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Abstract

Network models are widely used in social sciences and genome sciences. The latent space model
proposed by (Hoff et al. 2002), and extended by (Handcock et al. 2007) to incorporate clustering,
provides a visually interpretable model-based spatial representation of relational data and takes
account of several intrinsic network properties. Due to the structure of the likelihood function of
the latent space model, the computational cost is of order O(AZ), where N is the number of nodes.
This makes it infeasible for large networks. In this paper, we propose an approximation of the log
likelihood function. We adopt the case-control idea from epidemiology and construct a case-
control likelihood which is an unbiased estimator of the full likelihood. Replacing the full
likelihood by the case-control likelihood in the MCMC estimation of the latent space model
reduces the computational time from O(A2) to O(N), making it feasible for large networks. We
evaluate its performance using simulated and real data. We fit the model to a large protein-protein
interaction data using the case-control likelihood and use the model fitted link probabilities to
identify false positive links.
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1 Introduction

Networks consist of the links between members of a set of actors that are connected by a
specific kind of relationship. Networks have many applications in social science, political
science, and recently in genome science. Examples include friendship among students in a
high school, international trade and conflicts, and protein-protein interactions. Statistical
models are widely used to represent such data. Statistical network models include
exponential random graph models (Frank and Strauss 1986; Wasserman and Pattison 1996),
the homogeneous monadic Markov model (Frank and Strauss 1986), the stochastic
blockmodel (Wang and Wong 1987), the latent class membership model (Nowicki and
Snijders 2001) and the mixed membership stochastic blockmodel (Airoldi et al. 2008).
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Hoff, Raftery, and Handcock (2002) proposed a stochastic model for representing network
data based on the concept of “social space” (McFarland and Brown 1973). The key idea
behind this model is that the observed relations are determined by the unobserved latent
characteristics of the actors. These latent characteristics are represented by the actors’
unobserved latent positions in a Euclidean space. The probability of a link between two
actors is determined by the distance between their latent positions and, given the latent
positions of the actors, the relational ties are independent. Specifically, for a network of size
N, the latent space model is as follows:

Pr(Y|Z, X,0)=] [ P(yi;|2i, zj, 2i;,0),
i#] (1)

where X'and x;;are observed covariates, © are parameters and Zare latent positions, where
both © and Zare to be estimated. The probability of a link between actors 7and j, Pr(y;iz; z;,
Xj; ©), can be conveniently modeled by a logistic regression model, namely

mij=log odds(yi;=1z2i, zj, 255, &, f)=a+5'zij — |2 — z]. (2

To complete the model specification, we assume that the z/s themselves are independent
draws from a distribution. Hoff et al. (2002) assumed that this was a spherical multivariate
normal distribution, so that

iid
21y 2y ™ N[VNk(O, U?Ik), (3)

where kis the dimension of the latent space. Thus the latent space network model is a
hierarchical model for the y;; where the distribution of the y;;depends on the z; and the z;in

turn have a distribution specified by o2

The latent space model provides a visual and interpretable model-based spatial
representation of relational data and takes account of several intrinsic network properties,
including transitivity and homophily on both unobserved and observed attributes. Handcock,
Raftery, and Tantrum (2007) extended the latent space model to allow clustering of the
subjects in the network, beyond what would be implied by simple transitivity. Instead of
assuming that the z;come from a multivariate normal distribution, they assumed that the z;
are from a mixture of multivariate normal distributions, namely

G
ZZ'ﬂ\':E::;\EZPV[‘VTI\Ik;(}Lg, (7;5136),

g=1

e}
where A is the probability that an actor belongs to the gth group, A, =0 and 29:1)‘9:1.

The log likelihood of a, B and the z/s for the latent space model is as follows:
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log Pr(Y|n)=> {mijyi; — log(1+€")},
@

where n;;= a + B’ x;;— |z;- zj. Calculation of this log likelihood involves a sum over M
- 1) terms, which is of the order of O(A2) terms. When the relationship is undirected, the

N 1
number of terms is( 2 > =5 NNV =1) \which is still ON2).

In order to estimate the regression coefficients a., B, the latent positions zand their variance
o2, itis standard to apply a Bayesian approach by constructing a Markov chain with
stationary distributions equal to the posterior distribution of the parameters (Hoff et al. 2002;
Handcock et al. 2007; Krivitsky et al. 2009). The algorithm proceeds with Metropolis
updates for a, p and the z/s, generating random proposal values of these parameters from
symmetric distributions centered around their current values, and then accepting these
proposals with the appropriate probability. The 2 parameter is updated with a Gibbs step,
generated by sampling a new value from the full conditional distribution:

. For each 7in a random order, propose a value »; and accept with

p(Y[, X, 8)8(2))
probability p(Y]z, X, B)é(z:) -

_ _ PY]z, X, 0" (57)¢(e" (57))
Propose a*, B* and accept with probability P(Y|z X, a(8))é(a(B))

* Sample a new value 52 from its full conditional distribution.

The full conditional distribution of 2 will be an inverse-gamma distribution if the prior is
also inverse-gamma.

Due to the number of terms in the log likelihood, this algorithm is time consuming,
especially for large data sets, for the following reasons:

1. Foreach /=1, ..., N, updating z;requires calculation of (V- 1) terms of
the log likelihood.

2. The updating of a and B, requires calculation of all O(A2) terms of the log
likelihood.

Both sets of updates require O(A#) calculations at each iteration of the MCMC algorithm.
The computing time increases with the square of the size of the network. This computational
cost makes the latent space model infeasible for large networks, typically in practice when
the size of the network is above 1,000. To make likelihood-based inference (including
Bayesian inference via MCMC) possible, we propose an approximation to the log likelihood
function in (4). Using this approximation, we show that the computational cost can be
reduced from O(AZ) to O(N). Throughout this paper, we will focus on the computation of
the latent space model. The general idea of the approximation will also apply to other
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statistical network models, such as latent class models (Nowicki and Snijders 2001; Airoldi
et al. 2008) or latent factor models (Hoff 2009).

We describe the approximation in Section 2. In Sections 3 and 4 we evaluate its performance
using simulated data and a subset of a protein-protein interaction (PP1) dataset. We also fit
the PPI data using the proposed approximation in Section 4 and use the fitted model to
identify false positive links, a practical application of the latent space network models.

2 Case-Control Approximate Likelihood

Large networks are usually sparse. For example, in most cellular networks in biology,
including metabolic, physical interaction and regulatory networks, there are a small number
of highly connected hub nodes and the majority of the nodes have low degrees (Barabasi and
Oltvai 2004). Therefore, the summation in (4) involves mostly terms in which Y= 0.

In epidemiology, case-control studies are widely used to compare a group having the
outcome of interest (“case”) to a control group with regard to one or more characteristics
(Breslow 1996). Usually the cases are so rare that it is impossible or too expensive to draw a
simple random sample with enough cases to draw conclusions, or to conduct a a cohort
study. This is because in a cohort study the case cohort has far fewer members than the
control cohort. In a case-control study, available cases are collected and corresponding
controls are sampled from the disease-free cohort. Statistics play an important role in
analyzing case-control studies, with regard to finding causal relations, designing efficient
sampling methods, and controlling sampling bias and confounding factors. For a
comprehensive history of case- control studies and a manual of statistical methods in case-
control studies, see Breslow and Day (1980) and Breslow (1996).

In network data, if we view the 1’s as cases and the 0’s as controls, we are interested in
studying the observed and unobserved factors that distinguish these two populations. This is
similar to identifying the risk factors of disease in an epidemiological study. This analogy
suggests an approximation to the log likelihood function, which can be written as follows:

N

ty =log Pr(Y[n)=)
=1

where

=Y {mijy—log(1+em)} = > {ny—log(1+e™i)}+ Y {—log(l+e")} =l;1+L;p.

J# j#i,}(m‘:l j#i,Y;'J’:O
The quantity £ can be viewed as a population total statistic. This population total can be
estimated by a simple random sample of the population:

N N .0
£i70:ﬂ2{_10g(1+enik)}’

N
1,0 E—1
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where N; is the total number of 0’s in the A row, ;o is the number of samples selected
from the /7 row, and the sum is over those selected entries. Since & is based on a random
sample from among the 0’s, E[T,-,O] = {;o. For a large network, we can choose a relatively
small 77 to get an unbiased estimator of ;5 and thus greatly reduce the amount of
computation.

However,?,;o might not be the best estimator of {;. The latent space model assumes that
nodes that are “closer” to each other are more likely to form a tie than those farther apart.
This is often true in real networks. Therefore, for each node /, the population of 0’s is not
homogeneous. The nodes that are “closer” to node /may contain more information and be
more relevant in estimating the latent position of node /. We use the shortest path length
from node /to node /in the network (D) to define “closeness”.

Similarly to stratified sampling, we divide the 0’s into M strata according to D, leading to
the following decomposition of the contribution to the log likelihood by relations y; ;
involving node 7

t= Y {ny—log(l+e")}+ 3 {—log(l+e™)}4--+ 3 {log(l+e™)}.

j3:Y;5=1 j:D;;=2 j:Di;=M (5)

Therefore, an unbiased estimator of {;based on a stratified sample is as the following:

M N h
i y N, o v
;= Z {nij _10g(1+€"”)}+z—’hZ{—log(l—i—e”bk)},
=1 s S ®)

where N; pis the total number of entries in the H stratum, i.e. Djj= hforj=1, ..., Njp and
nj pis the number of selected samples in the A stratum.

Now we describe how we determine 77; . First, we pick a global control-to-case rate rand set
the total control size of each node 77;9 = rd =y, where d'is the mean degree of the entire

M
network. It is also possible to vary 7 across different nodes. Given a fixed ni,OZthl

we choose 7; 4 to be proportional to the H" stratum’s contribution to the log likelihood
change in sampling z; Specifically, we first draw a simple random sample of size 77;¢ and
conduct a pilot MCMC run. At each iteration of the pilot run, we calculate the log likelihood
change as follows:

ni)h!

AL,

G(2)—liz0)=in () —Cin (zi)+ D _{0in(z])—lin(2:)} = Alia+Y Alip,
h h

where - is the proposed new value of z; Then we calculate the relative weights by the
following:
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Al
w; p=| =——

: — |-
AL,

We use the mean value of w; , over the pilot run as the final weights and set

T h="0,0W; h-

Typically, iy is small compared to A. Therefore, at every evaluation of the log likelihood
function, the summation is over O(rg) terms, which does not grow with the network size N.
We caIIA£N= Z;{}-the stratified case-control likelihood. Using the case-control likelihood
reduces the computational cost from O(AZ) to O(N).

3 Simulation Studies

The latent space model provides an easy way to simulate networks with certain degrees and
structures. In order to evaluate the performance of the proposed case-control likelihood, we
simulated several networks from the latent space model of Hoff et al. (2002), and also from
the latent position cluster model of Handcock et al. (2007) with two clusters. We set the
intercept to be a value that makes the average degree of the network approximately 10. We
set the dimension of the latent space to be 2. For the no-cluster networks, the latent positions
were generated independently from the bivariate normal distribution with mean (0,0) and
covariance matrix 2 5. For the 2-cluster case, we generated half of the latent zfrom a
bivariate normal((2, 2), 2/4) and the other half from a bivariate normal ((2, -2), 25). For
each case, we generated 3 networks of sizes 100, 200, and 500. (Due to computational costs,
it is not feasible to compute the full likelihood for networks with sizes much greater than
500.)

For each of the networks, we fit the latent space model with the original full likelihood
algorithm and the proposed case-control likelihood. When constructing the case-control
likelihood, we chose a control to case rate of 5, which made the number of selected controls
per row equal to 50.

We evaluated the performance of the case-control approximation by:
1. comparing the CPU time needed to evaluate the two likelihoods;

2. comparing the case-control likelihood function with the full likelihood
function evaluated at a series of parameter values;

3. comparing the estimated link probabilities p;; and

4, comparing the ROC curves produced by the estimated link probabilities
from both likelihoods.

The CPU times needed to evaluate the case-control likelihood and full likelihood for
different sizes of the networks are summarized in Table 1. They are all in seconds per 1000
likelihood evaluations. Comparing the time cost ratios, we can see that the CPU time for the

J Comput Graph Stat. Author manuscript; available in PMC 2016 August 26.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Raftery et al.

Page 7

full likelihood does indeed increase at a rate close to O(A2) even for these relatively small
networks. The CPU time for the case-control likelihood increases at a rate close to O(/N).

The case control likelihood reduces the CPU time by 30% for A//= 100, and by 83%, or by a
factor of 6, for A//=500. It is not surprising that the savings for A//= 100 are relatively small,
because the case-control log likelihood involves evaluating about 60% of the components in
the full log likelihood. These empirical results indicate that the computational overhead
involved in setting up the case-control likelihood is a small part of the overall CPU time
needed.

We compare the result from estimating the models using Bayesian MCMC with the case-
control likelihood and the full likelihood in Figure 1 for the latent space model and Figure 2
for the latent position cluster model with two clusters.

The log likelihoods from the case-control method track the full log likelihood well, as
indicated by the left-most panels in Figures 1 and 2. In all cases the correlations between the
two log likelihoods across values of the parameters visited by the MCMC algorithm were at
least 0.88.

The fitted link probabilities using the case-control likelihood are similar to those estimated
by the full likelihood, as shown by the middle columns of plots in Figures 1 and 2. The
scatter plots are symmetric around the diagonal line, which is in line with the fact that the
case-control log likelihood is an unbiased estimator of the full log likelihood. The link
probabilities estimated by the two methods are highly correlated, with correlations of 0.96
for V=100 and 200, and 0.91 for V= 500. The lower correlation for /=500 is not of great
concern, because the log likelihood itself is based on an average of components based on the
different links. When Ais larger the average involves more links, reducing the variation in
individual components more.

The ROC curves generated by the case-control likelihood are indistinguishable from those
generated by the full likelihood, as shown by the right-most plots in Figures 1 and 2. This
indicates that the two estimation methods provide essentially identical overall fits to the data
in terms of predicting links.

4 Protein-Protein Interaction Data

Protein-protein interactions (PPI) are important for many biological processes, and
understanding such networks can give insights into the function of individual proteins,
protein complexes and cellular machinery (Uetz et al. 2000, Kuchaiev et al. 2009). A PPI
network is an undirected graph in which the nodes are proteins and two proteins are linked
by an edge if they interact. Most information about PP1 comes from high throughput
experiments such as yeast two-hybrid or tandem affinity purification. These high throughput
techniques are known to produce many false positives and false negatives. For example, the
false positive rates could be as high as 64% for yeast two-hybrid experiments and 77% for
tandem affinity purification experiments (Edwards et al. 2002). These false positive links can
yield misleading scientific hypotheses and lead to costly and unproductive biological
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validation experiments. Hence, there is great interest in finding ways to identify and remove
these false positive links (Mahdavi and Lin 2007; Kuchaiev et al. 2009).

Here, we use the PPI data for the yeast Saccharomyces cerevisiae as an example of the
usefulness of the latent space model. The latent space model assumes that the presence of a
link depends on the distance between the latent positions of two nodes. One possible use of
the latent space model is to help identify the false positive links in the PPI network. We
downloaded the PPI data from the Saccharomyces Genome Database (SGD) (http://
downloads.yeastgenome.org) compiled from the Biological General Repository for
Interaction Datasets (BioGRID) database (Stark et al. 2006). In Section 4.1, we show that
our approximate casecontrol likelihood yields similar results to the full likelihood using a
small random subnetwork. In Section 4.2, we show the effectiveness of the latent space
model in identifying false positives in a large PPI network.

4.1 A randomly selected small subset of the PPI data

Our previous simulation results show that when the data are generated from a latent space
model, the case-control approximation can provide similar estimation to the full likelihood.
These results are based on simulated networks from the latent space and latent position
cluster models, when we know that the model we fit is the correct one. Before applying the
case-control likelihood approximation to the full data, we would like to evaluate the
performance of the case-control likelihood for this real data set, when we do not know the
true model and so there may be lack of fit.

We selected a connected subnetwork with 200 nodes and 1524 links, counting the symmetric
pairs twice. For this sub-network we were able to fit the latent space model using the full
likelihood and to compare the results with those using the case-control likelihood. We fit the
latent space model using both the exact likelihood and the case-control approximation, and
we evaluated the case-control approximation in a similar manner to how we did it in Section
3. The results are summarized in Figure 3. The results from fitting the subnetworks show
that the case-control likelihood works well for the real data too.

In order to evaluate whether we can identify false positive links, we randomly implanted
false positives by adding about 150 non-existent edges to the PPI data. This increases the
number of links by about 20%. Then we fit the latent space model to this perturbed dataset
using both the full likelihood and the case-control approximate likelihood to see whether we
are able to identify the false links.

The case-control likelihood and the full likelihood produced similar results. Among the
fitted probabilities for the perturbed data, the nine smallest probabilities were from the false
positives, and 26 of the 50 smallest probabilities were from false positives. The boxplots of
the fitted probabilities of the true positives, false positives, and true negatives in Figure 4
indicate that the false positives had much lower fitted probabilities of being links than the
true positives on average. These results suggest that the latent space network model is
potentially useful for identifying false positive links in PPI network data, and that its
usefulness is not diminished by using the much more computationally efficient case-control
approximation.
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4.2 A large PPI dataset

4.2.1 Visualization of the PPI| data—The large PPI physical interaction network we are
using has 2,716 proteins with a total of 27,586 links, where the symmetric pairs have been
counted twice. This is a sparse network with a mean degree of about 10 links per protein,
and a median degree of only 5. This discrepancy between the mean and median indicates
different activity levels across the nodes. The most active protein has 194 links while 495
proteins have only one link and a quarter of the proteins have 2 links. Figure 5 plots the ROC
curve constructed by the fitted probabilities, which suggests that the latent space model fits
the data reasonably well.

One advantage of the latent space model is that it provides a visualization of the network
data. We plot the latent positions of all of the proteins in Figure 6. The large number of
proteins makes it hard to see detail in this plot. To illustrate the visualization of parts of the
network, we chose three of the most active proteins, and zoomed in to the three
subnetworks, each of which consisted of one of the most active proteins and the other
proteins that have links to it. These three subnetworks are shown in the bottom panel of
Figure 6.

4.2.2 |dentifying false positive links—Similarly to what we did for the subset of the
data, we first randomly perturbed the data by changing a number of 0’s into 1’s equal to
20% of the number of actual links in the original dataset. We then fit the latent space model
to this perturbed dataset. The boxplots of the fitted probabilities of the true positives, false
positives, and true negatives in Figure 7 indicate that the fitted probabilities for the false
positives were much lower than those for the true positives, and indeed were closer on
average to those for the true negatives. Eight of the 10 smallest fitted link probabilities were
from the false positives. These results for the full dataset suggest that the latent space model
may provide a promising way to identify false positive links. Note that these results were
obtained using the case-control approximate likelihood only.

Next we used the fitted link probabilities from the real data to identify false positive links.
We would suspect that those links in the data with very low fitted probabilities are probably
false positive links. Mahdavi and Lin (2007) used Gene Ontology (GO) annotations to
reduce false positive protein-protein interactions (PPI) pairs resulting from computational
predictions. The key idea is that interacting proteins are likely to share GO slim terms. We
used this criterion to evaluate the fitted link probabilities we get from the latent space model.
We used the GO-slim terms (Ashburner et al. 2000) from the SGD database (http://
downloads.yeastgenome.org). For each pair of interacting proteins, if it is documented to
share one or more GO slim terms, we called it a true positive, otherwise a false positive.
Note that this definition of true and false positives is itself subject to error.

We compare the boxplots of the fitted link probabilities of the true positives and false
positives in Figure 8. We can clearly see a difference in the two populations, which indicates
that there is considerable agreement between the identification of false positives by the latent
space model and by the GO-slim terms. Of course we would not expect perfect or even very
strong agreement, even if the latent space model discriminated perfectly between true and
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false positives, because the GO-slim terms provide only an imperfect measurement of false
positives.

5 Discussion

An obstacle to the use of latent space models for networks has been the fact that existing
likelihood and Bayesian estimation methods do not scale to large networks, because the
required computation is O(A2), where N is the number of nodes or actors in the network. We
have proposed an approximate likelihood based on the same idea that underlies case-control
studies, and we have found it to perform well in simulated and real data. This reduces
computation from O(AR) to O(N), and makes it feasible to do Bayesian estimation via
MCMC for large networks.

We have implemented our method for estimating the latent space model (Hoff et al. 2002)
and the latent position cluster model (Handcock et al. 2007), but the basic idea can be
applied to other statistical network models as well. They can be used to reduce computation
for likelihood-based estimation for network models for which the log likelihood involves a
sum of contributions from all or most of the pairs of actors. These include the latent position
random effects model (Krivitsky et al. 2009), which is a direct extension of the latent space,
and explicitly models different activity levels of nodes. They also include the latent class
model of Nowicki and Snijders (2001) and the latent factor model of Hoff et al. (2002). See
Goldenberg et al. (2009) for a survey of these and other network models.

Other approaches to efficient computation for statistical network models have been explored,
notably the variational Bayes approach of Attias (1999). This was applied to stochastic
blockmodels by Airoldi et al. (2008) and extended to the latent position cluster model by
Salter-Townshend and Murphy (2010). Rather than try to approximate the likelihood, this
attempts to find and use a lower bound for the likelihood.
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Comparison of the results using the exact likelihood with those using the case-control
approximate likelihood for the latent space model with network sizes 100 (top row), 200
(middle row), and 500 (bottom row). The left panels show the exact log likelihood function
on the x-axis and the case-control approximate log likelihood function on the y~axis; each
point corresponds to one of the parameter vectors visited by the MCMC algorithm. The
panels in the middle column show the estimated link probabilities estimated from the two
likelihoods, with the the exact log likelihood function on the x-axis and the case-control
approximate log likelihood function on the y~axis; each point corresponds to one directed
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pair of actors in the network. The right panels show the ROC curves generated by the
estimated probabilities from the exact and approximate approaches; in each case these are
almost identical.
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Figure 3.
Comparison of the results using the exact likelihood with those using the case-control

approximation for the PPI sub-network of size 200. The panels are as described in Figure 1.

J Comput Graph Stat. Author manuscript; available in PMC 2016 August 26.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Raftery et al. Page 16

Boxplots of the fitted probabilities
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Figure 4.
Perturbed PPI sub-network of size 200: boxplots of the fitted probabilities of the true

positives (left), false positives (middle), and true negatives (right).
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Figure 5.
ROC curve of the fitted link probabilities for the large PPI dataset.
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Posterior Mode of Latent Positions of PPl data
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Latent positions for the large PPI dataset (top panel), and subnetworks of the three most
active proteins (bottom 3).
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Boxplots of the fitted probabilities

E—
— | [}
|
|
; B
| [}
' )
[m]
Q
]
a
[}
g
[}
|
|
|
|
|
|
|
7 |
|
| |
| |
| 1
| T
| |
— — P I ——
| | |
true positives false positives true negatives

Figure 7.
Perturbed full PPI data: boxplots of the fitted probabilities of the true positives (left), false

positives (middle), and true negatives (right).
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Boxplots of the fitted probabilities
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Real full PPI data: fitted link probabilities grouped by whether or not the edges share a GO-
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Table 1

CPU time of case-control likelihood and full likelihood, for different network sizes. All times are in seconds
per 1000 likelihood evaluations.

N=100 N=200 N=500

full likelihood 1.89 6.95 45.08
case-control likelihood 1.34 2.82 7.60
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