@’PLOS ‘ ONE

CrossMark

click for updates

E OPEN ACCESS

Citation: Hayat T, Bibi S, Alsaadi F, Rafiq M (2016)
Peristaltic Transport of Prandtl-Eyring Liquid in a
Convectively Heated Curved Channel. PLoS ONE 11
(6): €0156995. doi:10.1371/journal.pone.0156995

Editor: Xiao-Dong Wang, North China Electric Power
University, CHINA

Received: November 2, 2015
Accepted: May 23, 2016
Published: June 15, 2016

Copyright: © 2016 Hayat et al. This is an open
access article distributed under the terms of the
Creative Commons Attribution License, which permits
unrestricted use, distribution, and reproduction in any
medium, provided the original author and source are
credited.

Data Availability Statement: All relevant data are
within the paper.

Funding: The authors received no specific funding
for this work.

Competing Interests: The authors have declared
that no competing interests exist.

Peristaltic Transport of Prandtl-Eyring Liquid
in a Convectively Heated Curved Channel

Tasawar Hayat'2, Shahida Bibi', Fuad Alsaadi?, Maimona Rafiq' *

1 Department of Mathematics, Quaid-i-Azam University 45320, Islamabad 44000, Pakistan, 2 Department
of Electrical and Computer Engineering, Faculty of Engineering, King Abdulaziz University, Jeddah 21589,
Saudi Arabia

* maimona_88@hotmail.com

Abstract

Here peristaltic activity for flow of a Prandtl-Eyring material is modeled and analyzed for
curved geometry. Heat transfer analysis is studied using more generalized convective con-
ditions. The channel walls satisfy complaint walls properties. Viscous dissipation in the ther-
mal equation accounted. Unlike the previous studies is for uniform magnetic field on this
topic, the radial applied magnetic field has been utilized in the problems development. Solu-
tions for stream function (), velocity (u), and temperature (6) for small parameter 3 have
been derived. The salient features of heat transfer coefficient Z and trapping are also dis-
cussed for various parameters of interest including magnetic field, curvature, material
parameters of fluid, Brinkman, Biot and compliant wall properties. Main observations of
present communication have been included in the conclusion section.

Introduction

Peristaltic transport holds a considerable position in physiology and engineering. Extensive
research has been addressed under different situations since the seminal works of Latham [1]
and Shapiro et al. [2]. Locomotion of worm, gliding movement of some bacteria, corrosive and
sanitary liquids transport, heart lung machine and roller and finger pumps also uses this mech-
anism for their working. Heat transfer in peristalsis is further significant in chemical and phar-
maceutical industries, hemodialysis, oxygenation, tissue analysis, thermotherapy and human
thermoregulatory process. Heat transfer is also quite prevalent in several peristaltic pumps. Gul
et al. [3] discussed the effect of temperature dependent viscosity on the flow of third grade fluid
over vertical belt. Gul et al. [4, 5] also study the heat transfer analysis by considering oscillating
vertical and inclined belt. Besides this, advancement is also made about the interaction of
magnetohydrodynamics in peristalsis, which finds great importance in connection with certain
problems for motion of conductive fluids in physiology, for instance, the blood and blood
pumps machines, hyperthermia, cancer therapy, drug delivery transport, magnetic resonance
imaging (MRI) and theoretical research about operation of peristaltic magnetohydrodynamic
(MHD) compressors. Motivated by all the aforementioned facts the recent investigators are
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also engaged in the analysis of peristalsis through diverse aspects. Few recent studies and sev-
eral interesting references in this direction can be seen in the attempts [6-21].

All the aforementioned attempts and existing information on this topic witness that much
attention has been given to the flows with peristalsis in a planer channel which seems inade-
quate in reality. It is because of the fact that most of the ducts in physiological and industrial
applications are curved. Influence curvature on peristaltic transport liquid is discussed in
only some studies. Sato et al. [22] initially examined the curvature effect in the peristalsis of
viscous fluid. Ali et al. [23] reconsidered the problem of ref [24] in wave frame. Hayat et al.
[25] study the peristaltic phenomenon for viscous fluid in curved geometry. The peristaltic
flow of third order and Carreau-Yasuda materials in curved flow configuration has been dis-
cussed by Ali et al. [26] and Abbasi et al. [27] respectively. Heat/mass transport in peristalsis
of pseudoplastic, Johnson-Segalman and third grade fluids are explored by Hina et al. [28-
29] and Hayat et al. [30]. On the other hand it has also been noted that heat transfer in previ-
ous studies related to peristalsis has been dealt with either prescribing temperature or heat
flux at the channel walls. Scarce information is available for peristalsis involving heat transfer
through convective conditions (see [31-33]).

The facts of present attempt is to advance the theory of peristalsis of non-Newtonian mate-
rials via three important aspects i.e. curved channel, convective heat transfer condition and
radial magnetic field. Hence we model here the governing flow problem employing constitutive
relations of Prandtl-Eyring fluid. The flow formulation is completed through compliant prop-
erties of channel walls. Arising nonlinear analysis is computed for the series solutions. Arrange-
ment of paper is as follows. Next section formulates the problems for flow and temperature.
Section three includes solution expressions for the stream function, temperature and heat
transfer coefficient. Discussion to graph of different physical quantities for various parameters
is assigned in section four. section five consists of conclusions.

Formulation

Consider a channel in curved shape with width 2d; looped in a circle with radius R* and center
O (see Fig 1). Coordinate axis are selected in such a way that x-axis lies along the length of the
channel and r-axis lies normal to it. An incompressible electrically conducting Prandtl-Eyring
fluid fills the channel. Flow in the channel is generated by propagating peristaltic waves along
the channel walls in the axial direction with constant speed c. A radial magnetic field B =

(% ,0,0) is applied. Induced magnetic field is neglected for small magnetic Reynolds number

assumption. Electric field is further absent.

Compliant Wall

0
Fig 1. Geometry of the problem.
doi:10.1371/journal.pone.0156995.g001
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The wave form at the walls are

2
r=4n(x,t) zi{dl—l—asin(%(x - ct))}, (1)
here a depicts the wave amplitude, A the wavelength and t the time. The constitutive equations
are:
I(r + R*)v] ou
—_— * _— = 2
or R Ox 0 @)

o or riROx TR

p(@v v  Ru v u? >_ Jp 1 8[(r—|—R*)S,r]+ R3S,
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where ¢ is the electrical conductivity of fluid, S;; (i, j = , x) the components of extra stress ten-
sor, C, denotes the specific heat, p the density, x stands for thermal conductivity and T the tem-
perature of fluid.

Extra stress tensor (S) for Prandtl-Eyring fluid is written as:

. .
S = - Asinh (é) A, (6)
N
IT = tr(Al)za

A1 —L 4 ernspose ,

where L = (grad V) and A/C are material constants of Prandtl-Eyring fluid model.
The boundary conditions have been assumed in the form

u=0atr==n (8)
oT

kE = —h(T —T)) atr=+n, 9)
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k%:—hl(TO—T) atr = —mn, (10)
9 Fn ] 1 9(r+R)S,] S,
T TR 77 [l PSS R WL

atr=4n. (11)

p(r+R) @—i—v@—i— R'u @—i— wv \  ouBj
P ot "or r+Rx r+R) (r4R)

Here T} is the temperature at both upper and lower walls of the channel, /; the heat transfer
coefficient at upper/lower walls whereas S,,, S, S, and S,, are the elements of S. Moreover

& lia 0]

where m;, Tand d are the mass per unit area, longitudinal tension and the viscous damping
coefficient respectively. Having

PR P S SRS NP
A dl’p cul’ 20T
ds 0 R . d T—T
§=— h=—K=—,0=-",0= 9.
pe’ o d’ d’ A T,
Eqgs (3)-(11) can be reduced as follows:
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with the following non-dimensional boundary conditions

u=0atr==h, (16)
00 .
E—l—leB:Oatr:h, (17)
00 .
E—Bzﬁantr: —h, (18)
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E@+ Ph +E Ph] _ Re(r+K) 5@+v@+ Ko %+ uv
Yoxd T TPoxorr T TPotox| K ot or (r+X)ox (r+K)
1 0 ) 0 0S H?u
—_— K)'S ——=—————atr=+h 19
+K(Y+K)3r[(r+ ) rx]+ K 8x K(Y+K)2 arr ’ ( )
with h = £[1 + esin2n(x — t)].

Taking the stream function y (x, r, t) by

o K
_E7v_5(r+K)[“)x' (20)

Eq (2) is identically satistied and Eqs (13)-(19) after utilizing lubrication approximation
take the forms:

p
it - 21
or 0, (21)
K 0p 1 0 9 H*
— -4 s—[(r +K)°S,,.] + — =0, 22
(r + K) 3.96 (r + K)Z 81’ [( ) rx] (T + K)Z ( )
0? 1 0 ]
—+4+——|0=—-Br|S_| — L 23
s e M e | >
W, =0atr==+h, (24)
%JrBilG:Oatr:h, (25)
a0 .
E—Bzﬁantr: —h, (26)
o o? 0* 1 0 9 H?*Y
E,—+E E. h= — —— T —atr==h 2
16x3+ 28x8t2+ datax K(r—l—K){“)r[(rJrk) er]+K(r+K)z arr ) ( 7)
where € (= a/d;), 6 (= di/A) and K represent the dimensionless amplitude ratio, wave number
and curvature parameter respectively. E, = — %}C, E, = "/'i—fj, E, = % the non-dimensional

elasticity parameters, Re (= cd; /v) depicts the Reynolds number, Pr (= uC,/x) the Prandtl
number, We (= mc/d;) the Weissenberg number, H(= B,d \/37;;) the Hartman number, Ec (=
A /C,Ty) the Eckert number, Br (= EcPr) the Brinkman number and Bi; (= h,/d) the Biot num-
ber. Further the dimensionless form of extra stress tensor after invoking long wavelength and
low Reynolds number approximation becomes

4 p v\
S =af — . - 28
X OC( lprr+(r+K) 6 lprr+(r+K) ) ( )
witha = “rand f = & 7 Heat transfer coefficient is given by
Z="h0.(h).
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Solution Methodology

The governing equations are highly non-linear and exact solution seems impossible. Therefore,
perturbation method for small parameter f is used to find the solution. Thus we expand v, S,.,
0 and Z as follows:

Y=y, + B +..., (29)
S = Sore +BS1+ -1 (30)
0=0,+p0, +..., (31)
Z=2Z,+BZ, +..., (32)

Zeroth order system and solution
Using eqs (29)-(32) into eqs (21)-(28) and comparing the coefficients of B° we have

0 1 0 ) HY,, |
o {m@ [(r +K)°S,,.] +m =0, (33)
o 1 9 ¥
R - = — — r 4
|:ar2+(r+K) ar:|00 Br|:s()xr< lpOrr+(r+K)>:|7 (3 )
Y, =0atr==h, (35)
%—I—Bilﬂo =0atr=h, (36)
%—Biﬁo =0atr=—h, (37)
E@JFE O +E Fhl___ 1 g[(r+K)zs ]+%atr—ih (38)
Yoxd | Poxorr Potox|  K(r+K)or " K(r +K) T
with
_ o lp(}r
S(er< lp()rr+(r,_*_1<) :
Solving the above system we get
144/ 1-4/H2 5
VAT K) O ar K)o
= C — C,+r(r+K)C, + C,, 39
lp() \/I‘p—-i-d + \/& 1 \/1_12—_’_0C — \/& 2 r(r ) 3 4 ( )

1 —24/H24a 44/ H2 4o
0,=B,+ 1 [-Br(r+K)~ v af (r+K)” ¥ By, + By, | +4B,In(r + K)

+ 4BrB.H*(In(r + K))’], (40)
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and heat transfer coefficient is given by

— 2 2
Z, = h.[2B, + Br(h + K) Y (B13 — B, (K+h) 4”H+°‘> VavVH + o

Ve Vo
+ 8BrB,,H’In(K + h)/(K+ h)].  (41)
First order system and solution
) 1 9 ) HY, |
3 [R5 g =

Y, =0atr==h, (44)
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= K)'S ————=0atr==h 47
(r_'_K)Br[(r+ ) 1rx]+(r+K)2 arr ) ( )
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The results corresponding to first order system are
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PLOS ONE | DOI:10.1371/journal.pone.0156995 June 15,2016 7/19



el e
@ ' PLOS ‘ ONE Peristaltic Transport of MHD Prandtl-Eyring Liquid

and heat transfer coefficient is given by

oV T SNz
1 2 BrC?
lemhx (96B,(K+h)* —8B,(K+h) V%  —8B (K+h) V% -—GH'
oH T
1 —
P SR VI (B (K BV
2vH? 4+«
F8(K+h) V% (B(K+h)+B,)VH to (51)
—4VH?> 4+«
- = 2
_BICH(K+h)  VE p [t
NG
+ 96Br(C,C, + C,(2C, + C;))H*(K + h)’log(K + h)
4vVH? + o
) 4+/H? + o
+BrC'H2B.(K+h) V* 38(2+\/&>

Here the algebraic values of C; — Cg and B; — By, can be evaluated using
MATHEMATICA.

Results and Discussion

This portion analyzes the impact of several parameters of interest on the velocity (u), tempera-
ture distribution (6), heat transfer coefficient (Z) and stream function (y).

Figs 2-6 are prepared to study velocity profile. It is shown by these figures that velocity pro-
file is parabolic in nature. Also, maximum value is observed at the center of channel. Fig 2

1 " 1 " 1 1 " 1 " 1 " " 1

1
-1.0 -0.5 0.0 0.5 1.0

T
Fig 2. Variation of Hon uwhene¢=0.2,x=0.2,t=0.1,E;=0.2, E; =0.01,E3=0.1,k=3.5,a=1.5and B =

0.2.
doi:10.1371/journal.pone.0156995.9g002
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oo " " " 1 " " " " 1 " " " " 1

-0.3 0.0 0.5
T
Fig 3. Variation of konuwhen ¢=0.2,x=0.2,t=0.1,E; =0.02, E; =0.01,E;=0.3,H=0.2,a=1.5and B

=0.2.
doi:10.1371/journal.pone.0156995.g003

Fig 4. Variation of aon u when ¢=0.2,x=0.2,t=0.1,E; =0.04,E;=0.03,E3=0.1,k=3.5,H=2.5and B
=0.2.

doi:10.1371/journal.pone.0156995.g004

0sf”

0.6

u

0.4

0.0

Fig 5. Variation of Bonu whene¢=0.2,x=0.2,t=0.1,E; =0.04,E,=0.03,E;=0.3, k=3.5,a = 1.5 and
H=2.0.

doi:10.1371/journal.pone.0156995.g005
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Fig 6. Variation of complaint wall parameters onu whene¢=0.2,x=0.2,t=0.1,k=3.5,a=1.5H=2.8
and B =0.2.

doi:10.1371/journal.pone.0156995.g006

Fig 7. Variation of Hon 6 whenc=0.2,x=0.3,t=0.1,Br=2,E; =0.04,E;=0.03,E3=0.02,a=1.5,8 =
0.7,Bi;=10and k =4.

doi:10.1371/journal.pone.0156995.g007

shows decrease in u by enhancing H. This is due to the fact that when the magnetic field is
applied in the transverse direction, it provides resistance to the flow which in turn decreases
the velocity. Fig 3 shows increase in the axial velocity u increases for larger curvature k near
upper half of the channel. Whereas opposite behavior is seen near lower wall. Figs 4 and 5 indi-
cate that the axial velocity acts like an increasing function of Prandtl Eyring fluid parameters o
and . Fig 6 illustrates that with an increase in E; and E; the velocity enhances. It is due to the
fact that less resistance is offered to the flow because of the wall elastance and thus velocity
increases. However reverse effect is observed for E;. This is because of the fact that larger E;
more resistive force due to damping and thus velocity decreases. Here we observe that the
results obtained are in good agreement with the one get by Hina et al. [27].

Figs 7-13 indicate the effect of significant parameters involved in the temperature distribu-
tion 6. Fig 7 reveals that 6 decreases when Hartman number H is increased. Fig 8 shows that
increasing curvature K of the channel, we get opposite results for 8 in upper/lower half of the
channel. Figs 9 and 10 show that the temperature profile increases for larger Prandtl Eyring
fluid parameters a and . It is shown in Fig 11 that temperature increases via E; and E, and it

PLOS ONE | DOI:10.1371/journal.pone.0156995 June 15,2016 10/19
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Fig 8. Variation of k on 6 when ¢=0.2,x=0.3,t=0.1,Br=2,E; =0.04,E;=0.03,E3=0.02,a =1.5,B =
0.7,Bi; =10and k=0.2.

doi:10.1371/journal.pone.0156995.g008

Fig 9. Variation of aon 6 when¢=0.2,x=0.3,t=0.1,Br=2,E; =0.04,E; =0.03,E; =0.01,3=0.7,
H=2.0,Bi; =10and k = 3.5.

doi:10.1371/journal.pone.0156995.g009

0.035F

0.030 |

0.020F

0.015 |

o010F '

0.005 |

Fig 10. Variation of Bon 6 when ¢=0.2,x=0.3,t=0.1,Br=2,E; =0.04, E, =0.03, E; =0.01, a = 1.5,
H=2.0,Bi; =10and k =3.5.

doi:10.1371/journal.pone.0156995.g010
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Fig 11. Variation of complaint wall parameters on 6 when¢=0.2,x=0.3,t=0.1,Br=2,=0.7,a = 1.5,
H=2.0,Bi; =10and k =3.5.

doi:10.1371/journal.pone.0156995.g011
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Fig 12. Variation of Bron 8 when ¢ = 0.2, x = 0.3, t= 0.1, p = 0.7, E; = 0.04, E, = 0.03, E; = 0.01,a = 1.5,
H=2.0, Bi; =10 and k = 3.5.

doi:10.1371/journal.pone.0156995.9012

decreases through E;. Fig 12 illustrate that the temperature enhances when Brinkman number
Bris increased. Fig 13 discloses that by increasing the Bi; the temperature decreases. Here we
have considered the values of Biot number much larger than 0.1 due to non-uniform tempera-
ture fields within the fluid. Temperature is the average kinetic energy of the molecules.
Increase/decrease in temperature directly effects the velocity. Therefore, we get almost similar
qualitative behavior for velocity and temperature profiles.

In Figs 14-20 show the impact of various values of emerging parameters of Z(x). Fig 14 por-
trays that magnitude of Z(x) decreases when Hartman number H is increased. Fig 15 shows
that the Z(x) increases when curvature parameter K is increased. The magnitude of Z(x)
increases for larger Prandtl Eyring fluid parameters a and f (Figs 16 and 17). Fig 18 depicts
that absolute value of Z(x) increases when there is an increase in E; and E,. However heat
transfer coefficient decreases for E;. Fig 19 illustrates that absolute value of heat transfer coeffi-
cient enhances by increasing Br. Further Z(x) is increasing function of Bi; (Fig 20).

Figs (21-25) display the streamline pattern for various values of invoked parameters. Fig
21laand 21D discusses the impact of Hartman number H on streamlines. Decrease in the size is

PLOS ONE | DOI:10.1371/journal.pone.0156995 June 15,2016 12/19
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Fig 13. Variation of Bi, on 6 when¢=0.2,x=0.3,t=0.1,E; =0.04, E; =0.03,E3=0.02,a=1.5,H=2.0, 8
=0.7and k=3.5.

doi:10.1371/journal.pone.0156995.g013

Fig 14. Variation of HonZwhen ¢=0.2,t=0.1,Br=2,E; =0.04, E; = 0.03, E; = 0.02, a = 1.5, = 0.7, Bi,
=10and k =4.

doi:10.1371/journal.pone.0156995.g014

10

~10k N ]

0.0 0.2 0.4 0.6 0.8 1.0

Fig 15. Variation of konZwhen ¢=0.2,t=0.1,Br=2,E; =0.04, E; =0.03,E3=0.1,a0=1.5,=0.7, Bi; =
5,H=2.

doi:10.1371/journal.pone.0156995.g015
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10

=103

-20

=]
[
O

[ A

Fig 16. Variation of aonZwhen¢=0.2,t=0.1,Br=2,E; =0.04,E,=0.03,E3=0.1,H=1.5,8=0.7,Bi; =

5and k=3.5.

doi:10.1371/journal.pone.0156995.g016

Fig 17. Variation of BonZwhen¢=0.2,t=0.1,Br=2,E; =0.04,E;,=0.03,E;=0.1,a=1.5,H=2,Bi; =5

and k =3.5.

doi:10.1371/journal.pone.0156995.g017

(=]

,E3=0.04,0.03,0.1
LE3=0.05,0.03,0.1
,E3=0.04,0.05,0.1
LE3=0.04,0.03,0.15

0.6 0.8 1.0

Fig 18. Variation of complaint wall parameters onZwhen¢=0.2,t=0.1,Br=2,H=02,a=1.5,3=0.7,

Bi;=10and k=0.5.

doi:10.1371/journal.pone.0156995.g018
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Fig 19. Variation of BronZwhen¢=0.2,t=0.1,H=2,E; =0.04,E»,=0.03,E3=0.1,a=1.5,8=0.7, Bi; =

10and k=3.5.

doi:10.1371/journal.pone.0156995.g019
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Br=2,H=2and k=3.5.

doi:10.1371/journal.pone.0156995.9020
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Fig 21. Variation of H on g for E; = 0.02, E; = 0.01,E3 =0.03,a = 0.2, 3=0.02,¢=0.2,t = 0.0, k= 3.5

when (a): H=0.8and (b): H=1.1.

doi:10.1371/journal.pone.0156995.g021
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Fig 23. Variation of a on y for E; = 0.02, E, = 0.15, E; = 0.05, k = 3.5, $ = 0.02, ¢ = 0.2, t = 0.0, H = 2.0

doi:10.1371/journal.pone.0156995.9023
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Fig 24. Variation of g on wfor E; =0.02, E; =0.15,E3=0.05,a0=0.7, k=3.5,¢ =0.2,t = 0.0, H = 2.0 when

(a): B=0.3and (b): B =1.5.

doi:10.1371/journal.pone.0156995.9024
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Fig 25. Variation of wall properties on wforH=5,a=1.5,k=3.5,¢=0.2,t=0.0, = 0.4 when (a): E, =
0.03,E,=0.02,E5;=0.1(b): E; =0.04,E,=0.02,E;=0.1(c): E; =0.03, E; =0.04, E3 = 0.1 and (d): E; =
0.03,E>=0.02,E;=0.2.

doi:10.1371/journal.pone.0156995.g025

noticed for increased H. Fig 22a and 22b show the effect of curvature parameter k on the
streamlines. These figures show that the bolus size enhances for larger K. Fig 23a and 23D illus-
trate the fact that the trapped bolus size increases when fluid parameter « is enhanced. Number
of streamlines are more. Fig 24a and 24b show that size of trapped bolus decreases when we
increase the values of fluid parameter 8. We have analyzed through Fig 25a-25d that the
streamlines increases through the increase in elastic parameters E; and E, while increase in E;
has no show significant effect. Moreover, by taking o = f = H = Bi; = 0 results can be obtained
for viscous case [24].

Conclusions

Peristaltic motion of MHD Prandtl Eyring fluid flowing through curved geometry is discussed.
Walls of channel are chosen to be compliant. Heat transfer phenomenon is also analyzed.
Main findings of this study are:

1. Symmetry of velocity profile about the centre line is disturbed for the flow in curved
channel.

2. The velocity profile has decreasing behavior for increasing values of Hartman number H.
3. Temperature profile is a decreasing function of Biot number Bi;.

4. The absolute value of heat transfer coefficient for planer channel is higher than the curved
one.

5. Size of trapped bolus increases for o but it decreases via .
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