. For @> 1 this approach
breaks down because Efron's theorem does not extend to the multivariate setting without
further hypotheses. Possible generalizations of Efron's theorem will be discussed in Section
7. The proof in (b) relies on a Poincaré type inequality of Brascamp and Lieb [1976]. These
three different methods are of some interest since they all have analogues in the case of
proving that strong log-concavity is preserved under convolution.

It is also worth noting the following difference between the situation in one dimension and
the result for preservation of convolution in higher dimensions: as we note following
Theorems 29 and 33, Ibragimov [1956a] and Keilson and Gerber [1971] showed that in the
one-dimensional continuous and discrete settings respectively that if px g is unimodal for
every unimodal g, then pis log-concave. The analogue of this for &> 1 is more complicated
in part because of the great variety of possible definitions of “unimodal” in this case; see
Dharmadhikari and Joag-Dev [1988] chapters 2 and 3 for a thorough discussion. In
particular Sherman [1955] provided the following counterexample when the notion of
unimodality is taken to be centrally symmetric convex unimodality; that is, the sets S{p) =
{x€ RY: p(x) = ¢} are symmetric and convex for each ¢ > 0. Let p be the uniform density
on [-1, 1]2 (so that p(x) = (1/4)1[-1, 172(x)); then pis log-concave. Let g be the density given
by 1/12 on [-1, 1]2 and 1/24 on ([-1, 1] % (1, 5]) U ([-1, 1] x [-5, -1)). Thus g s centrally
symmetric convex (and hence also quasi-concave, g € 7_, as in Definition 2.5. But /= p
g is not centrally symmetric convex (and also is not quasi-concave), since the sets S{/) are
not convex: see Figure 1.

3.1.5. Preservation by (weak) limits—Now we consider preservation of log-concavity
under convergence in distribution.

Proposition 3.6. (log-concavity is preserved under convergence in distribution). Suppose
that { P} is a sequence of log-concave probability measures on R, and suppose that £, —
Py. Then Ay is a log-concave probability measure.

Proof. See Dharmadhikari and Joag-Dev [1988], Theorem 2.10, page 53.

Note that the limit measure in Proposition 3.6 might be concentrated on a proper subspace of
R If we have a sequence of log-concave densities g, which converge pointwise to a density
function gy, then by Scheffe's theorem we have p, — g in L1(1) and hence dnfPn, Py) —
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0. Since convergence in total variation implies convergence in distribution we conclude that
Py is a log-concave measure where the affine hull of supp(/) has dimension dand hence 7~
is the measure corresponding to gy which is necessarily log-concave by Theorem 2.7.

Recall that the class of normal distributions on R is closed under all the operations
discussed above: affine transformation, formation of products, marginalization, convolution,
and weak limits. Since the larger class of log-concave distributions on R is also preserved
under these operations, the preservation results of this section suggest that the class of log-
concave distributions is a very natural nonparametric class which can be viewed naturally as
an enlargement of the class of all normal distributions. This has stimulated much recent
work on nonparametric estimation for the class of log-concave distributions on R and R%
for example, see Dimbgen and Rufibach [2009], Cule and Samworth [2010], Cule,
Samworth and Stewart [2010], Walther [2009], Balabdaoui, Rufibach and Wellner [2009],
and Henningsson and Astrom [2006], and see Section 9.13 for further details.

3.2. Preservation of strong log-concavity

Here is a theorem summarizing several preservation results for strong log-concavity Parts
(@), (b), and (d) were obtained by Henningsson and Astrom [2006].
Theorem 3.7. (Preservation of strong log-concavity)

a. (Linear transformations) Suppose that X has density p € SLC,(0, %, @) and let A be
a dx dnonsingular matrix. Then Y= AX has density g€ SLC, (0, AZA’, d) given
by qU) = (A y) det(A™Y).

b. (Convolution) If Z= X+Ywhere X~ pe SLG)(0, %, d)and Y~ g< SLC, (0, T,
d) are independent, then Z = X+ Y~pxgec SLC, (0, £+ T, a).

c. (c) (Product distribution) If X~p e SLG, (0, %, myand Y~ ge SLG, (0, T, n),
then

(X,Y)~p-q € SLCy <0, ( %: 19 > ,m+n> .

d. (Product function) If p€ SLC)(0, %, @) and g€ SLC(0, T, @), then A given by A(x)
= p(X)g(x) (which is typically not a probability density function) satisfies /7 €
SLG,(0, (=1 + 1 hD,

Part (b) of Theorem 3.7 is closely related to the following result which builds upon and
strengthens Prékopa's Theorem 3.3. It is due to Brascamp and Lieb [1976] (Theorem 4.3,
page 380); see also Simon [2011], Theorem 13.13, page 204.

Theorem 3.8. (Preservation of strong log-concavity under marginalization). Suppose that p
€ SLC(0, 3, m+ n). Then the marginal density g on R” given by

q(z)=/_,, p(z,y)dy
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is strongly log-concave: g € SLC,(0, 311, m) where

N IS TP
Z_< o1 222 ) 69

Proof. Since p € SLC(0, 3, m+ rj) we can write

-1
z,y)=g(x z,y)=g(x ;ex _leT 21 212 z
P =000y (=000 p( jaran( B 22 ) (y))

where gis log-concave. Now the Gaussian term in the last display can be written as

by x (yl2)

1

1 —1 T —1
:WGXP <_§(y =22 @) 25,

- 221211133))
R
CLOMT |)m/2

1 -1
s

-1
where sz = 222 - Zmzn Zu, and hence
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Q(HU):IMQ(%ZJ)WGXP(

-, Y
- 221 2;113:)) dy

RN —
(27T|211|)m/2

1 -1
— §IT211 fE)
S CYTS D D)
1

sy

—(1/2)e7Y [2) = he)os (@)

o . -1 1 1 =1\
)= T T T ) e (57 Eens?)

S - -1 ..
is log-concave: g is log-concave, and hence 9(z,9) = 9(1?,214-221211 ) is log-concave;

L R
the product (. ) - exp(—(1/2)yT222_1y) is (jointly) log-concave; and hence #is log-
concave by Prékopa's Theorem 3.3.

Proof. (Theorem 3.7):

a.

b.

The density gis given by g()) = p(A1)) det(A™1) by a standard computation. Then
since p € SLC,(0, 3, d) we can write

9(y)=9(A7"y)det(A o5 (A7 y)=g(A7'9)9 5~ .1 (¥)

where g(A™1y) is log-concave by Proposition 3.1.
If pe SLGC)(0, %, a) and g € SLC,(0, T, @), then the function
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Mz, z)=p(z)q(z — x)
is strongly log-concave jointly in xand Zz:since
2T etz = ) T e—a)=2" (3 4T) (@ — €)Y T (a—C)

where = (271 + =1)~Ir-1 it follows that

Bz, 2)=gp(2)ga (5= )65 (2)0r (=) =g (5, 20y~ 4 (2) b1 1 (2= C)

is jointly log-concave. Hence it follows that
pra(2)=] _,h(z,2)dx=05 ,p(2)]_,9(2,2)o5~ 1,1 (o= C)dx = B3~ 41(2)90(2)
where gp(2) is log-concave by Prékopa's theorem, Theorem 3.3.

c. Thisis easy since

P(2)a(y)=9p()g(y) 05> (2)ér (y)=9(2, y) o5~ (2, y)

where 3 is the given 2d'x 2dblock diagonal matrix and g is jointly log-concave (by
Proposition 3.2).

d. Note that

p(2)a(2)=g,(2)94(2)5 (2) - Ir(2) = go(2)¢ 5~-1 1)1 (2)

where gq is log-concave.

4. Log-concavity and ultra-log-concavity for discrete distributions

We now consider log-concavity and ultra-log-concavity in the setting of discrete random
variables. Some of this material is from Johnson, Kontoyiannis and Madiman [2013] and
Johnson [2007].

An integer-valued random variable X with probability mass function {p,: x € Z} is log-
concave if

pz > pay1po—1for allx € Z. (45)
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If we define the score function ¢ by ¢(X) = px+1/px then log-concavity of {&} is equivalent
to ¢ being decreasing (nonincreasing).

A stronger notion, analogous to strong log-concavity in the case of continuous random
variables, is that of u/tra-log-concavity. for any A > 0 define ULC()A) to be the class of
integer-valued random variables X with mean £X =\ such that the probability mass
function p, satisfies

xpi > (z41)pr41ps—1 for allz > 1. (4.6)

Then the class of ultra log-concave random variables is ULC = [ ;>oULC()). Note that
(4.6) is equivalent to log-concavity of x — p/m, yWhere m = )X is the Poisson
distribution on N, and hence ultra-log-concavity corresponds to p being /og-concave relative
to m, (or p<1c m) in the sense defined by Whitt [1985]. Equivalently, py = /,m, ,where fis
log-concave. When we want to emphasize that the mass function {p,} corresponds to .X; we
also write px{x) instead of py.

If we define the relative score function p by

(z+D)pey1
APz

p(z)

L

then X~ p e ULC(A) if and only if pis decreasing (nonincreasing). Note that

p(x):(z—}—l))\go(x) B 1:(I—|—1))\<p(ac) ~ (Hi)mrﬂ.
TN,z

Our main interest here is the preservation of log-concavity and ultra-log-concavity under
convolution.

Theorem 4.1. (a) (Keilson and Gerber [1971]) The class of log-concave distributions on Z is
closed under convolution. If U~ pand V'~ gare independent and pand g are log-concave,
then U+ V~ px gis log-concave. (b) (Walkup [1976], Liggett [1997]) The class of ultra-
log-concave distributions on Z is closed under convolution. More precisely, these classes are
closed under convolution in the following sense: if /€ ULC()) and V'€ ULC(y) are
independent, then U+ V€ ULC(\ + f).

Actually, Keilson and Gerber [1971] proved more: analogously to Ibragimov [1956a] they
showed that pis strongly unimodal (i.e. X+ Y~ p* gwith X, Yindependent is unimodal
for every unimodal gon Z) if and only if X ~ pis log-concave. Liggett's proof of (b)
proceeds by direct calculation; see also Walkup [1976]. For recent alternative proofs of this
property of ultra-log-concave distributions, see Gurvits [2009] and Kahn and Neiman
[2011]. A relatively simple proof is given by Johnson [2007] using results from
Kontoyiannis, Harremoés and Johnson [2005] and Efron [1965], and that is the proof we
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will summarize here. See Nayar and Oleszkiewicz [2012] for an application of ultra log-
concavity and Theorem 4.1 to finding optimal constants in Khinchine inequalities.

Before proving Theorem 4.1 we need the following lemma giving the score and the relative
score of a sum of independent integer-valued random variables.

Lemma 4.2. If X, Yare independent non-negative integer-valued random variables with
mass functions p = pxand g= pythen:

a. oxtU9 = Hoxd XX+ Y=2}

b. If moreover, Xand Y have means yand vrespectively, then with a = p/(u+ v),
Pxivy (Z):E{O‘px (X)+(1 - O‘)pY (Y) |X+Y:Z}'

Proof. For (a), note that with F, = px: y{(2) we have

Pxsy (21+1) :Zp(m)fz(H1 —2) p(z) ple—1)q(z+1—z) :Zp(zﬂ) ple)g(z —z)

Pxiv (z) F, - p(x - l) - F, p(f) F,

To prove (b) we follow Kontoyiannis, Harremoés and Johnson [2005], page 471: using the
same notation as in (a),

) Py ()

e i p ey (2)
B (z4+1)p(z)g(2+1 — z)

_ 1_; o 21

_ zp(z)q(2+1 — )

_%:{ (ptv)E,

(z —z+lp()g(z4l —2) zpy (z)
N (utv)F- = {;up(ﬂﬂ -1)
. p(z —1)g(z — z+1)
F,

—14+(1 — @) {Zz —z41g(z — z41)

- v q(z — x)

p(z)g(z — =)
F;
— 1:;])(:6)(]2?/ — .T) {apx (z)

+(1 - a)py (z — 7).

Proof. Theorem 4.1: (b) This follows from (b) of Lemma 4.2 and Theorem 1 of Efron
[1965], upon noting Efron's remark 1, page 278, concerning the discrete case of his theorem:

Stat Surv. Author manuscript; available in PMC 2016 April 27.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Saumard and Wellner

Page 23

for independent log-concave random variables X'and Yand a measurable function ®
monotone (decreasing here) in each argument, £{®(X, Y)| X+ Y=z} is a monotone
decreasing function of z note that log-concavity of X'and Yimplies that

14

Ep @)+

v #+’/pY (v)

(I)(:L‘,y)z

is a monotone decreasing function of xand y (separately) by since the relative scores pxand
pyare decreasing. Thus pxs y is a decreasing function of z and hence X+Y e ULC(u+ v).

(@) Much as in part (b), this follows from (a) of Lemma 4.2 and Theorem 1 of Efron [1965],
upon replacing the relative scores pxand py by scores ¢gxand ¢y and by taking ®(x, )) =

Px(X).

For interesting results concerning the entropy of discrete random variables, Bernoulli sums,
log-concavity, and ultra-log-concavity, see Johnson, Kontoyiannis and Madiman [2013],
Ehm [1991], and Johnson [2007]. For recent results concerning nonparametric estimation of
a discrete log-concave distribution, see Balabdaoui et al. [2013] and Balabdaoui [2014]. It
follows from Ehm [1991] that the hypergeometric distribution (sampling without
replacement count of “successes”) is equal in distribution to a Bernoulli sum; hence the
hypergeometric distribution is ultra-log-concave.

5. Regularity and approximations of log-concave functions

5.1. Regularity

The regularity of a log-concave function F= exp (-¢) depends on the regularity of its convex
potential ¢. Consequently, log-concave functions inherit the special regularity properties of
convex functions.

Any log-concave function is nonnegative. When the function fis a log-concave density (with
respect to the Lebesgue measure), which means that fintegrates to 1, then it is automatically
bounded. More precisely, it has exponentially decreasing tails and hence, it has finite ¥
Orlicz norms; for example, see Borell [1983] and Ledoux [2001]. The following lemma
gives a pointwise estimate of the density.

Theorem 5.1 (Cule and Samworth [2010], Lemma 1). Let fbe a log-concave density on RZ.
Then there exist as= 2> 0 and b= b € R such that £(x) < e 4X*0for all x € RY.

Similarly, strong log-concavity implies a finite U5 Orlicz norm (see Ledoux [2001] Theorem
2.15, page 36, Villani [2003], Theorem 9.9, page 280), Bobkov [1999], and Bobkov and
Gotze [1999].

For other pointwise bounds on log-concave densities themselves, see Devroye [1984],
Diimbgen and Rufibach [2009] and Lovész and Vempala [2007].
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As noticed in Cule and Samworth [2010], Theorem 5.1 implies that if a random vector X has
density 7 then the moment generating function of Xis finite in an open neighborhood of the
origin. Bounds can also be obtained for the supremum of a log-concave density as well as
for its values on some special points in the case where d= 1.

Proposition 5.2. Let X be a log-concave random variable, with density fon R and median
m. Then

1 ) 1
var(x) =7 (m)” < WVar(x) ©7
2
12Var(X) = iﬁﬁf@) = Var(X)’ (8
1 ) 1
m < AE[X])” < Var(X)’ (5.9)

Proposition 5.2 can be found in Bobkov and Ledoux [2014], Proposition B.2. See references
therein for historical remarks concerning these inequalities. Proposition 5.2 can also be seen
as providing bounds for the variance of a log-concave variable. See Kim and Samworth
[2014], section 3.2, for some further results of this type.

Notice that combining (5.7) and (5.8) we obtain the inequality sup,er 7(X) <2V3 £(m). In
fact, the concavity of the function /defined in Proposition 2.21 allows to prove the stronger
inequality sup,cgr F(X) < 2f(m). Indeed, with the notations of Proposition 2.21, we have
K(1/2) = fim) and for any x € (&, b), there exists 7€ (0, 1) such that x= F1 (4. Hence,

2 (m)=21 (%) _or (§+¥> > 9 (%1(0%1(1 - t)) > I(t)=f(x).

A classical result on continuity of convex functions is that any real-valued convex function ¢
defined on an open set U C RYis locally Lipschitz and in particular, ¢ is continuous on U.
For more on continuity of convex functions see Section 3.5 of Niculescu and Persson [2006].
Of course, any continuity of ¢ (local or global) corresponds to the same continuity of £

For an exposé on differentiability of convex functions, see Niculescu and Persson [2006] (in
particular sections 3.8 and 3.11; see also Alberti and Ambrosio [1999] section 7). A deep
result of Alexandroff [1939] is the following (we reproduce here Theorem 3.11.2 of
Niculescu and Persson [2006]).

Theorem 5.3 (Alexandroff [1939]). Every convex function ¢ on R is twice differentiable
almost everywhere in the following sense: fis twice differentiable at a, with Alexandrov
Hessian V27(a) in Sym* (d, R) (the space of real symmetric @x d'matrices), if V7 (a) exists,
and if for every > 0 there exists 5> 0 such that

Stat Surv. Author manuscript; available in PMC 2016 April 27.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Saumard and Wellner

Page 25

|z — a||<d implies sup ||y — Vf(a) — VZf(a)(z — a)|| < ||z — al|.
yeof(x)

Here Jf(x) is the subgradient of fat x (see Definition 8.3 in Rockafellar and Wets [1998]).
Moreover, if a is such a point, then

i F(@+) = f(a) = (Vf(@),h) = 5(V*f(a)h, )

=0.
2
70 7]

We immediately see by Theorem 5.3, that since ¢ is convex and F= exp (- ¢), it follows that
fis almost everywhere twice differentiable. For further results in the direction of
Alexandrov's theorem see Dudley [1977, 1980].

5.2. Approximations

Again, if one wants to approximate a non-smooth log-concave function 7= exp (-¢) by a
sequence of smooth log-concave functions, then convexity of the potential ¢ can be used to
advantage. For an account about approximation of convex functions see Niculescu and
Persson [2006], section 3.8.

On the one hand, if » e L] (R?)the space of locally integrable functions, then the standard
use of a regularization kernel (i.e. a one-parameter family of functions associated with a
mollifier) to approximate ¢ preserves the convexity as soon as the mollifier is nonnegative.
A classical result is that this gives in particular approximations of ¢ in LP spaces, p=1, as
soonas ¢ € LP (RY).

On the other hand, infimal convolution (also called epi-addition, see Rockafellar and Wets
[1998]) is a nonlinear analogue of mollification that gives a way to approximate a lower
semicontinuous proper convex function from below (section 3.8, Niculescu and Persson
[2006]). More precisely, take two proper convex functions fand g from R7to R | {oc},
which means that the functions are convex and finite for at least one point. The infimal
convolution between fand g, possibly taking the value —oo, is

(fog) (f)=yi€ann{f (z —y)+g(y)}-

Then, F® gis a proper convex function as soon as f® g (x) > —oc for all x€ R Now, if fis
a lower semicontinuous proper convex function on R the Moreau-Yosida approximation f.
of fis given by

fe)= (£ 0 50 1?) 0=t { @5 e - P
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for any x € R?and &> 0. The following theorem can be found in Alberti and Ambrosio
[1999] (Proposition 7.13), see also Barbu and Precupanu [1986], Brézis [1973] or Niculescu
and Persson [2006].

Theorem 5.4. The Moreau-Yosida approximates 7. are #1 1 (i.e. differentiable with
Lipschitz derivative) convex functions on R?and £. — fas & — 0. Moreover, df. = (e/+
(dh™1)~1 as set-valued maps.

An interesting consequence of Theorem 5.4 is that if two convex and proper lower
semicontinuous functions agree on their subgradients, then they are equal up to a constant
(corollary 2.10 in Brézis [1973]).

Approximation by a regularization kernel and Moreau-Yosida approximation have different
benefits. While a regularization kernel gives the most differentiability the Moreau-Yosida
approximation provides an approximation of a convex function from below (and so, a log-
concave function from above). It is thus possible to combine these two kinds of
approximations and obtain the advantages of both. For an example of such a combination in
the context of a (multivalued) stochastic differential equation and the study of the so-called
Kolmogorov operator, see Barbu and Da Prato [2008].

When considering a log-concave random vector, the following simple convolution by
Gaussian vectors gives an approximation by log-concave vectors that have > densities and
finite Fisher information matrices. In the context of Fisher information, regularization by
Gaussians was used for instance in Port and Stone [1974] to study the Pitman estimator of a
location parameter.

Proposition 5.5 (convolution by Gaussians). Let X be a random vector in R9with density p
w.r.t. the Lebesgue measure and Gad -dimensional standard Gaussian variable, independent
of X Set Z= X+ 0G, 0> 0 and pr= exp(-¢_) the density of Z Then:

i. If Xis log-concave, then Zis also log-concave.

ii. If Xisstrongly log-concave, Z€ SLC; [, d) then Zis also strongly log-concave;
Z€ SLC (#+ 2, a).

iii. Zhas a positive density p-on R? Furthermore, ¢is C> on R9and
Vo, (2)=0 *E[0G|X+0G=2]=E[p,.(0G)| X +0G=2], (5.10)

where p,G (X) = o~2xis the score of 0G.

iv. The Fisher information matrix for location A2) = E[V¢-® V¢~ (2)], is finite and
we have J(2) < J(0G) = o741 as symmetric matrices.

Proof. See Section 11.

We now give a second approximation tool, that allows to approximate any log-concave
density by strongly log-concave densities.
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Proposition 5.6. Let Fbe a log-concave density on RZ. Then for any ¢ > 0, the density

z)e—cllzl®/2

= ,z €RY,
fRd f(v)e*C”l'”?/?dv

is SLC; (¢, dyand . — fas c— Oin Ly, p € [1, oo]. More precisely, there exists a
constant Ag> 0 depending only on £ such that for any £> 0,

sup { sup he(2) — £ (@)}:(f _ Ihe(e) - F(@)Pdx)” } < Age'.

rcRd

Proof. See Section 11.

Finally, by combining Proposition 5.6 and 5.5, we obtain the following approximation
lemma.

Proposition 5.7. For any log-concave density on R there exists a sequence of strongly log-
concave densities that are #°°, have finite Fisher information matrices and that converge to 7
in Ly (Leb), p€ [1, oo].

Proof. Approximate 7by a strongly log-concave density /as in Proposition 5.6. Then
approximate /by convolving with a Gaussian density. In the two steps the approximations
can be as tight as desired in L, for any p € [1, oc]. The fact that the convolution with
Gaussians for a (strongly) log-concave density (that thus belongs to any L, (Leb), p € [1,
oc]) gives approximations in Ly, p € [1, oo] is a simple application of general classical
theorems about convolution in L, (see for instance Rudin [1987], p. 148).

6. Efron’'s theorem and more on preservation of log-concavity and strong

log-concavity under convolution in 1-dimension

Another way of proving that strong log-concavity is preserved by convolution in the one-
dimensional case is by use of a result of Efron [1965]. This has already been used by
Johnson, Kontoyiannis and Madiman [2013] and Johnson [2007] to prove preservation of
ultra log-concavity under convolution (for discrete random variables), and by Wellner [2013]
to give a proof that strong log-concavity is preserved by convolution in the one-dimensional
continuous setting. These proofs operate at the level of scores or relative scores and hence
rely on the equivalences between (a) and (b) in Propositions 2.20 and 2.23. Our goal in this
section is to re-examine Efron’s theorem, briefly revisit the results of Johnson, Kontoyiannis
and Madiman [2013] and Wellner [2013], give alternative proofs using second derivative
methods via symmetrization arguments, and to provide a new proof of Efron's theorem using
some recent results concerning asymmetric Brascamp-Lieb inequalities due to Menz and
Otto [2013] and Carlen, Cordero-Erausquin and Lieb [2013].
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6.1. Efron's monotonicity theorem

The following monotonicity result is due to Efron [1965].

Theorem 6.1 (Efron). Suppose that ® : R”” — R where ® is coordinatewise non-decreasing
and let

g(z) = FE {‘I)(Xl, e 7Xm)’in:Z} ,
j=1

where Xi, ..., Xjpare independent and log-concave. Then g is non-decreasing.

Remark 6.2. As noted by Efron [1965], Theorem 6.1 continues to hold for integer valued
random variables which are log-concave in the sense that p, = A X'= X) for x € Z satisfies

pi > pey1pe_y forall xe z.

In what follows, we will focus on Efron’s theorem for m= 2. As it is shown in Efron [1965],
the case of a pair of variables (m = 2) indeed implies the general case with m> 2. Let us
recall the argument behind this fact, which involves preservation of log-concavity under
convolution. In fact, stability under convolution for log-concave variables is not needed to
prove Efron's theorem for /m = 2 as will be seen from the new proof of Efron's theorem given
here in Section 6.4, so it is consistent to prove the preservation of log-concavity under
convolution via Efron's theorem for m= 2.

Proposition 6.3. If Theorem 6.1 is satisfied for m =2, then it is satisfied for m = 2.

Proof. We proceed as in Efron [1965] by induction on m = 2. Let (X, ..., X be a m-tuple

of log-concave variables, let S:Zilei be their sum and set
m—1
At u)=E [ (X1, -, Xpn)| Y Xi=t, Xpy=u]| .
i=1

Then

E[®(X1, + , Xpm)|S=s]=E[A(T, Xn)|T+Xm=5],

m—

where T:ZizllXi. Hence, by the induction hypothesis or functions of two variables, it
suffices to prove that A is coordinatewise non-decreasing. As 7'is a log-concave variable (by
preservation of log-concavity by convolution), A (¢ 4) is non-decreasing in ¢by the
induction hypothesis for functions of /77— 1 variables. Also A (£ ) is non-decreasing in v
since ® is non-decreasing in its last argument.
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Efron [1965] also gives the following corollaries of Theorem 6.1 above.

Corollary 6.4. Let {®¢(xq, ..., X)) : t € T} be a family of measurable functions increasing in
every argument for each fixed value oft, and increasing in ¢for each fixed value of xq, X, ...,

m
Xm- Let Xq, ..., X be independent and log-concave and write & = 2_,_;%Xi. Then

g(a,b)=E {q)a+b—S(X1’ T 7Xm)|a <5< a—l—b}

is increasing in both aand 6.

Corollary 6.5. Suppose that the hypotheses of Theorem 6.1 hold and that A= {x=(x, ...,
Xm) € R a;< x;< b} with —co < &;< b;< oo is a rectangle in R””. Then

m
g(Z):E {(I)(Xl’ e aXM)|ZXj:Z? (X1> e 7Xm) S A}

j=1
is a non-decreasing function of z

The following section will give applications of Efron's theorem to preservation of log-
concavity and strong log-concavity in the case of real-valued variables.

6.2. First use of Efron’s theorem: strong log-concavity is preserved by convolution via

scores

Theorem 6.6. (log-concavity and strong log-concavity preserved by convolution via scores)

(@) (Ibragimov [1956b]) If X'and Yare independent and log-concave with densities pand g
respectively, then X+ Y~ px gis also log-concave.

(b) If X € SLCy(0?, 1) and Y € SLCy(72, 1) are independent, then X+ Y€ SLCy(c? + 72, 1)

Actually Ibragimov [1956b] proved more: he showed that pis strongly unimodal (i.e. X+ Y
~ px gwith X; Yindependent is unimodal for every unimodal gon R) if and only if Xis
log-concave.

Proof. (a) From Proposition 2.20 log-concavity of pand g is equivalent to monotonicity of

their score functions y,=(—logp) = — p'/p a.e. and ¢, =(~logq) = — ¢ /q a.e. respectively.
From the approximation scheme described in Proposition 5.5 above, we can assume that
both pand gare absolutely continuous. Indeed, Efron’'s theorem applied to formula (5.10) of
Proposition 5.5 with m= 2 and ®(x, ) = p,G(X), gives that the convolution with a Gaussian
variable preserves log-concavity Then, from Lemma 3.1 of Johnson and Barron [2004],

E {pX (X) |X+Y:Z} =Pxyy (2)-
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Thus by Efron's theorem with m=2 and

(I)(."E, y):py (y)a

we see that E{® (X, Y)|X+Y:2}:<p;,*q(2) is a monotone function of z and hence by
Proposition 2.20, (a) if and only if (b), log-concavity of the convolution px g = pxs y holds.

(b) The proof of preservation of strong log-concavity under convolution for pand g strong
log-concave on R is similar to the proof of (a), but with scores replaced by relative scores,
but it is interesting to note that a symmetry argument is needed. From Proposition 2.23
strong log-concavity of pand ¢ is equivalent to monotonicity of their relative score functions

pp(z) = ¢, (x) — z/0” and py(z) = @, (x) — /7% respectively. Now we take 7= 2, A =

A% + 72), and define
P(z, y)=App(2)+(1 = A)pg(y)-
Thus @ is coordinate-wise monotone and by using Lemma 7.2 with &= 1 we find that

/ z
E{O(X,Y)|X+Y =z}=¢,,,(2) — mz%*q(z)-

Hence it follows from Efron’s theorem that the relative score pp, 4 0f the convolution p * g,
is a monotone function of z By Proposition 2.23(b) it follows that p* g € SLCy(0? + 72, 1).

6.3. A special case of Efron's theorem via symmetrization

We now consider a particular case of Efron's theorem. Our motivation is as follows: in order
to prove that strong log-concavity is preserved under convolution, recall that we need to
show monotonicity in zof

02472 Px

0,2 7_2
Px+y(2)_E{— (X)+02—+72PY(Y)|X+Y:Z :

Thus we only need to consider functions ® of the form
(X, Y)=U(X)+I(Y),

where ¥ and T are non-decreasing, and show the monotonicity of
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E{®(X,Y)|X+Y=z}.

for functions @ of this special form. By symmetry between Xand Y; this reduces to the
study of the monotonicity of

E{¥(X)|X+Y=z}.

We now give a simple proof of this monotonicity in dimension 1.

Proposition 6.7. Let ¥ :R — R be non-decreasing and suppose that X ~ fy, Y~ fyare
independent and that £y, fy are log-concave. If the function 7: R — R given by

n(z) = E{¥(X)|X+Y =z}

is well-defined (¥ integrable with respect to the conditional law of X'+ Y), then it is non-
decreasing.

Proof. First notice that by truncating the values of ¥ and using the monotone convergence
theorem, we assume that ¥ is bounded. Moreover, by Proposition 5.5, we may assume that
fy is #1 with finite Fisher information, thus justifying the following computations. We write

E{¥(X)|X+Y=z} :fmg,(m)wdm’

where
FZ:ffo (@) fy (2 — 2)dz>0.

Moreover, with fx = exp(-¢x) and fy = exp(-¢y),

0 fx(x)fy(z_x)
5 (v )
— —U(o)p, (=
_ I)fx(x)fy(z — 1')
F,

+q;(x)%jz_x)fm ’Y(
fX(.’E)fY(Z—i')
Fz

—LE)

dz,
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where ¢ (y)=— f. (y)/fy (y). As fxis bounded (see Section 5.1) and Y has finite Fisher

information, we deduce that fR|c,o'Y (z — 2)| [« (2)fy (z — z)dz is finite. Then,

0
5, E{vX)[X
+Y:2}>
——E{U(X) ¢, (V)|X+V=2} +E{¥(X)|X+V=2} E {¢, (V)|X
+Y:z} = — Cov {¥(X),¢, (Y)‘ X4Y=2.

If we show that the latter covariance is negative, the result will follow. Let (X; ~)7) be an
independent copy of (X, Y). Then

E{(v(x) - (X)) (¢,(r) =&, (V)) |K+V =2, X+Y=2} =2C0v {9(X), ¢, (V)| X+V=2}.
Furthermore, since X2 Xi~mplies Y'< Yunder the given condition [X+ Y=z, X+ 7= 7],

P30 - (X)) (4.0
e (M)E

+l~/:z, X

+Y=2}=2F (‘II(X) - v (X)) (‘PIY Y) - ‘ply (Y))l{xzf(} X
>0 <0

+Y ==z, X—i—f’:z} <0.

This proves Proposition 6.7.

6.4. Alternative proof of Efron’'s theorem via asymmetric Brascamp-Lieb inequalities

Now our goal is to give a new proof of Efron's Theorem 6.1 in the case /m = 2 using results
related to recent asymmetric Brascamp-Lieb inequalities and covariance formulas due to
Menz and Otto [2013].

Theorem 6.8 (Efron). Suppose that ® : R2 — R, such that & is coordinatewise non-
decreasing and let

g(z) = E{®(X,Y)|X+Y =2},
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where Xand Yare independent and log-concave. Then gis non-decreasing.

Proof. Notice that by truncating the values of ® and using the monotone convergence
theorem, we may assume that ® is bounded. Moreover, by convolving ® with a positive
kernel, we preserve coordinatewise monotonicity of ® and we may assume that @ is 1. As
 is taken to be bounded, choosing for instance a Gaussian kernel, it is easily seen that we
can ensure that V& is uniformly bounded on R2. Indeed, if

e~ I@b)~@w)I*/20° g

1
U2 (aa b):fmzq)(ra y) 22

then

||(a’b) — (z’y)H —||(a,b)—(x, 2/202
VU, (a,0)= — [, (e, ) LI @Dl /2 gy,

which is uniformly bounded in (&, 6) whenever @ is bounded. Notice also that by Lemma
5.7, it suffices to prove the result for strictly (or strongly) log-concave variables that have
#>° densities and finite Fisher information. We write

N(z):f]RfX (z —y)fy (y)dy
and

fx(z=y)f ()

N(2) dy,

9(2)=/,2(z — y,y)
with £y = exp(—¢x) and fy = exp(—¢y) the respective strictly log-concave densities of X and

Y. We note uxand uy respectively the distributions of X'and Y. Since 99'X is Ly (ix) (which
means that 1y has finite Fisher information) and £y is bounded (see Theorem 5.1), we get

that £ (2 — y) fy (y)= — ¢ (z — y) f (z — y) f, (y) is integrable and so AVis differentiable
with gradient given by

’

N'(2)=— [ ¢\ (z =) f(z—y)fy (V)dy.

By differentiating with respect to z inside the integral defining g we get
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i s X(Z - y)fy (v)
dz (cp( f fx( )fy(y/)dy/)
=(8,9)(
—, y)% o(
—y.y)ey (2
fx(z=9)f (y) (6.11)
- y)—N(z)
+d(z
_y’y)fX(Z;[(yZ))fY(y) fm(plx(z
-y BES R,

We thus see that the quantity in (6.11) is integrable (with respect to Lebesgue measure) and
we get

9 (2)=E[(31®)(X,Y)|X+Y=z] — Cov[®(X,Y), ¢ (X)|X+Y=2]. (6.12)

Now, by symmetrization we have

Cov[ (X, V), ¢ (X) [ X+Y=2]=B [ (2(X,V) = @ (X,7)) (¢ (X) = &} (X)) 1, [X+YV=2, X4V =]

—E {(f;f(alcp — 0,®)(u, 2 —w)du) () (X) = ¢ (X))1 o g, [ X+ =2, X4V =2

>0
SE[(}?(alCI))(u,zfu)du) (¢ (0 = @ (X)) 1 ug, | X+Y =2, X4V = z} =Cov[®1(X), ¢, (X)| X+Y=z],

where &, (z)=[7 (61 ®)(u, z — u)du. We denote 7 the distribution of X'given X+ Y=z The
measure 7 has density /1, (X) = N1 (2) fx(X) fy(z- X), ¥ € R. Notice that £, is strictly log-
concave on R and that for all x€ R,

(~logh)" (z)=¢ ()+¢, (2 — z).

Now we are able to use the asymmetric Brascamp and Lieb inequality of Menz and Otto
[2013] (Lemma 2.11, page 2190, with their 5w = 0 so their = 1 with w”> 0) or Carlen,
Cordero-Erausquin and Lieb [2013] ((1.2), page 2); see Proposition 10.3 below. This yields
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R

e e el JR A TREY

Cov[®1(X), ¢ (X)|[X+Y=z2]=[_ (21(X) — E[D1(X,Y)|X+YV=2])(¢ (z) — E[¢ (X)|X+Y=z])h.(z)dz
SR Crogh) @) ‘

_ #y (@) _
—sup { e } E[(6,3)(X,Y)| X+Y =]

< E[(8,8)(X,Y)|X+Y =2

Using the latter bound in (6.12) then gives the result.

7. Preservation of log-concavity and strong log-concavity under
convolution in RY via Brascamp-Lieb inequalities and towards a proof via
scores

In Sections 6 and 4, we used Efron's monotonicity theorem 6.1 to give alternative proofs of
the preservation of log-concavity and strong log-concavity under convolution in the cases of
continuous or discrete random variables on R or Z respectively. In the former case, we also
used asymmetric Brascamp-Lieb inequalities to give a new proof of Efron's monotonicity
theorem. In this section we look at preservation of log-concavity and strong log-concavity
under convolution in R?via:

a. the variance inequality due to Brascamp and Lieb [1976];

b. scores and potential (partial) generalizations of Efron's monotonicity theorem to
RY.

While point (a) gives a complete answer (Section 7.1), the aim of point (b) is to give an
interesting link between preservation of (strong) log-concavity in R?and a (guessed)
monotonicity property in R (Section 7.2). This latter property would be a partial
generalization of Efron's monotonicity theorem to the multidimensional case and further
investigations remain to be accomplished in order to prove such a result.

We refer to Section 10 (Appendix A) for further comments about the Brascamp-Lieb
inequalities and related issues, as well as a recall of various functional inequalities.

7.1. Strong log-concavity is preserved by convolution (again): proof via second derivatives
and a Brascamp-Lieb inequality

We begin with a different proof of the version of Theorem 3.7(b) corresponding to our first
definition of strong log-concavity, Definition 2.8, which proceeds via the Brascamp-Lieb
variance inequality as given in part (a) of Proposition 10.1:

Proposition 7.1. If X~ p<€ SLC(c%, d) and Y ~ g€ SLC,(7, d) are independent, then 2
= X+ Y~ pkge SLCi(A+ 7, a).

Proof. Now p>= px+y= p qis given by
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pz(2)=[p(z)q(z — z)dz=[p(z — y)q(y)dy. (7.13)

Now p = exp(=¢p) and g = exp(-¢,) where we may assume (by (b) of Proposition 5.5) that
Pp Pg € C? and that pand g have finite Fisher information. Then, by Proposition 2.23,

1 1
V2(<pp)(x) > ;I, and V2(cpq)(a:) > ﬁI.

As we can interchange differentiation and integration in (7.13) (see for instance the detailed
arguments for a similar situation in the proof of Proposition 6.7), we find that

V(logp, ) (2)=— L2 (2)=E{Vig, (V)| X-+Y =2} =B{ Vi, (X)| XY=z},

zZ

Then

V?(~logp,)(2)
=V {E[q(z — X)V(-logg)(z — X)]
1
py(2)

+Y =21+ E{V?(—logq) (V)| X +Y =2}+(E{Vloggq(Y)| X+Y =2})%?

—B{-V,(¥)(Viogq(¥))"| X

— — Var(Vig, (V)] X

+Y =2)+E{Vp,(Y)|X
+Y=z}= — Var(Vg,(X)|X
+Y =2)+E{Vp,(X)| X +Y =z}.
Now we apply Brascamp and Lieb [1976] Theorem 4.1 (see Proposition 10.1(a)) with
Wa)=Vpq(z = 2),  (7.19)

F(z)=p(z)q(z — x), (7.15)

to obtain
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_ F(x

Var(vchq(Y)\Z—l-Y:z) S erdv299g(2’—$){v299p(x)+v2¢q(2 — I‘)} 1.v2¢q(2—{[)%dlﬂ (713)
rd

This in turn yields

V2 (—logp,)(2) > E{ V%, (V) = V2, (V) [ V2 (X)+ V20, (Y)] Vi, (V)| X+Y=2}. (115)

By symmetry between Xand Y'we also have

V?(~logp,)(2) > E{VZep(X) = V2pp (X) [ V20 (X)+ V2 (V)] V2 (X)X +Y=2} . .17)

In proving the inequalities in the last two displays we have in fact reproved Theorem 4.2 of
Brascamp and Lieb [1976] in our special case given by (7.15). Indeed, Inequality (4.7) of
Theorem 4.2 in Brascamp and Lieb [1976] applied to our special case is the first of the two
inequalities displayed above.

Now we combine (7.16) and (7.17). We set

QEP%Z,ﬂEl—QZEQ%Q,

-1

A= [V2WP(X)+V2‘PQ(Y)] )
s=5(X) = V2p,(X), t=t(X) = Vp,(Y).

We get from (7.16) and (7.17):

V?(~logp,)(2) > E{as
+0t — asAs
— BtAt|X
+Y =z}=FE{(as+pt)A(s+t) — asAs — Bt At| X +Y =z} since A(s
+t)=I = identity
=FE{asAt
+0tAs| X+Y =z}

Now
o? s 2 2 12 o’ 2,1 2 Lyt
aSAt:UQ—_H_QV e[ Viep(X)+V70 (V)] 'V goq(Y)Z(ﬂ—_W[(V ep) (X)+(Vigg) (V)] .
By symmetry
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A= (20 X4 (V200 )]
Bras=—g —5[(V2e,) " (0+(Vieq) (V)]
and we therefore conclude that
, 2472 5 -1 5 -1 -1 B 1
VA (-logp,)(2) = T B {[(V)  (X0+(Voe) O] X4V =2} 2

Note that the resulting inequality
— _ —1
VE(-logp,)(2) = B{[(V00) (X +(T20) (1)) X4y =2

also gives the right lower bound for convolution of strongly log-concave densities in the
definition of SLG(k, %, d), namely

V¥(~logp,)(2) = (3 _+Y° ) -

7.2. Strong log-concavity is preserved by convolution (again): towards a proof via scores
and a multivariate Efron inequality

We saw in the previous sections that Efron's monotonicity theorem allows to prove stability
under convolution for (strongly) log-concave measures on R. However, the stability holds
also in R? @> 1. This gives rise to the two following natural questions: does a
generalization of Efron's theorem in higher dimensions exist? Does it allow recovery
stability under convolution for log-concave measures in R%?

Let us begin with a projection formula for scores in dimension a.

Lemma 7.2. (Projection) Suppose that X'and Yare d~dimensional independent random
vectors with log-concave densities pyand gy respectively on RZ Then Vs yand pxs y
RY— R%are given by

Ve xiy (2)=E{AVey (X)+(1 = ) Ve, (V)| X+Y =z}

for each A € [0, 1], and, if px € SLCi(c%, @) and py € SLCi(7, d), then

o2 -2
Pxiy(2)=E {mﬁx (X)+02—_H_gpy (Y) |X+Y=Z} .
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Proof. This can be proved just as in the one-dimensional case, much as in Brown [1982], but
proceeding coordinate by coordinate.

Since we know from Propositions 2.20 and 2.23 that the scores Vg xand V ¢y and the
relative scores pxand py are multivariate monotone, the projection Lemma 7.2 suggests that
proofs of preservation of multivariate log-concavity and strong log-concavity might be
possible via a multivariate generalization of Efron's monotonicity Theorem 6.1 to d= 2
along the following lines: Suppose that @ : (R%” — R is coordinatewise multivariate
monotone: for each fixed j € {1,..., 7} the function ®;: RY — R defined by

(I)J(x):@(mla ey L1, Ty Tty - amn)
is multivariate monotone: that is
(®j(z1) — @j(x2), 21 —22) > O0for alley,zg € R

If X1,..., X are independent with X~ f;log-concave on R then it might seem natural to
conjecture that the function g defined by

g(z) = E{®(X1,...,X,)| X1+ +X,,=2}
is a monotone function of z€ R%
(9(z1) — g(22), 21 — 2z2) > 0for allzy, 25 € RY.

Unfortunately, this seemingly natural generalization of Efron's theorem does not hold
without further assumptions. In fact, it fails for 77= 2 and X4, X, Gaussian with covariances
Y1 and X, sufficiently different. For an explicit example see Saumard and Wellner [2014].

Again, the result holds for 7 random vectors if it holds for 2,..., 77— 1 random vectors. It
suffices to prove the theorem for m = 2 random vectors. Since everything reduces to the case
where @ is a function of two variables (either for Efron's theorem or for a multivariate
generalization), we will restrict ourselves to this situation.

Thus if we define

g(S) =F {@(Xl,Xg)‘Xl—i—XQ:S} s

then we want to show that
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(g9(s1) — g(s2),51 — s2) > Ofor allsj, sy € RY.

Finally, our approach to Efron's monotonicity theorem in dimension @= 2 is based on the
following remark.

Remark 7.3. For suitable regularity of @ : (R%2 — R%and px: R? — R, we have
(Vg)(2)=E {(V1®)(X,Y) | X+Y =2} — Cov {®(X,Y), p (X)| X+Y =2} (€ R™?).

Recall that V1@ = V®q : (RH2 — R4 Furthermore, the matrix (Vg) (2) is positive semi-
definite if for all a€ RY, a7V g(2)a” = 0, which leads to leads to asking if the following
covariance inequality holds:

Cov {aT®(X,Y), % (X)a| X+Y=2} < E{a"V1®(X, Y)a‘ X+v=2}7 (.19

Covariance inequality (7.18) would imply a multivariate generalization of Efron's theorem
(under sufficient regularity).

8. Peakedness and log-concavity

Here is a summary of the results of Proschan [1965], Olkin and Tong [1988], Hargé [2004],
and Kelly [1989].

First Hargé [2004]. Let fbe log-concave, and let g be convex. Then if X~ N u, ) = v,

E{g(X+p—v)f(X)} < Ef(X) - Eg(X) (8.19)

where u= E(X), v= E(XA X))/ (£ X)). Assuming that = 0, and writing fc;yz fay [ fay,
9(x— 1) = g9(x), and X ~ fdyso that Xis strongly log-concave, this can be rewritten as

E§(X — E(X)) < E§(X — p). (8.20)

In particular, for g(x) = |¥"with r=1,
E|X — i <E|X -4,
and for g(X) = |a’x" with a€ R? r>1,

Ela"(X — p)|" < Ela"(X - )",
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which is Theorem 5.1 of Brascamp and Lieb [1976]. Writing (8.19) as (8.20) makes it seem
more related to the “peakedness” results of Olkin and Tong [1988] to which we now turn.

An rdimensional random vector Yis said to be more peaked'than a vector X if they have
densities and if

PYeA)>P(X €A

holds for all A € <7, the class of compact, convex, symmetric (about the origin) Borel sets

in R”. When this holds we will write y g X A vector @ majorizes the vector 6 (and we

k k n n
write a> b) if Zizlb[i] < Zijla[i] for k=1,...,n-1and Ziilbm :Zizla[i] where 4y
> gy 2 -+ 2 dp) and similarly for 4. (In particular 6= (1,...,1)/n< (1,0,...,0) = &)

Proposition 8.1. (Sherman, 1955; see Olkin and Tong [1988]) Suppose that #, %, g1, g are
log-concave densities on R” which are symmetric about 0. Suppose that Xj~ f;and Y~ g;

for j= 1, 2 are independent. Suppose that y; & x,andy, % X, Then y,4+v, > X, 4 Xy

Proposition 8.2. If Xj,... X, are independent random variables with log-concave densities
symmetric about 0, and Y3,..., Y, are independent with log-concave densities symmetric

about 0, and Y; £ X;forj=1,..., n then
n P n
DY 2y X
j=1 j=1

for all real numbers {c}.

Proposition 8.3. If {X;;} and { Y;;;} are two sequences of 7~dimensional random vectors
withy, £ x foreach mand X, —4.X, Yp—4 Y theny 2 .

Proposition 8.4. y £ x ifand only if ¢y £ ¢x for all kx nmatrices Cwith k< 7.

Proposition 8.5. (Proschan [1965]) Suppose that 43,..., Z, are i.i.d. random variables with

log-concave density symmetric about zero. Then if a, b € R’} with a> b (a majorizes b),
then

n p
Jj=1 Jj=1

Proposition 8.6. (Olkin and Tong [1988]) Suppose that 73,..., Z,are i.i.d. d~dimensional
random vectors with log-concave density symmetric about zero. Then if a;, ;€ R with a>
b (amajorizes b), then
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n p n
s md
> b;Z; > a;jZ;inR%
i=1 =1

Now let # ,={x € R7: x; < x> < ... € x}. Forany y € R”, let y = (y1,..., 5 denote the
projection of yonto.% . Thus |y— y2 = min,ez |y - x2.

Proposition 8.7. (Kelly [1989]). Suppose that Y= (Y1,..., Yq) where Yj~ My o?) are

independent and (4 < (b < ... < Uy Thus g€ ¥ ,and g% Ye A, Then T § Yy, — p
foreach k€ {1,..., ni}; i.e.

P(|py, — pi| <t) > P(|Yy — pe] < t)for allt>0,k € {1,...,n}.

9. Some open problems and further connections with log-concavity

9.1. Two questions

Question 1: Does Kelly's Proposition 8.7 continue to hold if the normal distributions of the
Yjs is replaced some other centrally-symmetric log-concave distribution, for example
Chernoff's distribution (see Balabdaoui and Wellner [2014])?

Question 2: Balabdaoui and Wellner [2014] show that Chernoff's distribution is log-
concave. Is it strongly log-concave? A proof would probably give a way of proving strong
log-concavity for a large class of functions of the form fx) = g(xX)g(—x) where g € PF is

o0
the density of the sum Z]-:l(yj — 1) where Yjs are independent exponential random

. . L o oo 2
variables with means ; satisfying ijlﬂj—oo and Zj:lﬂj <

9.2. Cross-connections with the families of hyperbolically monotone densities

A theory of hyperbolically monotone and completely monotone densities has been
developed by Bondesson [1992], Bondesson [1997].

Definition 9.1. A density fon R™ is hyperbolically completely monotone if H(w) =
Auv) A ulv) is a completely monotone function of w= (v+ 1/1)/2. A density fon R* is
hyperbolically monotone of order &, or f€ HMj if the function A satisfies (-1)/ H)() = 0
for j=0,..., k— 1 and (-1)*LH41)(w) is right-continuous and decreasing.

For example, the exponential density Ax) = € *1g ..)(X) is hyperbolically completely

monotone, while the half-normal density f(z)= 1/ 2/7TeXp(—x2/2)1(o,oo)(x) is HM, but not
HM.

Bondesson [1997] page 305 shows that if X~ fe HM, then log.X ~ eXf(€¥) is log-concave.
Thus HM, is closed under the formation of products: if Xi,..., X, € HMj, then Y= X -
X, € HM,.
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9.3. Suprema of Gaussian processes

Gaenssler, Molnar and Rost [2007] use log-concavity of Gaussian measures to show that the
supremum of an arbitrary non degenerate Gaussian process has a continuous and strictly
increasing distribution function. This is useful for bootstrap theory in statistics. The methods
used by Gaenssler, Molnér and Rost [2007] originate in Borell [1974] and Ehrhard [1983];
see Bogachev [1998] chapters 1 and 4 for an exposition.

Furthermore, in relation to Example 2.14 above, one can wonder what is the form of the
density of the maximum of a Gaussian process in general? Bobkov [2008] actually gives a
complete characterization of the distribution of suprema of Gaussian processes. Indeed, the
author proves that Fis the distribution of the supremum of a general Gaussian process if and
only if =1 (A is concave, where &1 is the inverse of the standard normal distribution
function on the real line. Interestingly, the “only if” part is a direct consequence the Brunn-
Minkowski type inequality for the standard Gaussian measure y,0n R9due to Ehrhard
[1983]: for any A and B € R of positive measure and for all A € (0, 1),

27 ((AA+(1 = A)B)) 2 227! (7a(A)+(1 — A2~ (a(B))-

9.4. Gaussian correlation conjecture

The Gaussian correlation conjecture, first stated by Das Gupta et al. [1972], is as follows.
Let Aand Bbe two symmetric convex sets. If iis a centered, Gaussian measure on R”, then

WANB) = p(A)pu(B).  (9.21)

In other words, the correlation between the sets A and B under the Gaussian measure  is
conjectured to be nonnegative. As the indicator of a convex set is log-concave, the Gaussian
correlation conjecture intimately related to log-concavity.

In Hargé [1999], the author gives an elegant partial answer to Problem (9.21), using
semigroup techniques. The Gaussian correlation conjecture has indeed been proved to hold
when d= 2 by Pitt [1977] and by Hargé [1999] when one of the sets is a symmetric ellipsoid
and the other is convex symmetric. Cordero-Erausquin [2002] gave another proof of Hargé's
result, as a consequence of Caffarelli's Contraction Theorem (for more on the latter theorem,
see Section 9.7 below). Extending Caffarelli's Contraction Theorem, Kim and Milman
[2012] also extended the result of Hargé and Cordero-Erausquin, but without proving the
full Gaussian correlation conjecture.

Hargé [1999] gives some hints towards a complete solution of Problem (9.21). Interestingly,
a sufficient property would be the preservation of log-concavity along a particular family of
semigroups. More precisely, let A(x) be a positive definite matrix for each x € R?and define

Lf(2)=(1/2)(div(A(2) 'V f) = (Vf(2)T A" (2)a).
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The operator L is the infinitesimal generator of an associated semigroup. The question is:
does L preserve log-concavity? See Hargé [1999] and Kolesnikov [2001]. For further
connections involving the semi-group approach to correlation inequalities, see Bakry [1994],
Ledoux [1995], Hargé [2008], and Cattiaux and Guillin [2013].

Further connections in this direction involve the theory of parabolic and heat-type partial
differential equations; see e.g. Keady [1990], Kolesnikov [2001], Andreu, Caselles and
Mazon [2008], Korevaar [1983a], Korevaar [1983b].

9.5. Further connections with Poincaré, Sobolev, and log-Sobolev inequalities

For a very nice paper with interesting historical and expository passages, see Bobkov and
Ledoux [2000]. Among other things, these authors establish an entropic or log-Sobolev
version of the Brascamp-Lieb type inequality under a concavity assumption on A7¢”(x)A for
every A. The methods in the latter paper build on Maurey [1991]. See Bakry, Gentil and
Ledoux [2014] for a general introduction to these analytic inequalities from a Markov
diffusion operator viewpoint.

9.6. Further connections with entropic central limit theorems

This subject has its beginnings in the work of Linnik [1959], Brown [1982], and Barron
[1986], but has interesting cross-connections with log-concavity in the more recent papers of
Johnson and Barron [2004], Carlen and Soffer [1991], Ball, Barthe and Naor [2003],
Avrtstein et al. [2004a], and Artstein et al. [2004b]. More recently still, further results have
been obtained by: Carlen, Lieb and Loss [2004], Carlen and Cordero-Erausquin [2009], and
Cordero-Erausquin and Ledoux [2010].

9.7. Connections with optimal transport and Caffarelli's contraction theorem

Gozlan and Léonard [2010] give a nice survey about advances in transport inequalities, with
Section 7 devoted to strongly log-concave measures (called measures with “uniform convex
potentials” there). The theory of optimal transport is developed in Villani [2003] and Villani
[2009]. See also Caffarelli [1991], Caffarelli [1992], Caffarelli [2000], and Kim and Milman
[2012] for results on (strongly) log-concave measures. The latter authors extend the results
of Caffarelli [2000] under a third derivative hypothesis on the “potential” ¢.

In the following, we state the celebrated Caffarelli's Contraction Theorem (Caffarelli
[2000]). Let us recall some related notions. A Borel map T7'is said to push-forward ponto v,
for two Borel probability measures and v, denoted 7= (1) = v, if for all Borel sets A, v (A)
= u(T"1 (A)). Then the Monge-Kantorovich problem (with respect to the quadratic cost) is
to find a map 7, such that

To €arg min  {[ [T(x) = al*du(z)}.

The map 7, (When it exists) is called the Brenier map and it is /~a.e. unique. Moreover,
Brenier [1991] showed that Brenier maps are characterized to be gradients of convex
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functions (see also McCann [1995]). See Ball [2004] for a very nice elementary introduction
to monotone transportation. We are now able to state Caffarelli's Contraction Theorem.

Theorem 9.2 (Caffarelli [2000]). Let b€ R c< R and V/a convex function on R Let A
be a positive definite matrix in R%?and Q be the following quadratic function,

Q(z)=(Az,2)+(b,z)+c, z € R™.

Let #and vdenote two probability measures on R?with respective densities exp (-Q) and
exp (—=(@+ V)) with respect to Lebesgue measure. Then the Brenier map 7, pushing u
forward onto vis a contraction:

|T(x) — T(y)| < |z —y|for allz,y € R%

Notice that Caffarelli's Contraction Theorem is in particular valid when xis a Gaussian
measure and that case, vis a strongly log-concave measure.

9.8. Concentration and convex geometry

Guédon [2012] gives a nice survey, explaining the connections between the Hyperplane
conjecture, the KLS conjecture, the Thin Shell conjecture, the Variance conjecture and the
Weak and Strong moments conjecture. Related papers include Guédon and Milman [2011]
and Fradelizi, Guédon and Pajor [2013].

It is well-known that concentration properties are linked the behavior of moments. Bobkov
and Madiman [2011] prove that if 77> 0 is log-concave then the function

1

Ap==——E[n"],p >0
P F(p—i—l) [U]»P_ )

is also log-concave, where I" is the classical Gamma function. This is equivalent to having a
so-called “reverse Lyapunov's inequality”,

~b—c~a—b

Ay A< Sa>b>e>0.

Also, Bobkov [2003] proves that log-concavity of /1p~: [E[(7/p)”] holds (this is a consequence
of the Prékopa-Leindler inequality). These results allow for instance Bobkov and Madiman
[2011] to prove sharp concentration results for the information of a log-concave vector.
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9.9. Sampling from log concave distributions; convergence of Markov chain Monte Carlo

algorithms

Sampling from log-concave distributions has been studied by Devroye [1984], Devroye
[2012] for log-concave densities on R, and by Frieze, Kannan and Polson [1994a,b], Frieze
and Kannan [1999], and Lovész and Vempala [2007] for log-concave densities on R¢: see
also Lovasz and Vempala [2003], Lovasz and Vempala [2006], Kannan, Lovasz and
Simonovits [1995], and Kannan, Lovasz and Simonovits [1997].

Several different types of algorithms have been proposed: the rejection sampling algorithm
of Devroye [1984] requires knowledge of the mode; see Devroye [2012] for some
improvements. The algorithms proposed by Gilks and Wild [1992] are based on adaptive
rejection sampling. The algorithms of Neal [2003] and Roberts and Rosenthal [2002]
involve “slice sampling”; and the algorithms of Lovasz and Vempala [2003], Lovasz and
Vempala [2006], Lovasz and Vempala [2007] are based on random walk methods.

Log-concavity and bounds for log-concave densities play an important role in the
convergence properties of MCMC algorithms. For entry points to this literature, see Gilks
and Wild [1992], Polson [1996], Brooks [1998], Roberts and Rosenthal [2002], Fort et al.
[2003], Jylanki, Vanhatalo and Vehtari [2011], and Rudolf [2012].

9.10. Laplace approximations

Let X, ..., X, be i.i.d. real-valued random variables with density gand Laplace transform
o(s)=E[exp(6X1)].

Let x* be the upper limit of the support of gand let z> 0 be the upper limit of finiteness of
o. Let us assume that g is almost log-concave (see Jensen [1995] p155) on (xg, x*) for some
Xp < x*. This means that there exist two constants ¢; > ¢, > 0 and two functions cand /on
R such that

q(z)=c(z)exp(—h(z)), z<z*,

where ¢ < ((X) < ¢ whenever x> xg and /s convex. In particular, log-concave functions
are almost log-concave for xg = —oco. Now, fix y € R. The saddlepoint sassociated to yis
defined by

(%low) (s)=y

and the variance o2 () is defined to be
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2
o3 (s)= (d—log¢> (5).

dt?

Let us write £, the density of the empirical mean 7ZijlXi/". By Theorem 1 of Jensen
[1991], if g € LS (A) for 1 < ¢'< 2, then the following saddlepoint approximations hold
uniformly for s < s< zfor any s> 0:

n

Fo(y)= mqﬁ(s)"exp(—nsy) {1+O (%)}

and

IP(Y>y>=W {Bo<sa<s> Vi)+0 (%)}

where By(2) = zexp (2/2) (1 - ® (2)) with @ the standard normal distribution function.
According to Jensen [1991], this result extends to the multidimensional setting where almost
log-concavity is required on the entire space (and not just on some directional tails). As
detailed in Jensen [1995], saddlepoint approximations have many applications in statistics,
such as in testing or Markov chain related estimation problems.

As Bayesian methods are usually expensive in practice, approximations of quantities linked
to the prior/posterior densities are usually needed. In connection with Laplace's method, log-
quadratic approximation of densities are especially suited when considering log-concave
functions, see Jensen [1995], Barber and Williams [1997], Minka [2001], and references
therein.

9.11. Machine learning algorithms and Gaussian process methods

Boughorbel, Tarel and Boujemaa [2005] used the radius margin bound of Vapnik [2000] on
the performance of a Support Vector Machine (SVM) in order to tune hyper-parameters of
the kernel. More precisely they proved that for a weighted L -distance kernel the radius is
log-convex while the margin is log-concave. Then they used this fact to efficiently tune the
multi-parameter of the kernel through a direct application of the Convex ConCave Procedure
(or CCCP) due to Yuille and Rangarajan [2003]. In contrast to the gradient descent
technique (Chapelle et al. [2002]), Boughorbel, Tarel and Boujemaa [2005] show that a
variant of the CCCP which they call Log Convex ConCave Procedure (or LCCP) ensures
that the radius margin bound decreases monotonically and converges to a local minimum
without a search for the size step.

Bayesian methods based on Gaussian process priors have become popular in statistics and
machine learning: see, for example Seeger [2004], Zhang, Dai and Jordan [2011], van der
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Vaart and van Zanten [2008], and van der Vaart and van Zanten [2011]. These methods
require efficient computational techniques in order to be scalable, or even tractable in
practice. Thus, log-concavity of the quantities of interest becomes important in this area,
since it allows efficient optimization schemes.

In this context, Paninski [2004] shows that the predictive densities corresponding to either
classification, regression, density estimation or point process intensity estimation models,
are log-concave given any observed data. Furthermore, in the density and point process
intensity estimation, the likelihood is log-concave in the hyperparameters controlling the
mean function of the Gaussian prior. In the classification and regression settings, the mean,
covariance and observation noise parameters are log-concave. As noted in Paninski [2004],
the results still hold for much more general prior distributions than Gaussian: it suffices that
the prior and the noise (in models where a noise appears) are jointly log-concave. The proofs
are based on preservation properties for log-concave functions such as pointwise limit or
preservation by marginalization.

9.12. Compressed sensing and random matrices

Compressed sensing, aiming at reconstructing sparse signals from incomplete measurement,
is extensively studied since the seminal works of Donoho [2006], Candés, Romberg and Tao
[2006] and Candés and Tao [2006]. As detailed in Chafal et al. [2012], compressed sensing
is intimately linked to the theory of random matrices. The matrices ensembles that are most
frequently used and studied are those linked to Gaussian matrices, Bernoulli matrices and
Fourier (sub-)matrices.

By analogy with the Wishart Ensemble, the Log-concave Ensemble is defined in Adamczak
et al. [2010] to be the set of squared /7 x 17 matrices equipped with the distribution of AA*,
where Ais a nx N matrix with i.i.d. columns that have an isotropic log-concave distribution.
Adamczak et al. [2010] show that the Log-concave Ensemble satisfies a sharp Restricted
Isometry Property (RIP), see also Chafai et al. [2012] Chapter 2.

9.13. Log-concave and s-concave as nonparametric function classes in statistics

Nonparametric estimation of log-concave densities was initiated by Walther [2002] in the
context of testing for unimodality. For log-concave densities on R it has been explored in
more detail by Dimbgen and Rufibach [2009], Balabdaoui, Rufibach and Wellner [2009],
and recent results for estimation of log-concave densities on R have been obtained by Cule
and Samworth [2010], Cule, Samworth and Stewart [2010], Dimbgen, Samworth and
Schuhmacher [2011]. Cule, Samworth and Stewart [2010] formulate the problem of
computing the maximum likelihood estimator of a multidimensional log-concave density as
a non-differentiable convex optimization problem and propose an algorithm that combines
techniques of computational geometry with Shor's r-algorithm to produce a sequence that
converges to the estimator. An R version of the algorithm is available in the package
LogConcDEAD: Log-Concave Density Estimation in Arbitrary Dimensions, with further
description of the algorithm given in Cule, Gramacy and Samworth [2009]. Nonparametric
estimation of s-concave densities has been studied by Seregin and Wellner [2010]. They
show that the MLE exists and is Hellinger consistent. Doss and Wellner [2013] have
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obtained Hellinger rates of convergence for the maximum likelihood estimators of log-
concave and s-concave densities on R, while Kim and Samworth [2014] study Hellinger
rates of convergence for the MLEs of log-concave densities on R¥. Henningsson and Astrom
[2006] consider replacement of Gaussian errors by log-concave error distributions in the
context of the Kalman filter.

Walther [2009] gives a review of some of the recent progress.
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10. Appendix A: Brascamp-Lieb inequalities and more

Let X have distribution Pwith density o= exp(-¢) on R?where ¢ is strictly convex and ¢ €
C2(RY); thus V2(¢) (x) = ¢"(X) > 0, x € R? as symmetric matrices. Let G, H be real-valued

functions on R?with G, H€ CHRA () Lo(P). We let H; (P) denote the set of functions 7in

L, (P) such that V 7(in the distribution sense) is in Ly (P).

Let Y have distribution Qwith density g= %7 on an open, convex set Q@ C R?where 5> d
and wis a positive, strictly convex and twice continuously differentiable function on Q. In
particular, Qis s=-1/(f— d)-concave (see Definition 2.5 and Borell [1974], Borell [1975]).
Let 7 be a real-valued function on Rwith 7€ CH()(L2(Q). The following Proposition
summarizes a number of analytic inequalities related to a Poincaré-type inequality from
Brascamp and Lieb [1976]. Such inequalities are deeply connected to concentration of
measure and isoperimetry, as exposed in Bakry, Gentil and Ledoux [2014]. Concerning log-
concave measures, these inequalities are also intimately linked to the geometry of convex
bodies. Indeed, as noted by Carlen, Cordero-Erausquin and Lieb [2013] page 9,

“The Brascamp-Lieb inequality (1.3), as well as inequality (1.8), have connections
with the geometry of convex bodies. It was observed in [2] (Bobkov and Ledoux
[2000]) that (1.3) (see Proposition 10.1, (a)) can be deduced from the Prékopa-
Leindler inequality (which is a functional form of the Brunn-Minkowski
inequality). But the converse is also true: the Prékopa theorem follows, by a local
computation, from the Brascamp-Lieb inequality (see [5] (Cordero-Erausquin
[2005]) where the procedure is explained in the more general complex setting). To
sum up, the Brascamp-Lieb inequality (1.3) can be seen as the /ocal/form of the
Brunn-Minkowski inequality for convex bodies.”

Proposition 10.1.
a. Brascamp and Lieb [1976]: If pis strictly log-concave, then

Var(G(X)) < B[VG(X)T (" (X)) Va(X)].

b. If p=exp(-¢) where ¢/ > ¢/with ¢> 0, then
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Var(G(X)) < %EWG(X)\Q.

c. Hargé [2008]: If ¢ € L, (P), then for all fe Hy(P),

14+a/b

Var(£(X)) < B[VF(X)T(¢" (X)) VF(X)]- (Cov(p(X), £(X)))%,

Where

a= inf min{\ eigenvalue ofp (z)}
z€Rd

and

b=sup max{\ eigenvalue of¢" (z)}.
z€R

Noticethat 0 < a< b<+ oo and b> 0.

d. Bobkov and Ledoux [2009]: If U= »T, then

1

(FH)Var(T(¥)) < B | s

VU (6" () VUY)| 45T BT

Taking = exp (¢/p) and setting Ry, = ¢ + SV o® Vo, this implies that for
any fz g,

Var(G(X)) < C5E[VG(X)T(R,5(X)) "' VG(X)],

where Cy=(1+ \/F+1)" /8. Notice that 1 < Cy< 6.
e. Bakry [1994]: If p=exp(—¢) where ¢” = ¢/with ¢> 0, then

Ent,(G*(X)) < %EWG(X)F.

where

Ent,(Y?)=E[Y?og(Y?)] — E[Y?]log(E[Y?)).

f. Ledoux [1996], Ledoux [2001]: If the conclusion of (e) holds for all smooth G,
then Epexp(a)X|?) < oo for every a < 1/(2¢).
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g. Bobkov [1999]: If Epexp(a|X[%) < oo for a log-concave measure Pand some a > 0,
then the conclusion of () holds for some ¢ = ¢

h. Bobkov and Ledoux [2000]: If ¢ is strongly convex with respect to a norm || - || (so
pis strongly log-concave with respect to || - ||), then

B, (G*(X)) < 2B, [VG(X)|?

for the dual norm || - ||».

Inequality (a) originated in Brascamp and Lieb [1976] and the original proof of the authors
is based on a dimensional induction. For more details about the induction argument used by
Brascamp and Lieb [1976], see Carlen, Cordero-Erausquin and Lieb [2013]. Building on
Maurey [1991], Bobkov and Ledoux [2000] give a non-inductive proof of (a) based on the
Prékopa-Leindler theorem Prékopa [1971], Prékopa [1973], Leindler [1972] which is the
functional form of the celebrated Brunn-Minkowski inequality. The converse is also true in
the sense that the Brascamp-Lieb inequality (a) implies the Prékopa-Leindler inequality, see
Cordero-Erausquin [2005]. Inequality (b) is an easy consequence of (a) and is referred to as
a Poincaré inequality for strongly log-concave measures.

Inequality (c) is a reinforcement of the Brascamp-Lieb inequality (a) due to Hargé [2008].
The proof is based on (Marvovian) semi-group techniques, see Bakry, Gentil and Ledoux
[2014] for a comprehensive introduction to these tools. In particular, Hargé [2008], Lemma
7, gives a variance representation for strictly log-concave measures that directly implies the
Brascamp-Lieb inequality (a).

The first inequality in (d) is referred in Bobkov and Ledoux [2009] as a “weighted Poincaré-
type inequality” for convex (or s-concave with negative parameter s) measures. It implies
the second inequality of (d) which is a quantitative refinement of the Brascamp-Lieb
inequality (a). Indeed, Inequality (a) may be viewed as the limiting case in the second
inequality of (d) for f— +oc (as in this case Cy— 1 and R,, 53— ¢"). As noted in Bobkov
and Ledoux [2009], for finite Fthe second inequality of (d) may improve the Brascamp-Lieb
inequality in terms of the decay of the weight. For example, when Y'is a random variable
with exponential distribution with parameter A >0 (g (J) = A6 % on Q = (0, o0)), the second
inequality in (d) gives the usual Poincaré-type inequality,

Var(G(Y)) < %E[(G’(Y)f],

which cannot be proved as an direct application of the Brascamp-Lieb inequality (a).
Klaassen [1985] shows that the inequality in the last display holds (in the exponential case)
with 6 replaced by 4, and establishes similar results for other distributions. The exponential

and two-sided exponential (or Laplace) distributions are also treated by Bobkov and Ledoux
[1997].
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Points (e) to (h) deal, in the case of (strongly) log-concave measures, with the so-called
logarithmic-Sobolev inequality, which is known to strengthen the Poincaré inequality (also
called spectral gap inequality) (see for instance Chapter 5 of Bakry, Gentil and Ledoux
[2014]). Particularly, Bobkov and Ledoux [2000] proved their result in point (d), v/athe use
of the Prékopa-Leindler inequality. In their survey on optimal transport, Gozlan and Léonard
[2010] show how to obtain the result of Bobkov and Ledoux from some transport
inequalities.

We give now a simple application of the Brascamp-Lieb inequality (a), that exhibits its
relation with the Fisher information for location.

Example 10.2. Let G(x) = a’xfor a€ RY Then the inequality in (a) becomes

aTCov(X)a < aTE{[go"(X)]*l}a (10.22)

or equivalently
Cov(X) < B{[¢"(X)]"}
with equality if X ~ Ny, X) with 3 positive definite. When &= 1 (10.22) becomes

Cov(X) < E[(¢") 1 (X)|=E[((~logp)") '(X)] (10.23)

while on the other hand

Cov(X) > [E(¢")(X)] ' = I-1(X) (1029)

loc

where /;,{X) = E(¢/") denotes the Fisher information for location (in X or p); in fact for o>
1

Cov(X) > [E(")(X)] " = I,1(X)

— ~loc

where /;,{X) = E(¢") is the Fisher information matrix (for location). If X ~ Ny, X) then
equality holds (again). On the other hand, when d= 1 and p s the logistic density given in
Example 2.11, then ¢/ = 2pso the right side in (10.23) becomes £{(2(X))™1} = [r(1/2)ax
= oo while V ar(X) = 72/3 and /;,{X) = 1/3 so the inequality (10.23) holds trivially, while
the inequality (10.24) holds with strict inequality:

71'2 —
3:I*1(X)<?=Var(X)<E[(ga”) H(X)]=00.

loc
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(Thus while X is slightly inefficient as an estimator of location for p, it is not drastically
inefficient.)

Now we briefly summarize the asymmetric Brascamp - Lieb inequalities of Menz and Otto
[2013] and Carlen, Cordero-Erausquin and Lieb [2013].
Proposition 10.3.

a. Menz and Otto [2013]: Suppose that d=1and G, He C{R) N L2(P). If pis
strictly log-concave and 1/r+ 1/s= 1 with r= 2, then

(Cov(e(x), x| < sup { 7 Be o

b. Carlen, Cordero-Erausquin and Lieb [2013]: If pis strictly log-concave on R“and
AmirlX) denotes the smallest eigenvalue of ¢”, then

ICov(G(X), HX))| < (") VG, - A7 (") Y vH|,.

Remark 10.4.

i.  When r= 2, the inequality in (b) yields

(Cov(G(X), H(X)))” < E{VGT(¢")"'VG} - E{VGT (") 'VG}

which can also be obtained from the Cauchy-Schwarz inequality and the Brascamp-
Lieb inequality (a) of Proposition 10.1.

ii. (i) The inequality (b) also implies that

—1/s

min

|Cov(G(X), H(X))| < [(Amtt VG, - [|A

min vH”r?
taking r= oo and s=1 yields
|Cov(G(X), H(X))| < VG - [Agin V|

which reduces to the inequality in (a) when o= 1.

11. Appendix B: some further proofs
Proof. Proposition 2.3: (b): pgx) = Ax— ) has MLR if and only if
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flz—06")
f(z—90)

f(a' = 6")

for all z<a’,0<6’
flz—0)

<

This holds if and only if

logf(z — 0 )+logf(z' — 0) < logf(z' — 0")+logf(x —0). (11.25)

Let 7= (X — X)/(X — x+ 0’ - 6) and note that

z —0=t(z — 0")+(1 —t)(z' — 9),
' —0'=(1—1t)(z —0)+t(z' —0)

Hence log-concavity of f implies that

log (¢ — 0) > tlogf(z — 0)+(1 — Hlogf (x' —6),
logf(z' —0') > (1 —t)logf(x — 0")+tlogf(z' — 0).

Adding these yields (11.25); i.e. flog-concave implies pgx) has MLR in x.

Now suppose that pg(x) has MLR so that (11.25) holds. In particular that holds if x, X, 6, &
satisfy x— 0 =a< b=xX - 0and t= (X — X)/(X—x+0 — ) = 1/2,s0 that x— O=(a+ b)12 =X

— d. Then (11.25) becomes
log f(a)+logf(b) < 2logf((a+b)/2).
This together with measurability of Ffimplies that fis log-concave.

(a): Suppose fis PF,. Then for x< X, y< y/,

f(z_y) f(z_y/) = — .73/— N — Tr— / CL"—
‘M<fW—w ﬂf—m>—ﬂxyv< Y)— =y —y) 2 0

if and only if
fl—y)f' —y) < flz—y)f(&' — ),

or, if and only if
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That is, p(x) has MLR in x. By (b) this is equivalent to log-concave.
Proof. Proposition 2.23: To prove Proposition 2.23 it suffices to note the log-concavity of

d
g(z)zp(z)/nj:1¢(ﬂ?j/0) and to apply Proposition 2.20 (which holds as well for log-
concave functions). The claims then follow by basic calculations.

Here are the details. Under the assumption that ¢ € C? (and even more generally) the
equivalence between (a) and (b) follows from Rockafellar and Wets [1998], Exercise 12.59,
page 565. The equivalence between (a) and (c) follows from the corresponding proof
concerning the equivalence of (a) and (c) in Proposition 2.20; see e.g. Boyd and
Vandenberghe [2004], page 71.

(@) implies (d): this follows from the corresponding implication in Proposition 2.20. Also

note that for x7, x» € R?we have

(Veo,, (x2) —z2/c = (Ve, (1) — 21/c), 22 — 21)
=(Ve(atzz) — Vp(a — 23) — 22/c — (Ve(atz1) — Vo(a — x1) — 21/c), 22 — 21)
=(Ve(atzs) — Vo(atar) — (22 — 21)/(20), 22 — 21) — (V(a — 23) — Vp(a — z1)+(22 — 21)/(20), 22 — 21)
=(Ve(atzz) — Vplatzr) — (atx — (a+21))/(2¢), 29 — 21)+(Vp(a — 21) — Vip(a — 29) — (a — 21 — (@ — 22))/(2¢),a — 21
if 0= 0?2,
(d) implies (e): this also follows from the corresponding implication in Proposition 2.20.
Also note that when ¢ € C? so that V2¢ exists,

V290Ju (2)—21/0°=V?p(a+x)+Vp(a—z)—2I /o> =V*p(a+x)—1 |*+V*p(a—z)—1 /o > 0+0=0.

To complete the proof when ¢ € €% we show that (e) implies (c). Choosing a= xp and x=0
yields

0< V0, (0)—2I/0*=V?p(20)+V7p(x0) — 21 /0*=2(V*p(z0) — I /0?),

and hence (c) holds.

To complete the proof more generally, we proceed as in Simon [2011], page 199: to see that
(e) implies (), let a= (X1 + X2)/2, x= (X1 — X)/2. Since J-; g) is even and radially
monotone, JA0; 9)2 = J(x; g)¥/?; that is,
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{g(a+0)g(a — 0)}'/2 > {g(a+z)g(a — z)}"/?,

g(($1+$2)/2) > g(xl)l/zg(:pZ)l/Z.

Finally (f) implies (a): as in Simon [2011], page 199 (with “convex” changed to “concave”
three times in the last three lines there): midpoint log-concavity of g together with lower
semicontinuity implies that g is log-concave, and hence pis strongly log-concave, so (a)

holds.

Proof. Proposition 2.24: First notice that by Proposition 5.5, we may assume that fis #° (so
@is also ).

As /is #°°, we differentiate /twice. We have / () = f (F1 (p) 11 (p) = -¢/ (F!
(V) and

I"(p)=—¢"(F(p)/I(p) < —c ||fll - (126)

This gives the first part of (i). The second part comes from the fact that

£l > y/var(X) by Proposition 5.2 below.

It suffices to exhibit an example. We take X'= 0, with density

f(@)=ze 10 00)(2)-

Then f= ¢ ?is log-concave (in fact, flog-concave of order 2, see Definition 2.15)
and not strongly log-concave as, on the support of £ ¢/ (X) = X2 — 0 as x — oo0.
By the equality in (11.26) we have

" (p)= — %(F—lco)).

Hence, to conclude it suffices to show that inf,.q {¢"/#} > 0. By simple
calculations, we have

¢ (@) f(x)=273e"1 (g o) (z) > €*/27>0,

so (ii) is proved.
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i, We take 7(x) = exp(-¢) = @™+ exp (-exp(X) L0y Where a=[$Cexp(—exp(z))dz.
Then the function Ry is #°° on (0, 1) and we have by basic calculations, for any p €

0, 1),
Ry (p)=f(F ' (p)+h)/f(F'(p))
and
" _f(Ffl(p)—l—h) (=1 -1
Ry, (p)= ) (P(F7(p) — ¢ (F(p)+h).

Now, for any x> 0, taking o= AX) in the previous identity gives

RZ(F(JC)):JC](C?;—)ZL) (¢'(2)—¢' (z4h))=a texp(exp(z)(2—exp(h)))-exp(z)(1—exp(h)). (11.27)

We deduce that if /7> log 2 then R, (F(x)) — 0 Whenever x — +oo. Taking /i = 1
gives point (iii).

V. For Xof density fx) = xe™*1(0,+0) (X), We have inf R',; < —he~"<0. Our proof of
the previous fact is based on identity (11.27) and left to the reader.

Proof. Proposition 2.25: Here are the details. Under the assumption that ¢ € C2 (and even
more generally) the equivalence of (a) and (b) follows from Rockafellar and Wets [1998],
Exercise 12.59, page 565. The equivalence of (a) and (c) follows from the corresponding
proof concerning the equivalence of (a) and (c) in Proposition 2.20; see e.g. Boyd and
Vandenberghe [2004], page 71.

That (a) implies (d): this follows from the corresponding implication in Proposition 2.20.

Also note that for x7, x» € R9we have

(Ve,, (x2) —x2/c = (Vo, (z1) — 71/c), 22 — 71)
=(Vp(atzs) — Ve(a — z3) — 22/c — (Vep(atz1) — Vo(a —21) — 21/¢), 29 — 271)

=(Ve(atzs) — Vo(atry) — (2 — 21)/(2¢), 22 — 21) — (Vp(a — 23) — Vp(a — z1)+(22 — 21)/(20), 22 — 21)
=(Ve(atzs) — Vo(ater) — (atzz — (atzr))/(2¢), 22 — 21)+(Ve(a — 1) — Vp(a — 22) — (a — 21 — (a — z2))

/(2¢),a —x1 — (@ —x2)) >0
if c= &2/2.

(d) implies (e): this also follows from the corresponding implication in Proposition 2.20.
Also note that when ¢ € C? so that V2¢ exists,
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V2<,9Ja (z)—2I/o?=V?p(a+z)+Vp(a—z)—21 |o* =V p(a+x)—1 /o> + V3 p(a—z)—1 /o? > 0+0=0.

To complete the proof when ¢ € €2 we show that (e) implies (c). Choosing a= xp and x=0
yields

0 < V20, (0)—2I/0*=V>p(z0)+V?p(20) — 21 Jo*=2(V?¢(z0) — I /0?),

and hence (c) holds.

To complete the proof more generally, we proceed as in Simon [2011], page 199: to see that
(e) implies (), let a= (xq + x)/2, x= (X1 — X)/2. Since J; g) is even and radially
monotone, JA0; 9)Y2 = J(x; g)1/?; that is,

{g(at+0)g(a — )}/ > {g(ata)gla — z)}/2,
or
9((z1+22)/2) > g(z1)"*g(w2)" /.

Finally (f) implies (a): as in Simon [2011], page 199 (with “convex” changed to“concave”
three times in the last three lines there): midpoint log-concavity of g together with lower
semicontinuity implies that g is log-concave, and hence pis strongly log-concave, so (a)
holds.

Proof. Proposition 5.5:
i.  This s given by the stability of log-concavity through convolution.
ii. Thisis point (b) of Theorem 3.7.

iii. We have

v, (2)=—log[ _ p(y)a(z—y)dy

and

J ol Vaz=w)lp)dy=] _ Iz —ylla(z - y)p(y)dy<co

since y—||z— Y| g(z- y) is bounded. This implies that p>> 0 on R?and
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Ve, 0=l ] p ;y(iq); — _y)u)dudyza2E[aG|X+aG=zJ=E[pUG<oG)|X+oG:z1.

In the same manner, successive differentiation inside the integral shows that ¢~is
#°>°, which gives (iii).

iv. Notice that

o (z—y)(z —y) pW)a(z—y)dyda||| < o[ [ ||z —ylPe(z—y)p(y)dy<occ

¥}

z,yERd ye]Kd zeRrd

as y+ |lz— Y2 g (z— ) is bounded. Hence the Fisher information f2) of Zis
finite and we have

J(Z)=0"4[ E[0G|X+0G=2]E[(¢G)T | X+0G=z]p(y)q(z — y)dydz

z,yGRd

< U*4fz yeRdE [O'G(O'G)T|X-|—O'G:Z} p(v)q(z — y)dydz

PG

| (J' (z —u)(z — u)T —2CEZY gy | p(y)g(z — y)dydz
zyERd ueRd

_ 4 _ T, _ p(¥)a(z—y)
-7 f?/ERd (quRd (Z u) (Z u) p(u)q(z u)du) f vede(v)q(zfv)dv dde
:U_4fz€Rd quRd (z—u)(z — u)Tp(u)q(z — u)dudz
:quRd U_4fzen’<d (z —u)(z— u)Tq(z —u)dz | p(u)du
J(0G)
=J(oG),
which is (iv).

Proof. Proposition 5.6: The fact that /1, € SLC; (¢1, @) is obvious due to Definition 2.8. By
Theorem 5.1 above, there exist 2> 0 and b € R such that

fla) < emoleltt 5 e RY,

We deduce that if X is a random vector with density fon R, then E[@2)IX] < 0 and so,
forany 5> 0,

P(|x[>28) < Ae™*,

where A =[Ed@2)IXI] > 0 Take £ € (0, 1). We have
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| F@eellPay 1| =) f(o) (1 - e=I*/2) au
=/ @) (1- e*cllvllz/zl) L pucaeerny @] f@) (1= e P2 1o o
< (1= ) L PO g ygemeray dot P X >2077%)
< (1 — ei2C175) +Ae*“675/2,

el

We set B, = (1 - 6‘2“1_‘3 + Ae~2 72 and we then have

‘fRdf(v)e_CH’UHZ/de -1 S BC:OCHO (Cl_s) _>c~>00~

Now, for x € RY we have, for all ¢> 0 such that B,< 1,

F(@)e=cl=l?/2

|he(z) — f(r)|=|ﬁ(;m ~ f(=)

= % — f@)e el 2|4 | f(z)eclel/2 — f(a)
< 7@)| (1, S 2an) ™ - 1‘ +f(@) (1 - eelelr2)

2
< 1(0) (e 1 - e ).

Hence, for all ¢> 0 such that B.< 1,

sup |h.(z)
zER?

- f@)| < sup  |he(x)
{zllzl|<2c~/2}

— f(z)]
+  sup |he(x)
{=zll=ll<2e—</2}

B.
—fl@) <€ (1——15%

41— 672c1*5+ef2ac*5/2+b< BC

1- B,

+1) =0(c'™) asc — 0.

Furthermore, for p € [1, c0),
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[alhe@) = f@)Pde=]_,[he() = F@) L coeerpydzt ] he(@) = F@Lg) ) s00-er2)d2
< sup o he(@) = f@F+S @) (e ) 1y szee/2yde
{zillz]|>2c==/2} R4 (1 e ) {l=l>2 }
—€ p
< e (L1 — e %) o (B 1) VP (]| X[ >2075/2)
< et (Lo t1 - e %) A (B 1) e Dbeac

1B, T B,
=0 (cp<1_5>> asc — 0.

The proof is now complete.
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Fig 1. Sherman's example,h=p * q
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