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Summary

We propose a new class of models for making inference about the mean of a vector of repeated
outcomes when the outcome vector is incompletely observed in some study units and missingness
is nonmonotone. Each model in our class is indexed by a set of unidentified selection bias
functions which quantify the residual association of the outcome at each occasion fand the
probability that this outcome is missing after adjusting for variables observed prior to time #and
for the past nonresponse pattern. In particular, selection bias functions equal to zero encode the
investigator’s a priori belief that nonresponse of the next outcome does not depend on that
outcome after adjusting for the observed past. We call this assumption sequential explainability.
Since each model in our class is nonparametric, it fits the data perfectly well. As such, our models
are ideal for conducting sensitivity analyses aimed at evaluating the impact that different degrees
of departure from sequential explainability have on inference about the marginal means of interest.
Although the marginal means are identified under each of our models, their estimation is not
feasible in practice because it requires the auxiliary estimation of conditional expectations and
probabilities given high-dimensional variables. We henceforth discuss estimation of the marginal
means under each model in our class assuming, additionally, that at each occasion either one of
following two models holds: a parametric model for the conditional probability of nonresponse
given current outcomes and past recorded data, or a parametric model for the conditional mean of
the outcome on the nonrespondents given the past recorded data. We call the resulting procedure
2 "_multiply robust as it protects at each of the 7time points against misspecification of one of
these two working models, although not against simultaneous misspecification of both. We extend
our proposed class of models and estimators to incorporate data configurations which include
baseline covariates and a parametric model for the conditional mean of the vector of repeated
outcomes given the baseline covariates.
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1 Introduction

Consider a follow-up study whose design prescribes measurements of an outcome of interest
to be taken on nindependent subjects at fixed time-points. The goal of the study is to make
inference about the mean outcome vector possibly as a function of baseline covariates and
time. The intended vector of outcomes is often not completely recorded because some
subjects miss some study cycles. When, as usual, the mechanism leading to these outcomes
being missing is unknown to the investigator, the expected outcome at each time-point is not
identified from the observed data. Inference must then rely on unverifiable assumptions
about the missing data.

The problem of missing data in follow-up studies has received much attention in the
statistical literature, but most emphasis has been given to settings where the missing pattern
is monotone, in which no subject returns to subsequent study cycles after missing previous
cycles. Robins et al. (1999) described a model for monotone missing data patterns which
requires the a priori specification of a selection bias parameter that encodes the residual
association between the outcome vector and missingness at each occasion after adjusting for
past recorded data. They showed that, regardless of the value of the selection bias parameter,
the model is nonparametric (just) identified as it imposes no restriction on the observed data
distribution and yet identifies the mean of the repeated outcomes. Since all values of the
selection bias parameter determine the same model for the observed data distribution, the
selection bias parameter is not identified. Robins et al. (1999) therefore recommended
conducting inference about the mean of the outcome vector by repeating the estimation
under different plausible values for the selection bias parameter as a form of sensitivity
analysis. The goal of this paper is to extend the work of Robins et al. (1999) to the case in
which the outcome vector is incompletely observed in some study units and missingness is
nonmonotone.

Our interest in nonparametric identified models is motivated by the fact that other models
fail to distinguish (i) the nonidentifiable, i.e. untestable, restrictions on the missing data
process necessary to identify the full-data parameter of interest from (ii) additional
identifiable restrictions that serve to increase the efficiency of estimation. The distinction
between (i) and (ii) is not only conceptually important but can also be practically important.
For example, when one has available a nonparametric identified model, one can first fit the
model to the data. If the resulting uncertainty concerning the functionals of interest, such as
the marginal means of the outcomes, is too large to be of substantive use, as measured for
instance by the volume of a 95% confidence region, then, as in any inferential problem, to
reduce uncertainty one can choose between fitting a nested submodel and refitting the same
model after collecting data on additional subjects, where possible, to increase the sample
size. Clearly, when logistically and financially feasible, the second option is to be preferred.
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Thus, fitting a model that is not nonparametrically identified is tantamount to supplementing
additional modelling restrictions for the unavailable additional data. Furthermore, follow-up
studies routinely collect high-dimensional data and models that are not nonparametrically
identified require assumptions to be imposed on the mechanism generating these high-
dimensional data. However, specification of realistic models is difficult, if not impossible.
Nonparametric identified models meet the challenge posed by high-dimensional data
because they only make assumptions about the missing data mechanism, thereby reducing
the possibility of model misspecification.

Several available methods for the analysis of nonmonotone missing data assume that the
data are missing at random (Laird & Ware, 1982; Shah et al., 1997; Andersson & Perlman,
2001; Fairclough et al., 1998; Little & Rubin, 1987; Troxel, Fairclough, Curran & Hahn,
1998). Although the missing at random assumption enables a fairly straightforward
likelihood-based analysis without needing to model the missing process (Little & Rubin,
1987), we will argue in §3.1 that this assumption is rarely realistic for nonmonotone missing
data. A recent model discussed by Lin et al. (2003) and van der Laan & Robins (2003, Ch.
6) relies on a more plausible assumption about the missingness process which nonetheless
assumes no selection on unobservables for the marginal distribution of the responses. In 83.4
we show that it can be viewed as a special case of the model presented in this paper, in
which selection bias is absent.

Several proposals also exist for nonmonotone missing data where selection depends on
unobservables. With the exception of the selection bias permutation missingness model of
Robins et al. (1999), none of the available models is nonparametric identified. The currently
available models rely on parametric assumptions for both the full data and the missing data
mechanisms (Deltour et al., 1999; Albert, 2000; Ibrahim et al., 2001; Fairclough et al., 1998;
Troxel, Fairclough, Curran & Hahn, 1998; Troxel, Lipsitz & Harrington, 1998) or on
parametric assumptions for just the missing data process (Rotnitzky et al., 1998; Robins et
al., 1995). The selection bias permutation missingness model generalizes the permutation
missingness model of Robins (1997) and the sequential coarsening model of Gill & Robins
(1997). This model differs from but is related to the nonparametric identified model we
propose in the current paper. The two models are compared in §3.5.

2 The formal setting

Consider a longitudinal study design that calls for measurements on a vector of variables L
to be recorded at study cycles £=0, ..., 7, for the th of nindependent subjects. The vector
L, t=1, ..., T, includes an outcome of interest Yj:as well as other variables Vj;recorded
for secondary analyses. The vector L, may include, in addition to Y and Vj, a baseline
covariate vector X of interest.

Suppose that L;= (Lp, -.., L;7) is not always fully recorded because some subjects miss
some study cycles. In particular, for each ¢ L is either completely observed or completely
missing and L, is always observed. Thus, for each £ the observed data for subject 7is the
vector O = (Rjsc (R L), where Rjis a response indicator which equals 1 if L is
observed and is O otherwise, and where, for any random vector W, ¢ (1, W) = Wand ¢ (0,

Biometrika. Author manuscript; available in PMC 2016 July 21.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Vansteelandt et al.

Page 4

W) is set to zero by convention. Under our setting, the observed data O;= (Lp, On, ..., O7),
/=1, ..., n, can be regarded as 7 independent realizations of the random vector O= (G, O,
..., Op). Here and throughout O, denotes L. Furthermore, for any vector Z= (4, ..., Z7),
Z[_denotes the history (2, ..., Z) up to and including cycle zand Z» denotes the vector (Z
..., Z7). Throughout we assume for each fthat Y;is either a continuous or discrete random
variable; for any random vector W, f( Y4 W) denotes a fixed version of the conditional
density of Y;given Wwith respect to either Lebesgue measure or a counting measure and
pr(Ry= 1| W) denotes a fixed version of the conditional probability that /;equals 1 given W.

We assume that the nonresponse patterns are nonmonotone so that /7;= 0 does not imply that
Rq = 0. We additionally assume that no recorded past Ox1 and no current outcome Y;can
prevent the possibility of returning to study cycle ¢ that is,

pr(Rt:1|(5t_1,Yt)>0 with probability 1. 1)

Note that (1) would not hold in a study design where patients are withdrawn when they miss,
say, four consecutive visits (Zeuzem et al., 2000) or when all individuals with extreme
values of Y;are so physically impaired that clinic attendance at visit Zis impossible. The
methods we propose here are not applicable in such cases.

Condition (1) was also assumed in Lin et al. (2003) and van der Laan & Robins (2003, Ch.
6) except that visits could be in continuous rather than in discrete times. These authors
obtained identifiability by imposing the additional assumption of sequential explainability,

pr(Ri=1|0;-1,Yy)=pr(R;=10;-1), (2)

which we discuss in detail in §3.4. A conflict as to the number and type of variables to
include in the components V;of the full data vector L;at each cycle tarises when one wishes
to impose both assumptions (1) and (2): to make sequential explainability (2) plausible one
would generally wish to choose V41 to be high-dimensional; however, the positivity
assumption (1) may be unrealistic for high-dimensional Vi1, as V-1 may then well include
covariates, such as for example the subject’s state of consciousness, certain values of which,
e.g. being unconscious, preclude the possibility of being observed at occasion £ Since it will
often be unrealistic to impose both (2) and (1), we propose to relax the assumption of
sequential explainability: we will describe methods for conducting inference about the
marginal mean £ (Y7, t=1, ..., T, and the conditional mean given baseline covariates £ (Y
X), t=1, ..., T, when (1) holds but (2) may fail.

3 Identifying assumptions

3.1 Preamble

Unless R;= 1 with probability 1, the observed data O identify neither the distribution of Y;
nor its conditional distribution given X'because, as Theorem 1 below implies, many distinct
conditional laws of Y;given Ox1 are compatible with the observed data law. To identify
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these distributions we must make unverifiable assumptions. We now review one popular
such assumption, that the data are missing at random, and argue that it represents processes
that are unlikely to generate nonmonotone missing data patterns in longitudinal studies. We
then propose a class of unverifiable assumptions that are naturally suited to conducting
sensitivity analysis of the investigator’s a priori belief about the process that generates the
intermittent nonresponse in a follow-up study. In subsequent sections we discuss inference
under any such assumption.

3.2 Missing at random

Robins & Rotnitzky (1992) and Gill et al. (1997) showed that the distribution of the full data
vector L is identified if the data are missing at random, provided that there is a positive
conditional probability of observing the full data, i.e. pr(R;: 1*|L) > 0 with probability 1,
where 1* denotes the 7 x 1 vector of ones. The missing at random assumption states that

pr(F_{T :FT‘L):I)I'(RT :,FT|L(FT))7 (3)

where L,y denotes the observed part of L when R;: T

Under any model in which pr(RﬁL) and £ (L) are variation independent and the missing at
random condition (3) is imposed, the likelihood factorizes into a part that depends on 7(L)
and another that depends on pr(RﬁL). Any method that obeys the likelihood principle then
yields the same inference whether pr(RﬁL) is fully known, unknown or known to follow a
model. As a result of this, many authors have proposed analyzing nonmonotone missing data
using likelihood-based methods under models that assume missing at random. However,
convenient as the missing at random assumption may be, the assumption should only be
adopted if it is believed plausible. Following Robins & Gill (1997) we will now argue that
missing at random mechanisms that could plausibly generate the observed data in follow-up
studies with nonmonotone nonresponse are quite restrictive and would rarely be plausible.

Robins & Gill (1997) showed that the set of missingness probabilities pr(RﬁL) that satisfy
missing at random can be divided into two disjoint subsets. The first set contains processes
in which the observed data are generated as follows. The variable L is always observed.
Then, with probability pyg possibly depending on Lo, no further variable is observed.
Otherwise one selects which of Ly, ..., L7to observe next by flipping a 7-sided coin with
probabilities pg1, ..., ppthat may depend on Ly. One then observes nothing else with
probability p;g that may depend on Lg and the most recently observed L; Otherwise one
selects which of the 7 - 1 still unobserved L;'s to observe next with probabilities oy, ...,
Py(7-1) that may depend on the already observed L/'s, and so on. The second subset contains
all remaining missingness processes that satisfy (3). Robins & Gill (1997) showed that the
second subset is not empty. They also showed that to generate the observed data O according
to a missingness mechanism in the second set it is required, in the course of the data-
generation procedure, to use information about the components of L that are not in Lz,
and thus are ultimately missing, in a subtle and often highly contrived manner to ensure that
missing at random holds. In agreement with the discussion in Robins & Gill (1997), we
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believe that such missing at random missingness mechanisms are often unrealistic.
Consequently, the most reasonable missing at random processes with nonmonotone data are
in the first set. Moreover, of the processes in the first set, the only plausible choices for
longitudinal data are those in which, with conditional probability equal to 1, the next
variable to be observed comes later in time than any variable already observed, as decisions
today cannot affect attendance in the past. However, even these are rather unlikely processes
when missingness is nonmonotone because they effectively imply for example that, if a
patient chooses today to miss his next two visits and then to return, he will not reassess this
decision based on evolving time-dependent covariates associated with the response. This is
unlikely, as often the decision to miss a given study cycle is influenced by aspects of the
subject’s health and psychological status that evolved during earlier missed study cycles.

3.3 Occasion-specific tilted models

Part (ii) of Theorem 1 below establishes that, when (1) holds for a fixed ¢ =1, ..., 7, the
distributions £( Y4.X) and 7 (Y7 are identified under the following Assumption 1 which
postulates that, among subjects with a given observed past 0;1, the distribution of Y%in the
nonresponders at cycle ¢is equal to the distribution of Y;in the responders at cycle ¢tilted by
a known function.

Assumption 1. If

pr(Rt:0|6t_1)>0, (4)

then

exp{q:(0¢-1,Y7)}

FOIO B O B a0 Ol R=L00 )

for some user-specified, i.e. known, function q,(Otjl, Y).

For ease of reference in the forthcoming discussion, we use </ +(q) (/(g)) to denote the
model for the full data (L,R7) defined by (1) and Assumption 1 for a fixed ¢ forall £=1, ...,
7. Note that .27(g) is the intersection of models .«;(g), t=1, ..., T.

By Bayes rule, Assumption 1 is equivalent to

pr(Ry=0|0;_1, Y;)=expit{h¢(Os—1)+q: (01, Y1)} (6)

whenever f{ Y4 0;1, Ry=1) > 0,, where expit(.) = exp(.)/{1 + exp(.)} and

_ pr(Rt:0|?_t71) _
pr(Ry=1|0y_1)E [exp{q:(O—1,Y3) }|Ri=1, O 1] (7

exp{h; (ét_l)}:
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From (6), we interpret each function q,(Otjl, Y} as quantifying, on the logistic scale, the
magnitude of the residual association between the missingness probability at cycle #and the
possibly missing outcome Y} after adjustment for the observed past O,«:l. Thus, model <7 (q)
encodes the investigator’s a priori belief of the degree to which, for each #the decision to
return to study cycle zis influenced by prognostic factors for Y;other than those included in
the observed past, O;jl. For example, the choice q,(O,jl, Y = (1 - Re1) A Yrencodes the
belief that, for those that did not miss the prior cycle #- 1, the recorded variables L1 at the
prior cycle together with the observed past 0;2 prior to cycle - 1 are sufficient to explain
missingness at cycle £ but, for those that missed cycle - 1, the observed past O,«:Z is not
sufficient to explain missingness at cycle ¢ The choice q,(Otfl, Y)={(1 - Re1) M + M} Vi
additionally allows a residual dependence on the current outcome. In line with the
terminology used in some of the missing data literature, we call g{.) a selection bias
function (Scharfstein et al., 1999).

Part (i) of Theorem 1 below establishes that model .27(g), and therefore <7 (g) for each ¢,
places no restriction on the observed data law beyond the restriction that pr(R;= 1|O;1) >0
for all £ As such, each choice of selection bias functions q,(Otjl, Y, t=1, ..., T, fits the
data perfectly and cannot be rejected by any statistical test. Since there will never be any
evidence from the data that can help determine the functions q,(Otjl, Y}, the analyst should
be reluctant to analyze the data solely under one choice of functions q,(O[jl, Y). Instead, he
should pose a range of plausible selection bias functions and, as a form of sensitivity
analysis to his prior beliefs about the missingness mechanism, repeat the analysis under each
choice of q,(O[jl, Y. This raises the question of how to choose the selection bias functions
in practice. We suggest that one chooses, as in the example above, a collection of simple
selection bias functions indexed by one or two parameters that are to be varied in a
sensitivity analysis. Ideally, the parameterization should satisfy the following properties: it is
easily interpretable so that a plausible parameter range can be specified by subject matter
experts; values of the parameters equal to zero correspond to the assumption of no selection
bias for the outcomes; and nonparametric bounds are attained when the parameters go to

*oo.

In the following theorem, proved in the Appendix, and throughout, if (4) holds we define

my ((_)tq) =F [Ygexp {Qt (étq,yt)} ‘Rt:LO_tfl} /E [GXP {Qt (étq,}/})} |Rt:176t71] .

Furthermore, we define n,(Otjl, Yy = 1if (4) does not hold and

(01, V) = [H—GXP {ht(étfl)'*‘%(étfl;y;f)” B

otherwise, where /7,(0;1) satisfies (7).

Theorem 1. (7) Model </ (q) determines a model for the law of the observed data whose only
restriction is pr(Ry= 1|Og1) > 0 with probability 1, fort=1, ..., T.
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(ii) The conditional density Y/ Otjl) Is identified under model </ +(q), and therefore under
(q). Furthermore, under models </ +(q) and <Z(q), E (Y} is equal to the following
functional of the observed data distribution:

B (Y)=E {L}
m(04-1,Y3) (8)

=E{RY (1~ R)mi (Oa)} ()

Part (ii) of the Theorem implies the identifiability of the marginal density of Y;and its
conditional distribution given X under model <7 ;(g) and therefore also under model /().
However, the theorem says nothing about the identifiability of the dependence among
outcomes at different occasions. This is so because this dependence is generally not
identified under model .7 (g). In particular, under model 2/(g) the correlations among the
repeated outcomes are not identified for any choice of selection-bias function.

3.4 Sequential explainability

The choice g;= 0 postulates the conditional independence of Y;and R;given Otjl. This
assumption would hold if the observed past variables O,:1 included all the predictors of Y;
that explain missingness at cycle £ We therefore refer to the assumption that g,= 0 for all ¢
as the assumption of sequential explainability. Lin et al. (2003) and van der Laan & Robins
(2003) consider such processes except that visits occur in continuous time.

The assumption that g;= 0 is less restrictive than the missing at random condition

pr (Ry=1|Ry_1, L)=pr (R;=1|0;_1) (10)

for t=1, ..., T, because (10) implies (6) with g;= 0 but the opposite is false. For example,
(10) postulates the conditional independence given O,:1 of R;with the current components
L4 the future components L1y and the components of Ltjl corresponding to missed cycles.
However, (6) says nothing about the dependence of R;on future components L1y and the
components of L,:1 corresponding to missed cycles. In fact, while assumption (10) imposes
restrictions on the observed data distribution and hence is a testable assumption, this is not
true for (6) by part (i) of Theorem 1. Note also that, under model .«7(q) with g;= 0 for all ¢,
nonresponse is nonignorable for inference about (Y, t=1, ..., 7, in the sense that
likelihood-based methods do not result in the same inference if pr(/;= 1|O;1) is known,
unknown or known to follow a model. This is because the likelihood of the observed data at
each cycle tdoes not factorize into a part that depends on pr(~;= 1|O[:1) and another that
depends on £(Y)).
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3.5 Relationship between model #/(q) and the selection bias permutation missingness
model

Members of the class of selection bias permutation missingness models of Robins et al.

(1999) are indexed by permutations of the visit subscripts 1, ..., 7. One such model is
particularly appropriate for longitudinal studies and is defined by the assumptions that, for
each ¢,

pr(Rt:1|ét,1,l@, Y{¢41))>0 with probability 1,

_ Ff(Y3|O4—1, Y1y, Ri=1) exp{q:(0y_1,Y3,Y,
f(Y—t|Ot*1,}/(t+1)aRt:0): (V1|01 (t+1)> £t ) {@ (O 1, Yt (t+1))}’
E lexp{gi(Ot—1, Y1, Yi41)) HE:=1, 011, Y14 1)

with q,(O,jl, Ys Y{(#1)) known. It differs from model .Z(g) only in that the future outcome
history Y{x1) is added to each conditioning event and to the function q,(Ol«:l, Ys Ye1)-
Robins et al. (1999) showed that for each g, £=1, ..., 7, this model places no restriction on
the distribution of the observed data and identifies the joint distribution of YT_: (Y1, ...\
Y7). Thus this model can be used instead of model .«7(g) when the substantive question at
issue depends on the joint law of YT_rather than simply on the marginals Y;of YT_. However,
the ability to make inferences about the joint law comes at a price as it is more difficult to
model A Y} 0,:1, Y(#+1), Ry=0) than A Y4 01:1, R;= 0) both because the conditioning event
(Or1, Y(#1), Re=0) is of greater dimension than the event (O, R;= 0) and because it is
less natural to model the law of Y;given the observed past O, and the, possibly
unobserved, future Y{x1) than to model the law of Y;given only the observed past 0[:1.

4 Estimation of the unconditional occasion-specific outcome means
4.1 Nonparametric inference under model ./(q)
We now discuss inference about the marginal means 3 = E(Y;) under models that assume

(6) for user-specified functions g{O1, Yd, t=1, ..., T.

Models .7 (g) and 7 (g) define the same model, i.e. the nonparametric model, for the
observed data distribution. Furthermore, as established in part (ii) of Theorem 1, under either
model, 3/ is the same, unique, functional of the observed data law. Thus, inference about 3;
under either model is identical. In particular, the nonparametric maximum likelihood

estimator B,(lpMthof @7 under either model is obtained by calculating the expressions in the
right-hand side of (8) or (9) under the empirical distribution of O, i.e.

Bymar, =En (BYi [1+exp {A(0r1)y,, Fexp{@u(Or 1, YD} ) =En { BYi+(1 = Ro) o, (0r1) }

where A(Op1)npML ¢ = —oo if E{R|Ox1) = 1 and otherwise
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h(O1-1) ., ,=log { Lo }
NPML, ¢ E,[R; exp{q:(O4_1,Y3)}|O¢ 1]

E, [Yiexp{ai(Or-1, YD)} Ri=1,0; 1]
E, [exp{qt(ét—l,K)}|Rt:1:ét—1}

A

m.

Op1)=

NPML,t (

and where for random variables Wand Z,

E, (W|Z)=)_" Wil(Zi=2)/Y" 1(Zi=Z) and E, (W)=n""Y_" W,

Unfortunately, unless 7'is small and L;is discrete with few levels, with the sample sizes
found in practice the data available for estimating the required conditional expectations will
be sparse and consequently the estimator B[/\\”:MLYtWi“ be undefined. One could assume that
the required conditional expectations are smooth in Oz‘:l and use multivariate smoothing
techniques to estimate them. However, when 0;1 is high-dimensional, they would not be
well estimated with moderate sample sizes because no two units would have values of 0;1
close enough to allow the borrowing of information needed for smoothing. Thus, in practice,
because of the curse of dimensionality, we are forced to place more stringent dimension-
reducing modelling restrictions on the law of the observed data.

Two dimension-reducing strategies are suggested by expressions (8) and (9) for ;. The first
strategy is to assume that the function /{ Ox1) follows a parametric model,

hi(O1-1)=hi(0r-150%), (1)

where /71(0;1; a,) is a known function smooth in a, and o; is an unknown p; 5 x 1
parameter vector. The second strategy is to assume that /7, (Og1) follows a parametric
model,

my (Op-1)=m: (0r-1367),  (12)

where m;(O[jl; 07 is a known function, smooth in 0, and ¢ is an unknown p p, x 1
parameter vector.

We use %B;(g) (% (g)) to denote the model for the full data (L,Rﬁ defined by the
assumptions of model .7 ;(g) and the additional restrictions (4) and (11) specified just for a
fixed £ (for all §). Likewise, we use % +(q) (% (g)) to denote the model for the full data (L,RT_)
defined by the assumptions of model .«7;(g) and the additional restriction (12) specified just
for a fixed ¢ forall ¢
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Models (11) and (12) are not in themselves of scientific interest. However, in practice we are
forced to impose one of the two models. Estimation of 3} under model 38, (g) is not entirely
satisfactory because the resulting estimators of 3; can be biased if model (11) is incorrect,
and estimation under #;(q) suffers from the same limitation if model (12) is incorrect.
Luckily there is an alternative strategy for estimation of ;. This consists of computing an
estimator that is consistent and asymptotically normal in the union model %8;(q) U Z+(q),
i.e. an estimator of g; that is consistent and asymptotically normal so long as one of the
models %B;(q) or Z;(q), but not necessarily both, is correctly specified. Following Robins
(2000) and Robins & Rotnitzky (2001) we call such an estimator a doubly robust estimator
in the union model %;(g) U %+(g) as it can protect against misspecification of either (11) or
(12), although not against simultaneous misspecification of both. The following definition
introduces a generalization of double robustness.

Definition. Given a collection {24, u € U of models for a law F indexed by the elements of
a finite setUwith K elements, we say that an estimator\ ofa parameter, =\ (F) Is a K-
multiply robust estimator in the union model U U2, If it is a consistent and
asymptotically normal estimator of \. when one of the models U, u < U but not necessarily
more than one of them, holds.

4.2 Doubly and 2T-multiply robust estimation

In this subsection we propose a doubly robust estimator of 3; in the union model %;(g) U %
(g) and a multiply robust estimator of f* in the union model U 24, (g). Throughout, U
denotes the collection of 7 x1 vectors vwhose components are either 0 or 1. For each such
vector u, 2y ={N¢ueoBe (@} N{Ntus1%¢(9)}- Thus, a 2 T-multiply-robust estimator of p*
is consistent and asymptotically normal for 3*=(57, ..., 3;.) so long as at each fone of the
models 24 q) or Z{q), but not necessarily both, is correctly specified.

To construct the doubly and 2 "-multiply robust estimators we reason as follows. Suppose
that we have specified working models (11) and (12). For any constant column vector g;and
conformable column vector functions ¢;(Og1) and y; (O1), define
diR, R
Ht(dt,qﬁt,ﬂt,at):Lt(ﬁt)Jr 1- —t
7 (O¢—1, Y1) 7 (O¢—1, Yi;0)

} $(Or 1)
(13)

My(dy, ¢, Br, 0¢)=di Riey (B )+dy (1—Ry) {mt (O4-1;60¢) — ﬂt} +R11(04-1) exp{q:(O1-1,Y7)} {Yt - mt(ét—l;gt)} )

(14)

where e4B) = ¥;~ Brand 1{Op-1, Y5 a) = [1+exp {{Or1; a) + g{Or1, YH™. Inthe
Appendix we show that, provided we choose ¢ Ox1) in (13) and w{Ox1) in (14) to have the
specific functional forms given by
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Page 12
00, 6,.4(O1—1)=1m (01—1;0t) — Bry Va1t (Or—1)=exp {ht(ét—l;at)} ' (15)

for any fixed 64 a and B HAL, @ozp.t Bs o) and MAL, wq,s By 0 are identical, where 1 is
a scalar constant function equal to 1. We therefore write, for short,

Qi (Bt, 0, ap) = Hy(1, @, g, 15 Bty @) =M(1, Yy 1, Bt, Ot).

In the Appendix we also show that if model (11) holds then, for any 6,and regardless of
whether or not model (12) holds, H:(1, ¢s, s; ¢, 51, ¢ ) has mean zero and therefore so does
Q: (87, ¢, af ). Furthermore, if model (12) holds then, for any a,and regardless of whether
or not model (11) holds, M, (1, ¢4, ¢, 57, 67 ) has mean zero and therefore so does

Q:(B7, 07, ay)- These results suggest that we can construct a doubly robust estimator B;of B
throughout also denoted by B, (v @2, in model %B;(qg) U €+ (g) by solving the scalar
estimating equation

E, {Qt (ﬁtvéta&t)} =0, (16)

where e;and a;solve
E, {]\'[t(oa Y, 0, Qt)}:(), E, {Ht(oa @4, 0, Ozt)}:O,
using arbitrary p; % 1 and p, % 1 functions w,(Otjl) and (p,(Otjl) respectively. Theorem 2

below establishes that ;is doubly robust in model 28;(g) U #;(g) and that § = (B1, ..., B7)’,
throughout also denoted by B (v, ¢), is 2 7-multiply robust in model U U2, (q).

To state the asymptotic properties of B;and BAin Theorem 2, we define

Q (/67070‘):(@1 (/Blaelaal) PR 7QT (ﬂTaeTaaT))/

U (ﬂ76a Q)I(Ul (ﬁlaela al) P UT (/6T70T? aT))/7

where for any random vector function K (v, n) of a parameter (t, n), % x (T, n) denotes £
{0K (x, n)/ot} and 0K (x, m)/dv is a derivative matrix with (4 /) entry equal to 0Kj (v, n)/0;.
In what follows and throughout, we use a hat to indicate expectations calculated under the
empirical distribution of the observed data and evaluation at (B 65 a) = (B;, 6;, (1;); for
example,
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N oA N A—1 R N N
O=Qu (B4 01,00) 1, o, 1, Hi(0,61,0,80)— T, o 1" Mi(0,14,0,6))

and O=(0, ..., Uy, where [, 0,= EA0Q:(Bs 04 )/0c4q£a 3, and s oN.

Parts (i) and (iii) of Theorem 2, proved in the Appendix, state the asymptotic distribution of
Brand B under models %;(q) U (Kj(q) arld UueU24, (g), respectively. Parts (ii) and (iv) state
that the asymptotic variance of p;and  under these models remains the same regardless of

the choice of the functions y;and ¢,used to compute the estimators e;and a;of 0; and o,
when in fact the true data-generating process satisfies models ;(q) N ¢+ (g) and

N 1{%: (q) N%; (¢}, respectively. In practice, the choice of functions y;and ¢should
therefore have little impact on the efficiency of Bfand B when the models Br(g) and Z4(q), t
=1, ..., T, cannot be rejected using efficient goodness-of-fit tests. In what follows, for any
matrix A, A%2 denotes AA'.

Theorem 2. Suppose that the regularity conditions stated in the Appendix hold.

(i) Under model B, () U %+(g), V™ (ﬂ} - B ) — N(0,1) jn distribution, where

=F [{ (ﬁt,et,at)Ut(ﬁtagtaat)}

”)

and? and o are the probability limits of e;and q; The matrixT'; can be consistently
estimated with

A a1 A @2\ a1,
L=, o En (Ut ) L

(i) Lez‘(@l)a_ El)) and (Q/JEQ), ¢£2)) be two pairs of distinct py, % 1 and pgpx 1 functions
(vs @) of Og1. Then, under the intersection model %B;(q) N ¢ +(q),

Vn {fgt < §1)7 gl)) - ﬁt ( t(2)a¢§2>>}:0p ().
(i) Under model U,y 24, (g), Vn (BA— B*) — N(0, I) in distribution, where

D= [{I;} (5,6°,a") U (5",6°,a")}

”]

and6® and a® are the probability limits of0 = (01, ..., 07 anda = (ay, ..., a7Y. The matrix

A a1 A®2\ a—1,
T can be consistently estimated withT'=1, , En (U ) I,

(iv) Let (D, M) and (v, ¢@) be two distinct sets of functions {(;(Or1), ¢¢(Op1)), t=
., T}. Then, under the intersection model

N {% (@) G (@}, v {B (v©,60) = 5 (v@,6@) } =0, (1),
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It is possible to show that, at the intersection model %8;(g) N % +(q), every doubly robust
estimator B;(w,, @) has asymptotic variance that attains neither the semiparametric variance
bound for estimation of 3 under model #’;(q) nor, except when g;= 0, the semiparametric
variance bound for estimation of S;under model 28;(g). In our opinion, the hope to control
bias is more important than efficiency concerns, and we therefore recommend using doubly
or 2-multiply robust estimators of B; and B*, respectively.

So far, we have not allowed the parameters a;in model (11) and 6;in model (12),
respectively, to be shared across occasions. When we are faced with sample sizes that are not
large enough to yield well-behaved estimators of o} and ¢} at each occasion £ two
dimension-reducing strategies can be envisaged. The first strategy is to reduce further the
dimension of models (11) and (12) at each £ The second strategy is to allow parameters a;
and 0, respectively, to be shared across occasions and to compute an estimator of * that is

consistent and asymptotically normal so long as at least one of N7, %, (q) or NL_,%;(q)
holds. Denote by a and 0 the resulting p, % 1 and p,;; x 1 parameter vectors indexing models
(11) and (12) respectively, for all occasions £ Then such an estimator of p* can be obtained
by solving estimating equations (16) at each occasion ¢ in which et_ 0 and ar=a now

solve £, {M(y, 6)} = 0 with M (¢, 0):Zt:1Mt(0, ¥+,0,0) and £, {H(o, @)} = 0 with

T —
H(¢, a)ZthlHt(O,_% 0, @), where v and ¢ are vectors of p,,, x 1 functions y{Oz1) and
Pn* 1functions {Or1), £=1, ..., T, respectively. Parts (iii) and (iv) of Theorem 2 continue
to hold for the resulting estimator f if we replace model U,u24,, (q) by

(L., 24(q)} U{nL,%i(q)} Bby pand U(B, 0, a) by

Q(B,0,a)— aQ (B,0,0) I o H (Oz) H(¢,a)— (ﬂ,@ a) Ie ;1 (0) M (2, 0).

5 Estimation of the occasion-specific conditional outcome means given
baseline covariates

Suppose now that we are interested in inference about a parameter, which we denote again
by B*, indexing a regression model for the conditional mean of Y3 t=1, ..., 7, given
baseline covariates X; that is, for r=1, ..., T,

EY|X)=g:(X358%), (17)

where g{.X; p) is a known function that is smooth in f and p* € © C IR”is unknown. Denote
by .«7* (g) the model for (L,R7) defined by the restrictions of model . (g) and the additional
restriction (17) forall =1, ..., T.

Part (i) of Theorem 1 is no longer true if model .7 (g) is replaced with model .«7* (g), i.e. .«/
* (g) does not determine a nonparametric model for the observed data law. Hence, in
principle, under (17) the postulated functions g; may sometimes be subject to an empirical
test. Moreover, p* and g, t=1, ..., 7, may be jointly identified under (17). However, there
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would generally be very limited independent information about p* and g, t=1, ..., 7, and
therefore their joint estimation would require very large sample sizes. In fact, it follows from
Proposition B1, Part 6, of Rotnitzky et al. (1998) that, when pr (R, = ... = R7=0|L) >0 >0
with probability 1 and both A:and g;, t=1, ..., 7, in (6) are unknown, f* cannot be
estimated at ratevn. Thus, we continue to recommend that one regard the functions g, =1,
..., T, as fixed and known when estimating f* and then vary these functions in a sensitivity
analysis.

As was the case for estimation of the marginal means £(Y7), unless Tis small and L;is
discrete with few levels, inference about * requires placing dimension-reducing
assumptions on either A;or my in addition to the restrictions of model .«7* (g). We therefore
consider, for each =1, ..., 7, models %} (q) and ;" (¢) defined like models #;(g) and %'
() respectively but with the additional restriction (17). Furthermore, we let .z (¢) be
defined like 2/, (g) in 84.2 but with ;" (q) and ;" (¢) instead of #;(g) and #(g) so that
the union model U, 1.7 (¢) stands for the model in which at each zeither % (q) or %" (¢)
holds, but not necessarily both. In this section we consider estimation of * under the union

model U, i, (q).

Although, as shown in the Appendix, the restrictions defining s (g) for each fixed ¢ and
indeed simultaneously for all ¢ are guaranteed to be compatible, the same is not true for
;" (¢)- To be specific, for each ¢ given a function g;the function mt(Otjl) and the
conditional mean function £ (Y4 .X) are not variation independent; that is, fixing one restricts
the range of possible functions for the other. Thus, it may happen that there exists no joint
distribution of (L,Rﬁ of which the marginal of Ois the observed data distribution and that
satisfies simultaneously (5), (12) and (17). Furthermore, even if such incompatibility is not
present, it may still happen that the parameter space for 8* under ;" (¢) is much smaller
than that under ./* (g). This is clearly undesirable because any reasonable dimension-
reducing strategy should not, a priori, eliminate values of p* regarded plausible under the
model of scientific interest. The following simple example illustrates these points.

Example. Suppose that 7=1, Ly = Xand Y; is binary. Suppose that in (17) we assume that
logitpr (Y1 =1X) =0+ B1X 1 (Y1, X, VY =LYy withh >0and logitpr (Y1 =1]/”; =0,
X) =0 + 01X Under this model logit pr (Y7 =1/, =1, X) =\ + 0y + 61X and hence pr (Y3
=1|R =1, X) > pr (Y1 = 1R =0, X). Therefore, since

pr(Y1=1|X) — pr (Y1=1|R;=0, X))

r(R=1X)= )
p ( 1 [ ) pr(Y'l:HRl:l’X)—pI‘(YiZHRlzo,X)

itmustbethatpr (Y1 =1/R1 =0, X) <pr (Y1 =1X) <pr (Y1 =1R; =1, X). This implies
that logit pr (Y7 = 1|.X) = A* + 0y + 0. X for some 0 <A* <. In particular, 1 = 0;. It follows
that the parameter space for f may be more restricted once we impose the restrictions on pr
(Y1 =1|R; =0, X). For example, if the model for pr (Y7 = 1|R; =0, X) restricts 01 to lie ina
strict subset of the real line and the model for pr ( Y7 = 1|.X) leaves B, unrestricted, then, once
the model for pr (Y7, = 1|R; =0, X) is imposed, the parameter space for B is reduced to that

Biometrika. Author manuscript; available in PMC 2016 July 21.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Vansteelandt et al.

Page 16

for 61. The models would even become incompatible if a probit regression were considered
for pr (Y7 = 1|.X) and a logistic regression for pr (Y1 = 1|7, =0, X).

In the Appendix we show that 2 (), and indeed NL_, 27 (¢), impose restrictions that are
always compatible.

When model € (¢) is incompatible with model (17) then an estimator of f* that is
consistent under the union model %; (¢) U %} () actually converges in probability to f*

only if the working model 28} (¢) holds and hence the estimator is not really doubly robust.
We do not regard this theoretical difficulty to be of concern in practice since it is ameliorated
if one postulates a richly parameterized model (12). To see this note that, when no restriction
is placed on m,(O,jl), model ;" (¢) becomes model 7* () defined like .« +(g) but with the
additional restriction (17). As shown in the Appendix, the restrictions defining model 7" (¢)
are always compatible. Consequently, if (17) is correctly specified then a flexible model for

mf(Otjl) should result in a nearly correctly specified model 7 (). In order to highlight the
possibility of model incompatibility, we refer to estimators that are consistent and

asymptotically normal under model U, ;.2 (¢) as generalized 27-multiply robust
estimators.

In agreement with the discussion in Robins & Rotnitzky (2001), we recommend estimating
B* with generalized 2 7-multiply robust estimators because such estimators are expected to
have small asymptotic bias if, at each £=1, ..., T at leats one of the models

B} (q) or ;" (q) is approximately correct.

We construct generalized 2 7-multiply robust estimators of f* in model Uueu-#, (q)as
follows. Redefine H{d;, ¢4 Ps o), MAds w4 Br 09 and_(peﬁﬁﬁ,(ol«jl) asin (13), (14) and (15)
but with e{) replaced by 4B) = Yz = g4X; B), m¢(Op-1; 09 = Brby m(Op1; 09 — 9:(X; B)
and with d= d{X) an arbitrary conformable vector function of X. With these redefinitions, it
is true that H{dy, dop,s B, ) = MAdy dppa s B, 0, for any arbitrary 7> 1 vector function
d{ X). We therefore write

Q¢ (dta B, 04, at) = Hf(dt’ dtqb@f,,ﬂ,tv B, at):AIt(dt7 dtwat,t,ﬂ’ 0t)

Similarly to §4.2, we construct generalized 2 7-multiply robust estimators Bbf [*, also
denoted throughout by BA(a’, b, », G, @), in model U, 5. (q) by solving an rx 1
estimating equation of the form

£ {Q (4.8.0.6)} =0 1g)

T
where Q(d, 8, 9, a)Zthth (de; B, 61, 1), d (X) = (64 (X), ..., d7(X)) for arbitrary rx 1
vector functions d;(X), t=1, ..., T, and where 6 = (64, ..., 07) and a = (ay, ..., ay)’ solve
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E, {M(dg, ¥1, 58,6¢)}=0, Ep {H(dter, $1, 58, 2¢) }=0

respectively, for ¢=1, ..., T, using arbitrary collections of functions,

dg={di(X) : dyp (-) is aprm X 1 vector value map,t=1,...,T},
1/’:{?/]75(61%1) 21e(+) is apym X 1 vector value map,t=1,...,T},
do={dia(X) : do (-) is apyp, x 1 vector value map,t=1,...,T},

d={0t(04_1): ¢4 () is apy, X 1 vector value map,t=1,...,T}.

Parts (iii) and (iv) of Theorem 2 remain valid if we replace U U2/, (g) by U,cvu. 2, (q), B

(W9, oWy by B (4. a5, 49,d9),69) j=1,2, 0,(B, 05 a by O (dh B. 8, ) and we use
T

the redefinition U (53,0,a)=) _ _ Us(B, 0, a+), where

Ut (/37 etvat)
=Q4 (dy, B, 01, )
- Iﬂz,Qt (/87 0157 at) Iint (at) Ht(dt(u ¢ta ﬂ) at)

a

- Igt:Qt (ﬂa eta at) I;}A,[t (615) ]\It(dwa wta ﬁ) 015)3

With dp= d(X), dj, = di(X) and dg = dig(X).

Theorem 3 below, proved in the Appendix, provides the optimal 7x 7 matrix function agpt
(X) = (1,0pt (X), ..., drpt (X)) in the sense that, among all estimators BA(d, a, v, d, ¢) that
solve (18) using an arbitrary rx 7 matrix functions @ (X) and fixed collections of functions
ap, v, dy and o, the estimator with the smallest asymptotic variance is the one that uses o=

Gopt. In particular, since under laws in the intersection model N, {5} (¢) N ¢} (¢)} the
limiting distribution of B (@, b, v, @, ¢) does not depend on the choice of gy, v, d, and o,
we conclude that the estimator that solves (18) using @'= dqpt has the smallest asymptotic
variance among all estimators BA(ai ab, v, dy, ©) under any law in m;f:l{ggj (@) NE; (¢)}In
the following theorem, T" (d, @y, v, d,,, ®) denotes the variance of the limiting normal
distribution of Vv {B (d, ap, v, d, @) — B*} under model

Uueu-#y (q) and U* (8,0,a) = (Uy (3,01,a1),...,U’ (B,0,,a,))', where each

U} (8,0, ) is defined as U (B, 04 a) but with the 7x 1 function a4 X) replaced by the
constant real valued function d; (X)=1. Also, 69 and a? denote the probability limits of 6
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and a. In addition, for any pair of conformable square matrices A and B, A= Bindicates
that A — Bis positive semidefinite.

Theorem 3. For every fixed collection of functions dy, v, d, and ¢, we have that T (dpp, &,
Y, &, 9) ST (d ab, v, G, @), where

aU*(B,6°,a")

dopt (X)=E { a5

X} [var{U*(8*,6°,0°%)| X} "
g=p*

6 Simulation study

We conducted two simulation experiments. The first compares the behaviour in finite
samples of the 2 7-multiply robust estimators of marginal means with competitors that are
not 2 7-multiply robust, and the second evaluates the behaviour of generalized 2 7-multiply
robust estimators of parameters of regression models for the marginal means. Each
experiment was based on 1000 replications of random samples of size 500 generated as
follows. In both experiments, for #> 1, L,comprised just the outcome Y% In the first
experiment Lg was standard normal and, for =1, ..., 4, given (Ltfl, Rtjl), Rswas generated
from

pl’(Rt:0|Rt,1, it,l):expit[ —225+025t+05{1+I(t:1)}L0+2(1—Rt,1)—|—2Rt,15t,1],

and then L;was generated as L;=2t+ 3Ly + Rgq1 + 2Re1641 — YR+ €;for the choices y =0
and y = —0.5, where ¢4, ..., &4 are four independent standard normal variates. It is easy to
check that the law of our simulated data satisfies the restrictions of & (g) and ¢ (g) with
GhOr1, YD =vYs NOr1; a) =ag +anglo + t>1)(apRe1 + agRe1 Ye1) and m{Ox1;
0)=0p+0xLog+ N> 1)(OpRr1 + OgRr1 Yr1) for specific vector values aand 0.

In the second experiment, given a standard normal variate .X; we generated a4 x 1
multivariate normal vector (Y3, ..., ¥g) with £(Y4X) = 1+ PoX, f1 =2, B2 =3, var( ¥ X)
=5andcov(Y; YiX) =4, t£ f. Then we generated R, given Yj iteratively for =1, ..., 4
from

pr (Rt20|ét,1, Z_L4):expit[ 7225+025t+05{1+I(t:1)}X+{2(1*Rt,1)+2Rt715t,1} I(t> 1)+’y€t],

where €;= Y;— B1¢— BoXand y =0 or y = —-0.5. Under our data-generating process, model
2 (q) holds for g{Or1, Y} =y Ysand A{Op1; a) = ag + ag X+ Kt> 1)(apReq +

agRe1 Yr1) for a specific value of a, Since the functional form of m,(ijl) is complicated
we have considered an approximate working model for it, given by m,(ijl; 0) =0p+0pX
+ N(t> 1) {0pRe1 + 0gRL1.X+ 0mRe1 Yr1}, and thus computed a generalized 2 7-multiply
robust estimator of (B4, B») such that, at each ¢ model #;(g) assumes that mt(Otjl) =
m,(O;jl; 0) for some 6.

Under the data-generating process of the first experiment, the probability of not missing the
outcome is 84.4, 69.0, 60.5 and 53.7 at the four occasions, respectively, for both y =0 and y

Biometrika. Author manuscript; available in PMC 2016 July 21.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Vansteelandt et al.

Page 19

=-0.5. In the second experiment, these probabilities are 84.4, 60.1, 61.5 and 56.5 for y = 0.
The values when y = -0.5 are similar.

Table 1 summarizes the results for estimation of B3 = £(Y3) and p4 = £( Yy) in the first
experiment for the following methods: inverse probability weighted estimators, i.e. those
solving £, {H{1, 0, B a,}} =0, labelled ‘IPW’; conditional mean imputation estimators
solving £,{M{1, 0, B, 6;)} =0, labelled ‘CM’; and 2 7-multiply robust estimators, labelled
‘MR’. The estimators were computed under various conditions: correctly specified working
models /71(0[:1; ap and m,(Otjl; 0, as defined above for all ¢ labelled ‘None’; models
m3(027 03) and /74(03? ay) that incorrectly set a priori to zero the coefficients multiplying the
term Req Yr1, labelled ‘¢3&%B,’; and models /7,(0{:1; ag and m,(ijl; 0, that for all ¢
incorrectly set a priori to zero the coefficients multiplying the term Rxq Y1, labelled ‘All’.

The results for the 27-multiply robust estimators in the first simulation study are as predicted
by the theory: they are nearly unbiased and the Wald confidence intervals centred at them
cover roughly at the nominal 95% level when, at each occasion, none or one of the working
models, but not both, is incorrect. In contrast, and also as expected, the inverse probability
weighted estimators of 3 are nearly unbiased but those of 4 are not unbiased when the
model for /73(025 is correctly specified but that of /74(035 is incorrectly specified. The reverse
occurs for the conditional mean imputation estimators. No estimator is unbiased when all
working models are misspecified. In addition, as predicted by theory, when g;= 0, the 27-
multiply robust estimator is more efficient than the inverse probability weighted estimator
when all working models are correct, but is less efficient than the conditional mean
imputation estimator. Interestingly, the 2 7-multiply robust estimators of p3 and B, are also
more efficient than the corresponding inverse probability weighted estimators when g;=
-0.5Y; and both working models are correct even though this cannot be deduced from the
theory. Note also that the 2 7-multiply robust estimator of B is less efficient than the inverse
probability weighted estimator when &85 is correct but %3 is incorrect.

Table 2 summarizes the results from the second simulation for the generalized 2 7-multiply
robust estimators of f1 and B, solving the equations (18) that use, instead of a{.X), the vector
function of Xand B,

d*(X;ﬂ):<)1( Ty ;‘;) B, {@ (9.8.0)7}.

where @* (8,6, a) = (@1 (1, B, 61, a1), ..., @7 (L, B, 071 ay) . It can be shown that using o*
(X: B) in (18) results in generalized 2 -multiply robust estimators that, under the union
model U,y (¢), are asymptotically equivalent to those that solve (18) with d(X) = ¢*
(X; p*). The estimators were computed under various conditions: the correct working model
/7,(0,:1; ap and the approximately correct model m,(O,:l; 0), labelled ‘None’; the same
models as in the previous case except that the coefficients corresponding to Rxq Y1 of
/72(01? ay), /74(03? ayg) and /773(027 03) were set to 0, labelled *%,, 3 and %,’; and the same
models as in the first case but with the coefficients of R-1 Y1 equal to O for all £and for all
models, labelled ‘All’. The results confirm that the generalized 2 -multiply robust estimators
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perform well even if the model for m,(O,Zl) is incorrectly specified provided, as in our
simulations, the model is richly parameterized.
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Appendix

Proofs

Proof of Theorem 1. Every observed data distribution is defined by a given collection of
conditional densities and probabilities, {I(L,{Otjl, Ri=1), pr(Rj{ 0;1) :t=1, ..., T} Thus,
to show that .2/ (g) is a model for the observed data law restricted only by pr(R;= 1|O,j1) >0
for t=1, ..., T, it suffices to show the following: (a) given {I(LI{O,:L Ry=1), pr(R,{Otjl) :
pr(Rs= 1|O;1) >0, t=1, ..., T}, there exists a distribution (LT_,RT_) satisfying the
restrictions of .« (g) and such that, for r=1, ..., 7,

F(Le|Ot-1, Re=1)=*(L¢|O¢-1, Re=1), pr(Re=1|O0¢1)=pr*(R=1|0¢-1); (AL)

and (b) pr*(R= 1|O,j1) > (0 for every joint distribution 7* (L;Rﬁ that satisfies the
restrictions of model <7 (g).

We prove (a) by constructing a joint distribution 7* (L;Rﬁ that satisfies (A1) iteratively as
follows. For £=1, Rx1 is nil and f‘(Ltjl) = f(Lg). Foreach =1, ..., 7, we define (L, R{
Le1, Req) equal to (L, R{Op1), where P<(L;RjOp1) is defined by P(L4Op1,Ri=1) =
AL{Opm1,Ry= 1) and pr*(R;= 1|Op1) = pr(R; = 1|Of1), and when (4) holds (L) Y}
)Q,O,fl,RF 0) is equal to an arbitrary law and (Y O,fl,RF 0) is equal to the right-hand
side of (5). By construction, (L T_Rr_) satisfies (1) and Assumption 1 for =1, ..., 7, and
thus is in model 7(g), and additionally satisfies (A1), thus proving (a). Part (b) holds
because it is implied by (1). This concludes the proof of part (i). To show part (ii), note that,
under model <7 {¢g),

[ (Yi|O4—1)=f(¥3]|O4—1, Ry=1) (pr(Rt:1|Ot1)+pr(Rt:0|Ot_1) exp{qt(Ot_l’Yt)}) ,

E [exp{qt(étfh Y})}‘étflv thl]

where g{Og1, Y is defined arbitrarily if pr(R;= 0|Of1) = 0. Thus, 7( ¥]Og) is identified
under <7 {g) because the right-hand side of the last display is determined by the observed
data law. To show that (8) holds, we use expression (7) and note that, under models .« {q)
and .»7(g), the right-hand side of (8) equals
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E {Rth <1+ pI‘_(Rt:O|Ot—1) eXp{qf(K,Ot_l)} i )}
pr(R;=1]0;-1)E [exp{g:(Ys, Os-1)}| Ri=1,0;1)]

=E (pr(&
:1‘Ot_1)E (Y”Rt

:17 ét—l)
+pr(Ry

:0|6t71)

E[Y; eXP{qt(Yt_,ét1)}|Rt:116t1])
E [exp{q:(Y:, Ot—1)}|Re=1,04_1)]
From

E[Y; exp{q(Y;,O¢-1)}| Ri=1,0;_1]
E [exp{q:(Y:, O¢1)}|Ri=1,04_1)]

=E(Y;|R;=0,0;_1)

under model <7 {g), it follows that the right-hand side is equal to £ Y7). The proof of (9) is
now immediate.

Proof that the restrictions imposed by models «/*(q), $*(q), B(q), ¢(q) and

N1 {%:(q) N, (q)} are compatible. To show that the restrictions of 8*(q) are compatible
we will exhibit a joint law * (L 7, R7) satisfying the restrictions defining #*(q). We
construct such a law recursively as follows. We define /(L) as an arbitrary law and set Ry
as nil. Then, having defined f‘(Ltjl,Rtjl) fort=1, ..., 7, we define f"(Lt,RALt:l,Rt:l) as
follows. The density 7 (Y,{Ll:l,/?t:l) satisfies ,_; =L, ;\ X and the integral is taken with
respect to the counting dominating measure for R4 and the adequate dominating measures
for I,_, and Y% This ensures that (17) holds. Next, we define £*(L;\ Y} Y,«,Rt,Otjl) asan

arbitrary law. Finally, for a given fixed function r,(O;_,;a}), we set

_ — — — — —1
pr*(Rt:1|Yt,Lt—1aRt—l)zpl‘*(RtZHKs,Ota):[1+6Xp{ht(0t—1;af)‘f'%(ot—l,Yt)}} ,
which ensures that (5) and (11) hold. Thus, by construction, 7 (L 7, R7) satisfies the

restrictions defining 98*(g). Since 8*(q) is more restrictive than (q) and «/*(g), this
implies that the restrictions of 98(g) and .2/*(q) are compatible.

We next recursively construct a law 7~ (L ;R5 that satisfies the restrictions imposed by the

intersection model mle{,@t(q)_m ¢1(q)}- We define £(Lo) as an arbitrary law and set R as
nil. Then, having defined (Ly1,Rx1) for £=1, ..., 7, we define (L, R{Lr1,Rx1) as

follows. Given fixed functions r,(0,_1;a;) and m, (0,107 ), foreach £=1, ..., T, we
define 7 (Y{Lx1,Re1,R = 0) = F(Y{Rs= 0,0x1), where F(Y{R;=0,0x1) is any law that

satisfies / th*(mot*b Ry=0)dY=my(Op-130;) Next, we define pr*(R;= 1|Ly1,Re1) =
pr*(Rs= 1|Ox1) by the identity
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= N = oA r*(Ry=1]|0y_
/exp{—ht(otq;at)—Qt(th,Yt)}f (YYt‘Ot~1>Rt:0)dYt:wa
pr (Rt:0|0t—1>

and we define 7 (Y§Le1,Re1,Re= 1) = P(Y]Or1,Rs= 1), where

pr*(R;=0|0;_1) *(Y1|O4—1, Ry=0)
pr(Ry=1|0;_1) exp{h4|Os_1;054+¢:(Os 1, Y7) }

[*(Y3|Op1, Ri=1)=

Finally, we choose (L;\ Y} Yt,Ltjl,Rt:l) to be an arbitrary law. By construction, (L;R;)
satisfies for each ¢ (12), and hence model (), as well as (5) and (11), and hence model
PBL Q). This is seen because, for the chosen law,

_ _ *(Yy, Ry=0|0;_1 r*(R:=0|Y;, O;_1
eXP{ht(th;af-l-Qt(OtfbYi)}:f*( . |*t ):p *( =0, = )
[*(Yy, B=1|04_1) pr(R=1]Y;,04_1)

We conclude that 7 (L 7,R7) satisfies the restrictions of model N 1{%: (¢) N %; (¢)} and
therefore also those of ().

Proof that H(1, @g,pt: Bs ad=M{L, wa s Bs 0. We have

Rye(5:)
T (Os—1, Ye;0)

+ (1 - %) {m; (O4-1;6;)

6t—17 th;at)
Ry -
—Bit= (1 —=—— ] {mu (O1_1;0¢)
7Tt(0t—17 Y;;at) ’

Ri{1 — 7Et(ét—l, Yiar)} {my (O_t—l'gt)
(011, Yi;01) 7

Y} R (B)+(1—Re) (Y, —B1)=Ryey (8)+(1— Ry) {my (O_136;)

—Yi}+Yi—Bi= (1 - R —

— Bt} +Riva, t(01-1) exp{qi(O¢—1,Y2)} {Vs — mt(Or—1;6)}.

Now, suppose that (11) and (4) hold. Then

B { Rie(B])

Wt(étflayt;azk)

} =E{e(57)}=0

and

Rt Rt

o | v =) =8 [£ | {1 S o] G -] =
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because

plfio Tt 04-1,Y; $ =0
- = t—1, X¢ ¢ =Y.
T (O4—1, Y3;305)

Thus, under (11) and (4), E{H:(1, ¢y, p; t,5; a3 ) }=0 for any 0 Next, suppose (12) holds.
Then (1 — R,) my (Or_1;07)=(1 — R,) E (Y;|Os_1, Ri=0), Where £ (Y{Op1,R;= 0) is
defined arbitrarily if (4) does not hold, and hence

) [RtEt(ﬁt*)-i-(l — Ry) {mt (6t—1§0t) - ﬁ:}} =E {& (8)} =0, Also,

E [Rytpa, 4(04—1)exp{q: (041, Y3) } {Yi—mu(Oy_136]) H=E [0, (O4-1) E [exp{@(Os_1, ¥)} {Yi=ms(O4_1;6])}| O 1, Ry
=1] pr (R
:1‘6t71)]:0

because £ [eXP{Qt(ét—l: Y:)} {Yt —my (04—156)} |01, thl} =0, Thus, under model
(12), E{M;(1,%a, +, 57, 07 ) }=0 for any a,.

Proof of Theorem 2. To prove part (i) of the theorem, we assume that the regularity
conditions 1-9 of Appendix B of Robins et al. (1994) hold with UfB; 64 o) and (5}, 6;, o)
replacing their H{y) and yo respectively, and their regularity condition 3 being replaced by
the assumption that pr (R;= 1|Ox1, Y% ap > o > 0 with probabaility 1 for some ¢ and
arbitrary a;in the parameter space. By standard Taylor expansion arguments we have that
v (60— 07)=—1,7, (60) n™ /2" Mit(0,41,0,67)

+op (1) and v/n (&—af)=—I", (af) n™/*Y" Hit(0, 6,0, ) +0, (1), where o,(1)

ayp,Hy

denotes a random variable converging to 0 in probability. Furthermore, because
E{Q:(8;, 6, af)}=0 under model Z8(q) U % {g), another Taylor expansion gives

OZTL_l/QZQit (B;,6,07)

+1,, o, (81,67, af)V/n(5,
= 65) =1, 0,(5,60, )T 1, (af) x n” V2D Hi(0, 61,0, 0)
i

- Ié)t,Qt (ﬁ:? 61?’ a?)I;}Mt (gg)n_l/zzj\fit(oa wt’ Oa 01?)"_013(1)'
%

When, as in regularity condition 6 of Robins et al. (1994), I,, ., (8¢, 0;, ;) is nonsingular,
this is equivalent to

V(B — B))=1,, (57,67, al)n™ 23 "Uin(57 67, af ) +0,(1).

2
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The asymptotic distribution of v/ (Bt - /5}*) under model B4g) U € {q) follows from the
previous equation by Slutsky’s Theorem and the Central Limit Theorem. The consistency of
the variance estimator follows from the Law of Large Numbers. This proves part (i). Since
azand 04 for £=1, ..., 7, are variation independent parameters, it also follows that

(I[;%Ql (/6>1Fa 0?3 a(lJ)Ul(ﬂikv 9?, a(l))a sy (I;Tl,QT (/8;7 023 O‘g)UT(ﬂ;a '927 0‘2)), is the influence
function corresponding to the 2 7-multiply robust CAN estimator for f* under model
ML {%; (q) U%; (g)} This proves part (iii).

At the intersection model 8 (q) N € (q), L., o, (8", 6%, 0¢)=1, ,. (8*,67,a?)=0and hence

Ui(57, 6, a2)=Qi (87,67, a?). It follows that the estimators

3t ( §1)7¢7§1)) and Bt <¢t(2)> 9) have the same influence functions at the intersection
model 3;(q) N %+ (q). This proves part (ii). Part (iv) is similarly proved.

Proof of Theorem 3. By definition, U (3,6°, o)=d(X)U* (8, 6}, oY)’ and, by analogous
arguments to Theorem 2 for estimators p (@) =B (4, b, v, d, ), the variance matrix of the
limiting distribution of V2 {B (d) — p*} isequal to T (d) = ¥ (d) Q (d) ¥ (d)’, where

-1
o ) )= { (a0 (5, 00,0)) '}

U(d)=E (d(X)iU*(ﬁ, 07, ap)
=

That T" (aopt) < I () follows after applying the Cauchy-Schwarz inequality.
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