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Abstract

We introduce an efficient iterative algorithm, intended for various least squares problems, based on
a design of experiments perspective. The algorithm, called orthogonalizing EM (OEM), works for
ordinary least squares and can be easily extended to penalized least squares. The main idea of the
procedure is to orthogonalize a design matrix by adding new rows and then solve the original
problem by embedding the augmented design in a missing data framework. We establish several
attractive theoretical properties concerning OEM. For the ordinary least squares with a singular
regression matrix, an OEM sequence converges to the Moore-Penrose generalized inverse-based
least squares estimator. For ordinary and penalized least squares with various penalties, it
converges to a point having grouping coherence for fully aliased regression matrices. Convergence
and the convergence rate of the algorithm are examined. Finally, we demonstrate that OEM is
highly efficient for large-scale least squares and penalized least squares problems, and is
considerably faster than competing methods when 7is much larger than p. Supplementary
materials for this article are available online.
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1 INTRODUCTION

Observational data with massive sample size appear in an increasing multitude of fields. In a
growing number of areas such as marketing, physics, computational biology, engineering,
and web applications, data have tens of millions of observations or more. While much recent
research has been devoted to high-dimensional data, in this paper we develop an
experimental design method that targets big data. Our method is shown to have state-of-the-
art performance for data with a large number of observations. We investigate the theoretical
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properties of our method and demonstrate its efficiency in the computation of standard
statistical methods.

This project aims at developing a new data augmentation method for fitting ordinary and
penalized least squares and in big data. Unlike approximate methods, OEM solves the least
squares problem exactly. OEM starts with a trivial observation in fitting ordinary or
penalized least squares with orthogonal matrices. If the design matrix is orthogonal, then the
ordinary least squares problem has a closed-form solution without any matrix inversion.
More importantly, this holds regardless of the sample size and in this sense, scales well for
big data. But the hard truth is that most large observational data in practice do not have
orthogonal design matrices. In this paper, we propose an experimental design method to
circumvent this difficulty.

Consider a regression model
y=XB+e, (1)

where X = (x;) is an n7x pregression matrix, y € R”is the response vector, B = (B, ..., £’
is the vector of regression coefficients, and € is the vector of random errors with zero mean.
The ordinary least squares (OLS) estimator of B is the solution to

Hgnlly—XﬂHZ, @

where ||-|| denotes the Euclidean norm. If X is a part of a known m x p orthogonal matrix

where A is an (m-n)xp matrix, (2) can be efficiently computed by the Healy-Westmacott
procedure (Healy and Westmacott 1956). Let

i

Y= (y, ’ y;niss) (4)

be the vector of complete responses with missing data ypmiss 0f /77— 71 points. In each
iteration, the procedure imputes the value of ypiss, and updates the OLS estimator for the
complete data (X, yc). This update involves no matrix inversion since X is (column)
orthogonal. Dempster, Laird, and Rubin (1977) showed that this procedure is an EM
algorithm.
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The major limitation of the procedure is the assumption that X must be embedded in a pre-
specified orthogonal matrix X.. We propose a new algorithm, called orthogonalizing EM
(OEM) algorithm, to remove this restriction and extend to other directions. The first step,
called active orthogonization, orthogonalizes an arbitrary regression matrix by elaborately
adding more rows. The second step imputes the responses of the new rows. The third step
solves the OLS problem in (2) for the complete orthogonal design. The second and third
steps iterate until convergence. The OEM procedure implicity adds rows and only requires
the computation of the largest eigenvalue of X’X in order to achieve convergence.

For the OLS problem in (2), OEM works with an arbitrary regression matrix X. OEM can be
extended to penalized least squares problems by adding penalties or constraints to p in (2).
For penalized problems, the only difference in the OEM algorithm is the form of the
solutions to the second and third steps. We demonstrate that OEM

1. Is faster than competing methods when n > p for ordinary and penalized
least squares

2. Converges to the Moore-Penrose generalized inverse for rank-deficient
matrices faster than standard methods for both when n> pand p> n

3. Computes solutions to penalization paths for multiple penalties efficiently

4, Results in estimates with grouping coherence, in that it yields the same
coefficients for fully aliased columns in X

5. Converges faster for penalized least squares than ordinary least squares

The remainder of this paper will be presented as follows. Section 2 discusses the active
orthogonalization procedure. Section 3 presents OEM for OLS. Section 4 extends OEM to
penalized least squares. Section 5 provides convergence properties of OEM. Section 6
presents numerical examples to compare OEM with other algorithms for penalized least
squares. Section 7 concludes with some discussion.

2 ACTIVE ORTHOGONALIZATION

For an arbitrary nx pmatrix X in (1), we propose active orthogonalizationto actively
orthogonalize an arbitrary matrix by elaborately adding more rows. Let Sbe a p x p diagonal
matrix

S=diag(s1,...,5p), (5)

where s;> 0 for j=1, ..., p. Consider the eigenvalue decomposition V'T'V of Sixxst
(Wilkinson 1965), where V is an orthogonal matrix and I is a diagonal matrix whose
diagonal elements, y1 > - = y), are the nonnegative eigenvalues of SIX'XS™. For d= n,
let
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t=#{jy;=d, j=1,...,p} (6)

denote the number of the y;yequal d. For example, if d= y1 = yp and y > y;for j=3, ..., p,
then £=2. If d> y, then £= 0. Define

B=diag(d—9t11,---,d—p) @)
and
A=B'?ViS, (g)

where V1 is the submatrix of V consisting of the last p— ¢frows. Put X and A row by row
together to form a complete matrix X.

Lemma 1—The matrix X; above is column orthogonal.

Lemma 1 indicates that at most p — frows need to be added to make X orthogonal. The
following lemma shows that p — ¢is actually the minimum value.

Lemma 2—Suppose that A is an /x p matrix satisfying XX + A’A = diag(ay, -+, d)) with

th, -, dp> 0. Forany d> 0, let S=diag(\/d1/d, ..., \/dy/d)and 11 = - 2 y,denote the
eigenvalues of SIX'XS™L. If d= y, then /= p— t where t=#{j . yj=d j=1, ..., p}.

We now consider the underlying geometry of active orthogonalization, which should provide
intuition behind the OEM algorithm. For a vector x € R”7, let 2,x denote its projection onto
a subspace o of R””. Lemma 1 implies that for the column vectors x, ..., X, € R” of Xin
(1), there exists a set of mutually orthogonal vectors X, ..., X¢p € R™PLof X, in (3)
satisfying Prxqi=X;, for j=1, ..., p.

Remark 1—In (8) A has p— frows, which does not rely on the number of rows in X.
Lemmas 1 and 2 indicate that p— £rows need to be added to make X orthogonal.

Remark 2—The form of Sin (5) can be chosen flexibly. One possibility is S= I , with
X' X+A'A=dI, (g

with d= y, and X; is standardized such that the Euclidean norm of each column is & Note
that larger ¢corresponds to fewer rows needed, and #depends on Sand d. We can use the
optimal Sand d'that maximize the value of ¢ Clearly d= y; leads to the maximum ¢for a
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given S, whereas the optimal S has no obvious form. From the algorithmic aspect, a more
reasonable strategy is to select them that optimize the convergence rate of the proposed
algorithm; see the appendix for details on the convergence rate. However, it adds extra
computational burden to solve such optimization problems, and we usually use explicit form
of Slike S= 1. For standardized X, another intuitive selection in (10) reduces to S= 1.

The augmented rows A need not be computed explicitly. Instead, we can compute A’A,
which has a simple form, a5? — X’X. As a direct result, only the largest eigenvalue of S™1X
’XS1is required. Such a task can be very efficiently achieved using modern numerical
linear algebra techniques.

Example 1—Suppose that X in (1) is orthogonal. Take = y; and

1/2 1/2

S=diag | (D _z%)
=1

n

2

R (inp
i=1

(10)

Note that SIX’XS™1 is an identity matrix. Consequently, = p, and A in (8) is empty, which
indicates that active orthogonalization will not overshoot.

Example 2—Let

0 0 3/2
—4/3 —2/3 1/6
2/3  4/3 1/6
-2/3  2/3 —7/6

X=

If S=13and d= y, then £= 2 and (8) gives A=(—2/ V3, 2/ V3, 1/V/3),

See the Supplementary Materials for further examples.

3 OEM FOR ORDINARY LEAST SQUARES

We now develop OEM for the OLS problem in (2) when the regression matrix X has an
arbitrary form. OEM converges to the solution even if the model is misspecified. In practice,
standard linear model diagnostic procedures should be enacted. Active orthogonalization is
first employed to obtain A in (8). If X. is known (Healy and Westmacott 1956), then skip this
step. For any initial estimator B(9), the second step imputes ymiss in (4) with y; = AB©). Let

ye=(y .y,) . The third step solves

M) —argmin|ly.— X8>
B argngnHyc Bl 1)
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Then, the second and third steps iterate for obtaining p@ (), ... until convergence. Define
A=A'A. (12)
For X in (3), let (a4, ..., dp) denote the diagonal elements of X(/;Xc' For k=0,1, ..., let
u=(ug,... ,up)/:X/y—i—Aﬂ(k)., (13)

and (11) becomes

P
B+ :argminz (djﬁjz—Zujﬁj ),
f = (14)

which is separable in the dimensions of B. Thus, (14) has a simple form
B =y /d;,  forj=1,....p, (15)

which involves no matrix inversion. If X is constructed by active orthogonalization with S

in (5), then d;=ds7 in (15) for j=1, ..., p.

The above algorithm works for any Sin (5). For simplicity, we fix S= 1, in the remaining
part of this section; see Remark 2 for a discussion on selection of S. In practice, obtaining A
in (8) may be computationally expensive. Instead, one can simply compute A = A’A and the

diagonal entries a, ..., d) of X(,;Xc' For S=1, by (8), A =dl ,— XX, where dis a number
no less than the largest eigenvalue y; of X’X. This essentially reduces OEM to finding a
reasonable @, which can be accomplished efficiently. A possible choice is d= trace(X’X).
Another choice is d= y; to obtain the fastest convergence; see the appendix. We compute y;
by the Lanczos algorithm (Lanczos 1950) described in the Supplementary Materials.

Remark 3—When p > n, we ease the computational burden by replacting the p x p matrix
X’X with the 7x nmatrix XX’ in the Lanczos method as the two matrices have identical
non-zero eigenvalues.

When X has full column rank, the convergence results in Wu (1983) indicates that the OEM
sequence given by (15) converges to the OLS estimator for any initial point (. Next, we
discuss the convergence property of OEM when X’X is singular, which covers the case of p
> n. Let rdenote the rank of X. For r< p, the singular value decomposition (Wilkinson 1965)
of X is
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) 1/2
x=u [ o™ 0}y
0 0

where U is an nx northogonal matrix, V is a p x p orthogonal matrix, and T is a diagonal
matrix with diagonal elements y; = -+ = y,which are the positive eigenvalues of X’X. Define

B=(xX'X)"X'y, (10)

where * denotes the Moore-Penrose generalized inverse (Ben-Israel and Greville 2003).

Theorem 1—Suppose that X'X + A/A = pl . If B lies in the linear space spanned by the
first rcolumns of V/, then as k — oo, for the OEM sequence {B(¥} of the ordinary least
squares, K — B~

In active orthogonalization, the condition X’X + &A= 11 , holds if d= y and S=1,in (8).
Using B = 0 satisfies the condition in Theorem 1.

The Moore-Penrose generalized inverse is widely used in statistics for a degenerated system.
Theorem 1 indicates that OEM converges to B’? in (16) in this case. When r< p, the limiting
vector B’?given by an OEM sequence has the following properties. First, it has the minimal
Euclidean norm among the least squares estimators (X’X) Xy (Ben Israel and Greville
2003). Second its model error has a simple form, £[(B"-B) (X'X)(B" B)] ro?. Third, Xa =0
implies a’B = 0 for any vector a. The third property indicates thatB inherits the
multicollinearity between the columns in X. This property is stronger than grouping
coherence for penalized least squares in the appendix.

We now discuss the computational efficiency of OEM for computing BQ in (16) when X is
degenerated. Recall that X’X and XX’ have the same nonzero eigenvalues. The computation
of y in the OEM iterations by the Lanczos algorithm has complexity O(min{n, p}2 max{n,
P}). Since the complexity of the OEM iterations is O(767), the whole computational
complexity of OEM for computing [3’? is O(nr?). The singular value decomposition method
computes (X’X)* first by singular value decomposition to obtain [3?, and has computational
complexity O(ne? + p3). The OEM algorithm is superior to this method in terms of
complexity for large p.

We conduct a simulation study to compare the speeds of OEM and the singular value
decomposition-based least squares method for computing B’? in (16). The MATLAB function
pinv is used in the singular value decomposition method as above. Generate all entries of X
and y independently from the standard normal distribution. A new predictor calculated as the
mean of all the covariates is added to degenerate the design matrix. Table 1 compares a
simple MATLAB implementation of OEM and the singular value decomposition method in
computing B’?. Both OEM and the singular value decomposition method give the same
results. The results for p> nsituations are similar to those of 7> pand are included in the
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Supplementary Materials. Tables 1 and in Section C.1 in the Supplementary Materials
indicate that OEM is faster than the singular value decomposition method for any
combination of nand p, which is consistent with the above complexity analysis.

4 OEM FOR PENALIZED LEAST SQUARES

The OEM procedure can be easily extended to penalized least squares problems. Consider a
penalized version of (1):

. 2 .
min [ly-XBI*+PEN].

where B € ©, © is a subset of R”, Pis a penalty function, and A is the vector of tuning
parameters. To apply the penalty Pequally to all the variables, the regression matrix X is
standardized so that

fojzl, forj=1,...,p.
i=1 (18)

Popular choices for Pinclude ridge regression (Hoerl and Kennard 1970), the nonnegative
garrote (Breiman 1995), the lasso (Tibshirani 1996), SCAD (Fan and Li 2001), and the MCP
(Zhang 2010).

) P
Suppose that © and Pin (17) are decomposable as @:szle)j and

p
P(ﬂ;)\)zzjzlpj(ﬁj?\). For the problem in (17), the first step of OEM is active
orthogonalization, which computes A in (8). For any initial estimator p(%), the second step

imputes Ymiss in (4) by y; = ABO. Let y.=(y', y;)l. The third step solves
M —argmi —XB|*+P(B:N)| .
B argmin [Ilyc B+ (ﬂ,/\)}

The second and third steps iterate to compute B(¥) for k=1, 2, ... until convergence. Similar
to (14), we have an iterative formula

k+1 . .
A e uig 1436} 2B BB forg=L o,

with u = (4, ..., Up)" defined in (13). This shortcut as applied to the Lasso penalty
(Tibshirani 1996) is as follows:

With @j: R,
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J

B —sign(u;) (?) .
+ (21

Page 9

Here, for a € R, (&)+ denotes max{a, 0}. The formulas for further penalties are included in

the Supplementary Materials.

OEM for (17) is also an EM algorithm. Let the observed data y follow the model in (1).

Assume that the complete data yC:(y/7 y;niss)/ in (4) follows a regression model y. = X +
€ Where g.is from MO, | ). Let B be a solution to (17) given by B = argmaxgeg LB | Y),

and the penalized likelihood function L(B |y) is
7,”/2 1 2 1
(2m) " Fexp ( —5lly=XB|" ) exp | -5 P(B;A)| -
Given B(X, the second step of OEM for (17) is the E-step,

E[log{L(ﬂ\yc)}ly,ﬂ(’“)]=—C{||y—XﬂH2+E(Hymis2s—XﬂH2Iﬂ(k))+P(ﬁ;A)}
=—C{n+|ly-XB|*+| A% - AB|| +P(B;)\)}

for some constant C> 0. Define
2
QBIBM)=y—XBI*+|A8* - AB+P(BN). (22)
The third step of OEM is the M-step,

(k+1) _ ~ (k)
B arggggQ(ﬁ 18'), 23)

which is equivalent to (19) when © and Pin (17) are decomposable.
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Example 3—For the model in (1), let the complete matrix X be an orthogonal design from
Xu (2009) with 4096 runs in 30 factors. Let X in (1) be the submatrix of X, consisting of the
first 3000 rows and let y be generated from (1) with 0= 1 and

Bi=(—1) exp [~2(j—1)/20) for j=1,....,p. (24)

Here, let p= 30, 7= 3000, and the response values for the last 1096 rows of X, be missing.
OEM is used to solve the SCAD problem with an initial value (¥ = 0 and a stopping
criterion when relative changes in all coefficients are less than 1078, For 1= 1and 2= 3.7 in
the SCAD penalty, defined in the Supplementary Materials, Figure 1 plots values of the
objective function in (17) with the SCAD penalty of the OEM sequence against iteration
numbers, where the convergence occurs at iteration 13, and the objective function
significantly reduces after two iterations.

5 CONVERGENCE OF THE OEM ALGORITHM

We now establish convergence properties of OEM with the general penalty in (17). We also
give results to compare the convergence rates of OEM for OLS, the elastic-net, and the
lasso. These convergence rate results show that for the same data set, OEM converges faster
for penalized least squares than ordinary least squares. This provides a new theoretical
comparison between these methods. The objective functions of existing EM convergence
results like those in Wu (1983), Green (1990) and McLachlan and Krishnan (2008) are
typically continuously differentiable. This condition does not hold for the objective function
in (17) with the lasso and other penalties, and these existing results do not directly apply
here.

For the model in (1), denote the objective function in (17) by
1B)=ly—XBI*+P(B;)), (25)

which is defined on a subset © of R”. For penalties like the bridge, it is infeasible to perform
the M-step in (23) directly. For this situation, following the generalized EM algorithm in
Dempster, Laird, and Rubin (1977), we define the following generalized OEM algorithm

ﬁ(k) N Ig(kﬂ) c ///(,3(19))’ (26)

where B — 2¢(B) C © is a point-to-set map such that

Q(o|B) < Q(B|B), foralle € #(B).
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Here, Qis given in (22). The OEM sequence defined by (23) is a special case of (26). For
example, the generalized OEM algorithm can be used for the bridge penalty (Frank and
Friedman 1993), where ©;= R and

Pi(BN)=AlB;|"  (27)

for some a € (0, 1) in (17). Since the solution to (19) with the bridge penalty has no closed

form, one may use one-dimensional search to compute ﬁ](-k“) that satisfies (26).

We make the following three assumptions throughout this section.
Assumption 1. The parameter space © is a closed convex subset of R”.

Assumption 2. For a fixed 4, the penalty AB; 1) in (17) is continuous with
respectto p € ©.

Assumption 3. The sequence {B(¥} defined in (26) lies in a compact subset of
RP.

Assumption 1 covers the case in which the sequence {f(¥} may fall on the boundary of ©
(Nettleton 1999), like the nonnegative garrote (Breiman 1995) and the nonnegative lasso
(Efron et al. 2004). The generalized OEM algorithms for the penalties discussed in Section 4
all satisfy Assumptions 1 and 2. By the monotonicity property of the generalized EM
algorithm, Assumption 3 holds if we have the lower compact condition that { € © : AB) <
C} is compact for any constant C. This condition is generally required in the convergence
analysis of MM algorithms (Lange 1999), which are extensions of EM algorithms. It is
obvious that the lower compact condition holds if AB) — oo as ||p|| — oo. Therefore, for
SCAD and MCP, the lower compact condition holds if X has full column rank; for other
penalties in Section 4, it holds for any X and y. The generalized OEM algorithm for the
bridge penalty in (27) also satisfies the above assumptions.

Remark 4—When pis larger than n, the lower compact condition does not hold for SCAD
or MCP. For this case, Assumption 3 also holds if there exists some 4 such that (%) lies in
the set {B € © : [B) < inf £}, where Zis the set of limit points of all {{¢,)} with ¢, € ©
and ||| = oo as n— oo.

The objective functions in (17) with the lasso and other penalties are not continuously
differentiable. A more general definition of stationary points is needed. We call p € © a
stationary point of /if

11trggnfl((1_t)ﬂ+tt¢)_l(ﬂ) >0 forallgp € O.

Technometrics. Author manuscript; available in PMC 2016 August 04.
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Let Sdenote the set of stationary points of / By Assumption 2, 24 is a closed point-to-set
map (Zangwill 1969; Wu 1983). Analogous to Theorem 1 in Wu (1983) on the global
convergence of the EM algorithm, we have the following result.

Theorem 2—Let {B(¥} be a generalized OEM sequence generated by (26). Suppose that
1B* N <1(B®))  forall %) € ©\S. (28)

Then all limit points of {$(¥} are elements of Sand AB¥)) converges monotonically to /* =
AB”) for some B* € S.

Theorem 3—If B” is a local minimum of Q@ | B), then ™ € S.

This theorem follows from the fact that AB) — QB | B*) is differentiable and

BB,
o8 st

Remark 5—By Theorem 3, if ¥ ¢ S, then B(X cannot be a local minimum of Q(B | BX).

Thus, there exists at least one point B**1) € 2(B(X) such that QB4+ | B8y < OB | p(A)
and therefore satisfies the condition in (28). As a special case, an OEM sequence generated
by (23) satisfies (28) in Theorem 2.

Next, we derive convergence results of a generalized OEM sequence {B(¥} in (26), which,
by Theorem 3, hold automatically for an OEM sequence. If the penalty function AB; 1) is
convex and AB) has a unique minimum, Theorem 4 shows that {$(¥} converges to the global
minimum.

Theorem 4—For {f(¥} defined in Theorem 2, suppose that AB) in (25) is a convex
function on © with a unique minimum B~ and that (28) holds for {B(¥}. Then ¥ — B as
— 0.

Theorem 5 discusses the convergence of an OEM sequence {B(¥} for more general
penalties. For a € R, define S(8) = {o@ € S (o) = a}. From Theorem 2, all limit points of
an OEM sequence are in S(/), where / is the limit of AB(¥)) in Theorem 2. Theorem 5
states that the limit point is unique under certain conditions.

Theorem 5—Let {f(¥} be a generalized OEM sequence generated by (26) with A/A > 0. If
(28) holds, then all limit points of {B(¥} are in a connected and compact subset of S (/). In
particular, if the set S(/°) is discrete in that its only connected components are singletons,
then B(K converges to some B~ in S (/) as k — .
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6 NUMERICAL ILLUSTRATIONS FOR SOLVING PENALIZED LEAST

SQUARES

Many algorithms for solving the penalized least squares problem in (17) are available,
including the LARS algorithm introduced in Efron, Hastie, Johnstone, and Tibshirani (2004)
and the coordinate descent (CD) algorithm (Tseng 2001; Friedman, Hastie, Hofling and
Tibshirani 2007; Wu and Lange 2008; Tseng and Yun 2009). The corresponding R packages
include lars (Hastie and Efron 2011), and glmnet (Friedman, Hastie, and Tibshirani 2011).
For nonconvex penalties in (17) like SCAD and MCP, existing algorithms for solving this
optimization problem include local quadratic approximation (Fan and Li 2001; Hunter and
Li 2005), local linear approximation (Zou and Li 2008), the CD algorithm (Breheny and
Huang 2010; Mazumder, Friedman, and Hastie 2011) and the minimization by iterative soft
thresholding algorithm (Schifano, Strawderman, and Wells 2010), among others. We
demonstrate that in big data settings when 7> p, our OEM implementation vastly
outperforms coordinate descent, as implemented in glmnet, which is considered one of the
fastest algorithms for penalized regression problems. OEM is less efficient when p > n. To
mitigate this, computation can be vastly reduced via screening methods. Here we compare
OEM with the CD, LARS, and glmnet algorithms for penalized least squares.

6.1 COMPARISONS WITH OTHER ALGORITHMS

We now compare the computational efficiency of OEM for penalized least squares problems
with the coordinate descent (CD) algorithm. OEM is implemented in R with main code in C
++. For fitting the lasso, we compare OEM and the R package glmnet, which uses Fortran
for the main computation. For MCP, we compare OEM with a C implementation of the CD
algorithm in the R package ncvreg and with a slightly different CD implementation in
Fortran in the R package sparsenet.

We consider the situation when the sample size nis larger than the number of variables p.
For the penalized problems, solutions for 100 tuning parameter values are computed for all
methods. Three different covariance matrix structures for the predictor variables are
compared. The first is the case where all the variables are independently generated from
standard normal distribution, the second and third cases involve design matrices with a
correlations structure

Cor(Xi,Xj):p|i7j| fori, j=1,...,p, (29)

where p=0, 0.2, 0.8. The response is generated as a linear combination of the design matrix
and the true model is y = X/ + €, where & follows the normal distribution MO, 1), Fis
independent of & and follows the normal distribution M0, 1 ).

To compare the performance of OEM, CD implemented in the ncvreg package (Breheny, et
al 2011), and sparsenet (Mazumder, et al 2011) algorithms for nonconvex penalties, data are
generated 10 times and the average runtime are shown in Table 3. The results indicate that
OEM has advantages when the sample size is significantly larger than the number of
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variables especially for the independent design. All algorithms tend to require more fitting
time when the correlations among the covariates increase. The results are similar for the
SCAD penalty for OEM and CD and are not presented, but sparsenet lacks an
implementation of SCAD. Table 2 in the Supplementary Materials shows that, for
computing SCAD, the CD algorithm is faster and the computational gap gets wider when the
ratio of p/nincreases. This phenomenon also occurs for the lasso.

A close scrutiny of the two algorithms reveals that they take similar number of iterations but
the computation of OEM required a one time computation of matrix multiplication X’X and
the complexity of this process is O(71p%), which dominates the algorithm especially when pis
very large. This is the main drawback of the OEM algorithm.

An advantageous and unique property of the OEM algorithm is its ability to provide
solutions for full tuning parameter paths for multiple penalties simultaneously with minimal
relative added computation, especially as sample size increases. If in a particular application
a comparison between many different penalties is required, OEM provides a way of
computing them all at once. While many methods such as coordinate descent have been
shown to be efficient in computing solutions to full penalization paths, this result is different
in that OEM is efficient in the computation of solutions for full penalization paths for
multiple penalties. To the best of our knowledge, no other algorithm possesses this property.
A demonstration of this provided in Table 4. We compare the speed of OEM in computing a
path of 100 tuning parameter values for the lasso penalty with that of OEM for paths of 100
tuning parameter values for each of the lasso, SCAD, and MCP penalties all at once.

6.2 LARGE-SCALE PERFORMANCE

In many large scale applications, the regression matrix X cannot be fit into memory. Due to
its structure, the OEM algorithm extends naturally to such problems. The key computational
components of the OEM algorithm, A and X'y, can be computed in a block row-wise
fashion, which removes the need to store the entirety of X in memory at once. Specifically,
under this scheme, A is computed iteratively by partitioning X into manageable submatrices

Xz ¢=1, ..., Cand computing X/XZZS;X;XC. X’y can be computed similarly. This
allows OEM to scale naturally to settings where the number of observations is arbitrarily
large. Methods based on CD do not naturally scale in this sense, as the entire coordinate
gradient must be formed at each iteration.

In order to demonstrate the utility of OEM for extremely large-scale applications, a
simulation with large sample sizes was conducted. For the dense matrix simulation, the data
were simulated like in Table 2 with p = 0. As many applications such as text analysis result
in regression matrices with mostly zero values, a sparse setting was investigated. In this
setting the regression matrix X is much larger than in the dense simulation, but a majority of
the values are 0. A was computed in blocks of size 106 for the dense simulation and of size
107 for the sparse simulation. Results are shown in Table 5.
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6.3 DATA ANALYSIS

Consider a dataset from US Census Bureau County and City Data Book 2007, United States
Department of Commerce (2007). The response is population change in percentage. The 36
covariates are described in the Supplementary Materials. These variables are in percentage
of population of the individual counties.

There are 2573 (counties) observations without missing observations. The linear regression
model in (1) is used to fit the data. The solution paths for the lasso, SCAD and MCP fitted to
the data set are given in the Supplementary Materials. The number of non-zero coefficients,
cross validation residual sum of squares, AIC and BIC are presented in Table 6, where the
tuning parameter A is chose by BIC.

The significant variables reveal that the population change is highly related to the living
standards of the counties. Table 6 compares the fitted models from different penalized least
squares problems. Note that MCP has the most sparse model with little sacrifice of CV error,
AIC and BIC scores. LASSO has the model with smallest CV error but including nearly all
the candidate predictors. In the example, the penalized models favor complex models with
many nonzero coefficients and this reveals the fact that there are many factors that have
profound influence on population change of counties in the US. In addition, the last two
columns of Table 6 also give the runtime of fitting the 10-fold cross-validation to the data,
where OEM is implemented in R with main code in C++, LASSO with CD from glmnet,
and SCAD and MCP from ncvreg.

7 DISCUSSION

We have proposed a new algorithm called OEM for solving ordinary and penalized least
squares problems for general data structures. We have showed that in order to actively
orthogonalize a regression matrix X, one need not explicitly add new rows This can be
avoided by a procedure that only requires the largest eigenvalue of X’X. For big data
problems, we have demonstrated that OEM outperforms the competing methods and shows
great potential in many modern large-scale applications. In addition to its numerical
performance, OEM has several desirable theoretical properties, including convergence to the
Moore-Penrose generalized inverse-based least squares estimator for singular regression
matrices and convergence to a point having grouping coherence for the lasso, SCAD or
MCP. For applications such as micro-array, one might be interested in extending the result to
the small nand large p case, where OEM is generally slower than state-of-the-art algorithms.
This suggests a new interface between optimization and statistics for penalized methods.

The algorithm can be sped up by using various methods from the EM literature (McLachlan
and Krishnan 2008). A detailed discussion of this topic is included in the Supplementary
Materials.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Values of the objective function of an OEM sequence for the SCAD against iterations for

Example 3.
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Average runtime (seconds) comparison between OEM and the SVD least squares method for 7> p

Table 1

n p  OEM SVD
10 00433  0.0956
50  0.2439  0.4098
50,000 200 14156  4.9765
1000 54165 453270
5000 72.0630 442.3300
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Average runtime (seconds) comparison between OEM lasso and OEM lasso, SCAD, MCP

Table 4

p n OEM Lasso OEM Lasso, SCAD, MCP
1x104 0.0994 0.1552
1x105 0.5646 0.6094
200
1x108 5.6788 5.6909
5x 106 28.1284 28.2814
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	3 OEM FOR ORDINARY LEAST SQUARES
	Remark 3—When p > n, we ease the computational burden by replacting the p × p matrix X′X with the n × n matrix XX′ in the Lanczos method as the two matrices have identical non-zero eigenvalues.When X has full column rank, the convergence results in Wu (1983) indicates that the OEM sequence given by (15) converges to the OLS estimator for any initial point β(0). Next, we discuss the convergence property of OEM when X′X is singular, which covers the case of p > n. Let r denote the rank of X. For r < p, the singular value decomposition (Wilkinson 1965) of X is where U is an n × n orthogonal matrix, V is a p × p orthogonal matrix, and Γ0 is a diagonal matrix with diagonal elements γ1 ≥ ··· ≥ γr which are the positive eigenvalues of X′X. Define (16)where + denotes the Moore-Penrose generalized inverse (Ben-Israel and Greville 2003).Theorem 1—Suppose that X′X + Δ′Δ = γ1Ip. If β(0) lies in the linear space spanned by the first r columns of V′, then as k → ∞, for the OEM sequence {β(k)} of the ordinary least squares, β(k) → β̂*.In active orthogonalization, the condition X′X + Δ′Δ = γ1Ip holds if d = γ1 and S = Ip in (8). Using β(0) = 0 satisfies the condition in Theorem 1.The Moore-Penrose generalized inverse is widely used in statistics for a degenerated system. Theorem 1 indicates that OEM converges to β̂* in (16) in this case. When r < p, the limiting vector β̂* given by an OEM sequence has the following properties. First, it has the minimal Euclidean norm among the least squares estimators (X′X)−X′y (Ben-Israel and Greville 2003). Second, its model error has a simple form, E[(β̂*−β)′(X′X)(β̂*−β)]= rσ2. Third, Xα = 0 implies α′β̂* = 0 for any vector α. The third property indicates that β̂* inherits the multicollinearity between the columns in X. This property is stronger than grouping coherence for penalized least squares in the appendix.We now discuss the computational efficiency of OEM for computing β̂* in (16) when X is degenerated. Recall that X′X and XX′ have the same nonzero eigenvalues. The computation of γ1 in the OEM iterations by the Lanczos algorithm has complexity O(min{n, p}2 max{n, p}). Since the complexity of the OEM iterations is O(np2), the whole computational complexity of OEM for computing β̂* is O(np2). The singular value decomposition method computes (X′X)+ first by singular value decomposition to obtain β̂*, and has computational complexity O(np2 + p3). The OEM algorithm is superior to this method in terms of complexity for large p.We conduct a simulation study to compare the speeds of OEM and the singular value decomposition-based least squares method for computing β̂* in (16). The MATLAB function pinv is used in the singular value decomposition method as above. Generate all entries of X and y independently from the standard normal distribution. A new predictor calculated as the mean of all the covariates is added to degenerate the design matrix. Table 1 compares a simple MATLAB implementation of OEM and the singular value decomposition method in computing β̂*. Both OEM and the singular value decomposition method give the same results. The results for p > n situations are similar to those of n > p and are included in the Supplementary Materials. Tables 1 and in Section C.1 in the Supplementary Materials indicate that OEM is faster than the singular value decomposition method for any combination of n and p, which is consistent with the above complexity analysis.
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	Example 3—For the model in (1), let the complete matrix Xc be an orthogonal design from Xu (2009) with 4096 runs in 30 factors. Let X in (1) be the submatrix of Xc consisting of the first 3000 rows and let y be generated from (1) with σ = 1 and(24)Here, let p = 30, n = 3000, and the response values for the last 1096 rows of Xc be missing. OEM is used to solve the SCAD problem with an initial value β(0) = 0 and a stopping criterion when relative changes in all coefficients are less than 10−6. For λ = 1 and a = 3.7 in the SCAD penalty, defined in the Supplementary Materials, Figure 1 plots values of the objective function in (17) with the SCAD penalty of the OEM sequence against iteration numbers, where the convergence occurs at iteration 13, and the objective function significantly reduces after two iterations.
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	5 CONVERGENCE OF THE OEM ALGORITHM
	Remark 4—When p is larger than n, the lower compact condition does not hold for SCAD or MCP. For this case, Assumption 3 also holds if there exists some k such that β(k) lies in the set {β ∈ Θ : l(β) < inf ℒ}, where ℒ is the set of limit points of all {l(ϕn)} with ϕn ∈ Θ and ||ϕn|| → ∞ as n → ∞.The objective functions in (17) with the lasso and other penalties are not continuously differentiable. A more general definition of stationary points is needed. We call β ∈ Θ a stationary point of l ifLet S denote the set of stationary points of l. By Assumption 2, ℳ is a closed point-to-set map (Zangwill 1969; Wu 1983). Analogous to Theorem 1 in Wu (1983) on the global convergence of the EM algorithm, we have the following result.Theorem 2—Let {β(k)} be a generalized OEM sequence generated by (26). Suppose that(28)Then all limit points of {β(k)} are elements of S and l(β(k)) converges monotonically to l* = l(β*) for some β* ∈ S.Theorem 3—If β* is a local minimum of Q(β | β*), then β* ∈ S.This theorem follows from the fact that l(β) − Q(β | β*) is differentiable andRemark 5—By Theorem 3, if β(k) ∉ S, then β(k) cannot be a local minimum of Q(β | β(k)). Thus, there exists at least one point β(k+1) ∈ ℳ(β(k)) such that Q(β(k+1) | β(k)) < Q(β(k) | β(k)) and therefore satisfies the condition in (28). As a special case, an OEM sequence generated by (23) satisfies (28) in Theorem 2.Next, we derive convergence results of a generalized OEM sequence {β(k)} in (26), which, by Theorem 3, hold automatically for an OEM sequence. If the penalty function P(β; λ) is convex and l(β) has a unique minimum, Theorem 4 shows that {β(k)} converges to the global minimum.Theorem 4—For {β(k)} defined in Theorem 2, suppose that l(β) in (25) is a convex function on Θ with a unique minimum β* and that (28) holds for {β(k)}. Then β(k) → β* as k → ∞.Theorem 5 discusses the convergence of an OEM sequence {β(k)} for more general penalties. For a ∈ ℝ, define S (a) = {ϕ ∈ S : l(ϕ) = a}. From Theorem 2, all limit points of an OEM sequence are in S (l*), where l* is the limit of l(β(k)) in Theorem 2. Theorem 5 states that the limit point is unique under certain conditions.Theorem 5—Let {β(k)} be a generalized OEM sequence generated by (26) with Δ′Δ > 0. If (28) holds, then all limit points of {β(k)} are in a connected and compact subset of S (l*). In particular, if the set S (l*) is discrete in that its only connected components are singletons, then β(k) converges to some β* in S (l*) as k → ∞.
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