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Abstract

The discrete chemical master equation (dACME) provides a general framework for studying
stochasticity in mesoscopic reaction networks. Since its direct solution rapidly becomes intractable
due to the increasing size of the state space, truncation of the state space is necessary for solving
most dCMEs. It is therefore important to assess the consequences of state space truncations so
errors can be quantified and minimized. Here we describe a novel method for state space
truncation. By partitioning a reaction network into multiple molecular equivalence groups (MEG),
we truncate the state space by limiting the total molecular copy numbers in each MEG. We further
describe a theoretical framework for analysis of the truncation error in the steady state probability
landscape using reflecting boundaries. By aggregating the state space based on the usage of a
MEG and constructing an aggregated Markov process, we show that the truncation error of a MEG
can be asymptotically bounded by the probability of states on the reflecting boundary of the MEG.
Furthermore, truncating states of an arbitrary MEG will not undermine the estimated error of
truncating any other MEGs. We then provide an overall error estimate for networks with multiple
MEGs. To rapidly determine the appropriate size of an arbitrary MEG, we also introduce an a
priori method to estimate the upper bound of its truncation error. This a priori estimate can be
rapidly computed from reaction rates of the network, without the need of costly trial solutions of
the dCME. As examples, we show results of applying our methods to the four stochastic networks
of 1) the birth and death model, 2) the single gene expression model, 3) the genetic toggle switch
model, and 4) the phage lambda bistable epigenetic switch model. We demonstrate how truncation
errors and steady state probability landscapes can be computed using different sizes of the MEG(s)
and how the results validate out theories. Overall, the novel state space truncation and error
analysis methods developed here can be used to ensure accurate direct solutions to the dCME for a
large number of stochastic networks.
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Introduction

Biochemical reaction networks are intrinsically stochastic [1, 2]. Deterministic models based
on chemical mass action kinetics cannot capture the stochastic nature of these networks [3,
4, 5]. Instead, the discrete Chemical Master Equation (ACME) that describes the
probabilistic reaction jumps between discrete states provides a general framework for fully
characterizing mesoscopic stochastic processes in a well mixed system [6, 7, 8, 9, 10]. The
steady state and time-evolving probability landscapes over discrete states governed by the
dCME provide detailed information of these dynamic stochastic processes. However, the
dCME cannot be solved analytically, except for a few very simple cases [11, 12, 13, 14, 15].

The dCME can be approximated using the Fokker-Planck equation (FPE) and the chemical
Langevin equation (CLE). These approximations are not applicable when copy numbers are
small [16], as relatively large copy numbers of molecules are required for accurate
approximation [17, 16, 18, 19, 20]. Recent studies provided assessment of errors in these
approximations for several reaction networks [21, 22], as well as numerical demonstration in
which the CLE of a 13-node lysogeny-lysis decision network of phage-lambda was found to
fail to converge to the correct steady state probability landscape (see appendix of ref [5]).
However, consequences of such approximations involving many molecular species and with
complex reaction schemes are generally not known.

A widely used approach to study stochasticity is that of stochastic simulation algorithm
(SSA) It generates reaction trajectories following the underlying dCME [6], and the
stochastic properties of the network can then be inferred through analysis of a large number
of simulation trajectories. However, convergence of such simulations is difficult to
determine, and the errors in the sampled steady state probability landscape are unknown.

Directly solving the dCME offers another attractive approach. By computing the probability
landscape of a stochastic network numerically, its properties, such as those involving rare
events, can be studied accurately in details. The finite state projection (FSP) method is
among several methods that have been developed to solve dCME directly [23, 24, 25, 26, 5,
27, 28]. The FSP is based on a truncated projection of the state space and uses numerical
techniques to compute the time-evolving probability landscapes, which are solutions to the
dCME [29, 23, 30]. Although the error due to state space truncation can be calculated for the
time-evolving probability landscape [23], the use of an absorbing boundary, to which all
truncated states are projected, will lead to the accumulation of errors as time proceeds, and
eventually trap all probability mass. The FSP method was designed to study transient
behavior of stochastic networks, and is not well suited to study the long-term behavior and
the steady state probability landscape of a network.

A bottleneck problem for solving the dCME directly is to have an efficient and adequate
account of the discrete state space. As the copy number of each of the 7 molecular species
takes an integer value, conventional hypercube-based methods of state enumeration
incorporate all vertices in a 7-dimensional hypercube non-negative integer lattice, which has
an overall size of O(H?:lbi), where b;is the maximally allowed copy number of molecular
species /. State enumeration rapidly becomes intractable, both in storage and in computing
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time. This makes the direct solution of the dCME impossible for many realistic problems. To
address this issue, the finite buffer discrete CME (fb-dCME) method was developed for
efficient enumeration of the state space [24]. This algorithm is provably optimal in both
memory usage and in time required for enumeration. It introduces a buffer queue with a
fixed number of molecular tokens to keep track of the remaining number of states that can
be enumerated. States with depleted buffer do not absorb probability mass but reflect them
to states already enumerated, with the overall probability mass conserved. Further, instead of
including every states in a hypercube, it examines only states that can be reached from a
given initial state. It can be used to compute the exact steady state and time-evolving
probability landscape of a closed network, or an open network when the net gain in newly
synthesized molecules does not exceed the predefined finite buffer capacity.

State-space truncation eventually occurs in all methods that directly solve the dCME. For
example, it occurs in open systems when no new states can be enumerated, therefore
synthesis reaction cannot proceed. However, it is unclear how accurate the probability
landscape computed using a truncated state space is. Furthermore, it is unclear how to
minimize truncation errors, thus limiting the scope of applications of direct methods such as
the fb-dCME method.

In this study, we develop a new method for state space truncation and provide a general
theoretical framework for characterizing the error due to state space truncation. We start by
partitioning the molecular species in a reaction network into a number of molecular
equivalent groups (MEG) according to their chemical compositions. The state space is then
truncated by limiting the maximum copy number of each MEG instead of individual
molecular species. States with exactly the maximum copy number of a MEG form the
reflecting boundary of the state space. We further discuss networks with a single reflecting
boundary in the truncated state space. We then show that the total probability of the
boundary states can be used as an upper bound of the truncation error in computed steady
state probability landscape. This is then generalized to networks with an arbitrary number of
reflecting boundaries. We further develop an a priori method derived from stochastic
ordering for rapid estimation of the truncation errors of the steady state probability
landscape for a given truncated state space. The required maximum copy number of each
MEG for a pre-defined error tolerance can also be determined without computing costly trial
solutions to the dCME. Overall, the method of state space truncation and the upper bounds
of truncation errors established in this study enables accurate quantification of errors in
numerical solutions of the dCME, and can help to design strategies so probability landscapes
with small and controlled errors can be computed for a large class of biological problems
which are previously infeasible.

This paper is organized as follows. We first review basic concepts of the discrete chemical
master equation and issues associated with the finite discrete state space. We then describe
how to partition a reaction network into molecular equivalent groups and how to truncate the
discrete state space. We further discuss truncation errors of the steady state probability
landscape and how to construct upper bounds of the truncation errors. This is followed by
detailed studies of the single gene expression system and the genetic toggle switch system.
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We examine the a priori estimated error bound, the computed error, and the true error for
different state truncations. We end with discussions and conclusions.

Methods

Theoretical Framework

Reaction Network, State Space and Probability Landscape—In a well-mixed
biochemical system with constant volume and temperature, there are 7 molecular species,
denoted as Z = {X1,X5,---,X;}, and mreactions, denoted as & = {Ry,R», -, R} Each
reaction Ry has an intrinsic reaction rate constant 74 The microstate of the system at time ¢is
given by the non-negative integer column vector x(t) € Z'; of copy numbers of each
molecular species: X(8 = (x1(d), X(d),--, X,(D) 7, where x{# is the copy number of molecular
species X;at time £ An arbitrary reaction R, with intrinsic rate 4 takes the general form of

e XiFearXot - e Xn 25 e Xieg Xot -+ X,

which brings the system from a microstate x;to x; The difference between x;and X;is the
stoichiometry vector sy of reaction

T ’ ’ ’ T
Ry:8p=ai—x;=(S1k, Soks -+ » Snk) =(C1p—Ciks Cop—Caks =+ »Cp—Cnk) € Z". Therate
AlXj, x;) of reaction Ry that brings the microstate from x;to X is determined by 7z and the
combination number of relevant reactants in the current microstate Xj.

L x
Ap (i, a0) =Ap(aj)=ri [ | ( C”i ) ,
=1

()

0 )=

assuming the convention .

All possible microstates that a system can visit from a given initial condition form the state
space: 2 = {x(9|x(0), t< (0, co)}. We denote the probability of each microstate at time #as
p(x(D), and the probability distribution at time £over the full state space as p(8 = {(o(x(d)|
x() € 2)}. We also call p(9 the probability landscape of the network [5].

Discrete Chemical Master Equation—The discrete chemical master equation (dACME)
can be written as a set of linear ordinary differential equations describing the change in
probability of each discrete state over time:

dp(w,t)

7 Z [A(w,w/)p(m/,t)—A(m/,w)p(a:,t)],

' x ra (]_)

Note that p(x, 2 is continuous in time, but is discrete over the state space. In matrix form, the
dCME can be written as:
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PO _ ppe).

dt @)

where A € R is the transition rate matrix formed by the collection of all A(x; X,),
which describes the overall reaction rate from state x;to state x;.

ZZ’:lAk(a:i,:cj) ifa; # x; anda:j R—k> x;,
Az, zj)= X g e Q, Al ) fi=j,
:c/ * x;
0 otherwise. 3)

Molecular Equivalent Groups and Independent Birth-Death Processes—In an
open reaction network, synthesis reactions are the only ones that generate new molecules
and increase the total mass of the system. Degradation reactions are the only ones that
destroy molecules and remove mass from the system. The net copy numbers of various
molecular species in an open network gives its total mass. For a given microstate, the mass
for each molecular species is defined. The total mass in a network can increase to infinity if
synthesis reactions persist. The truncation of the infinite state space of such an open
network, which is inevitable due to the limited computing capacity, can lead to errors in
computing the probability landscapes of a ACME.

Here we introduce the concept of Molecular Equivalence Groups (MEG), which will be
useful for state space truncation. Specifically, molecular species Xjand X;belong to the
same MEG if Xjcan be transformed into Xjor Xjcan be transformed into X through one or
more mass-balanced reactions. A stochastic network can have one or more Molecular
Equivalent Groups. The total mass of a Molecular Equivalent Group for a specific microstate
is defined as the total copy number of the most elementary equivalent molecular species in
the Molecular Equivalent Group.

A—B; 24—C; B+C—D; 2X-Y; Y —>Z; (4)

For example, the reaction network shown in Eqn. (4) has two Molecular Equivalent Groups,
r.e., MEGy ={A,B,C,0} and MEG, = {X, Y, Z}. The most elementary molecular species in
MEG, and MEG, are Aand X, respectively. For any specific microstate of the network x =
{a b, ¢ d x, y Z}, the total net copy number of the Molecular Equivalent Group MEG; is
calculated as 71p/e6,(X) = a+ b+ 2¢+ 34, and the total net copy number of MEG, can be
calculated as 71p/e6,(X) = x+2y + 2z, where the &, b, ¢, d, X, y, and zare copy numbers of
corresponding molecular species.

We are interested in MEGs containing synthesis and degradation reactions. The set of
reactions associated with such an open MEG is called an independent Birth-Death process
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(iBD). Reactions in an iBD can increase or decrease the total net copy number of molecules
in the associated MEG.

State Space Truncation by Molecular Equivalent Group—Here we introduce a
novel state truncation method. Instead of truncating the state space by specifying a
maximum allowed copy number B for each molecular species, we specify a maximum
allowed molecular copy number B for the /-th MEG. Assume the -th MEG contains 7y
distinct molecular species, and conservatively ignore the effects of stoichiometry, the
number of all possible states for the /-th MEG is then that of the volume of an 77
dimensional orthogonal corner simplex, with Bthe length of all edges with the origin as a
vertex. The number of integer lattice nodes in this /7-dimensional simplex gives the precise
number of states of the /~th MEG, which is in turn exactly given by the multiset number

B+n;
( n; ) The size of the state space is therefore much smaller than the size of the state
space B/ that would be generated by the hypercube method, with a reduction factor of
roughly 77;! factorial. Note that under the constraint of mass conservation, each molecular
species in this MEG can still have a maximum of B copies of molecules.

We further conservatively assume that different MEGs are independent, and each can have
maximally B copies of molecules. The size of the overall truncated state space is then

O(H . ( B+n; ) o _ _ -

J 7 . This is much smaller than the 7dimensional hypercube, which has an
overall size of ((I1; B")) = ((B"), with nthe total number of molecular species in the
network. Overall, the size of state space generated by MEG truncation can be dramatically
smaller than that generated using the hypercube method.

State Space Aggregation According to the Net Copy Number in Molecular
Equivalent Group—We first consider the stochastic network with only one Molecular
Equivalent Group. We truncate the state space by fixing the maximum amount of total mass
in the network. We are interested in estimating the errors due to such a state truncation. To
do so, we first factor states in the original state space Q(°°) of infinite size according to the
total net copy number of the MEG in each state. The infinite state space () can be
partitioned into disjoint groups of subsets Q) = {%o, 91,-+-, 9 n,- -}, Where states in each
aggregated subset % ¢ have exactly the same stotal copies of equivalent elementary molecular

species of the MEG. The total steady state probability f.—goo) on microstates in each group %
can then be written as:

7% = 3 2 (@)= 3" p) (@, t=c0).

x€Ys xEYs (5)

Based on the state space partition Q(OO), we can re-construct a transition rate matrix A, which
is a permutation of the original ACME matrix A in Egn. (2):
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where each block sub-matrix A; ;includes all transitions from states in group ¢ ;to states in
G

In continuous time Markov model of mesoscopic systems, reactions occur instantaneously,
and the synthesis and degradation reactions always generate or destroy one molecule at a
time. This also applies to oligomers, which are assumed to form only upon association of
monomers already synthesized, and dissociate into monomers first before full degradation.
The re-constructed matrix A is thus a tri-diagonal block matrix, Ze., A; jisall Osif [~/ > 1.
Moreover, synthesis reactions always appear as lower blocks Az ; and degradation
reactions always as upper blocks A; ;1. Diagonal blocks A; ;contains all coupling reactions
that do not alter the net number of synthesized molecules. Note that every A1 ;block and
A; i1 block only includes synthesis and degradation reactions associated with the current
MEG. For analysis of networks with multiple MEGs, we assume at this time there is no limit
on the total mass of other MEGs, therefore the state space is not truncated on these MEGs.
These other MEGs do not alter the total net copy number of molecular species in the current
MEG.

Note that the assumption of the stoichiometric coefficient of 1 for synthesis and degradation
is only for constructing the proofs of the theorems. In computation, there is no condition on
the stoichiometry of any reaction, and our method is general and can be applied to any
reaction network.

We can obtain the steady state probability 7(>) on aggregated states without solving the
dCME. It is tempting to lump all microstates in each group %, into one state and replace the
original |2(>)] x |Q(°°)] rate matrix A with an aggregated matrix to study the dynamic
changes of the probability landscape on this aggregated state space. However, stringent
requirements must be satisfied for such lumped states to follow a Markov process [31, 32,
33, 34, 35, 36]. Specifically, a transition rate matrix A for a continuous Markov process is
lumpable with respect to a partition Q) if and only if for all pairs of ¢, ;€ Q(OO), the
condition

D Aw= D) A

TLEG XL €Y, (7)

holds for all x;, X; € %5 [31]. In other words, every state in % must have the same total
transition rate to group ¢ and this must be true for all ¥;and %, [31].

While A does not satisfy this strong condition in general, we can instead construct a lumped
transition matrix B, which is associated with the aggregated state space derived from the
partition Q(OO), such that the aggregated steady state probability distribution on the partition
Q) computed from the lumped matrix B is equal to that derived from the steady state
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distribution computed from the original matrix A. That is, steady state probabilities on
partitioned groups in 2(°) are identical using either B or the original A.

Assume the steady state probability distribution 7;()~<) over the partitioned state space Q) js
known, the aggregated synthesis rate a§°<°> for the group %, and the aggregated degradation

rate ﬁffl) for the group 9 ;.1 at the steady state are two constants (Fig 1) defined as

) (+T 4\ _T(%) (17 Ays,4) - 7 (Yit1)
o _(1 Az+1,l> T (%) and S;/ (1 Am+1> 1T7(ZGr)’ ®)

where ﬂ(;ﬁ,) and ﬂ(?g/}l) are the steady state probability vector over microstates in the
lumped states ¢;and ¥ 1, respectively. The term 1 TA,-+1 ;1s the row vector of column-

summed rates from A ;for microstates in %, and - "(5 ) |s the steady state probability
vector n(f? ;) over microstates in ¢ ;normalized by the total steady state probability on 7.
Similarly, 17A, ;. is the row vector of column-summed rates from A, ;1 for microstates in

% 41, and }f;fl - is the steady state probability vector (% j+1) Over microstates in %,
normalized by the total steady state probability on %.1. We can construct an aggregated

transition rate matrix B from A based on the following Lemma:

Lemma 1 (Rate Matrix Agaregation.): If an Molecular Equivalence Group has no limit on
the total copy number, it generates an infinite state space (> and the rate matrix A is of
infinite dimension. For any homogeneous continuous-time Markov process with such a rate
matrix A, an aggregated continuous-time Markov process with an infinite rate matrix B(>)
can be constructed on the partition %) = {Go, 91,+-, 9 p, -} with respect to the total net
copy number of molecules in the network, such that it gives the same steady state probability
distribution for each partitioned group {# ¢} as that given by the original matrix A, i.e., 7(%)
= Sy, m(X) forall =0, 1,--, where 7(Q(>)) is the steady state probability distribution
associated with A. Specifically, the infinite transition rate matrix B(>) can be constructed as
a tridiagonal matrix:

B= (0(00),,7(00)”3(00)) _—

with the lower off-diagonal vector a(m):(a(o")), the upper off-diagonal vector

B)=(553)), and the diagonal vector (%) = (%)) =(—a*) 5>}, j= 0,--,00. This is
equivalent to transforming the corresponding infinite transition rate matrix A in Eqgn. (6) into
B(>) by substituting each block sub-matrix Ajq jof synthesis reactions with the

corresponding aggregated synthesis rate agoo), and each block A; 1 of degradation reactions

with the aggregated degradation rate ﬁgfl), respectively, with agoo) and ﬁ deflned in Eqgn.
(8).
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Proof can be found in the Appendix.

Analytical Solution of Steady State Probability of Aggregated States—The
system associated with the aggregated rate matrix B can be viewed as a birth-death process
controlled by a pair of “synthesis” and “degradation” transitions between aggregated states
associated with different net copy number of the MEG. It takes the form:

(o2)

% (#)E
55 (10)

where E represents the elementary molecular species in the MEG, with its copy number the
total net copy number of the MEG. The rates a ) and ﬂfjﬁ) are the aggregated “synthesis”
and “degradation” rates for this MEG. The aggregated state space and transitions between
them are illustrated in Fig. 1. The steady state probability distribution over the aggregated

states are governed by Bz(>) = 0

The aggregated rates a(‘x’ and ,6’1+1 in B are from summations of all entries in the non-
negative block matrices Axq ;and A; 1. As long as there is one or more microstates in

Aj1 jor A; j1 with non-zero copies of reactants, a(oo) or ﬁl.(m) will be non-zero. We next
examine the most general case when a ) % 0and ,BZ“ #0forall /=0, 1,---. We simplify

our notation and use 7> for 7>°)(@ ). Following the well-known results on analytical
solution of the steady state distribution of the birth-death processes [13, 15], the steady state

solution for #(°*) and #(**) can be written as:

i—1 (oc0)
ﬁl(w):H O‘koo ~800)
k=011 (11)
and
- (00) _ 1
7TU o0 j—1

b)
HZHJ‘@

== (12)

Therefore, the steady state probability 7~T§°°> of an arbitrary group %;can be written as:
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i—1

I1

7?1(‘00)_ k=0

o0)
ol

()
Brs1

—S
1+ 11 ES

J=1k=0"k+1 (13)

Once ag”) and ﬁ,i‘fl) are known, the total probability of any aggregated state ¢ at the steady
state can be easily computed. We will introduce a method in later sections for easy a priori

calculation of error estimates based on Eqgn. (13) and values of a,(fo) and ﬁ,ﬁ‘f} which are
directly obtained from reaction rate constants of the network model, without the need of

solving the dCME.

Truncation Error Is Bounded Asymptotically by Probability of Boundary States
—When the maximum total net copy humber of the MEG is limited to A states with a total
net copy number larger than A/will not be included, resulting in a truncated state space QM.
Those microstates with exactly A/total net copies of molecules in the network are the
boundary states, because neighboring states with one additional molecule are truncated. The
true error for the steady state Err{¥) due to truncating states beyond those with A/net copies
of molecules is the summation of true probabilities over microstates that have been truncated
from the original infinite state space:

En™= Y 2®@)=1- Y ().

2€Q(%0) xgQ(N) xeQV) (]_4)

The true error Err™ is unknown, as it requires knowledge of 7{°)(x) for all x € Q(°). In

this section, we show that Err™ asymptotically converges to irgv‘”) as the maximum net copy
number limit Aincreases. If Nis sufficiently large, the true error Err(™ is bounded by the

true boundary probability 7~r§v°°> times a constant. First, we have:

Lemma 2 (Finite Biological System.): For any biological system in which the total amount
of mass is finite, the aggregated synthesis rate a§°<>> becomes smaller than the aggregated
degradation rate ﬂfff when the total molecular copy number Ais sufficiently large:

NCY)

]\}im sup éo@ <1.
TN By (15)

Proof can be found in the Appendix.
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(c0)

a
Note that in most biological reaction networks, the stronger condition t > N 5(00)
should hold, as synthesis reactions usually have constant rates, while degradation reactions
have increasing rates when the copy number of the molecule increases. When the net copy
number 7is sufficiently large, the ratio approaches zero.

=0

My

According to the Eqgn. (14) and # 7t 1 <7r( ) as discussed above, when the total net molecular
copy number Aincreases to infinity, the true error Err™ converges to zero. For a finite

system, the series of the boundary probability { ﬁfv‘x’)} (Egn. (13)) also converges to 0, since

the sequence of its partial sums converges to 1. That is, the A~th member irsvoo) of this series

[e.e]
| Y AP
converges to 0 and the residual sum of this series ; 57 ; converges to 0. We

now study the convergence behavior of the ratio of Err{™ and %SV‘X’)

Theorem 3 (Asymptotic Convergence of Error.): For a truncated state space with a
maximum net molecular copy number Ain the network, the true error Err{™ follows the
inequality below when Aincreases to infinity:

al®) a(oo)
L M =sup
where Mis an integer selected from A, ---, oo to satisfy mm k>N ,9(
Proof can be found in the Appendix.

According to Theorem 3, the true error Err(™ is asymptotically bounded by the boundary
probability 7> multlplled by a simple function of the aggregated synthesis rates o{>*) and

degradation rates 5%°) \We can therefore use Inequality (16) to construct an upper-bound for

I\1+]

Err{™. We examine three cases: (1) If a / ﬁz(\?i)1<0-5: the true error is always smaller than

the boundary probability: Err¢ )<7r ). when the maximum net molecular copy number A/

is sufficiently large. (2) If oz(°°)/ 8% =0.5, the true error converges asymptotically to wfv°°>.

1\I+1

(o)
N
3) If 0-5< ﬁ<oo) <1'0, the error is bounded by 7TJ(VOO> multiplied by a constant
o= a(oo /ﬂl(\?i)l

1— a(cc) / 5§;>i)1 according to Inequality (16).
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In realistic biological reaction networks, case (1) is most applicable. As rates of synthesis
reactions usually are constant, whereas rates of degradation reactions depend on the copy
number of net molecules in the network, the ratio between aggregated synthesis rate and

degradation rate decreases monotonically with increasing net molecular copy numbers N.
We therefore conclude that the boundary probability wffo) indeed provides an upper bound to
(c0)

the state space truncation error. In addition, in case (1) M= N, and o /8% =a{>) /5%

Therefore Inequality (16) can be further rewritten as:

(20)

AN
5(00)
ErrY) < _ONHL z(c0)
— ol TN
1=—
Bnia @an

Computed Probability of Boundary States on Truncated State Space Bounds
the True Boundary Probability—It is not practical to compute the true boundary

probability rfv‘x’) on the original infinite state space. In this section, we show that the
probability of boundary states (™ is larger than 7(>), Therefore, we can use 7{*) on

truncated state space as an upper bound for Err{™. That is, the steady state probability w](VN )

computed using the truncated state space over the boundary states can be used to bound
Err(M),

We first show that the truncated state space and its rate matrix can also be aggregated
according to the net copy number of molecules in MEG following Lemma 4, which is
similar to Lemma 1:

Lemma 4: A Molecular Equivalent Group with a maximum of A/total copy number of
elementary molecular species gives a truncated state space (™ and a truncated rate matrix
AW, For any homogeneous continuous-time Markov process with such a rate matrix AV,
an aggregated continuous-time Markov process with a rate matrix B() can be constructed
on the partition oM = {%9, 91, -+, 9 n } With respect to the total net copy number of
molecules in the network, such that it gives the same steady state probability distribution for
each partitioned group {# g} as that given by the original matrix AV, i.e., 7(%) = Yxeds
7a(x) forall s=0, 1, ---, N, where 7(x) is the steady state probability distribution associated
with A,

Specifically, the rate matrix B(M can be constructed as:

(M) (o) () g(N)
B _(a 77 7ﬂ )7 (18)

with the lower off-diagonal vector
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aM=(aM), i=0,..- ,N-1.
the upper off-diagonal vector
(), i1, .
and the diagonal vector
YN =) =(=a{M ), i=0,--- | V.

It is equivalent to substituting the block sub-matrices A1 jand A; 4 in the original rate

matrix A with the corresponding aggregated synthesis rate a(N )and degradation rate ﬁffl)

respectively. The aggregated rates on the truncated state space are:

W17 A ) g g T g, T )
a; HLiT R (@) and By Y () 19)

Proof: Same as Lemma 1.

Similar to the case of infinite state space, we can write out in analytic form the total steady

state probability ﬁl(N ) over each aggregated group ¥, as:

i—1 o)
—(N7

7~T(N)_ g PR

7 N7 1 (N)’

1+> 1 Cv(N)

o a1 (20)

i=0,1,2,--- , N.

Specifically, the total steady state probability ﬁEVN ) over the group of aggregated boundary
states & is:

N-1 ()
by

A k=0

N N -l v

1+ZH a(N)

j=1k=0 Pri (21)

We now study how state space truncation affects the steady state probabilities over the
aggregated groups.
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Theorem 5 (Boundary Probability | ncreases after State Space Truncation): The total

steady state probabilityjr(N) of an aggregated state group %, forall /=0, 1, ---, N/, on the

i

truncated state space () with a maximum net molecular copy number A, is greater than or

equal to the non-truncated probability 7(°) over the same group ¢ obtained using the

original state space () of infinite size, i.e., #(° < #(™).

Proof can be found in the Appendix.

In summary, the boundary probability increases when the state space is truncated
# (V) > 7(>), From Theorem 3, we always have Exr™) < C#(>). Therefore, we can bound

Err(M by the boundary probability wfVN ) computed using the truncated state space when
o™ £ o0and g2 % 0.

From One to Multiple MEGs—In complex reaction networks, multiple MEGs occur.
Since different MEGs are pairwise disjoint, we can aggregate the same state space and re-
construct the permuted the rate matrix according to different MEG one at a time. Lemmas 1,
2, and 4, and Theorems 3 and 5 are all valid for each individual MEG. That is, the true error
of truncating one MEG is bounded by the boundary probability computed using the state
space truncated in that particular MEG, while all other MEGs have infinite net molecular
copy numbers. However, it is not possible to compute the solution of dCME with infinite
molecules in any MEG. Below we study how error bounds can be constructed when states in
all MEGs are truncated simultaneously.

From Truncating One to Truncating All MEGs—We use .# = (oo, -+, 00) to denote the
vector of infinite net copy numbers for all MEGs in the network. .# corresponds to the
original infinite state space Q) without any truncation. We use A and 7% to denote the
transition rate matrix and the steady state probability distribution over Q), respectively.
Furthermore, we have A 79 = 0.

We use ;= (o0, -+, Nj, -+, o0) to denote the vector of maximum copy numbers with only
the /th MEG limited to a finite copy number Ajand all other MEGs with infinite copy
numbers. The corresponding state space is denoted Q(%), the transition rate matrix A, and
the steady state probability distribution 7¢%). At the steady state, we also have AP 7% = 0.

We now add one more truncation to the /~th MEG in addition to the jth MEG. We denote
the vector of maximum copies as .%; ;= (oo, ---, Nj -+, Nj --+, 00), with N;and N;the
maximum copy numbers of the /th and /th MEG, respectively. All other MEGs can have
infinite molecular copy numbers. We denote the corresponding state space as Q%i/), the
transition rate matrix A%, the steady state probability distribution 7%, At the steady
state, we have AZiJptZi) = 0,

When all wnumber of MEGs in the network are truncated using a vector of maximum
copies B = (Ny, -+, N -+, Nj -+, Ny,), we have a finite state space Q(#). Obviously, we
have Q&) c OWip) c Q) c O,
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We have already shown that for each truncated MEG on the infinite state space, the
truncation error is bounded by the corresponding boundary probability. We now show that
this error bound also holds for the fully truncated state spaces Q(*). We show first adding
only one additional truncation at the /th MEG to the singularly truncated state space Q%
and demonstrate that the probability of each state in the doubly truncated state space Qi)
is no smaller than the probability in singularly truncated state space %2, j.e., 7#%i)(x) =
9P(x) for all x € QWip).

Theorem 6: At steady state, 7% = 7% and 7%/ approaches 7t%? component-wise for
any state in Qi) when the maximum net copy number limit for the ~th MEG N;goes to
Q.

Proof can be found in the Appendix.

Theorem 6 shows that introducing an additional truncation at the /~th MEG does not
decrease the boundary probability of the /th MEG. Therefore, the boundary probability
from doubly truncated state space Q) can also be used to bound the true error after state
truncations at both ~th and jth MEG. Furthermore, we can show by induction that boundary
probabilities computed from the fully truncated state space Q(#) can also be used to bound
the truncation errors of each MEG, respectively.

Upper and Lower Bounds for Steady State Boundary Probability—In this
section, we introduce an efficient and easy-to-compute method to obtain an upper-and lower-

bound of the boundary probabilities fr(NN) a priori without the need to solving the dCME. The
method can be used to rapidly determine if the maximum copy number limits to MEGs are
adequate to obtain the direct solution to dCME with a truncation error smaller than the
predefined tolerance. The optimal maximum copy number for each MEG can therefore be
estimated a priori.

As a consequence of Theorem (6) discussed above, the boundary probability computed on
the truncated state space () can be used as an error bound. We now use the truncated rate
matrix to derive the upper- and lower-bounds.

Denote the maximum and minimum aggregated synthesis rates from the block sub-matrix

Aj, jas

aM=max{17 As1;} and  o™M=min{17 A1}, (22)

(2

respectively, and the maximum and minimum aggregated degradation rates from the block
sub-matrix A; 1 as

Effl): max{lT A} and ﬂ(fﬁl: min{lT A}, (23)
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respectively. Note that & —(N ) N ) ﬁ(N and /5’1 1 can be easily calculated from the reaction
rates in the network wnhout need for generating and partitioning the dCME transition rate

matrix A. As a(N and ﬂ(ﬂ given in Eqgn. (8) are weighted sums of vector | AHl jand 17
Aj 1 with regard to the steady state probability distribution 7¢¥(# ), respectively, we have

M <o™<a®™  and g <) <5

We use results from the theory of stochastic ordering for comparing Markov processes to

bound TJ(VN ). Stochastic ordering “<’ between two infinitesimal generator matrices P« and
Qx; Of Markov processes is defined as [32, 37]

P<,Q ifandonly ifZP@k < ZQ7k for alli, j.
k=j k=j

To derive an upper bound for #) in Eqn. (21), we construct a new matrix B by replacing
( ) with the corresponding @ —<N and ﬁlﬂ with the corresponding 8 B i1 )in the matrix B.
Similarly, to derive an lower bound for fr(N) we construct the matrix B by replacing ai

with the corresponding o a N) and replace ﬁL+1 with 51“ in B. We then have the following
stochastic ordering:

EgsthstE-
All three matrices B, B, and B are “<st—monotone™ according to the definitions in Truffet

[32] The steady state probability distributions of matrices B, B, and B maintain the same
stochastic ordering (Theorem 4.1 of Truffet [32]):

ﬂ-ggst”rB Sstﬂ-E'

Therefore, we have the inequality:

8
3
IA
=R
3
IA
3

# M is the boundary probablllty from g, 7™ is the boundary

Here the lower bound &
probability from 7, and the upper bound 7r Jis the boundary probability computed from

7g. From Eqn. (21), the upper bound 7r ™) can be calculated a priori from reaction rates:
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N-1_ov)
6p
=(N) k=0 Zh1
Ty = -
N1l

j=1k=0=F+1 (24)

and the lower bound ing) can also be calculated as:

N—-1
(N)
@kN)
7~T<N>_k07ﬁk+l
o NI o

1+ 1155

j=1k=0 k1 (25)

These are general formula for upper and lower bounds of the boundary probabilities of any

MEG in a reaction network. Note that while 7 7r Mis easy to compute, it may not be a tight

error bound when the MEG involves many molecular species with overall complex
interactions. This will be shown in the example of the phage lambda epigenetic switch
model (Fig. 6A and B).

For a reaction network with multiple MEGs, we have

> a0 < 30 < 3R,
=1 =1

i=1

where Njis the maximum copy number for the /th MEG. The upper bounds for the total
error Err(“(‘ﬂ)) can therefore be obtained straightforwardly by taking summation of upper
bounds for each individual MEG:

Err(®) < Zw:%ngi)v
i=1 (26)

This upper bound of Z ]( can therefore be used as an a priori estimated bound for the
total truncation errar Err(® )) for the state space Q¥ using truncation of 8= (M, ---, N,

Biological Examples

Below we give examples on characterizing the truncation errors in the steady state
probability landscapes for four biological reaction networks. We study the models of the
birth and death process, the single gene expression, the model of genetic toggle switch, and
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the phage lambda epigenetic switch model. We first show how each network can be
partitioned into MEGs, and how truncation errors for each MEG can be estimated a priori.
By enumerating the state space and directly computing the steady state probability
landscapes of the dCMEs using the fb-dCME method, we examine the true truncation errors,
the computed boundary probabilities, and the a priori estimated truncation error. We
demonstrate that indeed the truncation error is bounded from above by the computed
boundary probability, and by the a priorierror estimate according to theoretical analyses
described earlier, once the copy number limit is sufficiently large for the MEG(s).

Birth-Death Process

The birth-death process is a ubiquitous biochemical phenomenon. In its simplest form, it
involves synthesis and degradation of only one molecular species. We study this simple
birth-death process, whose reaction scheme and rate constants are specified as follows:

Ri: o5 X, ke=1/s,
Ry X ™ o k=0025/s. (27

The steady state probability landscape of the birth-death process is well known [13, 15].
This process has also been studied extensively as a problem of estimating rare event
probability [38, 39, 40].

Molecular equivalent group (MEG)—This single birth and death process is an open
network because of the presence of the synthesis reaction. There is only one molecular
equivalent group (MEG). We truncate the state space at different values of the maximum
copy number of the MEG, ranging from 0 to 200, and compute the boundary probabilities at
each different truncation.

Asymptotic convergence of errors (Theorem 3)—To numerically demonstrate
Theorem 3, we compute the true truncation error of the steady state solution to the dCME.
We use a large copy number of MEG = 200, which gives an infinitesimally small boundary
probability of 1.391 x 10772, Steady state solution obtained using this MEG number
coincides with analytical solution, and is therefore considered to be exact. With this exact
steady state probability landscape, the true truncation error Err™ at smaller MEG sizes can
be computed using Eqn. (14) (Fig. 3A, blue dashed line and crosses). The corresponding

boundary probabilities 71.&]00) are computed from this exact steady state probability landscape
(Fig. 3A, green dashed line and circles).

Consistent with the statement in the Theorem 3, we find here that the true error Errf (Fig.

3A, blue dashed line and crosses) is bounded by the computed boundary probability wz(voo)
(Fig. 3A, green dashed line and circles) when the size of the MEG is sufficiently large. The
inset of Fig. 3A shows the ratio of the true errors to the computed errors at different sizes of
the MEG, and the grey straight line marks the ratio one. The computed errors are larger than
the true errors when the black line is below the grey straight line (Fig. 3A inset). In this
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example, the computed boundary probability is greater than the true error when N> 79, as
would be expected from Theorem 3.

A priori estimated error bound—To examine the a priori estimated upper bound for
truncation error, we follow Eqn. (22) and (23) to assign values of @;= ksand fi1 = k(1)
for this network. We compute the a priori upper error bound for different truncations using
Eqn. (24) (Fig. 3A, red solid line). For this simple network, @;= a,;= a;and ,B,-; pi= B
therefore the a priori estimated error is exactly the same as the analytic solution for the
steady state distribution for this simple birth-death network, and it coincides with the
computed error (Fig. 3A red and green lines). The true error, computed error, and the a priori
error bound all decrease monotonically with increasing MEG size N/ (Fig. 3A).

Increased probability after state space truncation (Theorem 5)—According to
Theorem 5, the probability of a state increases upon state space truncation. We compare the
steady state probability landscapes of X computed using truncations at different sizes
ranging from 40 to 50 with the exact steady state landscape (Fig. 3B, red line). Our results
indeed show clearly that all probabilities increase as more states are truncated (Fig. 3B). The
probability landscape computed using V=50 (Fig. 3B, yellow line) or larger is very close to
the exact landscape using V=200 (Fig. 3B, red line). However, the probability landscapes
computed using smaller A deviate significantly from the exact probability landscape. The
smaller the MEG size, the more significant the deviation is. These results are fully consistent
with the statements of Theorem 5.

Single Gene Expression Model

Transcription and translation are fundamental processes in gene regulatory networks that
often involve significant stochasticity. The abundance of mMRNA and expressed proteins of a
gene is usually 2—4 orders of magnitude apart in a cell. There are only a few or dozens of
copies of MRNA molecules in each cell for one gene, but the copy number of proteins can
range from hundreds to ten thousands [41]. Here we study a model of the fundamental
process of single gene transcription and translation using the following reaction scheme and
rate constants:

Ri: Gene+o Fe, Gene+mRNA, k.=1.0/s,
Ry: mRNA+@ LN mRNA+ Protein, k=1.0/s.
Ry mRNA 2 @, k,,=0.1/s.

Ry: Protein 4, @, kq=0.01/s. (28)

Molecular equivalent group (MEG)—This single gene expression model is an open
network. We can participate this model into two molecular equivalent groups (MEG), with
MEG; consists of species mRNA, MEG, consists of Protein. Note that protein synthesis
depends on the copy number mRNA, despite the fact that mRNA and Protein are two
independent molecular species that cannot be transformed into each other.
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Asymptotic convergence of errors (Theorem 3)—To numerically demonstrate
Theorem 3, we compute the true error of the steady state solution to the dCME using
sufficiently large sizes of MEG; = 64 and MEG, = 2, 580, which gives negligible truncation
error, with infinitesimally small boundary probabilities 3.58 x 10730 for MEG; and 1.15 x
10732 for MEG,. Solution obtained using these MEGs is therefore considered to be exact.
With this exact steady state probability landscape, the true truncation error Err™ at smaller
sizes of MEG; and MEG, can be computed using Eqn. (14) (Fig. 4A and B, blue dashed

lines and crosses). The corresponding boundary probabilities ngoo) or computed error are
obtained from the exact steady state probability landscape for both MEG; (Fig. 4A, green
dashed line and circles) and MEG, (Fig. 4B, green dashed line and circles).

Consistent with the statement in Theorem 3, our results show that the true error Err™ is

bounded by the computed boundary probability w§V°°> in the MEG; when MV, =20 (Fig. 4A,
blue dashed lines and crosses, green dashed lines and circles, and the inset). In the MEG,,
although the true errors are larger than computed errors even when the MEG size is large
(Fig. 4A inset), the true error can be bounded by the computed error when A%, = 5000 by a
multiplication factor of 6 (Fig. 4B, blue dashed lines and crosses, green dashed lines and
circles, and the inset). This is expected from Theorem 3.

A priori estimated error bound—To examine a priori estimated upper bounds for the
truncation errors in MEG; and MEG5, we follow Egn. (22) and (23) to assign values of a,; =
keand fj+1) = kpf7+ 1) for the MEG,. Because of the dependency of protein synthesis on
the mRNA copy numbers, we set @;= 64 - k;and S = k(7 + 1) following Eqgn. (22) and
(23) for the MEG,, where the factor 64 is the maximum copy number of mRNA in the
MEG,. We compute the a priori estimated upper bounds of errors for different truncations of
MEG; and MEG, using Eqn. (24) (Fig. 4A and B, red solid lines). The true truncation errors
and the a priori estimated error bounds of MEG; and MEG; all decrease monotonically with
increasing MEG sizes (Fig. 4A and B). The computed errors also monotonically decrease in
both MEGs. For MEG;, the a priori estimated error bounds coincide with the computed
errors (Fig. 4A red and green lines). For the MEG,, the a priori estimated error bounds are
larger than computed errors at all MEG sizes.

Increased probability after state space truncation (Theorem 5)—According to
Theorem 5, the probability landscape projected on the MEGs increase after state space
truncation. We compute the steady state probability landscapes of Protein obtained using
truncations at different sizes of the MEG, ranging from 0 to 2, 580 for MEG, while MEG; is
fixed at 64 (Fig. 4C). The results are compared with the exact steady state landscape
computed using MEG, = 2, 600 (Fig. 4C, red line).

Our results show clearly that all probabilities in the landscapes increase when more states
are truncated at smaller MEG size (Fig. 4C). The probability landscapes computed using
larger size of the MEG (e.g., MEG, = 1400, Fig. 4C, yellow line) are approaching the exact
landscape (Fig. 4C, red line). The probability landscapes obtained using smaller MEG sizes
deviate significantly from the exact probability landscape. The smaller the MEG size, the
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more pronounced the deviation is. These numerical results are fully consistent with Theorem
5.

Truncating additional MEGs does not decrease probabilities (Theorem 6)—We
further examine Theorem 6, /.e., the probability landscape projected on one MEG increase
with state space truncation at another MEG. We compare the projected steady state
probability landscapes on m~RNA obtained using truncations of different sizes of MEG,
ranging from 0 to 2580 while the MEG,; is fixed at 64 (Fig. 4D). We compare the results
with the exact steady state landscape (Fig. 4D, red line).

Our results show that all probabilities on the landscapes of m~/NA are not affected by the
truncations at the MEG, (Fig. 4D). The probability landscapes computed using different
sizes of MEG, are the same (Fig. 4D). These numerical results are completely consistent
with Theorem 6, because the probabilities of m~R/NA are not decreased by the truncation at
the MEG of Protein.

Genetic Toggle Switch

The bistable genetic toggle switch consists of two genes repressing each other through
binding of their protein dimeric products on the promoter sites of the other genes. This
genetic network has been studied extensively [42, 43, 44, 45]. We follow references [45, 24]
and study a detailed model of the genetic toggle switch with a more realistic control
mechanism of gene regulations. Different from simpler toggle switch models [46, 47, 48,
491, in which gene binding and unbinding reactions are approximated by Hill functions, here
details of the gene binding and unbinding reactions are modeled explicitly. The molecular
species, reactions, and their rate constants are listed below:

Ry:GeneA LN GeneA+A, k_,=40s71
Ry:GeneB X2, GeneB+B, k=205
RyA %0 k=151
RyB™ o, k=151
R5:2A+ GeneB %5 bGeneB, k,,=1x 107 nM~2. 571
Rg:2B+GeneA 25 bGened,  k,,=3.5 x 107" nM~2. 571
Rr:bGeneB X5 24+ GeneB, k=15
Rs:bGeneA =2 2B+GeneA, k,,=1s"! (29)

Specifically, two genes GeneA and GeneB express protein products A and B, respectively.
Two protein monomers A or B can bind on the promoter site of GeneB or GeneA to form
protein-DNA complexes bGeneB or bGeneA, and turn off the expression of GeneB or
GeneA, respectively.

Molecular equivalent group (MEG)—There are two MEGs in this network, MEG;
consists of species A and bGeneB, MEG, consists of Band bGeneA.
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Asymptotic convergence of errors (Theorem 3)—To numerically demonstrate
Theorem 3, we compute the true error of the steady state solution to the dCME using
sufficiently large sizes of MEG; = 120 and MEG, = 80, which gives negligible truncation
error, with infinitesimally small boundary probabilities 5.275 x 10724 for MEG; and 2.561 x
1023 for MEG,. Solution obtained using these MEGs is therefore considered to be exact.
With this exact steady state probability landscape, the true truncation error Err™ at smaller
sizes of MEG; and MEG, can both be computed using Eqn. (14) (Fig. 5A and B, blue

dashed lines and crosses). The corresponding boundary probabilities 771(\,"0) or computed error
are computed from the exact steady state probability landscape for both MEG; (Fig. 5A,
green dashed line and circles) and MEG, (Fig. 5B, green dashed line and circles).

Consistent with the statement in Theorem 3, our results show that the true error ErrlM (Fig.
5A and B, blue dashed lines and crosses) is bounded by the computed boundary probability

7r1(v°°) (Fig. 5A and B, green dashed lines and circles) when the size of the MEG is
sufficiently large. The insets in Fig. 5A and B show the ratios of the true errors to the
computed errors at different sizes of the MEG, and the grey straight line marks the ratio one.
The computed errors are larger than the true errors when the black line is below the grey
straight line (Fig. 5A and B, insets). In this example, the computed boundary probability is
greater than the true error when MEG; >82 and MEG, >42, as would be expected from
Theorem 3.

A priori estimated error bound—To examine a priori estimated upper bounds for the
truncation errors in MEG4 and MEG,, we follow Eqgn. (22) and (23) to assign values of @, =
ksaand Sy = [(7+ 1) = 2] - kya for the MEG,, where the subscript (/+ 1) is the total copy
number of species A in the system. The subtraction of 2 is necessary because up to 2 copies
of A can be protected from degradation by binding to GeneB. This corresponds to the
extreme case when GeneA is constantly turned on and GeneB is constantly turned off.
Similarly, we have @;= ksgand fx1 = [(7+ 1) - 2] - kygfollowing Eqn. (22) and (23) for the
MEG,. This corresponds to the other extreme case when the GeneB is constantly turned on,
and GeneA is constantly turned off. We compute the a priori estimated upper bounds of
errors for different truncations of MEG, and MEG, using Eqn. (24) (Fig. 5A and B, red
solid lines). The true truncation errors and the a priori estimated error bounds of MEG4 and
MEG,; all decrease monotonically with increasing MEG sizes (Fig. 5A and B). The
computed errors also monotonically decrease when the MEG sizes are larger than 40 for
MEG; and 20 for MEGs,. For both MEGs, the a priori estimated error bounds are larger than
computed errors at all MEG sizes. They are also larger than the true errors when the MEG
sizes are sufficiently large.

Increased probability after state space truncation (Theorem 5)—According to
Theorem 5, the probability landscape projected on the MEGs increase after state space
truncation. We first compute the steady state probability landscapes of A obtained using
truncations at different sizes of the MEG ranging from 0 to 119 for MEG; while MEG,; is
fixed at 80 (Fig. 5C). The results are compared with the exact steady state landscape
computed using MEG; = 120 and MEG, = 80 (Fig. 5C, red line). We then also similarly
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examine the steady state probability landscapes of B obtained using truncations at different
sizes of MEG, from 0 to 79 while MEG; is fixed at 120 (Fig. 5D).

Our results show clearly that all probabilities in the landscapes increase when more states
are truncated at smaller MEG sizes (Fig. 5C and D). The probability landscapes computed
using larger sizes of MEGs (e.g., MEG; = 50, Fig. 5C, yellow line and MEG, = 32, Fig. 5D,
yellow line) are approaching the exact landscape (Fig. 5C and D, red line). The probability
landscapes obtained using smaller MEGs deviate significantly from the exact probability
landscape. The smaller the MEG size, the more significant the deviation is. These numerical
results are completely consistent with Theorem 5.

Truncating additional MEGs does not decrease probabilities (Theorem 6)—We
further examine Theorem 6, /.e., the probability landscape projected on one MEG increase
with state space truncation at another MEG. We first compare the projected steady state
probability landscapes on A obtained using truncations of different sizes of MEGs ranging
from 0 to 80 for MEG, while MEG; is fixed at 120 (Fig. 5E) We compare the results with
the exact steady state landscape (Fig. 5E, red line). We also similarly examine the projected
steady state probability landscapes of B obtained using truncations at different sizes of
MEG; ranging from 0 to 120 while MEG; is fixed at 80 (Fig. 5F).

Our results clearly show that all probabilities on the landscapes of MEG; (MEG)) increase
when the state space is truncated at MEG, (MEG;) (Fig. 5E and F). The probability
landscapes computed using larger sizes of MEGs (e.g., MEG, = 32 in Fig. 5E, yellow line
and MEG; =50 in Fig. 5F, yellow line) are approaching the exact landscape using MEG; =
120 and MEG, = 80 (Fig. 5E and F, red line). However, the probability landscapes using
smaller MEGs significantly deviate from the exact probability landscape. The smaller the
MEG size, the more significant the deviation is. These numerical results are completely
consistent with Theorem 6.

Phage Lambda Bistable Epigenetic Switch

The bistable epigenetic switch for lysogenic maintenance and lytic induction in phage
lambda is one of the well-parameterized realistic gene regulatory system. The efficiency and
stability of the switch have been extensively studied [50, 51, 52, 53, 54]. Here we
characterize the truncation error to the dCME solutions of the reaction network adapted from
Cao et al. [5]. The network consists of 11 different species and 50 different reactions. The
detailed reaction schemes and rate constants are shown in Table 1.

Molecular equivalent group (MEG)—The network can be partitioned into two MEGs.
The MEG; consists of the dimer of Cl protein C/2 and all complexes of operator sites
bounded with C2. The MEG, consists of the dimer of Cro protein Cro2 and all complexes
of operator sites bounded with Cro2.

Asymptotic convergence of errors (Theorem 3)—To numerically demonstrate
Theorem 3, we compute the true error of the steady state solution to the dCME using
sufficiently large sizes of MEG,; = 80 and MEG, = 38, which gives negligible truncation
error, with infinitesimally small boundary probabilities 6.96 x 10731 for MEG; and 3.95 x
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10732 for MEG,. Solution obtained using these MEGs is therefore considered to be exact.
With this exact steady state probability landscape, the true truncation error Err{™ at smaller
sizes of MEG; and MEG, can both be computed using Eqn. (14) (Fig. 6A and B, blue

dashed lines and crosses). The corresponding boundary probabilities wl(voo) or computed error
are computed from the exact steady state probability landscape for both MEG; (Fig. 6A,
green dashed line and circles) and MEG, (Fig. 6B, green dashed line and circles).

Consistent with the statement in Theorem 3, our results show that the true error Err™ (Fig.
6A and B, blue dashed lines and crosses) is bounded by the computed boundary probability

wl(v°°> (Fig. 6A and B, green dashed lines and circles) when the size of the MEG is
sufficiently large. The insets in Fig. 6A and B show the ratios of the true errors to the
computed errors at different sizes of the MEG, and the grey straight lines mark the ratio one.
The computed errors are larger than the true errors when the black line is below the grey
straight line (Fig. 6A and B, insets). In this example, the computed boundary probability is
greater than the true error when MEG; = 24 and MEG, = 3, as would be expected from
Theorem 3.

A priori estimated error bound—To examine a priori estimated upper bounds for the
truncation errors in MEG; and MEG,, we follow Egn. (22) and (23) to assign values of @, =
ksicpand Sy = [(#1)=3] - kycp, Tor the MEG,, where the subscript (41) is the total copy
number of species CR2 in the system. The subtraction of 3 is necessary because up to 3
copies of C/2 can be protected from degradation by binding to operator sites OR1, OR2, and
OR3. Similarly, we have @;= Kscrgy, and By = [(7+ 1) = 3] - kycro, following Eqn. (22) and
(23) for the MEG,. We compute the a priori estimated upper bounds of errors for different
truncations of MEG, and MEG, using Eqn. (24) (Fig. 6A and B, red solid lines). The true
truncation errors and the a priori estimated error bounds of MEG; and MEG: all decrease
monotonically with increasing MEG sizes (Fig. 6A and B). The computed errors also
monotonically decrease when the MEG sizes are larger than 13 for MEG and 4 for MEG..
For both MEGs, the a priori estimated error bounds are larger than computed errors at all
MEG sizes. They are also larger than the true errors when the MEG sizes are sufficiently
large.

Increased probability after state space truncation (Theorem 5)—According to
Theorem 5, the probability landscape projected on the MEGs increase after state space
truncation. We first compute the steady state probability landscapes of C/2 obtained by
truncating MEG; at different sizes ranging from 0 to 80 while MEG; is fixed at 38 (Fig.
6C). The results are compared with the exact steady state landscape computed using MEG;
=80 and MEG, = 38 (Fig. 6C, red line). We then also similarly examine the steady state
probability landscapes of Cro2 obtained by truncating at different sizes of MEG, from 0 to
38 while MEG; is fixed at 80 (Fig. 6D).

Our results show clearly that all probabilities in the landscapes increase when more states
are truncated at smaller MEG sizes (Fig. 6C and D). The probability landscapes computed
using larger sizes of MEGs (e.g., MEG; = 30, Fig. 6C, yellow line and MEG, = 8, Fig. 6D,
yellow line) are approaching the exact landscape (Fig. 6C and D, red line). The probability
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landscapes obtained using smaller MEGs deviate significantly from the exact probability
landscape. The smaller the MEG size, the more significant the deviation is. These numerical
results are completely consistent with Theorem 5.

Truncating additional MEGs does not decrease probabilities (Theorem 6)—We
further examine Theorem 6, /.e., the probability landscape projected on one MEG increase
with state space truncation at another MEG. We first compare the projected steady state
probability landscapes on C/2 obtained by truncating MEG, at different sizes ranging from 0
to 38 while MEG; is fixed at 80 (Fig. 6E). We compare the results with the exact steady
state landscape (Fig. 6E, red line). We also similarly examine the projected steady state
probability landscapes of Cro2 obtained by truncating at different sizes of MEG; ranging
from 0 to 80 while MEG, is fixed at 38 (Fig. 6F).

Our results show that all probabilities on the landscapes of MEG, (MEGs,) increase when
the state space is truncated at MEG, (MEG;) (Fig. 6E and F). The probability landscapes
computed using larger sizes of MEGs (e.g., MEG, = 8 in Fig. 6E, yellow line and MEG; =
30 in Fig. 6F, yellow line) are approaching the exact landscape using MEG; = 80 and MEG,
= 38 (Fig. 6E and F, red line). However, the probability landscapes using smaller MEGs
significantly deviate from the exact probability landscape. The smaller the MEG size, the
more significant the deviation is. These numerical results are completely consistent with
Theorem 6.

Discussions and Conclusions

Solving the discrete chemical master equation (dCME) is of fundamental importance for
studying stochasticity in reaction networks. The main challenges are the discrete nature of
the states and the difficulty in enumerating these states, as the size of the state space expands
rapidly when the network becomes more complex. In this study, we describe a novel
approach for state space truncation. Instead of taking a high dimensional hypercube as the
truncated state space, we introduce the concept of molecular equivalence group (MEG), and
truncate the state space into the same or lower dimensional simplexes, with the same
effective copy number of molecules in each dimension by taking advantage of the principle
of mass conservation. For complex networks, the reduction of the size of the state space can
be dramatic.

Our study addresses a key issue in obtaining direct solution to the dCME. As state space
truncation is inevitable, it is important to quantify the errors of such truncations, so the
accuracy of the dCME solutions can be assessed and managed. We have developed a general
theoretical framework for quantifying the errors of state space truncation on the steady state
probability landscape. By decomposing the reaction network into MEGs, the error
contribution from each individual MEG is quantified. This critically important task is made
possible through analyzing the states on the reflecting boundary and their associated steady
state probabilities. The boundary probability analysis has been based on the construction of
an aggregated continuous-time Markov process by factoring the state space according to the
total numbers of molecules in each MEG. With explicit formulas for calculating
conservative error bounds for the steady state, one can easily calculate the a priorierror
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bounds for any given size of a MEG. Furthermore, our theory allows the determination of
the minimally required sizes of MEGs if a predefined error tolerance is to be satisfied. As
shown in the examples, to determine the appropriate MEG sizes a priori, one can first
calculate the estimated errors at different sizes of each MEG, and choose the minimal MEG
sizes that satisfies the overall error tolerance. This eliminates the need of multiple iterations
of costly trial computations to solve the dCME for determining the appropriate total copy
numbers necessary to ensure small truncation errors. This is advantageous over conventional
numerical techniques, where errors are typically assessed through post processing of trial
solutions.

In complex networks, state truncation in one molecular group may affect the errors of other
molecular groups. By partitioning the network into separate molecular equivalent groups
(MEGs), the mutual influence of the effects of state truncations in different groups can be
reduced. In such cases, we have proved that the asymptotic errors in any truncated MEG will
not be under-estimated by the state truncations in other MEGSs. Based on this conclusion,
one can increase the size of each particular MEG in order to achieve a small truncation error
of that MEG. When the truncation error for every MEG is below the prescribed threshold of
error tolerance, the total truncation error of the whole state space will be guaranteed to be
bounded by the sum of individual truncation errors in each MEG.

While our method ensures that there is no mass exchange between different MEGs and often
couplings between MEGs are weak, it does not rule out the existence of possible strong
couplings among MEGs. In the example of the single gene expression model, there is a
strong coupling between mass-isolated mMRNA MEG and the protein MEG. In this case,
protein synthesis strongly depends on the amount of available mRNA. As a result, the
protein probability distribution can be heavily influenced by the choices of the MRNA MEG
size, and its peak is shifted when the size of MRNA MEG is near exhaustion (data not
shown). This issue rapidly disappears when MEG sizes become sufficiently large to ensure
that the truncation error to be smaller than the specified error tolerance (Fig. 4).

Our method differs from the finite state projection (FSP) method [23, 30], which employs an
absorbing boundary state to calculate the truncation error. Transitions from any states in the
available finite state space to any outside state are send to the absorbing state, and the
reactions are made irreversible. The truncation error in the FSP method is taken as the
probability mass on the absorbing boundary state. It has two components: one from the lost
probability mass due to the state truncation, the other from the trapped probability mass due
to the absorbing nature of the boundary state. As time proceeds, the trapped probability mass
on the absorbing state will grow and dominate. At the steady state, all probability mass will
be trapped in the absorbing state, which can no longer reflect the truncated probability mass.
Therefore, the FSP method cannot be used to study the long-term as well as the steady state
behavior of a stochastic network.

In contrast, our method employs a reflecting boundary and can characterize the truncation
errors in the steady state. All transitions between boundary and non-boundary states are

retained after state space truncation, and the reversible nature of transitions unaltered. The
reflecting boundaries allow analysis of the steady state truncation error of each MEG. Our
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method can be used to study the steady state probability landscape. Furthermore, our method
also allows direct computation of the distribution of first passage time, an important problem
in studying rare events in biological networks currently relies heavily on sampling
techniques.

We have also provided computational results of four stochastic networks, namely, the birth-
death process consisting of one MEG, the single gene expression model, the genetic toggle
switch model, and the phage lambda epigenetic switch model, each consisting of two MEGs,
respectively. By comparing true errors, computed errors, and a priori estimated errors at
different truncation sizes, we have numerically verified the theorems presented in this study:
First, the true error for truncating a MEG is bounded by the total probability mass on the
reflecting boundary of the MEG (Theorem 3). Second, the projected probability on one
MEG increases upon the state space truncation at this MEG (Theorem 5). Third, the
projected probability on one MEG also increases when the state space is truncated at another
MEG (Theorem 6). Furthermore, we show that the a priori estimated error bound are
effective when the network is truncated at a sufficiently large size of MEG.

Recent studies based on tensor representation of the transition rate matrices show that the
storage requirement of solving CME can be significantly reduced and computational time
improved [49, 60]. However, accurate tensor representation and tensor-based approximation
strongly depend on the separability of system states, that is, whether the system can be
decomposed into a number of relatively independent smaller sub-systems [61, 49]. While
complete separability can be achieved in some cases, ¢.g. the one-dimensional quantum spin
system [61], errors are generally unknown for biological networks that are not fully
separable.

The tensor method of Liao et a/can reduce the state space dramatically for a number of
networks [60]. For example, the size of the state space of the Fokker-Planck equation of the
Schlégl model is reduced from 2.74 x 1011 to 4.01 x 103 + 2.07 x 105, with a reduction
factor of 108. It will be interesting to further assess the reduction factor if the full discrete
CMEs instead of the Fokker-Planck equations of these network models are solved so a direct
comparison can be carried out.

Our finite buffer approach compares favorably with the tensor train method of [49] for the
network of enzymatic futile cycles [40]. This network is a closed system and technically no
finite buffer is required when the enumerated states can fit into the computer memory,
therefore analysis of truncation error would be unnecessary. Regardless, our approach of
state enumeration leads to a state space of only 1, 071 microstates, a reflection of the O(m!)
order of reduction. In contrast, the tensor train method is based on a state space of a size of
222 = 4,19 x 106. Using our finite buffer method, both the time-evolving and the steady state
probability landscapes can be computed efficiently in <10 seconds (data not shown), but the
tensor-train method requires 1.52x10% seconds for the time evolution of 7= 1 to be computed
as reported in [49]. For the model of toggle switch, computing the time-evolution of the
probability landscape up to #= 30 seconds requires 14, 541 seconds or 4 hours of wall clock
time using the tensor-train method [49]. Our method completes the computation of the
steady state probability landscape in ca. 3, 300 seconds or 55 minutes of wall clock time.
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We further note that our work complements tensor-based methods [49, 60]. Tensor-based
methods directly reduce the storage of the transition rate matrices [49], without altering the
hypercubic nature of the underlying state space. In contrast, our method first reduces the
state space by a factor of O(n!), leading to a dramatically reduced transition rate matrix. It is
possible that there exist alternative approaches to construct tensors of the transition rate
matrix without assuming that the truncated state space is a hypercube as is the case in [49].
Whether our approach can be useful for further reduction of storage and computational
speed-up is a possible direction for future exploration.

Overall, we have introduced an efficient method for state space truncation and have
developed theory to quantify the errors of state space truncations. Results presented here
provide a general framework for high precision numerical solutions to a dCME. It is
envisioned that the approach of direct solution of a dCME can be broadly applied to many
stochastic reaction networks, such as those found in systems biology and in synthetic
biology.
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APPENDIX

Proof of Lemma 1

Proof
By sorting the state space according to the partition () and re-constructing the transition
rate matrix A in Eqn. (6), the dCME can be re-written as dp<°°><+> Ap(>) (t) where p(®) is
the probability distribution on the partitioned state space. We sum up the master equations
over all microstates in each group %;and obtain a separate aggregated equation for each
group. As the re-ordered matrix A is a block tri-diagonal matrix, the summed discrete
chemical master equation is reduced to:
() dzx p(a,t) _ ~
= di%i) =t —= (1T Ao,o) P (%, t)+ (lT A0,1) P (1),
() (¢z. (izw (q‘p(:l:,t) B N N .
A d}g%,t) =7 = (1T Ai,iq) PG, 1, )+ (1T Ai,i) (%, 1)+ (1T Ai,i+1) PN (G, 1, 1), fori=1,- -
(30)

The overall probability change of each group %, depends on the probability vector p(®)(%;, §
itself, as well as the probability vector p(®)(% -4, § and the probability vector p(3)(% 1, #)
of the immediate neighboring groups. It also depends on the rates of synthesis and
degradation reactions in elements of A; -1 and A; /1, respectively, as well as rates of
coupling reactions in A; ;. From the definition of transition rate matrix given in Eqn. (3), we
have:

17 Ay =—1T A, ,
1T Ai_Li—'—lT Ai,i :—1T Ai+1,ia fori:l, <o, 00. (31)

At the steady state when all dp<°<;1<%-> —0, we combine line 1 of Eqgn. (30) and line 1 of Eqn.
(31), and obtain:

(17 Aro) 79 (@)= (17 Ao, ) 7).
From line 2 of Egn. (30) at steady state and after incorporating line 1 of Eqgn. (31), we have:
(17A15) 7)) = (1TAg0) 7(%0) - (1A 1) ﬂ(‘x’)(%) After further incorporating line

1 of Eqn. (30) at steady state, we have (17A; 2) 759(%) = ~(17Ag.1) 7°)(@1) - (17Aq 1)
#%)(@,). Incorporating line 2 of Eqn. (31), we have:
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(17 As) 7 (@)= (17 A12) 7 (%),

Assume (17A; 1) 7@ 1) = (1TA.1 ) 7)), we have from the ithe line of Eqn. (30)
at the steady state

(1TA“»+1) #5041 )=— (1TAi,i,1)1~r ) (&, 1)~ (1TA”) #()(@)
—(1TAi_1yi) #() () — <1TA“) #()(%,). 32)
With the ~th line of Eqn. (31), we further have:

(1T Ai,i+1) 7 (G 11)= (1T Ai+1,i) 7(>)(4,).

Overall, we have:

(17 Avo) 7 (%) = (17 Aoy ) #)(#)),

(1T Am,i) #()(g) = (1T AMH) #(0)(&,, 1), fori=1,--- , co. (33)

As both sides are constants, we can find ajand f1 such that:

(17 Aipr) #09)(G)=17 0, )(%) =0, 1T&) (&),
(1T Ai,i+1) 7 (G 11)=17 B; 117 ) (G 1)=Bi1 177 (&, 11), (34)

forall /=0, 1, ..., where /is the total copy number of the MEG. We obviously have:

#(4)
1770 (%)

7, 1)

_ (1T Ai—l—l,i) . and  SBiy1= (1T Az‘,ﬁ-l) . m7

where ais the sum of column-sums of sub-matrix Az ;weighted by the steady state
probability distribution 7°°) on group %, B+1 is the sum of column-summation of sub-
matrix A; 41 weighted by the steady state probability distribution on group % 1.

Asl Tn(go)(% ) is the total steady state probability mass over states in group ¢, we substitute
Eqn. (34) back into Eqn. (33) and obtain the following relationship of steady state
distribution on the partitions of Q°:

Oz()lT’ﬁ'(oo) (g()) :/81 1T7?(Oo) (gl);
a;1T7)(G)  =p;11T7()(%;44), fori=1,--- ,00. (35)
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The steady state solution to Eqn. (35) is equivalent to the steady state solution of a dCME
with the transition rate matrix B defined as in Egn. (9).

Proof of Lemma 2
Proof

ofo) o)
Ifhmzvﬂoo,SulD =) = = Lheld, then there would be an infinite number of terms (oc) >1 There

should exist an integer AV such that for all /> N/, we have ﬁiﬂ < ozi >), According to Eqn.

(35), we would have frfff > ﬁ§°°> in the steady state for all /> A/. This contradicts with the
assumption of a finite system, as the total probability mass on boundary states increases
monotonically as the net molecular copy number of the network increases after /. This
makes the overall system a pure-birth process. Therefore, for a finite biological system, we
have Egn. (15).

Proof of Theorem 3

Proof

From Eqn. (13), we can first derive an explicit expression of the true error Err{™ using the

aggregated synthesis and degradation rates a *) and ﬂ,ﬁf} given in Eqgn. (8):

ErrM=1— > 7()(a)=1— ZITW(OO (%)=1— M(oo (14—2 H (oo))
zeQ() ( : (o 7=1k=0Pk41
1o S 1o

1+Zj 1 ‘;c OBJ(;) j=N+1 ;C 0/3(00)

=]1—

NCol a(oo>
SO ScoRRED D | e e
j=1 k 0 B]S+1) j=111g Oﬁ](c+1) (36)

From Eqgn. (36), Egn. (13), and Lemma 2, we have:

oo j—1 “‘,(COO) ( N—-1% )(Zoc j—1 % )
Y j=N+1+ k=0 ;3,23:15 =0 5(00) e N1 k=N ‘*k(iolj
7r55°> N N 1U,(C°°) N N—la]ioo)
Hk:o 3 o) Hk:O 5%
k+1 k+1

oo jol,e) oo NCO RN ER RSN E
-5 Mo%o< ¥ s {il =% s {2
J=N+1k=N Prk+1 J=N+1| k>N k+1 Jj=1| k>N k+1 (37)

()
When Nis sufficiently large, sup SER {ﬁm } <1 from Lemma 2, the terms in the infinite

o0 (OO) J
R u R . "
series Z] 1 k;\), °<>> then forms a converging geometric series. Therefore, we have
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= NEORE
1_ sup —k
(c0)
k>N Bt

(1(()0)
; p {)
{a,(fo) }] k>N 51§+1)

and the following inequality holds:

{ aiv:)o) }
sup s
Err(Y) . >N BT

im — < S
N—oco F(OO) N—oco akso
N 1—Sup —(so)
k>N lBk+1

(59 ()
Let Me {N, ..., oo} be the integer such that 5]{‘%21 _,fgg {fﬂ } we have the following
inequality equivalent to Inequality (16):

M
Err®™) . ﬁ,ﬁ‘jﬁl
im < lim )
N—oo 7—T(°O) N—oo 1— e
ﬂ(m>
M1

Proof of Theorem 5

Proof

We first consider two truncated state spaces QM and (W), Following Eqn. (30), two finite
sets of the block chemical master equation can be constructgd for these two state spaces. The
first set containing Vequations is built on the state space (V).

dp™V) (@ - -

dp T (%o.) - <1T Aop) PN (G, 1)+ <1T AOJ) PN, 1),

(N) (g, . _ . )

) - <1T Ai,i—l) PN (@i, t)+ (1T A”) PN (%, 1)+ (1T Ai,i+1) PN (&1, 1), fori=1,---

dpM) (@, t - -

%N) = (lT AN,N—I) p(N) (ngut)"' <1T AN,N) p(N) (gN’t)'

(38)

The second set is built on the state space Q1) containing A+ 1 equations.
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dp N () _
a =

dp(N+1)<g

dt

Page 35

(N+1)
dpdit(%) (1TA00> N+1)(g0 ) (1TA01) N—i—l)(g1 )

]-T Ai,ifl) IS(NJFI) (%,1,1’) (1T A ) N+1)(g t)+ (1 Az 'L+1) p(N+1) (giJrlat):for Z:]-a et
ST (1TA _ ) IN’(N+1)(gN717t)+ <1T AN,N) p(N—H)(ngt)"' (lT AN,N+1) ﬁ<N+1)(gN+1vt)v

dP(N+1>( N41» )

= (17 Ay, ) PV @ 0+ (1T Ay ) PG, 1),

(39)

At steady state, the left-hand side of the equations are zeros. For the first A/ equations, the
corresponding block matrices are the same for both state spaces M and Q1) We can
then subtract the right-hand side of Eqgn. (39) from Egn. (38) and obtain the following steady
state equations:

1T A0’0A7T0—|-1T A071A7l'1:0,
1T A Am 1 +1T A jAm+1A; 1 A1 =0,
fori=1,--- ,N—1, (40)

where Am;=r'™") —x N is the steady state probability difference between the state group

%;in the dCME on QM and QD). However, the block sub-matrix A,  of the boundary
group %y is different between the two state spaces. From the construction of the aggregated
dCME matrix A, columns of the full matrices A1 over Q1) and AN over @V all sum to

0 (see Eqn 31). We use A( to denote the block sub-matrix of the group &y, for the state

space Q(M and use A N )to denote the corresponding block sub-matrix for the state space
Q™D From the Atth I|ne of the truncated version of Eqn (31), we have

1" ANH 1T AN D 1T AT =0 for oD and 17 ALY | +17 AL =0 for o,

N+1,

Since AEV ) —A(N+1 we have the following property

N—1,N
T N+1)_ 1T N T A(N+1
1 AEV,N )_1 ANN 1 AN+11\2’ (41)

We also have

T N+1 T N+1
1 A§V+1 1\2+1 -1 AEVN+1) (42)

From Eqn. (38), we have for the steady state the probability of the state group % over the
state space QM as:
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N T A(N N
17 ) 1T AN r (M =0,

AN
NNlN—l

(43)

From Eqn. (39), we have for the steady state the probability of the state group &y and & yxq
over the state space Q(M*1) as:

T N+1 N+1 T N+1 N+1 T N+1 N+1
1T AN D 1T AN ) AT AN 0,

and

T 4(N+1 N+1 T 4(N+1 N+1)_
1 A§v+1 ) )+1 AN+1 1\2+1W§\7+1 ) =0, (45)

respectively.

As AEVJYJEI):A(N ) we subtract Eqgn. (44) from Eqn. (43), and obtain:

N,N—11

A, 41T AN g (N) T AN+ 2 (N+1) 1T A(N+1) p(N+1) _

N,N-1 N-1 NNTN N,N N N,N+1" N+1

17 A

It can be re-written by applying the matrix property of Eqgn. (41) as:

17 A Amy 41T AN) A 41T AN+ (VD) T (V) g (V1) g

N,N-1 N+1,N" N N,N+1" N+1

By using the matrix property in Eqn. (42), we can further re-write it as:

Amy 17 AN Ar 417 AN VDT AN (D=0,

N,N-1 N+1,N" N N+1,N+1" N+1

17 A

From Eqgn. (45), the last two terms sum to 0. Therefore, we obtain the (A + 1)-st equation of
the steady state probability difference as:
1TA,,  Ary  +1TAP) Ax, =0.

N,N—1 N—1 N,N

Taken together, we have the set of equations for steady state probability differences for all N/
+ 1 blocks as:

1T A070A7T0+1T Ao’lAﬂ'l:O,
1TA;  Ami+1T A Ami+1T A, Am =0,
fori=1,--- ,N—1,
1" AN,N—] Aﬂ-N—l +1T AN,NATN:(L (46)
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where all block sub-matrices are identical between those over the state spaces Q™M and
QM) We therefore obtain the set of equations of differences in steady state probability
equivalent to Eqgn. (33):

1T Ai,i—lA”ri—lle Ai—l,iAﬂ-ia for 221, ety N, (47)

which produces the same steady state solution as that of Eqn. (33) after scaling by a
constant. As probability vector solution to Eqgn. (33) has non-negative elements, this
equivalence implies that all elements in each Az;have the same sign. As the total steady
state probability mass in both state spaces sum up to 1,

N

’

N ™)
Z~i _
i=1

+1
7~1_§N+1):1
1

we therefore know that the total probability differences is non-negative:

N N N
Y am=Y 7S N 21 (1 a YD) =7 (VD > 0,
=1 i=1 i=1

Therefore, the probability difference of each individual 4 ;between two state spaces must be
non-negative:

Ar=rM 7D > 0 i=0,1,--- ,N.

i

This can be generalized. As Nincreases to infinity, we have:

)

! N+1)

Proof of Theorem 6

Proof

For convenience, we use M= N;to denote the maximum net copy number in the truncated ~
th MEG. We first aggregate the state space Q%2 into infinitely many groups {%o, %1, ..., 9,
G a1, ---} according to the net copy number in the ~th MEG. We then re-construct the
permuted matrix A/ according to this aggregation. We have:
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(75) (“5) () ()

~ 7. A J A J A J A J
AV L ’ | - ) ‘ 25— | for0 < g,h < M, andk,l > M+1,

Ak,h ‘ Ak,l A2,1 ‘ A2,2

(48)

where the subscripts mand n of each block matrix A,(;f;') indicate the actual net copy

numbers of the corresponding aggregated states of the /~th MEG. Next, we further partition
the matrix into four blocks by truncating the ~th MEG at the maximum copy number of M.

Specifically, A 1 { Jin the right-hand side of Eqn. (48) is the north-west corner sub-matrix of
AW, which contains all transitions between microstates in the state space Qi)

AV = (A7) ={Asy .}, @ @ € QD) and0< g h <M. 4o

( 7) is the north-east corner sub-matrix of A2, which contains all transitions from
mlcrostates in state space QA7) to microstates in state space Qi)

A%): (Aﬁ,f”')) —{Awy 2} T € Q) 2, € QU /Q03) | and0 < g < M, 1> M+1.
(50)
( 7) is the south-west corner sub-matrix of A%, which contains all transitions from
mlcrostates in state space Q%7 to microstates in state space Q2 7i):
A= (A%{')) ={Agy .}, T € QD) QD) 2, € Qi) and0 < h < M,k > M+1.
(51)
and A%j) is the south-east corner sub-matrix of A%, which contains all transitions between

microstates in state space Q)i

A(zﬂzj)— (Agij)) ={A4z,. 2.}, withz,andz, € Q(Jj)/Q(]i’j), and k,l > M+1. (52)
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We now truncate the state space at the maximum copy number M of the ~th MEG. A matrix
Ai) on the truncated state space Q%7 using the same partition {Z, %1, ..., %} can be
constructed as:

i (Fig)_ (Si.5) )
A _(Ag,h ),andOﬁg,hﬁ]\[. (53)

Similar to the matrix A in Eqn. (6), both matrices A% and A¢)) are tri-diagonal matrix

with 4S5 =0 and A% =0 forany [m— | > 1.

Matrix A7 and sub-matrix A( 77 reside on the same state space 2(%i/) and have exactly

the same permutation, /.e., the matrix element AU”) e AY") and A&‘i&n A(l‘j{)

describes the same transitions between microstates x,,;, x,, € Qi) c Q). Only diagonal

elements in AS{’MJ ) have different rates. By construction, ¢ y,and % s are the only two
aggregated groups that are involved in transition between states across the boundary of

QWi). The sub-matrix A<M+73 A 18 the only nonzero sub-matrix in A(2 f), which forms the
reflection boundary and is involved in synthesis reactions from microstates in group %, to

microstates in % 41. As a property of the rate matrix, we have

T I; T I; T T
1 Agw zM 1 ASV[A3+1 AM+31W 0 )

(54)
and

T A(H, T A(A,
1 AS\I 1J)1\1+1 AS\I}\[J)_O (55)

Since A7) =A1753) \ye have from Eqn (55) 17 AV =T o) — 4T A7id)

M—-1,M M—1,M"? M, M M—1,M M—-1,M"

With Eqgn (54), we further have

17 A =1T AL 41T AL)

M+1,M"

By construction, the only differences between the sub-matrix AM ;\;) and AM Jrare in the
diagonal elements. Therefore, we have

A=A ( +d1ag(1TAﬂ) ).

M, M M+1,M

That is:

Bull Math Biol. Author manuscript; available in PMC 2016 June 07.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Caoetal.

Page 40

( Fi5) A( )—b—dlag(lTA(]))

For convenience, we use the notation R( 7)—diag(1T A({{)), and have

AT ):A(Lf )+R(27{ ) We partition the steady state vector 7% accordingly into two sub-
vectors: 7“5 =(x'"?) (), where x| corresponds to states in i/, and x;"?)
corresponds to states in QUi As A 7)) = 0, we have:

AV AR 0

)

therefore

(A0 RSP w1 4l =0,

Hence, we have:

i.3) (JJ

i —RPnD APnS.

(56)

As all off-diagonal entries of transition rate matrix A2 are non-negative, we know that
A( ) >0 and R( 7 > 0. Since w("’a‘):( () x{7)yis the steady state distribution of the
rate matrix A2 with ("7 > g and #{7 > 0, we have AY 2)1r(2 7 >0, and

R(z‘ﬁ])w(l]f) > 0. As all columns of matrix A% sum to zero, i.e., 1’A?i) = 07, we have:

Therefore, we have:
RGP A

As all entries in vector R(Yl)w(ly ") and A( 2)7r(2 73 are non-negative, we have the following

equality of 1-norms, 7.e. the summation of absolute values of vector elements:

(75)

BZ B2 I
N, =T RS w1 AV R =AY RS sy

||R2 1 ""1

From Minkowski inequality of vector norm and Eqn. (56), we have:
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i
D

< (. 7; 7)) (I 7)) ()
IAY 7D || = RS 7~ AR | < IRSY RS 1AL 7S

(58)

From Eqgn. (57), we have:

(Ji) (I YR

75) (I .
Now we show that the norm of HR(zyf)ﬂ(l 2 ||, converge to zero when the maximum copy

number M of the /th MEG goes to infinity. In the block tri-diagonal matrix A%, only the

(75)

boundary block A9 contains nonzero elements in sub-matrix Az,i , and all other blocks

1\I+1 M

in Ag)f) contain only zero entries. From Cauchy—Schwarz inequality, we have:

I5), (I
IR 7| =ll[diag1T A2 ] [277(@,)]], < [[diag(1T A

M+1,M M+1M)|| Hﬂ'lj gm)”p

where 7r1 )(% ) is the sub-vector corresponding to the state partition % . Furthermore,

according to Lemma 2 and Eqgn. (13) after replacing the subscript 7in ﬁg"o) with Mand
taking into consideration of the equivalence of the infinite space Q2% and (> in regard to

truncation at.#;, we have the probability of the boundary block 54M:||7r(1’ﬁj)(€¢M)|\1 — 0 when
M — oco. When synthesis reactions are concentration independent (zero order reactions) as

usually the case [62], the norm [|diag(1” Ag}’iz 2|l is a constant representing the total

U1

synthesis rates over states in 7, We have: IIR( 21 M1 — 0 when M — oo. Therefore

with Egn. (59), we have:

lim \|A(%’j)7r(1jj)||1:0.

M—o0

Hence,

lim A(

M—oco

fi,j),,r(lfj):o_

That is, when the maximum copy number limit of the ~th MEG is sufficiently large, both

%1 and 7”7 are the steady state solutions of A¢i/) y = 0. According to Perron—Frobenius
theorem for the transition rate matrix of continuous-time Markov chains [63], the dCME
governed by At/ has a globally unique stationary distribution. In addition, by construction
of the matrix, via enumeration of the state space, matrix AiJ is irreducible, as all
microstates in the state space can be reached from the initial state. Therefore, the matrix

AWi has only one zero eigenvalue [63], both 7% and =77 are eigenvectors
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corresponding to the eigenvalue 0. Therefore, we have the relationship ﬂ(f"uﬁ:cﬂ(f 3) where

cis an arbitrary real number. As both vectors are non-negative, and 17 ﬁ(ljj) < 1=1Tx i),

there must exist an e=1—17 x{”?) > 0, such that #(-s) =(14-¢)x”?). According to Lemma
2, 1T7r(1‘]j) — 1, when the maximum copy number limit of the ~th MEG goes to infinity.
Therefore we have £ — 0 when M — oco. Therefore, we have shown both 7(-%i.:) > r(l'ﬂf) and

a7 r(ljj) component-wise, when the maximum copy number limit of the ~th MEG

goes to infinity.
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_2 l +1 aN_

OIS 808 DA

IBI IBI-I ﬁl :Bi+1 ﬁz+2 IBN IBN+1

Figurel.
The birth-death system associated with the aggregated rate matrix B. Each circle represents

an aggregated state consisting of all microstates with the same copy number of elementary
molecules in the MEG. These aggregated states are connected by aggregated birth and death
reactions, with apparent synthesis rates a;and degradation rates Sj1 (see Lemma 1).
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-

- True Landscape

___ Computed Landscape
on Truncated State Space with Buffer Capacity N

"\
-

Probability

computed boundary
<— prob. on truncated —
state space

: error

<true boundary prob.>

0 Copy Number

Figure2.
An illustration for the boundary probabilities. The solid black line represents the true

probability landscape on the exact state space. The dashed red line represents the probability
landscape computed from the truncated state space with buffer capacity . The gray shaded
area represents the true error due to state space truncation with buffer capacity V. The
probability of copy number A on the true landscape is the true boundary probability, and the
probability of A/on the computed landscape is the boundary probability on the truncated
state space. In this study, we show that the computed boundary probability on the truncated
state space can be used to bound the true error from the above.
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Error quantification and comparisons for the birth-death model. (A): The a priori estimated
error (red solid line), the computed error (green line and circles), and the true error (blue line
and crosses) of the steady state probability landscape. The inset shows the ratio of the true
errors to the computed errors at different sizes of the MEG, and the grey straight line marks
the ratio one. The computed errors are larger than the true errors when the black line is
below the grey straight line. (B): The steady state probability landscapes of X obtained with
different truncations of net molecular number in the MEG. Note that probability
distributions end at X'where truncation occurs. The probabilities in the landscapes are
inflated when truncating the state space at smaller net molecular numbers of the MEG.
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Error quantification and comparisons for the single gene expression model. (A) and (B): The
a priori estimated error (red solid lines), the computed error (green lines and circles), and the
true error (blue lines and crosses) of the steady state probability landscapes of mRNA and
Protein at different sizes of truncations. The insets in (A) and (B) show the ratio of the true
errors to the computed errors at different sizes of the MEG, and the grey straight line marks
the ratio one. The computed errors are larger than the true errors when the black line is
below the grey straight line. (C): The steady state probability landscapes of Protein solved
using different truncations of net molecular number in the MEG,. Note that probability
distributions end at where truncation occurs. The probabilities in the landscapes are
significantly inflated when truncating the state space at smaller net molecular numbers of the
corresponding MEG. (D): The steady state probability landscapes of mRNA solved using
different truncations of net molecular number in the MEGs. In this cases, the probabilities in
the landscapes are not affected by the truncation of the opposite MEG.
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Figure5.
Error quantification and comparisons for the genetic toggle switch model. (A) and (B): The

a priori estimated error (red solid lines), the computed error (green lines and circles), and the
true error (blue lines and crosses) of the steady state probability landscapes of A and B at
different sizes of truncations. The insets in (A) and (B) show the ratio of the true errors to
the computed errors at different sizes of the MEG, and the grey straight line marks the ratio
one. The computed errors are larger than the true errors when the black line is below the
grey straight line. (C) and (D): The steady state probability landscapes of A and B solved
using different truncations of net molecular number in the MEG; and MEG,, respectively.
Note that probability distributions end at where truncation occurs. The probabilities in the
landscapes are significantly inflated when truncating the state space at smaller net molecular
numbers of the corresponding MEG. (E) and (F): The steady state probability landscapes of
Aand B solved using different truncations of net molecular number in the MEG, and
MEG;, respectively. The probabilities in the landscapes are also significantly inflated when
truncating the state space at smaller net molecular numbers of the opposite MEG.
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Figure 6.

Error quantification and comparisons for the phage lambda bistable epigenetic switch model.
(A) and (B): The a prioriestimated error (red solid lines), the computed error (green lines
and circles), and the true error (blue lines and crosses) of the steady state probability
landscapes of C/and Cro dimers at different sizes of truncations. The insets in (A) and (B)
show the ratio of the true errors to the computed errors at different sizes of the MEG, and the
grey straight line marks the ratio one. The computed errors are larger than the true errors
when the black line is below the grey straight line. (C) and (D): The steady state probability
landscapes of C/and Crodimers solved using different truncations of net molecular number
in the MEG, and MEGs, respectively. Note that probability distributions end at where
truncation occurs. The probabilities in the landscapes are significantly inflated when
truncating the state space at smaller net molecular numbers of the corresponding MEG. (E)
and (F): The steady state probability landscapes of C/and Cro dimers solved using different
truncations of net molecular number in the MEG, and MEG1, respectively. The probabilities
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in the landscapes are also significantly inflated when truncating the state space at smaller net
molecular numbers of the opposite MEG.
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Table 1

Reaction scheme and rate constants in phage lambda epigenetic switch mode. We use CORn denotes Cro,
bound operator site ORn, RORn denotes Ch bound ORn, where ncan be 1, 2, and 3. Note that molecular

species enclosed in parenthesis are those whose presence is required for the specific reactions to occur, but
their copy numbers do not influence the transition rates between microstates.

Reactions

Rate constants

Synthesis reactions [50, 55, 56, 57]

@+ (ORB + OR2) — Cl, + (OR3 + OR2)
@+ (OR3 + COR2) — Ch + (ORB + COR2)
@+ (OR3 + ROR2) — Cl, + (OR3 + ROR?)
&+ (ORL + OR2) — Cro, + (ORL+ ORR2)

Kscry = 0.0069/5
Kscp, = 0.0069/5
k.ﬂC/z =0.069/5

Kscrop = 0.0929/5

Degradation reactions [53, 50]

Ch— & Kacr, = 0.0026/5

Cro, = & Kacroy = 0.0025/5

Association rate of binding reactions [59]

Ch+ ORL — ROR1 Kporicp, = 0.02L/5

Ch + OR2 — ROR2 ksoracry = 0.021/5
Cl, + OR3 — ROR3 Ksoraci, = 0.021/5
Cro, + ORL — COR1 Kpom cro, = 0.021/5
Cro, + OR2 — COR2 Kporacrop = 0.021/5

Cro, + OR3 — COR3 Kpomscrop = 0.021/5

Dissociation reactions - C/, dissociation from OR1

RORL + (OR2) = Chy + ORL + (OR2) 0.00898/5
RORL + (ROR2 + ORB) — Ch + OR1 + (ROR2 + OR3) 0.00011/5
ROR1 + (ROR2 + ROR3) — Ch + ORL+ (ROR2 + ROR3)  0.01242/s
RORL + (ROR2 + CORB) — Ch + OR1+ (ROR2 + COR3)  0.00011/
RORL + (COR2) = Cly + ORL + (COR?) 0.00898/5

Dissociation reactions - C/, dissociation from OR2

ROR2 + (ORL + ORB) = Ch + OR2 + (ORL + OR3) 0.2297/5
ROR2 + (RORL + OR3) — Ch + OR2 + (RORL + OR3) 0.0029/5
ROR2 + (ORL + ROR3) — Ch + OR2 + (OR1+ ROR3) 0.0021/s

ROR2 + (RORL + ROR3) — Ch + OR2 + (RORL + ROR3)  0.0029/5
ROR2 + (CORL + OR3) — Chy + OR2 + (CORL + OR3) 0.2297/5

ROR2 + (ORL + COR3) — Cl, + OR2 + (ORL + COR3) 0.2297/5
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Reactions Rate constants
ROR2 + (CORL + COR3) — Ch + OR2 + (CORL + COR3) 0.2297/s
ROR2 + (RORL + COR3) — Ch + OR2+ (RORL + COR3) 0.0029/5
ROR2 + (CORL + ROR3) — Ch + OR2+ (COR1 + ROR3) 0.0021/s
Dissociation reactions - Cl dissociation from OR3
RORB + (OR2) — Cly + OR3 + (OR2) 1.13%
ROR3 + (ROR2 + OR1) — Ch, + OR3 + (ROR2 + OR1) 0.0106/5
ROR3 + (ROR2 + RORL) — Ch + OR3 + (ROR2 + RORL) 0.0106/5
ROR3 + (ROR2 + COR1) — Ch + OR3+ (ROR2 + COR1) 0.0106/5
ROR3 + (COR2) — Ch + OR3 + (COR2) 1.13/%5
Dissociation reactions - Cro dissociation from OR1
CORL + (OR2) — Cro, + OR1 + (OR2) 0.0202/s
COR1 + (ROR2) — Cro, + OR1+ (ROR2) 0.0202/s
COR1 + (COR2 + OR3) — Cro, + OR1 + (COR2 + OR3) 0.0040/5
CORL + (COR2 + ROR3) — Cro, + OR1+ (COR2 + ROR3)  0.0040/s
CORL + (COR2 + CORB) — Cro, + ORL + (COR2 + COR3)  0.0040/5
Dissociation reactions - Cro dissociation from OR2
COR2 + (ORL + OR3) — Cro, + OR2 + (OR1+ OR3) 0.1413/s
COR2 + (RORL1 + OR3) — Cro, + OR2 + (ROR1 + OR3) 0.1413/s
COR2 + (OR1 + ROR3) — Cro, + OR2 + (OR1 + ROR3) 0.1413/s
COR2 + (RORL + ROR3) — Cro, + OR2 + (RORL + ROR3)  0.1413/s
COR2 + (COR1 + OR3) — Cro, + OR2 + (COR1 + OR3) 0.0279/s
COR2 + (OR1 + CORB) — Cro, + OR2 + (OR1 + COR3) 0.053/5
COR2 + (CORL + COR3) — Cro, + OR2 + (CORL + COR3)  0.0328/s
COR2 + (RORL + CORB) — Cro, + OR2+ (RORL + COR3)  0.053/5
COR2 + (CORL + ROR3) — Cro, + OR2+ (CORL + ROR3)  0.0279/s
Dissociation reactions - Cro dissociation from OR3
COR3 + (OR2) — Cro, + OR3 + (ORR2) 0.0022/s
COR3 + (ROR2) — Cro, + OR3+ (ROR2) 0.0022/s
COR3 + (COR2 + OR1) — Cro, + OR3 + (COR2 + OR1) 0.0008/s
COR3 + (COR2 + RORL) — Cro, + OR3+ (COR2 + ROR1)  0.0008/s
COR3 + (COR2 + CORL) — Cro, + OR3 + (COR2 + COR1)  0.003/5
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