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Abstract

The voltage sensitivity of membrane proteins is reflected in the response of the voltage sensing 

domains (VSDs) to the changes in membrane potential. This response is implicated in the 

displacement of positively charged residues, associated with the conformational changes of VSDs. 

The displaced charges generate nonlinear (i.e., voltage-dependent) capacitance current called the 

gating current (and its corresponding gating charge), which is a key experimental quantity that 

characterizes voltage activation in VSMP. However, the relevant theoretical/computational 

approaches, aimed to correlate the structural information on VSMP to electrophysiological 

measurements, have been rather limited, posing a broad challenge in computer simulations of 

VSMP. Concomitant with the development of our coarse-graining (CG) model of voltage 

coupling, we apply our theoretical framework for the treatments of voltage effects in membrane 

proteins to modeling the VSMP activation, taking the VSDs (Ci-VSD) derived from the Ciona 
intestinalis voltage sensitive phosphatase (Ci-VSP) as a model system. Our CG model reproduces 

the observed gating charge of Ci-VSD activation in several different perspectives. In particular, a 

new closed-form expression of the gating charge is evaluated in both nonequilibrium and 

equilibrium ways, while considering the fluctuation–dissipation relation that connects a 

nonequilibrium measurement of the gating charge to an equilibrium measurement of charge 

fluctuations (i.e., the voltage-independent linear component of membrane capacitance). In turn, the 

expression uncovers a novel link that connects an equilibrium measurement of the voltage-

independent linear capacitance to a nonequilibrium measurement of the voltage-dependent 

nonlinear capacitance (whose integral over voltage is equal to the gating charge). In addition, our 

CG model yields capacitor-like voltage dependent free energy parabolas, resulting in the free 

energy difference and the free energy barrier for the Ci-VSD activation at “zero” (depolarization) 

membrane potential. Significantly, the resultant voltage dependent energetics enables a direct 

evaluation of capacitance–voltage relationship (C–V curve) as well as charge–voltage relationship 

(Q–V curve) that is in a good agreement with the observed measurement of Ci-VSD voltage 

activation. Importantly, an extension of our kinetic/thermodynamic model of voltage dependent 

activation in VSMP allows for novel derivations of voltage-dependent rate constants, whose 

parameters are expressed by the intrinsic properties of VSMP. These novel closed-form 

expressions offer a physicochemical foundation for the semiempirical Eyring-type voltage 
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dependent rate equations that have been the cornerstone for the phenomenological (kinetic) 

descriptions of gating and membrane currents in the mechanistic study of ion channels and 

transporters. Our extended theoretical framework developed in the present study has potential 

implications on the roles played by gating charge fluctuations for the spike generations in nerve 

cells within the framework of the Hodgkin–Huxley-type model.

Graphical Abstract

 I. INTRODUCTION

The voltage activity of voltage sensitive membrane proteins (VSMP) is critical for many 

biological processes, including the generation and propagation of action potentials in nerve 

cells,1,2 a certain enzymatic reaction in reproductive cells,3 and proton extrusion in 

Phagocytes.4,5 The voltage sensitivity is reflected in the corresponding interaction of the 

voltage with the positively charged residues in the S4 helix of the voltage sensing domain 

(VSD) in VSMP. The displacements of positively charged residues in response to the 

changes in membrane potential generates the nonlinear capacitance current called gating 

current,6 recorded in a complete electric circuit. The corresponding gating charge is the 

experimentally measurable quantity that characterizes the voltage sensitivity in VSMP,7 

which has provided a key information on the molecular action of VSD voltage activation.8

While several theoretical/computational approaches have been developed to quantify the 

gating charge,9–13 all of these approaches can be regarded as “indirect”, in that the 

calculations of the gating charge are based on the Hamiltonian (the membrane/protein 

system) described by the voltage (i.e., membrane potential) coupling to the gating-charge 

carrying residues, rather than directly measure the external charges that flow through 

electrolyte solutions, which is eventually recorded in an electric circuit. These approaches do 

not reflect a nonequilibrium nature of the gating charge since they are only applied to 

“equilibrium” situations. Nevertheless, these approaches have some success in estimating the 

gating charge in some of voltage gated ion channels13–15 while they have limited 

applicability to simulate the voltage dependency of VSMP activation, e.g., gating 

“current”,16 charge–voltage relationship,11 (Q–V curve) and capacitance–voltage 

relationship (C–V curve).

Our earlier study introduced a coarse-graining model (CG) of voltage coupling in membrane 

proteins that include the compete electrode, electrolyte, protein, and membrane systems.17 
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This model allowed us to evaluate the gating charge by directly measuring the external 

charges that flow through electrolyte solutions, considering the changes in the electrolyte 

distributions between the initial and the final configurations of amino acid analogues.18 The 

CG approach of ref 17 allowed us to explore the coupling to the external voltage by applying 

a nonequilibrium direct way of the type used in simulating the gating charge in the voltage 

gated ion channel of Kv1.216 and the voltage generation upon electron/proton transfer in the 

bacterial reaction center.19 The nonequilibrium direct approach also provided a new 

application of Brownian dynamics to simulate the gating current by solving kinetic master 

equation in a stochastic manner, based on a discrete kinetic model of channel conformations 

derived from the CG free energy profile.16

Recently, a rigorous theoretical framework that describes the kinetics/thermodynamics of 

voltage activation has been formulated based on statistical mechanical considerations,20 

building on the refined CG model of the voltage coupling in membrane proteins.19 To 

rationalize and validate the energetics of the CG model of the voltage coupling, a linear 

response approximation was applied to the membrane/protein/electrolyte system, resulting 

in the capacitor-like voltage dependent quadratic free energies. The requirement that these 

free energies satisfy the equilibrium fluctuation relation21–23 yielded a novel closed-form 

expression of gating charge,20 consistent with the fluctuation–dissipation theorem.24 These 

voltage dependent energetics also offered a direct avenue to evaluate the Q–V curve, given 

two equilibrium conformational states. In addition, a simple quantitative relation between a 

free energy of stabilization or destabilization and a shift in the Q–V curve was introduced, 

which enables the relative free energies for the VSMP insertion into the membrane to be 

directly estimated from the shifts in the Q–V curve.25 Importantly, a novel expression for the 

free energy barrier (along with a chemical part of free energy change) at “zero” 

(depolarization) membrane potential was introduced in terms of the intrinsic properties of 

VSMP that are experimentally measurable.

The present study further explores our theoretical framework with a significantly more 

challenging problem, i.e., investigating VSMP activation in terms of the Q–V curve and the 

C–V curve with the full X-ray crystal structures of VSDs (Ci-VSD) derived from the Ciona 
intestinalis VSP (Ci-VSP).26 The present study also explores an applicability of the 

fluctuation–dissipation expression for the gating charge20 that characterizes voltage 

sensitivity of VSMP7,27 as well as the nonequilibrium direct approach16,17,19 that enables 

the gating charge directly evaluated, by considering the changes in the electrolyte 

distributions between the initial and the final configuration of VSMP. In this way, a 

nonequilibrium measurement of the gating charge is shown to be equal to an equilibrium 

measurement of charge fluctuations (i.e., voltage-independent linear capacitance) via 

temperature, as dictated by the fluctuation–dissipation theorem. We also offer alternative 

derivations for the key expressions, introduced in ref 20, such as the fundamental free energy 

relations of voltage activation and the fluctuation–dissipation relation for the gating charge. 

Importantly, we present novel derivations for the Eyring-type voltage-dependent rate 

equations. These provide closed-form expressions for the phenomenological parameters 

used for the (kinetic) descriptions of the gating current, membrane currents, and thus spikes 

in the Hodgkin–Huxley-type model.1,28–30
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The paper is organized as follows: first, we describe our (extended) theoretical framework 

for the description of a kinetic and thermodynamic model of voltage coupling in membrane 

proteins, introducing resultant novel gating charge expressions and offering analytic 

derivations for voltage dependent energetics and rate constants (sections III and IV). We will 

use the CG simulation system with the energetics of voltage coupling of CG membrane 

proteins surrounded by electrolytes, which are connected to the electrodes, simulating the 

virtual battery (section II). Second, we present numerical simulations of the gating charge in 

both nonequilibrium and equilibrium ways and of the voltage dependent energetics of the 

Ci-VSD system that results in charge-voltage relationship (Q–V curve) and capacitance–

voltage relationship (C–V curve) (sections V and VI).

 II. COARSE-GRAINING (CG) MODEL OF VOLTAGE COUPLING IN 

MEMBRANE PROTEINS

Our CG model of voltage coupling has been developed aiming at modeling the protein–

membrane system and, in particular, its coupling to the external voltage.16–20 This model 

and its treatment of different dielectric constants is more reliable than continuum models as 

discussed and illustrated in many of our previous works.31 The CG simulation system 

includes the protein, membrane, grids representing electrolytes, and electrode potential, 

virtually simulating the external voltage (see Figure 1). The residual electrolyte charge 

( ) and the electrical potential (φj) at each system grid are evaluated by solving 

two equations below eqs 1 and 2 in a self-consistent manner:18

(1)

(2)

where the units are kcal/mol rather than the esu units and distant dependent effective 

dielectric constants of 60 and 40 were used, respectively, for the (protein) charge–charge 

interactions ( ) and electrolyte response to the protein charges ( ).

To model the effects of the external potential, we treat formally the membrane/protein/

electrolyte system as a capacitor using the macroscopic formula17,18

(3)

where Z0 is the Z coordinate at the left electrode.
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The energetics of our CG model is based on the folding model of (membrane) proteins 

(ΔGfold) that focuses on reliable treatment of the electrostatic energy ( ), considering 

the Born-type self-energy and the charge–charge interaction of (protein) ionizable residues 

with realistic dielectrics. The energetics of CG model has been constantly refined,32 and the 

readers are referred to ref 31 for a recent refinement for the membrane protein system. In the 

present study, we only consider the electrostatic contribution ( ) in great details.

The state dependent (λ) electrostatic free energy is given by19,20

(4)

The first term represent the voltage-independent electrostatic free energy of the ionizable 

residues in electrolyte solutions, which is the sum of three contributions:

(5)

The first term corresponds to the local-environment dependent Born-type self-energy of 

protein ionizable residues and the second term to the charge–charge interaction energy, with 

a distant dependent dielectric that approaches 60 in an infinite distance. The last terms 

represents the coupling of protein charges to the polarized electrolytes. eq 5 is a grid-based 

representation of the free energy of ion solvation (i.e., Born solvation) in electrolyte 

solutions (e.g., as in the Debye–Huckel theory).

The second term, , in eq 4, represents the effects of the applied voltage on the 

energetics of the protein/ membrane/electrolyte system:

(6)

The first and second terms represent the contribution that arises from the polarization of 

electrolyte effective charges ( ) by the external voltage and all the other charges of the 

system. The third term represents the coupling of the protein charges ( ) to the membrane 

potential that arises from the external voltage.

In the absence of protein charges within the membrane, it was shown that there exists 

correspondence between the CG model of voltage coupling and macroscopic continuum 

models:20
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(7)

Equation 4 with eqs 6 and 7, can be rewritten as follows, yielding the energetics similar to 

the that of the mean field macroscopic continuum approach:

(8)

Here CL,Eq is the equilibrium linear component of membrane capacitance (of the membrane 

protein system), which should be distinguished with the membrane capacitance of Ce in eq 7 

defined in the absence of protein charges within the membrane (see section IV). The 

expression is familiar in the field of ion channels, having been used to describe the 

thermodynamics of voltage activation.9,10,20,33,34 In fact, eq 8 represents the energetics of 

the protein/membrane system, described by the Hamiltonian of H1 = H0 + QgVmem (see eq 

42), which represents the coupling of gating charge carrying residues to the membrane 

potential ( ) that arises from the externally applied voltage (Vext). Whereas, eq 4 with 

eq 6 represents the energetics of the entire protein/membrane/electrolyte system, described 

by the Hamiltonian of H0 = H1 –Qext(Vext –V1,min) (see eq 30), which represents the 

interaction of electrolyte, coupled with the movement of protein charges within the 

membrane, with the externally applied voltage,20 where, V1,min is the resting (equilibrium) 

membrane potential. Here, H0 and H1 represents, respectively, the Hamiltonians of the 

activated and the resting states. Qg and Qext represents, respectively, the gating charge 

(coupled to the membrane potential) and the externally flowing charges (coupled to the 

external voltage) through electrolytes. In fact, the equivalent relation between the external 

charges (〈Qext〉) and the gating charge (Qg) can be given by the parallel RC circuit-like 

expression,20 as clearly shown in Figure 1:

(9)

For the gating current we have,

(10)

Eq 10 tells nothing but the law of current conservation, 9,10,35,36 which shows that the actual 

measurement of gating current (Igate) is made by recording the current in an electric circuit 

(Icircuit = Iext) and subtracting the linear component of a capacitance current ( ), 

i.e., the current required to charge the membrane capacitor with a membrane capacitance of 

CL,Eq, as done in the electrophysiological measurement of the gating charge.37 The 
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subtraction of  from the recorded current (Icircuit = Iext) implies a measurement of 

the gating current is a nonequilibrium process before the external voltage becomes 

stationary. Notice that eq 9 offers a formal justification for the gating charge evaluation by 

measuring the externally flowing charges (〈Q〉ext) through electrolyte solutions (i.e., the 

nonequilibrium direct approach16,17,19), as will be explored in section V. The state 

dependent external charges are defined as

(11)

where the linear component of membrane capacitance (CL,Eq) is assumed to equal before 

and after the conformational changes of VSDs, as in the electrophysiological measurement 

of the gating charge,37 which was justified by the linear response approximation.20 By 

subtracting the two equations, we have

(12)

which proves the equivalence of the two charges. The gating charge evaluation by our 

nonequilibrium direct approach (the right-hand side of eq 12) will be examined in section V 

using eq 63, i.e., by measuring the changes in the electrolyte distributions, given two quasi-

equilibrium conformational states. Equation 12 also shows that a measurement of the gating 

charge, given two quasi-equilibrium resting and activated states, is independent of the 

voltage applied,14,19 due to the linear response approximation.20

 III. GENERAL FREE ENERGY RELATIONSHIPS AND THE WORK–

FLUCTUATION RELATION

In this section, we present several variants of free energy relationships1 used to account for 

the kinetics and thermodynamics of the voltage dependency of channel activation (e.g., Q–V 
curve), from a perspective of the theoretical framework of voltage coupling developed in ref 

20. While doing so, we give alternative derivation of the fundamental free energy relation of 

voltage activation of eq 13. As discussed in ref 20, the externally applied voltage (Vext) is 

assumed to be equal to the membrane potential (Vm), which is represented by V in the 

present study, unless otherwise specified. Time integration of external current (〈Qext〉), 

flowing through electrolyte solutions, which is then recorded in an electric circuit, was also 

assumed to be equal to the movement of positively charges residues within the membrane, 

i.e., gating charge (Qg) coupled to the membrane potential as discussed in section II.

The two probability densities of either finding 0 (activated) or 1 (resting) conformations of 

voltage sensing domain (VSD) at an external voltage of V is related to each other:1
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(13)

Here the Boltzmann constant kB = 1, and Qg and ΔGchem, respectively, represent the gating 

charge and the chemical part of free energy change associated with the conformational 

transition between the resting and the activated states, namely, the free energy difference 

between two states at “zero” (depolarization) membrane potential.38 The relation is termed 

here as the fundamental free energy relation of first kind.20 This fundamental free energy 

relation has been known to the ion channel community some time ago, e.g., as in Hille’s 

book,1 which goes back to Hodgkin and Huxley (HH) for their formulation to quantify 

membrane currents and thus action potentials (spikes) in a nerve cell39 (e.g., p0(V) 

corresponds to the gating variable of n∞(V) for a voltage-gated K+ channel in the HH 

model).

In the following, we offer a simple derivation of eq 13, which will then be discussed within 

the general theoretical framework of voltage coupling in membrane proteins that was 

developed based on the equilibrium fluctuation relation and the linear response 

approximation.20 Consider the HH kinetic model for VSD transition between the resting and 

the activated states of ion channels:39

(14)

Here C and O, respectively, represent the resting and activated conformations of VSD. α(V) 

and β(V) represent, respectively, forward and backward voltage dependent transition rates 

(rate constants). Here, we assume that each rate constant is a simple semiempirical Eying-

type exponential of the externally applied voltage1,40,41 that starts initially at the resting 

membrane potential (Vr) rather than from 0 mV.

(15)

Here α(0) and β(0) are rate constant at “zero” (depolarization) membrane potential, which 

derived in the previous study, in terms of free energy barrier20 (see also section IV). Qg.c and 

Qg,o are state dependent gating charges. Vr and Vd, respectively, represent the resting and 

the (fully activated) depolarization membrane potentials, as V1,min and V0,min (see below).

The condition of dynamical equilibrium (or detailed balance) requires that
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(16)

or

(17)

where Qg = Qg,c + Qg,o = zQg + (1 − z)Qg is the total gating charge associated with the 

conformational transition of VSDs from the resting to activated states. z is “a fraction” of 

charge (where 0 < z < 1) that represents the progression of charge movements normal to the 

membrane (i.e., voltage-dependent electrogenic movements19). In electrophysiological 

blocking experiment, z is served as an effective voltage dependent charge movement, 

obtained by fitting to the observed I–V curve.42 In fact, in chemical reactions, z has been 

used as a measure for the location of the transition state along a collective reaction 

coordinate.43 A value of 1/2, which produces a symmetric barrier, is often assigned for the 

thermodynamic/kinetic study of voltage-dependent electrogenic charge movements in ion 

pumps and transporters unless prior information exists.44 In the present study, an analytical 

expression for z will be derived in section IV, in terms of the intrinsic properties of VSMP 

activation. eq 17 results in the original fundamental free energy relation of first kind of eq 13 

with

(18)

The fundamental free energy relation of first kind was derived in ref 20, directly from the 

Bennett overlapping histogram (BOH)21,23,45 or the equilibrium fluctuation relation.20 In 

fact, BOH is a special case of the more general nonequilibrium relation known as the work-

fluctuation theorem:46,47

(19)

where W and W̄ are, respectively, forward and reverse works (regardless of whether the 

work is reversible or irreversible) that drive the system from the initial system (H0) to final 

system (H1 = H0 + W) and vice versa. The work–fluctuation theorem is thought to belong to 

a large class of fluctuation theorems.48–51
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By introducing the voltage (coupling) as the work (energy gap in the previous study) 

reaction coordinate,20 i.e., W = QgV, eq 19 results in the fundamental free energy relation of 

first kind of eq 13, where ΔGrx is identified to ΔGchem.

At the intersection of two probability distributions, we have (QgV* ≡ QgV1/2) − ΔGrx = 0, 

leading to

(20)

where V1/2 is a half membrane potential at which two conformational states have equal 

population. ΔGrx will be defined in another way below, whose meaning will be discussed in 

the general theoretical framework that builds upon the work-fluctuation relation of eq 19.

Rearranging eq 19, together with eq 20, yielded the fundamental free energy relation of 

second kind,20 which is familiar in voltage gated ion channels:9,38

(21)

(22)

where the free energy functions, Δfλ(V){λ = 0,1}, or potential of mean force along the 

voltage work (energy gap) reaction coordinate, are defined as20,23

(23)

where  and pλ,max is the maximum value of probability density such 

that Δgλ(Vλ,min) = 0, or equivalently, pλ(Vλ,min) = pλ,max. In addition, the free energy 

functions, Δfλ(V){λ = 0,1}, intersect at zero membrane potential, leading to the expression:

(24)

or

(25)
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which is the explicit definition of the chemical component of free energy change (ΔGchem ≡ 

Δg0(0)−Δg1(0) = QgV1/2 = ΔGrx), i.e., the free energy difference between two 

conformational states at zero (depolarization) membrane potential.20,38 Together with eq 25, 

eq 22 yields a well-appreciated free energy relation40,44 that describes the voltage effects on 

the thermodynamics of VSMP activation along reaction coordinate(s) (e.g., a collective 

reaction coordinate of the gating charge movements in VSDs) (see Figure 2):

(26)

where Δg(V) = Δg0(V) − Δg1(V). This free energy relation is the first key expression of our 

paper. Note that while the voltage effects on the thermodynamics of voltage activation 

appear to be linearly dependent on an external voltage, the relation is actually exact up-to a 

second order of the external voltage, due to the linear response approximation20 (i.e., where 

the free energy functions have equal curvature for both the resting state and the activated 

state). A related expression that describes the voltage effects on the kinetics of voltage 

activation (voltage dependent rate constants) will be derived in section IV (see Figure 2).

Last, ΔGrx was shown to be equivalent to the free energy difference between two 

“equilibrium” states along the voltage work (energy gap) reaction coordinate,20 using eq 23:

(27)

In fact, the chemical component of free energy change of eq 25 is equal to the free energy 

difference between two quasi-equilibrium states along the voltage energy reaction 

coordinate, leading to the fundamental free relation of third kind:20,23

(28)

A differentiation of eq 20 yielded the interesting expression of ΔΔGrx ≃ QgΔV1/2 for 

nongating charge carrying mutations, which correlates a shift in the half voltage of the Q–V 
curve (e.g., in response to site-directed mutation(s) or drug binding) to the free energy of 

destabilization or stabilization.20 The expression offer a new avenue to evaluate membrane-

insertion free energies in voltage gated ion channels, directly from the experimental Q–V 
curve.25 Alternatively, the relative shifts in the Q–V, upon site-directed mutations or drug 

binding, can be examined by simulating the relative free energies of mutations, using both 

our CG model of membrane proteins31 and/or umbrella sampling enhanced all-atom 

molecular dynamics free energy perturbation (Bennett acceptance ratio).23,52

In closing this subsection, the caution should be exercised for the sign of the equilibrium 

free energy difference introduced in this section; as the free energy change is defined as the 

transition from the activated state to the resting state (i.e., deactivation) in eq 19, the 
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“activation” equilibrium free energy difference (from the resting state to the activation state) 

is, thus, expressed by

(29)

However, we keep the original sign for a half voltage when the gating charge and the half 

voltage are evaluated from the Q–V curve (that describes the degree of voltage “activation”). 

That is, the chemical component of free energy change of eq 25 will be reserved for 

describing the Q–V curve (see section VI).

The free energy relationships investigated so far are illustrated in Figure 3 using the actual 

simulation results for Ci-VSD activation.

 IV. THERMODYNAMICS AND KINETICS OF GATING CHARGE 

FLUCTUATIONS

In this section, we present several different expressions for the gating charge and examine 

the correlations between them. In particular, we focus on the newly introduced gating charge 

expression,20 discussed in more details, offering a simple alternative derivation for the new 

gating charge expression. More importantly, an extension of our kinetic/thermodynamic 

model of voltage dependent activation in VSMP allows for novel derivations for the 

(somewhat) phenomenological Eyring-type voltage-dependent rate constants, whose 

parameters are expressed by the intrinsic properties of VSMP.

We have shown20 that our coarse-grained (CG) energetics of voltage coupling yields 

“capacitor-like” quadratic free energy functions eq 6 or 8, which in fact can be described by 

the Hamiltonian of H0 = H1 − Qext(V − V1,min), considering the electrolyte polarization 

coupled to the external voltage in the presence of protein charges within the membrane:20

(30)

where λ = {0,1} represent the activated and the resting states, respectively and. The validity 

of the free energy expansion up to second order as a function of the externally applied 

voltage was justified by the linear response approximation that any system of free energy of 

charging (by the external voltage in the present study) should be satisfied along a chosen 

reaction coordinate.20 Notice that the voltage dependent free energy, in the absence of 

protein charges within the membrane, is reduced to the well-known macroscopic free energy 

of charging membrane (capacitor) between two electrolytes,20 as in eq 7:

(31)
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where Ce = −T−1〈δQelec
2〉Vλ,min is the capacitance of the membrane between two 

electrolytes with

(32)

where  is the capacitance of the membrane-only system, and 1/k, εm, εw, A, and L 
are, respectively, Debye length, dielectric constant of the membrane and water, and area and 

width of membrane. The correspondence between our CG model of voltage coupling and 

macroscopic continuum electrostatic model dictates the energy conservation that the free 

energy stored in the membrane capacitor is equal to the free energy of polarizing electrolyte 

solutions, by the externally applied voltage.

A novel expression for the gating charge was also derived, requiring the application of linear 

response approximation to the free energy functions of eq 30 should satisfy the fundamental 

free energy relation of first kind of eq 13 (i.e., the work-fluctuation theorem of eq 19) or the 

fundamental free energy relation of second kind of eq 21, yielding the following 

expression:20

(33)

where CL,Eq = −T−1〈δQext
2〉Vmin is the linear (i.e., voltage independent) “equilibrium” 

capacitance of the membrane protein system as defined in eq 8, which is actually equivalent 

to an expression of the Johnson-Nyquist fluctuation–dissipation relation,35,53–55 i.e., 

〈δV2〉Vmin = T/CL,Eq (see ref 56 for its relevance to the simple electrochemical double layer 

capacitor). As discussed in section II, the equilibrium capacitance of CL,Eq differs from the 

capacitance of the membrane-only (with electrolytes) capacitance of Ce without protein 

charges within the membrane. That is, the equilibrium capacitance of CL,Eq reflects the 

charge distributions of VSMP in their respective quasi-equilibrium states, with a minimal 

influence of the gating charge displacements. ΔVmin = V0,min − V1,min is the equilibrium 

membrane potential difference between the (fully activated) depolarization potential and the 

resting potential of VSMP. In fact, eq 33 represents the fluctuation–dissipation relation for 

“the gating charge”, where a nonequilibrium measurement of the gating charge is connected 

to an equilibrium measurement of charge fluctuations (i.e., the voltage-independent linear 

capacitance) via temperature. This point is discussed below in details.

The state dependent gating charge is defined from eqs 33 and 3020 as

(34)
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The state dependent gating charge, as discussed in section II and in ref 20, is assumed to be 

equal to the externally flowing charges in a complete circuit, i.e., Qg,λ = 〈Qext〉λ, which then 

leads to

(35)

The relation may be rewritten in a differential form:

(36)

as also implicated in eq 30.20 Therefore, eq 36 clearly represents the fluctuation–dissipation 

relation for “the gating charge” in VSMP (see below).

Now, notice that the gating charge can be written as an integral of the voltage dependent 

nonlinear capacitance of CNL,Neq (i.e., nonlinear capacitance charge) over the voltage range 

where the gating charge is measured:

(37)

Using eq 33, we have

(38)

Rearrangement of eq 38 yields

(39)

where ΔVmin = V0,min − V1,min and Vc is some voltage between V1,min and V0,min.

Here, the mean value theorem in calculus was used in the last equality, where an equilibrium 

measurement of the linear (i.e., voltage-independent) capacitance is connected to a non-

equilibrium measurement of the nonlinear (i.e., voltage-dependent) capacitance, as predicted 

by the fluctuation–dissipation theorem. The relation is the second key expression of our 

paper, probably giving an alternative avenue to measure the linear component of membrane 

capacitance (CL,Eq) in VSMP. The threshold voltage (Vc) defined in eq 39 may be related to 

the onset of the rising phase of gating current.16 For example, it is known that for a weak 

applied voltage, the gating current is described by a single exponential-like kinetics, as 
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dictated by the “equilibrium” fluctuation–dissipation theorem. This simple kinetics is 

independent of the number of conformational states of VSDs used to build, e.g., Markov 

state models and solve the kinetic master equation, as long as the initial barrier for VSMP 

activation is the highest.16,57,58 However, for a strong applied voltage, the gating current is 

described by multiexponential kinetics in order to capture the rising phase of the gating 

charge.16,59,60 In this case, it is unclear whether the “equilibrium” fluctuation–dissipation 

theorem holds,61,62 while the magnitude of the gating charge may be still evaluated by using 

eq 33. The study of this point is left for further investigations.

Next we consider several different forms of the gating charge to explore their connections to 

the conventional (state dependent) gating charge expression.9,34,35

The state dependent gating charge of eq 34 also imply the following relation via eq 30:

(40)

leading to another gating charge expression of the form:

(41)

Here, we note that the new gating charge expression of eq 33 can be obtained by writing 

another equivalent relation to eq 30:9,33,34

(42)

That is, a comparison of eq 42 with eq 30 yields the same expression as eq 34, thereby 

leading to the same gating charge expression as eq 33.

The state dependent gating charge (Qg,λ) in eq 42 is given by ref 9

(43)

where δλ,j represents the coupling of protein charges (qj) to the membrane potential (ϕλ(xj)) 

that arises from an external voltage of V:

(44)
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δλ,j is often called dielectric distance, which represents a fraction of membrane potential (0 < 

δλ,j < 1) that falls on the jth charged amino acid (qj).9,34,44 Assuming the linear dependency 

of the membrane potential (ϕλ(xj)) on the eternal voltage,10 i.e., ϕλ(xj) = Vϕmp,λ(xj), the 

state dependent gating charge of eq 43 leads to the well-known mean field macroscopic 

continuum expression:10

(45)

The corresponding gating charge is then given by

(46)

Because of the assumption of a linear dependency of the membrane potential (ϕλ(xj) = 

Vϕmp,λ(xj)), a fraction of membrane potential of ϕmp,λ(xj) should, then, take a simple 

geometrical expression44 (see also ref 20 and references therein), given by

(47)

Therefore, it is not strictly required to solve the Poisson–Boltzmann equation as in ref 10 for 

the membrane potential of ϕmp,λ(xj); however, the determination of local dielectric constants 

is rather critical (note that the local dielectric constants can be also evaluated by microscopic 

simulations63).

Equation 45, together with eq 47 yields, then, the gating charge of the form

(48)

where Δzj, a distance traveled by the charge of qj defined normal to the membrane axis. εL 

and εj are, respectively, the dielectric constant of the membrane and the average local 

dielectric constant around the region of Δzj. Equation 48 has been often exercised with 

uniform dielectric constants in the macroscopic continuum approach64 and in the all-atom 

molecular dynamics simulations to approximately evaluate the actual gating charge.14,15

The polarization of the system (Pλ) is given by the following equation from ref 9:
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(49)

Notice that eq 42 may be obtained by expanding the free energy function of voltage up-to 

second order by considering the protein/membrane system only, i.e., the coupling of protein 

charges (gating charge) to the membrane potential, described by the Hamiltonian of Ho = Hc 

+ QgV. That is, using the CG energetics of eq 8, the state dependent on gating charge of eq 

40 yields another expression (with the linear dependency assumption of membrane potential 

on the external voltage):

(50)

which was conjectured in ref 20, which can be also obtained by equating eq 8 and eq 42. 

The gating charge is then given by

(51)

In fact, this gating charge expression was rigorously derived, based on the Ramo–Shockley 

theorem,36 which is the same expression as eq 46 with .  is then 

identified as φλ(xj) in eq 44.

Considering the observation that we have quadratic Marcus-type free energies of equal 

curvature, which is reflected by the capacitance (as turned out to be true for the gating 

charge measurement37), the reorganization energy of Λ = Λ0→1 = Λ1→0—the energy 

required to “reorganize” the environment (e.g., solvent and electrolyte polarization) from 

initial to final states, given a fixed initial conformational state and vice versa (see Figure 3B)

—is expressed as

(52)

where 〈W〉λ ≃ Qg〈V〉λ. By subtracting the two equations in eq 52, we have a well-known 

linear response expression for the free energy difference between two states:65
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(53)

Together with ΔVmin ≡ V0,min − V1,min = 〈V〉0 − 〈V〉1, eq 53 yields the closed-form 

expression for the reorganization energy:

(54)

whose expression resembles a capacitor-like free energy of charging the membrane but with 

“the gating charge”.

Notice that the reorganization energy defined in eq 52 is identified as the dissipated work or 

total entropy production (multiplied by temperature) in (statistical) thermodynamics, whose 

forward and reverse probability distributions satisfy the work-fluctuation relation of eq 19 

(or its extended fluctuation theorem, i.e., the entropy production fluctuation theorem ref 22), 

constrained by the second law of thermodynamics in a macroscopic sense. It would be 

interesting to examine how the total entropy production is related to the existence of the 

inverted region where the reaction rates (here the rates of conformational changes) decreases 

with increasing the exergonicity of the reaction, as in the Marcus theory of electron transfer.

The identification of the reorganization energy of eq 52 as the total entropy production 

(multiplied by temperature) results in the well-known Gibbs-Bogoliubov inequality (see ref 

21), which is nothing but a statement of the second law of thermodynamics:

Given the reorganization energy of eq 54, and the reaction free energy of eq 20 we 

introduced a closed-form expression for the free energy barrier of VSMP activation at “zero” 

(depolarization) membrane potential (see Figure 3B), given by20

(55)

where we have changed the sign of ΔGrx, i.e., ΔGrx = −ΔGrx to describe the “activation” of 

VSMP, as discussed in section III. The last equality comes directly from eq 58. The free 

energy barriers at “zero” (depolarization) membrane potential using eq 55 were estimated to 

yield ~13.7 kcal/mol and ~7.3 kcal/mol for Shaker and Kv.1.2, respectively.20 Notice, 

however, these values are subject to changes to lower ones due to the linear coupling 
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assumption.66,67 eq 55 will be examined to estimate the free energy barrier for Ci-VSP 

transition at “zero” (depolarization) membrane potential (see Figure 3 and section VI). 

However, it has yet to be clarified that the free energy of barrier associated with the 

reorganization energy may not be the barrier for moving the charge across the membrane. In 

fact, this barrier may be associated with moving the electrolytes, and solvent between their 

two configurations that stabilize the two charge configurations. In other words, this barrier 

and the corresponding reorganization are conceptually similar to the corresponding results 

obtained in electron transfer when the donor and acceptor are kept at a fixed distance. The 

relationship between the above barrier of the “capacity reorganization” and the barrier for 

the protein reorganization can be better addressed with real proteins and this important issue 

will be further discussed below. It will be of course interesting to explore the contribution to 

this barrier from the reorganization of the protein polar groups in real membrane proteins, 

using microscopic estimates.

Given the free energy barrier expression of eq 55 at “zero” (depolarization) membrane 

potential, we now present an analytical derivation for the semiempirical Eyring-type voltage-

dependent rate constant expression that describes the voltage effects on the kinetics of 

VSMP activation (gating). The voltage dependent free energy barrier projected along a 

collective reaction coordinate of the charge movements in VSDs can be expressed as (see 

Figure 2):

(56)

where z is defined as

(57)

where we have used eq 26. These two equations are the third key expressions of our paper, 

where z represents the same fraction of charge defined in eq 15 (see below), which may be 

also related to a fraction of membrane potential of eq 47. For V = V1/2, we have z equal 

to 1/2 as expected, as the resting state and the activated state have equal population at this 

voltage, reflecting a symmetric barrier.40,44,68 In fact, eq 56 is known as a linear-free energy 

relationship69–72 (between a reaction free energy and a free energy barrier) in physical 

organic chemistry (i.e., Hammett equation72) that has been commonly used in analyzing the 

effects of substituents on organic reactions and of mutations on enzymatic reactions.73–76 A 

linear-free energy relationship is also called as Bronsted slopes43 that describe the position 

of the transition state (or degrees of the progression for the general chemical reactions). 

Since z lies between 0 and 1 (0 < z < 1), notice that the qusi-equilibrium (minimum) 

membrane potentials for the resting and activated states are, respectively, given by
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(58)

A general expression for a voltage dependent “rate constant” for VSMP is given by

(59)

Using eq 56, we have

(60)

which is the same expression as eq 15 but the empirically introduced fraction of charge is 

now expressed as in terms of the intrinsic physiochemical properties of VSMP, as given by 

eq 57.

The voltage dependent rate constants can be then expressed as, using eq 57:

(61)

Similarly for β(V), we have

(62)

where the rate constants at “zero” (depolarization) membrane potential are α(0) ∝ 

exp(−ΔG†) and β(0) = α(0) exp(ΔGrx/ T) = α(0)exp(ΔGchem/T) with ΔG† = Δg†(0) in eq 

55.20 Notice that these two equations are related to each other via the fundamental free 

energy relation of first kind of eq 13 (i.e., the work-fluctuation theorem of eq 19), as also 

expected from the detailed balance condition of eq 16:

All of the kinetic/thermodynamics free energy relations derived in the present study, along 

with a collective reaction coordinate of the charge movements in VSDs, are shown in Figure 
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2. Equations 61 and 62 provide a firm physicochemical foundation for the semiempirical 

expressions for the (nonlinear quadratic) kinetic/thermodynamic model of voltage dependent 

gating in VSMP1,28,33 that has long been used to describe voltage-dependent membrane 

currents and spikes in the Hodgkin–Huxley-type model.

 V. NUMERICAL SIMULATIONS OF GATING CHARGES

Our first approach for evaluating the gating charge (called the nonequilibrium direct 

approach) is based on the CG model of voltage coupling, which is described in details 

elsewhere.18,20 Briefly, the CG simulation system includes a simulation box that explicitly 

includes the membrane containing the protein (region I) and a region representing grids of 

the electrolyte solutions (region III). In essence, we model the membrane protein system 

(that include electrolytes) and its interaction with the external voltage (see Figure 1). The 

two X-ray crystal structures of VSDs are taken from PDB 4G80 and 4G7V,26 which 

corresponds to the resting state and activated state, respectively. The positioning (as well as 

depth) of the membrane for VSDs is determined using the OPM database.77 The atomistic 

simulation systems of VSDs in a lipid bilayer of POPC were constructed using CHARMM-

GUI.78 A 10 ns molecular dynamics run using CHARMM program79 (c38b1 version) was 

carried out for each simulation system (see refs 23 and 42 for detailed system setup and 

parameters). The CG protocol of MOLARIS program80 was subsequently used to build the 

CG model of the membrane protein system (that include electrolyte and electrodes). A 100 

000 Monte Carlo step for the determination of the protonation state of the CG ionizable 

residues (of membrane proteins) was carried out to evaluate the voltage dependent free 

energies, by applying external potentials in the presence of electrolyte.

The nonequilibrium direct approach evaluates the actual gating charge by measuring the 

externally flowing charges through electrolyte solutions that arises from the movement of 

positively charge residues in VSDs discussed in section II, rather than indirectly determines 

it using the coupling of displaced positive charged residues within the membrane to the 

membrane potential.16,17,20 The CG simulation system represents the solvent implicitly, 

while the ions in the solutions are considered more explicitly by using a grid-type 

approaches where the residual charges at each grid point represents the charges of the 

electrolytes ( ), which are determined self-consistently, as described in ref.18 The 

model allows us to evaluate the actual charge distribution of the electrolytes associated with 

the conformation transitions of VSDs, and the changes in the corresponding cumulative 

charges (i.e., the gating charge), is given by

(63)

where ΔΔqgrid is the difference in the accumulative sum of Δqgrid before and after charge 

translocation, and Z′ is the point to the left of Z where the electrolyte charge distribution 

near the membrane changes sign. Figure 4A shows the gating charge determined by such a 

direct procedure, while using eq 63, yielding a gating charge of ~0.80e. The (total) gating 

charge, evaluated in this way (given two quasi-equilibrium states), is independent of the 
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external voltage,14,19 due to the linear response approximation,20 as discussed in section II; 

the integrated (accumulated) charge in Figure 4A was produced at zero voltage.

The second approach uses the fluctuation–dissipation expression for the gating charge 

derived both in ref 20 and in the present study (Qg = CL,EqΔVmin; see eq 33), using the 

minimum voltage difference between the resting and the activated states and the capacitance 

of the system. As shown in Figure 3, the voltages in the minimum of the resting state and the 

activated state are, respectively, −250 mV and +75 mV (while interpreted as −75 mV and 

+250 mV for the Q–V curve; see section VI), yielding ΔVmin = 325 mV.

The capacitance of the model system, i.e., charge fluctuations flowing through a complete 

circuit, can be estimated as a second derivative of the voltage dependent free energies with 

respect to an external voltage, yielding a capacitance of ~2.60e/ V (0.65 μF/cm2 with the 

membrane width of 80 × 80 Å). Thus, the fluctuation–dissipation expression for the gating 

charge (Qg = CL,EqΔVmin) yields a gating charge of ~0.85e, which is consistent with the 

nonequilibrium direct approach (above). Employing another form of the gating charge 

expression of eq 41 yields the same gating charge of ~0.85e.

The third approach uses the expression of eq 51 derived from our CG energetics for the 

voltage coupling, by asking its correspondence to the mean field macroscopic continuum 

approach.9,10,34 As used in the macroscopic continuum approach64 and the atomistic 

simulation,14,15 this approach yields a gating charge of ~0.77e, as shown in Figure 4B.

 VI. NUMERICAL SIMULATIONS OF FREE ENERGY RELATIONS AND 

VOLTAGE DEPENDENCY OF CI-VSD ACTIVATION

Although we explored the performance of our model in the hypothetical case of moving a 

charge between both sides of the membrane,20 it is much more challenging and convincing 

to explore the results for a realistic system. Thus, we present in Figure 3 the voltage 

dependent CG energetics associated with the conformational transition, from the activated 

(0) to the resting states (1), of VSDs from C. intestinalis. (Ci-VSP).26 The two probability 

densities, having a particular value of voltage are, shown in Figure 3A, are calculated by 

using pλ(V) ∝ exp(−Δfλ(V)), where the state dependent free energy functions of Δfλ(V) are 

obtained using the voltage dependent CG energetics of eq 4. The two probability densities 

are related to each other via the fundamental free energy relation of first kind of eq 13 or the 

work-fluctuation relation of eq 19, leading to a half voltage (−V1/2) of 51.90 mV at their 

intersection eqs 20 and 29. Figure 3B shows the corresponding free energy functions 

reconstructed from the probability densities in Figure 3A using eq 23. The voltage 

dependent free energy parabola is reminiscent of that from the Marcus theory of electron 

transfer, but the energetics of our CG model is evaluated by a “microscopic” consideration 

of electrolyte in the presence of applied voltage with VSDs within the membrane. The 

parabolic dependency of the energetics for voltage activation is a realization of the linear 

response approximation,20 as in eq 30. In fact, our CG free energy parabola is reduced to the 

simple free energy of charging (membrane) capacitor between two electrolyte solutions 

without any charge within the membrane (inset in Figure 3B), as in eq 31. The activation 

free energy difference between the two quasi-equilibrium conformational states, along the 
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reaction coordinate of voltage (coupling), is about 1.45 kcal/mol. The corresponding gating 

charge is about 1.2e using eq 29. Notice that this free energy difference is obtained by 

shifting the reference function of Δgc(V) in such a way that two free energy functions 

(Δfλ(V){λ = 1,0}) intersect at “zero” (depolarization) membrane potential, as in eq 24. As 

formulated in eq 28, this equilibrium free energy difference is equal to a chemical 

component of free energy change (ΔGchem ≡ Δg0(0) − Δg1(0)) of ~1.0 kcal/mol using the 

formula of ΔGchem = QgV1/2 with Qg = 0.85e and V1/2 = 52.2 mV obtained from the Q–V 
curve (see Figure 5A), by a curve fitting using the following expression:

(64)

where pλ(V) ∝ exp(−Δfλ(V)). Notice that the gating charge of Qg (evaluated from the Q–V 

curve) is equal to the actual maximum gating charge of  only for the two state model. 

As discussed in section III, the half voltage (evaluated from the Q–V) has a positive sign, 

compared to a negative one obtained from the fundamental free energy relation of first kind 

of eq 13 (or equivalently, the work-fluctuation relation of 19) (see also Figure 3), as the 

application of Q–V curve involves the transition from the resting state to the activated state 

(“activation”). For the half voltage of V1/2 > 0, the activated state is then less stable than the 

resting state in terms of the equilibrium free energy difference, as clearly shown in Figure 

3B. The magnitude of the gating charge that was determined this way appears to be 

consistent with those estimated from the equilibrium free energy difference (1.2e), the 

several different approaches examined in section V, as well as the observed gating charge of 

~1e.26 Furthermore, the half voltage of 52.2 mV from the Q–V curve is consistent with that 

(51.9 mV) obtained from the intersection of two probability densities using the fundamental 

free energy relation of first kind of eq 13 (i.e., the work-fluctuation theorem of eq 19) (see 

Figure 3A) and is in a good agreement with an observed half voltage of 58 mV.26 Figure 5B 

shows the voltage dependent nonlinear capacitance profile (C–V curve), obtained by 

differentiation of the un-normalized Q–V curve of Figure 5A. The voltage dependent 

nonlinear capacitance, whose integration yields the gating charge, originate from the 

structural changes of electrolytes, associated with the conformational changes of Ci-VSD 

(i.e., reflecting the voltage-dependent changes in equilibrium population). The curve 

presents a graphical representation of the fluctuation–dissipation relation for the gating 

charge: the more responsive is the gating charge to voltage changes (which is related to the 

equilibrium fluctuation of charges, i.e., voltage-independent linear capacitance), the voltage-

dependent nonlinear capacitance, measured in a nonequilibrium state, has a shaper shape 

and a larger area in the smaller ranges of voltage, as expressed by eq 36.

Finally we note that the CG free energy barrier at “zero” (depolarization) membrane 

potential is around 1.7 kcal/mol (see Figure 3B), which is consistent with a value of ~1.9 

kcal/ mol estimated by the analytic expression of eq 55. However, it should be yet clarified 

that the free energy of barrier associated with the conformational change of VSD is not at all 

the barrier for moving the charge across the membrane. In fact, the barrier is associated with 

moving the electrolytes, and solvent between their two configurations that stabilize the two 
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charge configurations. This barrier and the corresponding reorganization are conceptually 

similar to the corresponding results obtained in electron transfer when the donor and 

acceptor are kept at a fixed distance. It would be of course interesting to explore the 

contribution to this barrier from the reorganization of the protein polar groups in a real 

membrane protein, using both CG and microscopic estimates.

 VII. CONCLUDING REMARKS

Correlating the structural information on the membrane proteins with electrophysiological 

measurements poses great challenges in computer simulations of voltage sensitive 

membrane proteins (VSMP). In the present study, we tackled one of these challenges by 

applying the coarse-graining (CG) model for the voltage coupling in membrane proteins to 

simulating the voltage dependency of VSMP activation (Q–V curve and C–V curve), taking 

the VSDs (Ci-VSD) derived from the C. intestinalis voltage sensitive phosphatase (Ci-VSP) 

as a model system.

Using the CG free energies as a function of the voltage for both the resting and activated 

conformational states of the VSDs, we have presented a novel structure-based energy 

landscape approach that allow us to simulate, in a straightforward manner, the voltage 

dependent Ci-VSD profile, characterized by the Q–V curve and the C–V curve. To best our 

knowledge, our approach is the first computational realization of the C–V curve and the Q–

V curve that uses the full X-ray structural information on VSDs (see also ref.11). The gating 

charge and the half voltage obtained from the Q–V curve are consistent with those obtained 

from the voltage free energy parabolas of the resting and activates states by using the 

fundamental free energy relation of first kind (or the work-fluctuation relation) (see also 

Figure 3). By using the reaction coordinate of the voltage work (energy gap) for both the 

free energy landscape and the Q–V curve, our approach offers what seem to us to be a much 

clearer quantitative correlation between them.

A close inspection of the Q–V correlation from eq 20 allows for an estimate of the effects of 

mutations on the energetics of voltage activation and the corresponding shifts in the Q–V 
curve. That is, the simple relation of ΔGrx,chem = QgV1/2,20 for nongating charge carrying 

mutations, offers a new avenue for estimating the relative free energies for the VSMP 

insertion into the membrane from the shifts in the Q–V curve.25 This relevant free energy 

change, which can be induced by mutational experiments, can be examined by both using 

our CG model of membrane proteins (ref 31) and/or umbrella sampling enhanced (for slow 

degrees of freedom) all-atom molecular dynamics free energy perturbation (Bennett’s 

acceptance ratio).23

The CG model for the voltage coupling also provides a nonequilibrium direct way to 

calculate the gating charge, by measuring the changes in electrolyte distributions using the 

resting and activated states, providing a clear picture of the nature of the gating charge. In 

addition, the equivalence by the law of energy conservation between the membrane/protein 

system (described by the coupling of gating charge-carrying residues to the membrane 

potential) and the membrane/ protein/electrolyte system (described by the coupling of 

electrolyte to the external voltage) results in a new expression for the gating charge, 
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expressed as the intrinsic properties of VSMP. The new expression of the gating charge, 

which is related to charge fluctuations (i.e., voltage-independent linear equilibrium 

capacitance) flowing through electrolyte solutions, turns out to be the fluctuation–dissipation 

relation (see ref 24 for a review) for the gating charge in VSMP. In some respect, our 

expression could be regarded as a generalized version of the Johnson–Nyquist relation that 

includes the gating charge within the membrane capacitor. The new expression provides a 

physically clear description of the gating charge as a measure of the voltage sensitivity of 

ion channels,7 and brings novel insights into the nature of the gating charge, by uncovering 

the connection between an equilibrium measurement of the voltage-independent linear 

capacitance and a nonequilibrium measurement of the voltage-dependent nonlinear 

capacitance eq 39. The relation may give a criterion to what extend the “equilibrium” 

fluctuation–dissipation theorem can be applicable to the nonlinear systems.61,62

Importantly, we have provided a physicochemical foundation for the Eyring type 

semiempirical (kinetic) descriptions of the gating current and membrane currents, by 

offering rigorous derivations for voltage dependent rate constants that have long been used 

for the phenomenological (kinetic) descriptions of membrane and gating currents. Together 

with the previous study,20 our extended theoretical framework provides new insights into the 

kinetic/thermodynamic model of voltage dependent gating in ion channels as well as voltage 

dependent electrogenicity in transporters. The developed theoretical framework may have 

potential implications on the roles played by gating charge fluctuations for the spike 

generations in the Hodgkin-Huxley-type model.29,30,81

In the future, our CG system for the voltage sensitive membrane proteins will be extended to 

a more microscopic direction for the model of electrolyte (from a grid-based to an explicit 

representation). In this way, the extended CG model may offer a true microscopic 

perspective to our capacitor model of voltage activation in VSMP as well as electrogenic 

transitions in proton pumps19 and transporters. The extended simulation protocols may find 

many electrochemical/electronic applications such as supercapacitors82 and electrolyte-gated 

transistors, 83 possibly taking advantage of the high voltage sensitivity of voltage gated ion 

channels.27
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Figure 1. 
(Left) CG simulation system for the membrane proteins coupled to the externally applied 

voltage. The simulation box includes the membrane containing the protein (region I), an 

optional region with explicit electrolytes (region II, which is not considered in the present 

study), a grid representing the electrolyte solutions (region III), and a “bulk region” far away 

from both the membrane and electrode surfaces, as a way for spanning the space between 

the membranes and the electrodes without using an enormous grid (which is not considered 

either in the present study). The CG model represents the solvent implicitly, while the ions 

in the solutions are considered more explicitly by using a grid-type approaches where the 

residual charges at each grid point represents the charges of the electrolytes ( ), which are 

determined self-consistently, as described in ref 18. The area formed by red and blue curves 

corresponds to the gating charge, as expressed by the RC parallel circuit relation applied to 

the gating current, . (Right) Resting (down) and activated (up) 

conformational states of Ci-VSD viewed from the side and the top (extracellular region). 

Upon depolarization (positive changes in the membrane potential), the arginine residues 

(designated as R1, R2, R3, and R4) in voltage sensor domains are displaced, due to the 

conformational changes from the resting state to the activated state, yielding the gating 

current that flows through a complete electric circuit, as shown on the left-hand figure.
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Figure 2. 
Schematic illustration of the voltage effects on the thermodynamics (i.e., described by 

voltage-dependent equilibrium free energy change) and kinetics (i.e., described by voltage-

dependent rate constants) of VSMP activation (gating). Two hypothetical (red and blue) free 

energy profiles are obtained by using the empirical valence bond (EVB) approach71,84 with 

Gaussian couplings. (Red) Free energy profile at “zero” (depolarization) membrane potential 

along a collective reaction coordinate of the charge movements in VSD. (Blue) Voltage-

dependent free energy profile (i.e., voltage effects on the free energy profile of zero 

membrane potential). An application of positive voltage (membrane potential) stabilizes 

VSMP activation (stabilization of the activated state), whose quantitative relation is given by 

ΔΔg(V) ≡ Δg(V)−Δg(0) = −QgV, as in eq 26. The corresponding stabilization of the 

transition state is expressed by the linear-free energy relationship, given by ΔΔg†(V) ≃ 

zΔΔ(V) = −zQgV, as in eq 55, where analytic expression for the fraction of charge (z) is 

given by , as in eq 56. α(V) and β(V) are, respectively, 

the corresponding forward and backward voltage dependent rate constants eqs 61 and 62, 

related to each other via the fundamental free energy relation of first kind of eq 13 or the 

work-fluctuation theorem of eq 19). ΔGrx = Δg(0) and ΔG† = Δg†(0) represents, respectively, 

the free energy difference and the free energy barrier at “zero” depolarization membrane 

potential, given by eqs 25 and 26, and 55, respectively.
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Figure 3. 
Illustration of the fundamental free energy relation of the first kind of eq 13 (i.e., the work-

fluctuation relation of eq 19) that yield the gating charge, the half voltage, and the 

equilibrium free energy difference between the resting and the activated states (equivalently, 

a chemical component of free energy change). An application of the linear response 

approximation to the membrane/protein/electrolyte system yields the electrolyte-based 

capacitor-like voltage dependent free energies and new expressions for the reorganization 

energy and the free energy barrier of voltage activation, in an analogous way with those 

from the Marcus theory of electron transfer. (A) Probability densities of finding each of the 

resting and activated state at different external voltages. These probabilities were obtained 

from the CG energetics using Pλ(V) ∝ exp(−Δfλ(V)).The intersection of two probabilities 

yields the half voltage (−V1/2) of 51. 90 mV at which the resting and activated states are 

equally probable. Notice that we have a minus sign for the real half voltage, as discussed in 

details in section III. Together with the equilibrium free energy difference of 1.45 kcal/mol, 

the formula of eq 29 yields a gating charge of ~1.2e. (B) Corresponding voltage dependent 

free energies reconstructed from the probabilities of part A using eq 23. The equilibrium free 

energy difference between the activated and resting states is shown to be equal to the 

chemical component of free energy change, whose relationship is summarized by eq 28. 

Notice that the equilibrium free energy difference is obtained by shifting the reference 

function of Δg1(V) in such a way that two free energy functions (Δfλ(V){λ = 0,1}) intersect 

at zero voltage eq 24, while the fundamental free energy relation of first kind of eq 13 (i.e., 

the work-fluctuation relation of eq 19) offers an alternative means to evaluate the 

equilibrium free energy difference. The voltage dependent free energy of Δf0(V) is reduced 

to the simple free energy of charging membrane capacitor of eq 31 in the absence of protein 

charges within the membrane, as shown in the inset.

Kim and Warshel Page 32

J Phys Chem B. Author manuscript; available in PMC 2017 January 28.

A
uthor M

anuscript
A

uthor M
anuscript

A
uthor M

anuscript
A

uthor M
anuscript



Figure 4. 
Comparison of the gating charge between (A) our nonequilibrium direct approach of eq 63 

and (B) the indirect approach of eq 51 whose expression is analogous to the mean field 

macroscopic continuum expression (see eqs 46 and 48). (A) Changes in electrolyte 

distributions between the resting (1) and the activated state (0) yields a gating charge of 

~0.85e. (B) Linear least-square fit of state dependent gating charge for each resting and 

activated state gives approximately zero slope, yielding a gating charge of ~0.77e, where the 

linear component of capacitance charge (CL,EqV) for both states was automatically 

subtracted (see eq 12), unlikely the electrophysiological measurement of gating charge in ref 

37, where a subtraction of linear component of capacitance charge is require eq 9. This 

indirect approach seems to underestimate the observed gating charge of ~1e and smaller than 

those gating charges (that range from 0.80e to 1.2e) estimated from several different 

approaches in section V and VI.
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Figure 5. 
(A) Voltage dependency of Ci-VSD activation (Q–V curve) obtained directly from the CG 

voltage dependent energetics. The least-square fit to the voltage dependent open (activated) 

probability (ref.20) yields a half voltage of 52.2 mV and a gating charge of ~0.85e. This 

value of half voltage is a good agreement with an observed half voltage of 58 mV26 and is 

consistent with that obtained from the intersection of two probability densities using the 

fundamental free energy relation of first kind of eq 13 (i.e., the work-fluctuation theorem of 

eq 19) (see Figure 3A). A gating charge of ~0.85e is also in a good agreement with an 

observed value of ~1e and is consistent with those estimated from the equilibrium free 

energy difference (~1.2e) using eq 29 and several different approaches examined in section 

V. (B) Nonlinear voltage dependent capacitance (CNL,Neq), associated with structural 

changes of electrolytes, reflecting the conformational changes of Ci-VSD. The nonlinear 

voltage dependent capacitance is obtained from the “un-normalized” Q–V curve from part 

A. The nonlinear voltage dependent capacitance is shifted upward by the linear voltage 

independent capacitance (CL,Eq) of 0.64 μF, yielding the “total” capacitance of the system, 

as shown in the figure. The area, formed by a curve of the nonlinear voltage dependent 

capacitance and a line of the linear voltage independent capacitance of CL,Eq = 0.64 μF, is 

equal to the gating charge (Qg) of ~0.85e. An equilibrium measurement of the linear 

component of capacitance (CL,Eq) is related to a nonequilibrium measurement of the 

nonlinear component of voltage dependent capacitance (CNL,Neq), via the mean value 

theorem in Calculus eq 39), as dictated by the fluctuation–dissipation theorem for the gating 

charge (eq 36).
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