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Abstract: By simulations on the distance distribution function (DDF) derived from small angle X-ray
scattering (SAXS) theoretical data of a dense monodisperse system, we found a quantitative math-
ematical correlation between the apparent size of a spherically symmetric (or nearly spherically
symmetric) homogenous particle and the concentration of the solution. SAXS experiments on pro-
tein solutions of human hemoglobin and horse myoglobin validated the correlation. This gives a
new method to determine, from the SAXS DDF, the size of spherically symmetric (or nearly spheri-
cally symmetric) particles of a dense monodisperse system, specifically for protein solutions with

interference effects.

Keywords: protein size; inter-particle interference; distance distribution function; small angle X-ray

scattering

Introduction

Small angle X-ray scattering (SAXS) is an ideal tool
to study the low resolution structure of proteins in
solution.'™® Many protein solutions can be approxi-
mated by a monodisperse system where shape and
size are the two main characteristic parameters.>®
For a dilute monodisperse system, the Guinier

approximation and distance distribution function
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(DDF) are often used for SAXS data analysis. The
former can yield the radius of gyration of the scat-
terer,"” while the latter can yield the shape and size
of the scatterer."®!! In common biological systems,
the dilute regime
because the cellular environment is quite crowded.!2
Therefore, inter-particle interference, i.e. the concen-
tration effect, occurs frequently in practical SAXS
k,'3718 and it can distort both the scattered curve
and the DDF curve.! To overcome inter-particle
interference in bioSAXS measurements, the common
practice is to run samples in a series of concentra-
tions and extrapolate the forward scattering to zero
concentration by fitting SAXS data against concen-
trations.® At present, no established mathematical
description of the concentration effect on DDF is

is always an approximation

Wor
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Figure 1. Theoretical scattering curves for monodisperse
systems with different volume ratios based on a sphere inter-
ference model derived from Egs. (1) and (2) with K=1 and

R =1 nm. where K is a constant, R is the radius of the
spherically symmetric (or nearly spherically symmetric) parti-
cle, V; is the average volume offered to each particle, V; is
the total volume offered to the particles, Vo/V; is the well-
defined number of particles contained in V, I is scattering
intensity, g is the scattering vector, a.u. means arbitrary
units.

available. If one can derive a model that describes
the concentration effect on the DDF it could be used
as a tool to study the interactions of the proteins. It
is well known that many proteins in solution can
roughly be approximated by a spherically symmetric
(or nearly spherically symmetric) shape.'? In this
contribution, we present a mathematical correlation
between the spherically symmetric (or nearly spheri-
cally symmetric) particle size and the solution con-
centration by simulation on the DDF derived from
SAXS theoretical data of a dense monodisperse sys-
tem. The correlation has been validated by SAXS
experimental data of human hemoglobin and horse
myoglobin solutions.

Methods

Simulation

A sphere model is often used in the SAXS analysis
of biological systems. Moreover, if the structure of
particles does not depend on the concentration, the
scattering intensity of a dense system of monodis-
perse spheres may be written as:%”

I(q)=Ky*(qR) ey

1
1+8{2y/(2qR)

where K is a constant, g is the scattering vector, R
is the radius of the spherically symmetric (or nearly
spherically symmetric) particle, V; is the average
volume offered to each particle, V, is the total
volume offered to the particles, Vo/V; is the well-
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defined number of particles contained in Vg or the
packing parameter® associated to the particle con-
centration, Y(qR) is the scattering amplitude of a
spherically symmetric (or nearly spherically sym-
metric) particle with radius R, which may be
expressed as

sin (qR)—qRcos (gR)
(aR)’

Vv (gR)=3 (2)

An important step of the particle shape and size
determination is the calculation of the distance dis-
tribution function P(r), which may be obtained from

the scattering intensity wusing the Fourier
transform:>*

P(r)= =~ | 1(q)qrsin (gr)d

("=52 . (q)grsin (qr)dq 3)

P(r) is related to the frequency of certain distances r
within a particle. Therefore, it starts from zero at
r=r1=0 and goes to zero at r =ry = 2R = D, (the
maximum distance in the particle). The shape of the
P(r) function gives approximate information about
the shape of the particle. If the function is approxi-
mately symmetric, the particle may be approximated
as a sphere.>* If we consider K=1 and R=1 nm,
we can compute different scattering curves corre-
sponding to different Vy/V; values (see Fig. 1) based
on Egs. (1) and (2), and further calculate the corre-
sponding distance distribution functions (see Fig. 2)
based on Eq. (3).

The inter-particle interference effect, i.e., the
concentration effect, is well described in the litera-
ture! and associated to a decrease of the intensity at
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Figure 2. Theoretical distance distribution function P(r) for
monodisperse systems with different volume ratios based on
a sphere interface model derived from theoretical scattering
intensities in Figure 1 using Eq. (3). P(r) is related to the fre-
quency of certain distances r within a particle. r; is labeled at
which P(r)=0.
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Figure 3. Variation of the apparent r, versus Vy/V; derived
from distance distribution function data. r; is labeled at which
P(r)=0, V4 is the average volume offered to each particle, V,
is the total volume offered to the particles.

low angles (see Fig. 1) and the occurrence of nega-
tive P(r) values (see Fig. 2). From a theoretical point
of view, only the scattering at infinite dilution can
eliminate the interference contribution, the corre-
sponding P(r) function is always positive for par-
ticles with homogenous distribution of electron
density and the resultant r, value at which P(r)=0,
is close to the true diameter D, ., of the homogenous
particle. In practice, samples with non-negligible
concentration are needed to obtain a sufficient sig-
nal. Moreover, as long as there is no aggregation,
the higher the sample concentration, the lower the
scattering intensity at low angles and the smaller
the apparent ry value at which P(r) goes to zero. Fig-
ure 3 shows the variation of ry as a function of Vy/V;
based on the data derived from P(r) versus r data
(as Fig. 2 illustrated). The curve in Figure 3 seems
like an exponential function as

b
ro=Dax €Xp <—a (?) ) (4)
1

Which can be converted into

Vo\®
Inre=InDx —a (—) (5)
Vi

Where a and b are constants. By least square fitting,
we found an approximation which yields a fair rep-
resentation of the linear part in Figure 4:

(6)

0.52
Inry=InD,ay —0.6 (VO)

Vi

and the coefficient of the fit is 0.9998, namely a R-
square = 0.9998. The derived D .y
2.002 nm, almost coincident with the theoretical

value is

Liu et al.

value of 2 nm. The volume fraction Vy/V; is propor-
tional to the concentration ¢ (usually in unit of mg/
mL), so we can change the Eq. (6) as:

Inre=InDyax —0.6K"c%52 (7)

where K’ is a constant. Obviously, Inry versus ¢%%2

presents a linear line, and D,,,, can be derived from
the linear line intercept. Equation (7) is now an
empirical formula that gives a mathematical
description of the relation between the size of
spherically symmetric (or nearly spherically sym-
metric) particles and the concentration of a solution
of a dense monodisperse system. If the particle den-
sity is unknown, we need at least two concentrations
although additional concentrations will obviously
give a better statistical analysis.

Experiments

Solutions of human hemoglobin (Sigma-H7379) were
first used to validate the reliability of Equation (7).
Human hemoglobin is well approximated by a
sphere.'® The sample concentrations ¢ were 2, 10,
20, and 50 mg/mL, respectively. The experiment was
performed at the X33 SAXS station at the storage
ring DORIS III of the Deutsches Elektronen Syn-
chrotron (DESY, Hamburg, Germany). The incident
X-ray wavelength was 0.15 nm. The scattering sig-
nals were recorded with a 1M PILATUS detector
(Dectris, Baden, Switzerland). The data processing
was performed with S program package.?’

Solutions of horse skeletal muscle myoglobin
(Sigma Aldrich) which is also well approximated by
a sphere?! were used to further validate the reliabil-
ity of Equation (7). The sample concentrations c
were 5, 10, 20 and 30 mg/ml, respectively. The
experiment was performed at the 1W2A SAXS sta-
tion at Beijing Synchrotron Radiation Facility
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Figure 4. Variation of the apparent Inr, versus (Vo/V;)%%2
based on the data derived from Figure 3. r» is labeled at
which P()=0, V4 is the average volume offered to each parti-
cle, Vy is the total volume offered to the particles.
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Figure 5. Experimental scattering curves of human hemoglo-
bin solutions at different concentrations measured at the X33
SAXS station at the storage ring DORIS Il of the Deutsches
Elektronen Synchrotron (DESY, Hamburg, Germany) with the
incident X-ray wavelength of 0.15 nm and a 1M PILATUS
(Dectris, Baden, Switzerland) as detector. / is scattering
intensity, g is the scattering vector, c is the concentration of
samples.

(BSRF, Beijing, China).?2 The incident X-ray wave-
length was 0.154 nm. The scattering signals were
recorded with a 1MF PILATUS detector (Dectris,
Baden, Switzerland). The data processing was the
same as that of human hemoglobin.

Results and Discussion

The measured scattering curves of the human hemo-
globin solutions with different concentrations are
plotted in Figure 5. Equation (3) was used to com-
pute the distance distribution function P(r). The
final curves of P(r) versus r of the human hemoglo-

c=2mg/ml
=10mg/ml
=20ml/ml

=50ml/ml

T T T T T ) 1
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Figure 6. Distance distribution function curves of human
hemoglobin solutions at different concentrations ¢ derived
from the corresponding scattering curves in Figure 5. P(r) is
related to the frequency of certain distances r within a
particle.
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Figure 7. Variation of the apparent Inr, values (at which
P(r)=0) obtained from Figure 6 versus the concentration ¢%2
of human hemoglobin solutions. r» is labeled at which P(r)=0,
c is the concentration of samples.

bin solutions at different concentrations are shown
in Figure 6.

Obviously, the inter-particle interference mani-
fests itself in the decrease of the scattered intensity
at small angles (Fig. 5) and the occurrence of nega-
tive P(r) values (Fig. 6). The higher the sample con-
centration, the lower the scattering intensity at low
angles and the smaller the apparent r, value at
which P(r)=0. The apparent Inr, values obtained
from Figure 6 as a function of protein concentration
¢®?? is shown in Figure 7. Fitting data in Figure 7
using Eq. (7) yields a maximum size of the human
hemoglobin D, = 6.5 nm, a value extremely close
to the value of 6.4 nm available in the literature.®
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Figure 8. Variation of the apparent Inr, values versus the
concentration ¢®2 of horse myoglobin solutions. SAXS
experiments of horse myoglobin solutions were performed at
the TW2A SAXS station at Beijing Synchrotron Radiation
Facility (BSRF, Beijing, China) with the incident X-ray wave-
length of 0.154 nm and a 1MF PILATUS (Dectris, Baden,
Switzerland) as detector. r, is labeled at which P(=0, c is
the concentration of samples.
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Data can be considered in good agreement and the
empirical formula (7) is reasonably validated.
Similar analysis was performed on SAXS data of
horse myoglobin solutions. Figure 8 shows the varia-
tion of Inry versus ¢%52 of horse myoglobin solution.
Fitting the data in Figure 8 using Eq. (7) yields a
maximum size of the horse myoglobin D, ., = 4.7 nm,
close to the value of 4.4 nm available in the litera-
ture.® This further indicates that Eq. (7) is valid.

Conclusion

A mathematical equation for analysis of SAXS data
from a dense monodisperse system, in particular,
concentrated solutions of biological macromolecules,
is presented. In a framework in which the structure
of particles does not depend on the concentration,
this mathematical approach describes quantitatively
the relation between the apparent size of spherically
symmetric (or nearly spherically symmetric) par-
ticles with homogenous distribution of electron den-
sity and the concentration of the solution. The
equation obtained has been validated using protein
solutions of human hemoglobin and horse myoglo-
bin. This method provides a new and useful way to
evaluate the size of spherically symmetric (or nearly
spherically symmetric) particles in a dense monodis-
perse system that exhibits interference effects in
SAXS experiments.
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