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Abstract

Fiber reinforced structures are central to the form and function of biological tissues. Hyperelastic,
transversely isotropic material models are used widely in the modeling and simulation of such
tissues. Many of the most widely used models involve strain energy functions that include one or
both pseudo-invariants (/4 or /) to incorporate energy stored in the fibers. In a previous study we
showed that both of these invariants must be included in the strain energy function if the material
model is to reduce correctly to the well-known framework of transversely isotropic linear elasticity
in the limit of small deformations. Even with such a model, fitting of parameters is a challenge.
Here, by evaluating the relative roles of /, and /5 in the responses to simple loadings, we identify
loading scenarios in which previous models accounting for only one of these invariants can be
expected to provide accurate estimation of material response, and identify mechanical tests that
have special utility for fitting of transversely isotropic constitutive models. Results provide
guidance for fitting of transversely isotropic constitutive models and for interpretation of the
predictions of these models.

Keywords
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1. Introduction

Fiber-reinforced structure is typical of many soft biological tissues, including skeletal
muscle (Morrow et al., 2010), myocardium (Humphrey, 2002; Taber, 2004), brain stem
(Ning et al., 2006), white matter (Feng et al., 2013), ligament and tendon (Dourte et al.,
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2008; Lake et al., 2010; Thomopoulos and Genin, 2012; Weiss et al., 1996). To understand
the mechanical behavior of these soft biological tissues, reliable material models are needed.
Here, we focus on transversely isotropic hyperelastic models for such tissues. The
constitutive properties are described by a strain energy function ¢, which is a function of
certain measures of deformation (Spencer, 1984), some of which (A, b, A) are invariant
under arbitrary rotations and others of which (/4, /) are invariant under rotations about the
fiber axis. The most general strain energy function form for a transversely isotropic material
contains all of the five invariants (Taber, 2004):

Y=yl Iy I, I, I5)- (1)

It is common to separate the strain energy function into two parts: the strain energy of the
isotropic base material yjsozropic and the strain energy associated with the anisotropic fiber
COMPONENts Yanjsotrapic (FEN et al., 2013; Horgan and Saccomandi, 2005; Merodio and
Ogden, 2003a,b’ 2005+ Murphy, 2013; Pierce et al., 2013; Qiu and Pence, 1997; Swedberg et
al., 2014):

w:wisotmpic ([1 ) IZ ) IS ) +'(/}(misatmpic (147 IS ) . (2)

A broad range of forms have been proposed for  (Table 1). Most proposed wapjsotropic terms
are expressed as a function of only one invariant, either with /4 or /5. Polignone and Horgan
(1993) originally proposed a general quadratic form in terms of /4 for wapjsotropic- Following
this idea, many studies have focused on the strain energy function with variations of the
form. Notably, the ¥apisorrapic term considering tension-only fibers (e.g. /4~1) is of primary
interest for many biological applications such as ligaments and tendon tissues (Horgan and
Saccomandi, 2005; Murphy, 2013). We study here the quadratic form of Qiu and Pence
(1997), Aly) = u14—1)%/2, which we term the A/;) model in which zis a modulus that also
appears in the isotropic part of wand yis a dimensionless scaling factor. To study the effect

of /s, we evaluate the second term of the model of Feng et al. (2013), G (Iff) =poI3 /2, in

which ¢ is a dimensionless scaling factor and I3 =1; — 7,2, where the overbar indicates a
variable related to the distortional component of the deformation gradient, as described in
detail in Section 2. We term this the G(/5) model, and note that many other forms for the role
of /5 have been proposed (Horgan and Saccomandi, 2005; Merodio and Ogden, 2005;
Murphy, 2013).

Both Feng et al. (2013) and Murphy (2013) noted that both anisotropic invariants /;, and /5
are needed in the strain energy function to correctly describe tensile and shear moduli
differences in the small strain regime. Models containing only a A/;) or G(/5) term cannot
capture this behavior. Both Murphy (2013) and Feng et al. (2013) proposed the form:

V=5 = H(I ). o
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Note that Destrade et al. (2013) also showed at least three invariants are needed to model the
transversely isotropic materials (Destrade et al., 2013). Here, we study the model of Feng et

S 2 —
al. (2013), with H (L1, I5)=p¢ (Td = 1) /2+16TE . We term this the A(/y, /5) model.

Fitting hyperelastic models to experimental data is crucial in material characterization
(Ogden et al., 2004). To estimate the model parameters, it is necessary to gain an
understanding of model behaviors in commonly used experimental test such as biaxial and
shear tests. Thus, an analysis of canonical large deformations in those standard tests is
warranted to identify the tests that are most useful in characterizing the dependence of
constitutive response on these invariants.

In this article, we study the mechanical responses of the A/s), G(I%), and H(/4, /) models.

Our goal is to answer two questions. First, under what circumstances can A/s) and G(I7)
provide adequate models of material behavior, despite being unable to model linear elastic
transversely isotropic material behavior? Second, what mechanical loading tests best

emphasize the independent roles of /4 and 7% in material behavior, and are therefore best
suited to fitting of model parameters? In the following, we study the influence of the two
anisotropic invariants under different loading conditions, and develop insights into the
experiments that can best fit model parameters.

2. Material model

Defining X as the position vector of a material particle in the undeformed configuration and
X as its position vector in the deformed configuration, then the deformation gradient is

13,
Fzﬁ. The corresponding right and left Cauchy—Green deformation tensors are C = FTF, b
= FF'. The corresponding principal invariants are (Holzapfel, 2000; Spencer, 1984):

L=tr(C), b= [ (tr(C))* — tr(C?)] , and Iy=det(C)=J?,

N =

4)

where J= det F is the volume ratio between the deformed and undeformed configurations.
Let A be the unit vector of the fiber direction, then two additional “anisotropic” invariants
(or pseudo-invariants) /4, and /s, invariant under rotations about A, are introduced to describe
the effects of fiber reinforcement (Spencer, 1984):

Li=A-CA,I;=A -C’A. (5)

The deformed fiber unit vector is a = FA. Its magnitude represents the fiber stretch \— /7.
Using the general form of the strain energy function of Eq. (1), the Cauchy stress is given by

o=2J"1 [w1b+¢2 (Ilb — b2) +I3¢31+Y,a ® a+i)s(a @ batab ® a)] )

J Mech Behav Biomed Mater. Author manuscript; available in PMC 2017 August 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Feng et al.

Page 4
where ;= dyldl; (=1, 2,3, 4,5), and | is the identity tensor.

If we align fiber direction A with xq in a (Xq, X2, X3) Cartesian frame (Fig. 1), then /, = Cq1

and [;=C?% +C%,+4C?%, Thus /5 contains information not only about fiber stretch, but also
about fiber shearing (Merodio and Ogden, 2005). To isolate and characterize the fiber shear
information, the fiber stretch component can be subtracted from /5 (Feng et al., 2013; see
also: Taber (2004)):

B=CHh+Ch=Is—I{. (7)

This definition of 7% is similar to the corresponding invariant used by Taber (2004), who
described the fiber reinforcement effect in terms of Lagrange strain E. Thus, the fiber

reinforcing model function A(/s, /) can be expressed as H (1, I7). If we rewrite the general
form of Eq. (1) in terms of 7%, then the Cauchy stress of yy=(Iy, Iy, I3, I, IZ) is

0=2J"" [¢rbtis (b — b?) +Lysl+ (14 — 203) a @ a+y3 (a © batab@ a)| , ®

where w;= dyldl;(i=1, 2, 3, 4), yt=0v/0IZ, and | is the identity tensor.

We consider the simple incompressible, transversely isotropic model with the strain energy
function of Feng et al. (2013):

ES

RS

(=3 +C(I = D*eB] . o

This model is proposed as the simplest that captures anisotropy in tension and shear in small
deformations (Feng et al., 2013; Namani et al., 2012). In this model, y s the isotropic shear
modulus in a Neo Hookean strain energy function yjsotropic, and {'and ¢ are dimensionless
scaling parameters related to fiber stretch and shear. Fibers are assumed to bear load in
compression as well as tension. When ¢ = 0, the model reduces to the A /) model.

Egs. (8) and (9) yield the Cauchy stress:

o= —pl+pb+2p[(( — ¢)s — (Ja® atup(a® batba®a), (10)

where pis an arbitrary hydrostatic stress according to the incompressibility condition J= 1.

For numerical simulations of nearly incompressible material behavior, it is convenient to
decompose the deformation gradient into distortional and dilatational components

F— /3. The decoupled right and left Cauchy—Green deformation tensors are ¢_F "' .
b=FF - The corresponding modified principal invariants and pesudo-invariants are
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Ti=tr (C) =141, To= [(1r (€))’ - 1r ()| =74,
T4=A . CA:J7§I4,T5:A . CzA:J*:%IS’T;:TS _ 7421:‘77%[?; (11)

For nearly incompressible material, a decoupled form of strain energy function is used:

=5 | (0= 3) +¢(Ta - 1) 40T +U ), W)

K
where the volumetric term U(J):§(J — 1) s the penalty term used to enforce near-
incompressibility.

Use Eqgs. (8) and (12) the corresponding Cauchy stress in terms of decoupled invariants is

o= [/{ (J—1) —2uJ ! (%71+§74 (74 - 1) +§I_g)} I+pJ B
+2puJ 1 [(g — )Ty — g] T@atus ! (5 ® ba+ba ® E) ,

where z_ 7-1/3, and ,_ 7—2/31,. Note that in numerical implementation, the decoupled
formulations are only applicable to incompressible materials. As for compressible material,
the coupled form is recommended to prevent possible unrealistic results (Nolan et al., 2014;
Sansour, 2008).

3. Responses to simple loadings

3.1. Uniaxial and biaxial loadings

Tensile (Babaei et al., 2015a,b’ Jacquemoud et al., 2007; Tan et al., 2005) and biaxial
mechanical tests (Sacks, 2000; Sacks, 1999) are widely used to characterize soft biological
tissues. In this section, the response of a uniaxial deformation parallel (Fig. 2a) or
perpendicular (b) to the fiber direction is studied. The biaxial response (Fig. 2c) of the model
is also studied. If the unit vector of the fiber direction A is given as A = X4, the deformation
gradient F and Cauchy stress ¢ are given in matrix form

[ )\1 0 0 J11 0 0
[Fi']: 0 )\2 0 ,[O'Z']‘]: 0 099 0
BRI T

where 1, /=1, 2, 3, are the principal stretches. In the incompressible case, we have

ArdeAz=1.  (15)

The pseudo-invariants based on Egs. (5) and (7) are
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Iy=X1, Is=A1,15=0, (16)

where 7} =0 indicates no shear deformation. From Eq. (8), the Cauchy stress components
are

o11=pA} (20A] — 20+1) —p
O2=pA3 — p
T33=pA; — P 17

where pis the Lagrange multiplier constraining the material incompressibility.

3.1.1. Uniaxial loading in the fiber direction—In the case of uniaxial load in the
fiber direction, o»» = 033 = 0, with Egs. (15)—(17), we have

1

-1 M
Aa=A3=A; %, p=—.
2=A3=A T, P NT(8)

The non-zero Cauchy stress component o017 (Fig. 3a) is

—u0? (2002 —2c41) = £
o11=/ 1( CAT —2¢ ) N (9)

From Eq. (19), we can observe that in uniaxial loading, the Cauchy stress is related to stretch
by the shear modulus £ and the parameter {associated with the fiber stretch pseudo-invariant
I4. The parameter ¢ which is associated with 73 does not affect the Cauchy stress in uniaxial
loading. The uniaxial response is a strong function of £ (Fig. 3a), but the stretch ratios in the
plane of isotropy (1, and Ag), which are constrained by incompressibility (Eq. (18)), are
independent of the material parameters (Fig. 3b).

3.1.2. Uniaxial loading transverse to the fiber direction—When uniaxial loading
is applied along the x, axis, we have 011 = o33 = 0. With Egs. (15)-(17)

p=pA} (200 = 20+1) =pA, 20)

Under the incompressibility condition 114,13 = 1, the relationship between stretch ratios 4q
and A, can be obtained from Eq. (20)

1

A2\ [2002 —20+1 1)

Ag=
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The non-zero Cauchy stress component o»; is

1
—u(a2— ).
72 ”( ? A%A%> 22)

A numerical solution is obtained from Egs. (21) and (22) (Fig. 3c and d).

3.1.3. Biaxial loading in the (X1, X2) plane—Taber (2004) presented an analytical
solution for biaxial stretch of a transversely isotropic material. Following his approach, the
response of the planar biaxial stretch of the transversely isotropic material of Eq. (9), with
fibers along the x; axis, is

{ i (A3 = 2003+200 - rzl?) 0 0 w
= 1
[UZ]] 0 122 (A% - m) 0
0 0 0 J (23)

The stress-stretch curves for equibiaxial stretch (Fig. 4a and b) reveal that the stress
perpendicular to the fiber direction is not affected by fiber reinforcement. This is useful in
equibiaxial calibration experiments because the material parameters 'and y can be
determined by probing the stresses o171 and o».

Note that because, in all the above analyses, the model responses when £'=0.1 and {'=1 are
qualitatively very similar, we use only £={0, 1, 10} for illustration in the following analyses.

3.2. Shear deformations

For homogeneous shear deformation, we denote the amount of shear as the displacement
magnitude k< imposed on the top of a sheared unit cube. For transversely isotropic materials,
the shearing deformation can be separated into (i) shear in the plane of isotropy ((x2, X3)
plane) and (ii) shear in the plane perpendicular to the plane of isotropy ((X1, X2) plane). For
the transversely isotropic material in Eq. (9), when shear deformation is in the plane of
isotropy, /4 = /5 = 1. In this case, the fiber reinforcement effect is minimum; the material
behaves like Neo Hookean material. The shear stress o»3 = k; and the strain energy function

in terms of kis ﬁ(k)zgk‘% In this study, we focus on the analyses of shear deformation in a
plane perpendicular to the plane of isotropy. Shearing in the direction of fibers (Fig. 2d),
transverse to the fibers (e), and in an arbitrary direction in the (x4, X2) plane (f) with
incompressibility constraint are analyzed. A condition of plane strain in the (xq, xo) plane is
assumed for simplicity.

3.2.1. Simple shear displacement in a fiber plane—When shear deformation is
produced by imposing a displacement & in the fiber direction (Fig. 2d), the deformation
gradient tensor F and Cauchy—Green tensor C are

J Mech Behav Biomed Mater. Author manuscript; available in PMC 2017 August 01.
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[ 1k 0] [ 1k 0]
[Fyl=10 1 0,[Cyl=1 k K*+1 0 |.
{001J {0 0 1J (24)
The corresponding pseudo-invariants /; and /5 are
L=1,I;=1+k* I;=k". (25)
The corresponding Cauchy stress components are
[ 2 (20+1) Kk (oF1) 0 W
2
log]=p | k(o+1) -5 (20+1) 0
L o 0 2 (2041) | (26)

The stress response as a function of kis shown in Fig. 5. We observe that {'does not affect
the Cauchy stress, which indicates that the fibers are not stretched when the shearing

displacement is imposed in the fiber direction. However 73 still captures the shearing
information when k'is nonzero. ¢ affects all the Cauchy stress components.

If also under a plane stress condition (o33 = 0), the Cauchy stress tensor ¢ is

k2 (2641) k(6+1) 0
[ogl=p | k(o+1) 0 0
0 0 0

(27)

If the strain energy function is written in terms of & (Egs. (4), (9) and (25))

S
DH=5K (140).

then

” _ (k)
P70k (29)

From Egs. (27) and (28), we observe that: (i) 011, 092 and o33 are even functions of £; (ii)
o172 is an odd function of k; (iii) the parameter ¢ which governs stresses due to fiber stretch,
is not included in either the stress response or the strain energy change. Only the parameter
@ affects the stress response.
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3.2.2. Simple shear displacement transverse to the fiber direction—When the
simple shear deformation is imposed with displacement transverse to the fiber (Fig. 2e), the
deformation gradient tensor F and Cauchy—Green tensor C are

[100} [k2+1k0]
[Fjl=1 k 1 0 |,[Cyl= E 1 0.
{001J {0 01J (30)
The corresponding pseudo-invariants /; and /s are
2 (12, 1)% 02 2
L=k +1,I5_(k +1) TR =R gy

We observe that if the amount of shear A>0 and /4>1, the fibers are stretched. Also, 1} is
nonzero only when kis nonzero. Based on Eq. (8), the Cauchy stress is

— B (2¢K2+2¢ — 4C+1) k (2Ck2+¢+1) 0
logl=pe | R(2RHH]) B (20K +26 — () 0
0 0 — K (2Ck242¢+2¢+1)
(32)

The stress response as a function of kis shown in Fig. 6.

If plane stress condition is assumed (o33 = 0), the Cauchy stress tensor o is

2Ck? k(2Ck*+¢+1) 0
[og]=p | k(2Ck*+¢+1) E? (2¢k*+2¢+1) O |,
0 0 0

(33)
If the strain energy function is written in terms of & (Egs. (4), (9) and (31))
k=5 R (L+o+Ch?),

(34)

then
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From Egs. (33) and (34), we observe that: (i) o11, o»» and o33 are even functions of &; (ii)
oy is an odd function of £; (iii) both {and ¢ are included in the stress and strain energy
term.

3.2.3. General simple shear in the (x1; X2))plane—If simple shear is applied in the
(X1; X2) plane, with shearing direction in an angle dto the x; axis (Fig. 2f), then we set up
the material coordinates (x;, X,, X3 ) following (Horgan and Saccomandi, 2005; Merodio and
Ogden, 2005; Qiu and Pence, 1997):

X1= cos 0x1+ sin 6x5
Xo= — sin 0x1+ cos 0xs

X3=X3 (36)

where the shearing direction is parallel to , axis. The deformation gradient F, and the right
Cauchy-Green tensor C in the coordinates (x;, X, X3) are the same as Eq. (24). Using Eq.
(36) to transform F and C into (X1; Xo; X3) coordinates

[ 1—ksin6cosb k cos? 0 0

[Fy]= —k sin® 0 1+ksinfcosd 0 |,
{ 0 0 1 J
k2 sin?0 —ksin20+1 kcos20 —k%sin@cos® 0
[Cyl=| kcos20 —k?sinfcos6  kcos?O+ksin20+1 0
0 0 1 37)

The pseudo-invariants are

I,=k? sin® 0 — k sin 20+1,
Is=(k cos 20 — k2 sin 6 cos 0)’+ (k2 sin® 0 — k sin 20+1)°,
I¥=(k cos 20 — k2 sin 6 cos 6)2. (38)

It is easy to verify that 1:=C?, > 0, which captures the shearing information when k is

3
nonzero(Merodio and Ogden, 2005). 1} increases with A when ¢is 0, g ?ﬂ (Fig. 7). When @

™
is 3 I is a concave function, with an inflection point at A= 1. The normalized Cauchy

stress in terms of material parameters 'and ¢ and the shearing direction &is shown in
Appendix A. A plot of the Cauchy stress components 011, 099, g33 and o1, against the

amount of shear k< with 9:2 and %ﬂ shows that the stress response could be non-monotonic
(Fig. 8 and Fig. 9). The stress responses are monotonic when {’is 0 or 1 and ¢ is 1. However,
when {'and ¢ become larger, especially when {=¢=10, the non-monotonic effect appears in
all stress components. The nonzero components of Cauchy stress tensor in plane stress
condition are also shown in Appendix A.
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4. Example of data fitting

Transversely isotropic material models have been applied to study ligament and tendon
tissues which have distinct fiber directions (Dourte et al., 2008; Henninger et al., 2015; Lake
et al., 2010). Many tensile and biaxial tests have been done (Davis and De Vita, 2012;
Henninger et al., 2015; Szczesny et al., 2012). Typical tests such as stretch along the fiber
direction are usually of primary interest for ligaments and tendons. Therefore, we used data
from uniaxial stretch of tendon to show the model behavior with one of the anisotropic
invariants.

As an example of fitting the model of Feng et al. (2013), we fit the mechanical tests of Davis
and De Vita (2012), who applied uniaxial stretch along the fiber direction of rat tail tendon
fascicles. The tensile test is similar to Fig. 2a. A fitting of the data from the uniaxial stretch
provides a first estimate of 1=107.66 MPa, and {=0.91 (Fig. 10).

5. Discussion

5.1. Anisotropic behavior

The stress responses when the material is stretched transverse and parallel to the fiber
direction (Fig. 11a, b) confirms the fiber reinforcement effect when {>0. The shear stress
increases in a nonlinear fashion when the material is sheared transverse to the fiber direction
(Fig. 11c, d). Inspection of the shear stress component o7 in Egs. (26) and (32) shows that
the shear stresses in the two cases (shear displacement parallel or perpendicular to the fiber
direction) differs by 2¢43. Thus anisotropic behavior under finite shear is partly a result of
fiber stretch, analogous to the Poynting effect.

5.2. Strengths and limitations of transversely isotropic constitutive models

5.2.1. Uniaxial stretch in the fiber direction—Using the F(/;) model Qiu and Pence
(1997) showed that when the material is loaded along fiber direction

a2 2 _
(o11),, =HAT (27)\1 27+1) N (39)

Using a strain energy function analogous to the G(/5) model, Merodio and Ogden (2005)
showed that when loaded in tension along fiber direction

N2 6 2 B
(1), =X} (1A — 4973+1) N )

Eq. (39) is identical with Eq. (19) ( 7 is unaffected by fiber stretch). Similar results were
also observed in a transversely isotropic model with A /) only, proposed by Horgan and
Saccomandi (2005). In Eq. (40), it is clear that /5 contributes to the uniaxial response, o11.

5.2.2. Uniaxial stretch transverse to the fiber direction—The relation between
fiber stretch A1 and A, in Eq. (21) is seen in the A /4) model and the G(/5) model, from which
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_ 1

(A2), = , :
N2 Ay — a2 (41)

Both the A /) and G(/5) models have limited shortening along the fiber direction (45 in Fig.
3d) when stretching infinitely perpendicular to the fiber direction (4, in Fig. 3d). The
asymptotic behavior of the H(l4; /5) model is the same as that of the A /4) model.

5.2.3. Simple shear displacement in the fiber direction—In plane stress
conditions, when ¢ = 0 the Cauchy stress tensor for the H(/;; /) model is identical to that of
the A(/;) model. If >0, each stress component is larger than that of the A /;) model. By
comparing the stress response with those from the G(/) model:

K2 4+4vk? (14k2)  k+29k® 0]
[Uij]l"’_ﬂ k+2vk? 0 0 J
0 0 0 (42)

we observe that the magnitudes of both 017 and o7, increase monotonically as & increases
(o171 is an even function and o712 is an odd function). In Egs. (26) and (28), we observe that
the stress components and strain energy function are only related to ¢, the parameter
characterizing fiber matrix interaction. Similarly, in the G(/5) model, all stress components
contain y (Eq. (42)) which is the parameter related with fiber shear.

5.2.4. Simple shear displacement transverse to fiber direction—Similar to the
case of simple shear in fiber direction, the Cauchy stress is the same when ¢=0 but larger
when ¢>0, compared to the A /) model, due to fiber-matrix interactions. If we compare with
the Cauchy stress tensor in a similar analysis with respect to the G(/) model:

[ a2 (K*+4k2+3)  k+29k? (264-+9K2+9) 0]
[%],fﬂ ke+2vkS (2k:4+9k:2+9) k2 4+-4yk? (k:4+5k:2+6) 0 J ,
0 0 0 (43)

then, for plane stress, we see from Egs. (33) and (43) that for both models: (i) 011; 022 and
o33 are even functions; (ii) o1 is an odd function; (iii) 011, o2, and g1 increase
monotonically as k increases. However, if not in plane stress, neither o11 nor o,, are
monotonic (Fig. 6), due to the negative term involving ¢

5.2.5. Simple shear displacement in an arbitrary direction—Analysis of /4, I,
and Cpo with respect to Aand & has been performed by Merodio and Ogden (2005). One
difference worth noting is that when the fiber direction 0= 78, /5 is convex (Merodio and
Ogden, 2005) and 72 is concave (Fig. 7) with respect to 4. This illustrates the interaction
between /, and /5 when in general shear deformation. The current model confirms that
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differences in the direction of shear displacement can have a large influence on the stress
responses (Figs. 8 and 9). A similar effect was also presented in the G(/5) model presented
by Merodio and Ogden (2005). When ¢ = 0, the Cauchy stress components in Egs. (A.5)-
(A.7) are identical to the A/;) model, but larger when ¢>0. Compared with the results of
arbitrary shear from the G(/) model, we observe a similar pattern of 11, 022, and 1o with
respect to .

5.3. Effect of anisotropic invariants in different loading conditions and implications for
mechanical tests

To characterize transversely isotropic materials, it is usually necessary to estimate model
parameters via mechanical tests. Although inverse methods can be used to estimate model
parameters, a straightforward estimate of the model parameters via fitting experiment data is
still desirable (Zhang et al., 2015). We examined the effect of each invariant by comparing
the stress components from Eqg. (9) to the responses of the model lacking one of the
anisotropic invariants (/4 or f):

ﬁ:l (01415 _ gomitting Iy or 15)
B

)

(44)

The corresponding mechanical tests that are best to capture the invariant and model
parameters are discussed.

5.3.1. Effect of |4 and implications for model fitting—In both uniaxial and equal
biaxial tensile tests, we observe that all the stress components are only affected by parameter
¢ If the /, term was omitted, for uniaxial stretch along the fiber direction and equal biaxial
stretch, the error of g7/ would be the same (Egs. (19) and (23)):

o1 2 (2
——=2uCA7 (A} —1),
p 1778 1( 1 ) 45)

In simple shear deformation when fiber is along the fiber direction, we observe that the
stress components are not affected by /;. However, if the shear deformation is transverse to
the fiber direction in the plane of (xi; X2), omitting /, can cause error. The error depends
linearly on {and is a non-linear function of the shear deformation, & (Eq. (32)):

orr 2% (2 9 2k3 0
[% Lg [ ’ 2(15‘ ) 22 (92 1) 0 W :
S| 0 0 2 (k1) | (46)

Thus, when estimating the parameter ¢, or any parameters scaling the /4 invariant, uniaxial or
biaxial stretch tests are sensible.
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5.3.2. Effect of I and implications for model fitting—The effects of /5 in shear are
captured by the modified invariant 7. If 73 is not included in the model, and shear parallel to
the fiber direction, the error of stress is proportional to both the parameter ¢ and the shear
amplitude, & (Eq. (26)):

0 —gJ (47)

Similar analysis can be applied to simple shear deformation transverse to the fiber direction,
and an analytical solution of the stress error in terms of parameter ¢ can be obtained from
Eq. (32):

0 —%J' (48)

With respect to estimating parameter ¢, considering Eq. (26), it is recommended to use shear
tests parallel to the fiber direction for data fitting.

5.3.3. Remarks on mechanical testing—In estimating the five parameters of the
general transversely isotropic material form (Eq. (1)), Criscione et al. (2001) developed a
novel invariant sets separating physical attributes of strain. These mutually orthogonal
invariants provide a unique advantage in the experimental determination of the energy
functions (Criscione et al., 2001, 2000, 2002). In this study, the specific strain energy form
of Eq. (9) has only three parameters. We have shown that under uniaxial loading, either
along, or perpendicular to the fiber direction, or during equibiaxial stretch, only the invariant
14 is needed to model the material behavior. In shear deformation parallel to the fiber
direction, only the invariant 7 is needed to model the material behavior. Therefore, each
individual parameter can be fitted separately using different mechanical testing methods.
However, in shear deformation transverse to the fiber direction, both fiber stretch and fiber—
matrix interactions are involved, and both invariants are needed to describe the model
behavior, as they are when shear deformation is in an arbitrary direction in the (Xo; X3) plane.

6. Conclusions

In this study, we explored the response to large deformations of a transversely isotropic
model with both /; and /5 invariants. A comparison of the model behavior to that of
transversely isotropic models with only /, invariant showed similar responses to stretch
parallel or perpendicular to the fiber direction. However, the model with both invariants
showed distinctly different behavior under shear deformation.

Analytical solutions exhibited clear nonlinear anisotropic behavior in both stretch and shear
deformation. The material model exhibited the expected increase in tensile stiffness in the
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fiber direction, as well as a larger shear modulus when sheared in the plane containing
fibers, relative to shear in the plane of isotropy. Nonlinear stiffening was seen for shear
displacement perpendicular to the fiber direction. This behavior is useful for modeling and
simulations of many soft biological tissues such as brain white matter, muscle, and tendon.

Analytical solutions of the model with both /, and /5 invariants indicated that individual
parameters, such as {and ¢, could be characterized separately by tensile and shear tests.
Typical mechanical testing procedures such as biaxial (Sacks, 2000; Sacks, 1999),
rheometric (Hrapko et al., 2008) or shear testing (Namani et al., 2012; Rashid et al., 2013)
can be utilized to characterize the parameters for specific soft tissues with transversely
isotropic behavior. Parameter fitting based on data acquired from these mechanical tests can
be used for first approximation of the model parameters. Although some simple mechanical
tests can be fully modeled using only one invariant, loading conditions such as shear
transverse to the fiber direction can be described only if both are included.
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Appendix A

The Cauchy stress components of the general simple shear in the (x1; X2) plane can be
obtained from Egs. (8) and (38). We normalized each stress component with respect to shear
modulus g With short-handed notations ¢ = cos 6, s = sin @for simplicity, the corresponding
normalized Cauchy stress components are

Zt=¢ ( (ksc — 1)* (k252 — 2ksc) — 2 (k%s? — 2ksc) (k25 — 2ksc+1) — k2 (s® — 1) )
+6 (—2(kse —1)° (k?s? — 2ksc+1) — 3 (k2sc+2 (s> — 1) k)’
+2 (ksc — 1) (k3sc — k2+3ksc -1))
+€—2k C—?(ZS —l) (A1)

22 =( (_g (k2s? — 2ksc) (k%s? — 2ksc+1) +2k%s* (k2s? — 2ksc))
+o(—2(K2sctk (252 — 1)) — 2k2s* (k252 — 2ksc+1)

+2ks? (k252+352 — 1))—|—§k252+§ (52 — 1) +2ksc (A.2)
gas— _ 2 (k2 (2 —s)—|—2ksc—— E (2 +2ksc———1
e B (e ) (£10 e 5 )
—F(ksc—k(c?—s%)" =% (A.3)
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22 =2ks? (ksc — 1) (k*s* — 2ksc) ¢
+¢(ks? (kfsc — k2+3ksc — 1) +k (ksc — 1) (k?s?+3s% — 1)
—2ks? (ksc — 1) (k%s® — 2ksc+1))
+k%sc — k(25 — 1) (A.4)

With plane stress condition (o33 = 0), the nonzero components of Cauchy stress tensor o are

AL =2 (ksc —1)* (k*s® — 2ksc)
+o(=2(ksc — 1)% (k2s? — 2ksc4+1) +2 (ksc — 1) (k3sc — k>+3ksc — 1))
—k? (s — 1) — 2ksc (A.5)

%:k%c — k (25% — 1) +2ks?C (ksc — 1) (k%s® — 2ksc)
+¢(ks? (k3sc — k2 +3ksc — 1) +k (ksc — 1) (k?s?+3s% — 1)
—2ks? (ksc — 1 (k%s? — 2ksc+1))) (A.6)

g2 —¢ ( 2k2s* (k2s? —2ksc)>

“w

+6 (—2k%st (k?5? — 2ksc+1) +2k%52 (k2s2+3s> — 1))
+k2s24+2ksc (A7)
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Fig. 1.
Basic model of a transversely isotropic material in Cartesian coordinates. Vector A indicates

the fiber direction in the reference configuration. The plane of symmetry is perpendicular to
X1.
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.l i ﬁl

Simple deformation of a transversely isotropic material: (a) uniaxial deformation along the
fiber direction; (b) uniaxial deformation perpendicular to the fiber direction; (c) biaxial
deformation. (d) simple shear in the fiber direction; (e) simple shear transverse to the fiber
direction; (f) general simple shear in (X1, Xo) plane with shear angle &with respect to x4 axis.
A1, Ap are the stretch ratios, kis the magnitude of shear displacement, the cube has a unit

length of 1 for each side.
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Fig. 3.

Ugiaxial stress response. (a) oq1 Vvs. fiber stretch A4, and (b) fiber stretch 1, vs. 1; when the
material is under uniaxial deformation parallel to the fiber direction. (c) o5 vs. fiber stretch
Ao, and (d) fiber stretch A1 vs.A, when the material is under uniaxial loading transverse to the
fiber direction. The shear anisotropy parameter ¢ does not affect the stress response in these
cases. The model responses for £=0.1 and {'=1 are very close. An interval of [1/Amax, Mmax ]
is adopted for x-axis in all the plots with Ay =1.5.
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Fig. 4.
(a) op1and (b) o7 vs. fiber stretch Aq = A, when the material is under equal biaxial

deformation. An interval of [1/Amax, Amax ] is adopted for x-axis in all the plots with Apmax
=15.
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Fig. 5.

Stress response to simple shear displacement parallel to the fiber direction for ¢=0, ¢=1, and
¢=10. The parameter £; which is related to the fiber stretch, does not influence the response.
The shear stress complies with the linear response of the Neo Hookean material when ¢=0.
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Fig. 6.
Stress response to simple shear displacement transverse to the fiber direction for =0, {=1,
and £=10. (a) ¢=1, and (b) ¢=10.
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Stress response to in-plane shear displacement with shearing direction é=7/4, for {=0, =1,

and £'=10. (a) ¢=1, and (b) ¢=10.
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Stress response of in-plane shear displacement with shearing direction =378, for =0, £

=1, and {=10. (a) ¢=1, and (b) ¢=10.
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Experimental and fitted data of rat tail tendon fascicles under tensile loading along the fiber

direction.
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Fig. 11.
Illustration of the anisotropic behavior of the model: stress vs. stretch ratio for (a) (=1 and

(b) =10 when the material is stretched transverse/parallel to the fiber direction; and
comparison of shear stress in simple shear for (c) (=10, ¢=1 and (d) {=1, ¢=10 when the
material is sheared transverse/parallel to the fiber direction.
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A summary of incompressible, transversely isotropic, hyperelastic models.4
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Ysotropic Yanisotropic Volumetric ter
Murphy
(2013)¢
Swedberg et f
al. (2014) For “a _12) =
2(1'1 3) 20 (exp (62(/\ 1) ) 1)

a . . . R . - .
In the incompressible case the isochoric invariants [, Io, 14, I are effectively equal to /1, /2, /4, /5. We keep the original form of each strain
energy function.

Explicit volumetric term is shown here if it is written out specifically in the original references.
The invariant /5 in the formulation corresponds to the definition of /4 in this paper.

a., . L
Strain energy function is composed of one of the forms of yanjsotropic

The formulation used a multiplicative decomposition of the deformation that factor out the volumetric strain and fiber stretch. ,\:J—1/3 pY

_ 1 2 _>\ A 2
ﬂl—/\4C N@Nﬁz—JtT‘C J/\C N ® N.

2

Is — 14+ 1

—pln /—13_’_5 In 5 — lidy+1p
2 7 .

2 m=v0) ,—4m(r—1)
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