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ABSTRACT Relying on quantitative measurements of
Ca2+ activation and inhibition of the inositol 1,4,5-
trisphosphate (1P3) receptor in the endoplasmic reticulum, we
construct a simplified kinetic model to describe the properties
of this channel. Selecting rate constants to fit key kinetic and
equilibrium data, we find that the model reproduces a variety
of in vivo and in vitro experiments. In combination with
Ca2+-ATPase activity for Ca2+ uptake into the endoplasmic
reticulum, the model leads to cytoplasmic oscillations in Ca2+
concentration at fixed IP3 concentration and only a single pool
of releasable Ca2 , the endoplasmic reticulum. Incorporation
of a positive-feedback mechanism of Ca2+ on IP3 production by
phospholipase C enriches the properties of the oscillations and
leads to oscillations in Ca2+ concentration accompanied by
oscillations in I1P3 concentration. We discuss the possible sig-
nificance of these results for the interpretation of experiments.

Several mechanisms have been proposed to explain oscilla-
tions of intracellular Ca2+ concentration in nonexcitable cells
(see refs. 1 and 2 for reviews). Generally speaking, the models
fall into three broad categories: (i) Ca2+-initiated Ca2+ release
(3), (ii) agonist-receptor oscillations mediated by G proteins,
diacylglycerol, and protein kinase C (4), and (iii) positive
feedback of Ca2+ on the production of inositol 1,4,5-
trisphosphate (IP3) through membrane-bound phospholipase
C (PLC) (2, 5). Depending on cell type (6, 7), it is possible that
some fluctuation in IP3 concentration might occur.
Here we examine the recent proposal (8-10) that a biphasic

response of the IP3 receptor/channel to cytosolic Ca2+ might
be sufficient to induce Ca2+ oscillations. Indeed, Finch et al.
(8) have shown that the IP3-induced efflux of Ca2+ from
microsomal vesicles was first enhanced, and then inhibited,
as extravesicular Ca2+ was increased from 100 nM to 100 ,M.
In Purkinje cells of the cerebellum, Ca2+ is required for the
IP3 receptor/channel to open (9). At Ca2+ basal concentra-
tions well below -0.25 ,uM, increasing [Ca2+] increases the
open probability of the IP3 receptor/channel. For [Ca2+]
higher than 0.25 ,M, however, the open probability de-
creases. Joseph et al. (11) observed a similar biphasic effect
in their study of Ca2+ release from cerebellum microsomal
fractions (figure 4 of ref. 11). The experiments of Parker and
Ivorra (12) also showed that small releases of Ca2+ from the
IP3-sensitive store in Xenopus oocytes facilitate a second
release, while larger Ca2+ releases have an inhibitory effect.
We present here a simplified model ofthe kinetics ofthe IP3

receptor/channel that is based on the open probability data
of Bezprozvanny et al. (9) and the IP3 binding data of Joseph
et al. (11). From this model we are able to predict both the
biphasic dependence of the open probabilities on [Ca2+] and
its maximal value as a function of [IP3]. We also find it to be
consistent with the single- and double-pulse IP3 experiments
in Xenopus (12). When combined with a Ca2+ uptake step into
the endoplasmic reticulum (ER), the model of the IP3 recep-

tor/channel produces [Ca2+] oscillations for constant [IP3].
The model also supports oscillations when Ca2+ is allowed to
feedback upon the production rate of IP3 through PLC,
leading to in-phase oscillations in [IP3] (5).

EP3 Receptor/Channel

The IP3 receptor/Ca2+ channel is thought to be composed of
four identical subunits (13, 14). Watras et al. (15) found in
bilayer voltage clamp experiments that the IP3 receptor/
channel opens to four distinct conductance levels, each
corresponding to a 20-pS increase in the conductance. The
channel, however, most frequently opens to the third level
(60 pS), which has an open time that is greater than the open
times for the other conductance states (15). Under assump-
tions that ignored the different conductance levels, Bezproz-
vanny et al. (9) showed that the steady-state open probability
is fit well by the functional form

[Ca2+]k
([Ca2+] +K)ICa2+] + k)

where K = k = 0.2 1AM and m = 2.7.
We construct a simplified model of the IP3 receptor/

channel by assuming that three equivalent and independent
subunits are involved in conduction. While it is probable that
the subunits are in fact not independent of one another,
improvements in this aspect of the model need to await more
detailed kinetic measurements. We further assume that each
subunit has one IP3 binding site and two Ca2+ binding sites,
one for activation, the other for inhibition. Thus, each
subunit may exist in eight states with transitions governed by
second-order (ai) and first-order (b,) rate constants (Fig. 1).
We label the binding sites as 1, 2, and 3, and introduce the
notation Sili,23 where ij equals 0 or 1. The jth binding site is
occupied if ij = 1. Binding site 1 is the IP3 binding site, site
2 is the Ca2+ activation site, and site 3 is the Ca2+ inactivation
site. The fraction of subunits in state Sili23 is denoted by xili243.

Since detailed kinetic parameters are not yet available for
the interaction of the subunits, we assume for the present that
only the state S110 (one IP3 and one activating Ca2+ bound)
contributes to the conductance and that all three subunits
must be in this state for the channel to be open. Thus the open
probability is proportional to x310. Assuming mass action
kinetics, the equations describing the dynamics of a subunit
are easily written down (cf. ref. 5). We have fit the equilib-
rium state of these equations to the IP3 binding data ofJoseph
et al. (11) and to the equilibrium open probability data of
Bezprozvanny et al. (9).
The data of Joseph et al. (11) indicate that the effective Kd

for IP3 binding to microsomal ER fractions is increased by
Ca2+, from approximately Kdj = 145 nM in the absence of

Abbreviations: IP3, inositol 1,4,5-trisphosphate; PLC, phospholipase
C; ER, endoplasmic reticulum.
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FIG. 1. A schematic diagram of the kinetics of an IP3 receptor/
channel subunit (see text for notation). (A) The eight possible states.
(B) The kinetics on the front (k = 0) and back (k = 1) faces ofthe cube
in A. (C) The kinetics of the Ca2+ activation binding site (transitions
between the front and back faces of the cube in A).

calcium to Kd2 = 542 nM in the presences of 1 juM Ca2+. For
simplicity we assume that Ca2+ directly affects the binding of
IP3. The equilibrium state for the receptor/channel subunits
has been fit to the binding data ofJoseph et al. (11), giving the
equations (5):

0.00'
-7.5 -7.0 -6.5 -6.0 -5.5 -5.0 -4.5

og10o[1P31
FIG. 2. (A) Data from Bezprozvanny et al. (9) for [IP3] = 2 ,uM

are given by the solid marks with error bars when larger than the
symbol. Predicted open probability for an IP3-activated Ca2+ channel
for [P3] = 2 .AM (solid line) and [1P3] = 1.0, 0.5, and 0.25 ,UM (broken
lines). (B) Equilibrium open probability as a function of [IP3] for
[Ca2W] = 0.1 jLM. The data points are from Watras et al. (15).

could easily be checked by using the protocols of Bezproz-
vanny et al. (9).

[Ca2+1 Oscillations

d3 = (Kd2 - IP3)(1 + d2) - d1d2, [lb]

where di = bi/ai and IP3 = 15 nM is the concentration of
labeled IP3 used in the cold titration process at 0°C (11).
At equilibrium the open probability for an IP3 receptor/

channel is given by

pe= (Xlo)3

p ~~~~~[Ca2+[IEP3]d2
Ca2+][IP31 + IP3]d2 + d7d2+ [Ca2+]d3)([Ca2+] + d5)

where xelo is the equilibrium fraction of subunits in state
S110. Given Eqs. 1, d2 and d5 were chosen so that Popen agrees
with Bezprozvanny et al. (9), who found that for [IP3J = 2 pM
a maximum open probability of 0.15 occurred at [Ca2+] =

0.25 ,uM. Finally, we use the thermodynamic constraint (16)
to determine d4 (d4 = did2/d3). The values of di that are
determined by these measurements are given in Table 1.
Since the di values are uniquely determined, it is possible to
calculate the maximum equilibrium open probability under a
variety of conditions. Fig. 2A shows P' n as a function of
[Ca2+] for [IP3] = 2 ,uM. Fig. 2B shows Pepen as a function
of [IP3] for [Ca2+] = 0.1 ,uM. Both curves are in good
qualitative agreement with the experimental data, except that
the sensitivity of the channel to IP3 is decreased (Fig. 2B).
Note that with the parameters in Table 1, the peak open
probability shifts to the left with increasing IP3, a feature that

To complete the model we add an equation that describes the
[Ca2+] handling of the IP3-sensitive Ca2+ pool,

[Caj2+]d[C.+ =J1 -J2,

where [Caf+] is the cytosolic free Ca2+ concentration, Ji is
the outward flux ofCa2+, and J2 is the inward flux. J1 has two
components, the Ca2+ flux through the IP3 receptor/channel
and a constant leak flux. Thus, the outward Ca2+ flux is given
by

J1 = c1(vx 310 + v2)([Ca2]-[Caj ]),
where v1 and V2 set the maximal Ca2+ fluxes and c1 = 0.185
is the ratio of the volume of the IP3-sensitive Ca2+ pool (the
ER) to the cytosolic volume (17). The inward flux, usually
attributed to an ATP-dependent Ca2+ pump (18), is assumed
to have the form,

V=[Cai]2
J2 = [C4+]2 + k23

We utilize the [Ca2e+ conservation condition, cO = c1(Ca]E+R
+ [Caf+J, to determine [Ca2E+R]. Taking cO to be 2.0 ,uM
leads to maximum values of [Ca2&] and [Cai2+] of approxi-
mately 10 ,uM and 1.7 ,uM, respectively.
The remaining parameters, aj, vi, and k3, were determined

so that: (i) [Ca2+] oscillations occur within a reasonable range

d, = Kdl -IP3 [la]
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Table 1. Standard parameters

Parameter Value Description

CO 2.0 ,.M Total [Ca2+] in terms of
cytosolic vol

c1 0.185 (ER vol)/(cytosolic vol)
v1 6 s-1 Max Ca2+ channel flux
V2 0.11 s-1 Ca2+ leak flux constant
V3 0.9 AM-M1s-1 Max Ca2+ uptake
k3 0.1 MM Activation constant for

ATP-Ca2+ pump
Receptor binding constants

al 400 AM-M s-1 IP3
a2 0.2 AM-M's-1 Ca2+ (inhibition)
a3 400 AM-1-s-1 IP3
a4 0.2 AM-1-s-1 Ca2+ (inhibition)
as 20 AM-1-s-1 Ca2+ (activation)

Receptor dissociation constants (di = bi/a,)
di 0.13 AM IP3
d2 1.049 MM Ca2+ (inhibition)
d3 943.4 nM IP3
d4 144.5 nM Ca2+ (inhibition)
d5 82.34 nM Ca2+ (activation)

of IP3 (350-800 nM); (ii) the equilibrium [Ca2+] in the absence
of IP3 was approximately 50 nMt; (iii) the qualitative nature of
inhibition ofCa2+ release by Ca2+, as experimentally found by
Parker and Ivorra (12), could be reproduced (5); and (iv) the
mean open time of the IP3 receptor/channel is the order of a
few milliseconds (15). The parameters used in the simulations,
unless otherwise noted, are given in Table 1. While the
parameter set given in Table 1 is not unique in satisfying the
four conditions above (e.g., setting a, or a5 to large values or
varying certain parameters in concert gives similar results),
they serve as a reference set for our numerical work.

Figs. 3 and 4 show the results of our numerical simulations.
Fig. 3A gives the bifurcation diagram for the parameters in
Table 1. Stable periodic solutions arise via Hopf bifurcations
(U) and exist for 0.37 ,M < [IP3] < 0.62 ,M. The periods
decrease with increasing [IP3d. Fig. 3B shows two inhibition
curves that were generated by the inclusion of a simple
input/decay equation for [1P3]:

dIP3]
= Ir([IP3]* - [1P3]) + Ipf(t), [21

dt

where [IP3]* is the steady-state concentration, Ir is the rate
constant for loss of IP3, Ip is the pulse amplitude, andflt) (=
0 or 1) controls the timing of IP3 pulses (5). We measure
inhibition by the ratio of the height of two successive Ca2+
spikes resulting from equivalent IP3 pulses. For example, an
inhibition of0.4 indicates that the second Ca2+ spike was 40%
smaller than the first spike. The recovery time for IP3
receptor is given by the time required for the inhibition to
return to approximately 1. Fig. 4 shows two periodic solu-
tions with fixed values of [IP3] (0.5 MM) for a2 = 0.2 and a2
= 0.05 M-M1s-'.
From our numerical simulations some generalizations can

be made concerning the effect of varying certain parameters.
The parameters cO, vj, V3, and k3 tend to control the [CaJ+]
equilibrium level. If this level rises too high, the oscillations
cease to exist. The maximum value of the IP3 receptor/
channel flux, v1, affects the magnitude and timing of Ca2+
spikes; however, the Ca2+ spikes are limited in amplitude by
the decreased open channel probability for elevated values of

0.45

0.35

0 0.25

0.15

0.05
0.

1.0

0.8

c 0.6
:-

'E 0.4

0.2

0.0

.00 0.20 0.40
[IP3

0.60

10 20
Interpulse Interval (seconds)

FIG. 3. (A) Bifurcation diagram for the reference parameters.
- indicates stable steady states, --- indicates unstable steady
states, and - - - gives the maximum and minimum cytosolic [Ca2N]
along stable periodic orbits. Both concentrations are in AM. (B)
Inhibition curves calculated by following the two-pulse IP3 protocol
of Parker and Ivorra (12) for the reference parameters with [IP31* =
0.24 ,uM, Ir = 1 s-1, Ip = 8.0 uMMs-1, the length of IP3 pulse 0.05 s,
and a2 = 0.2 ,uM-Ms-1 (-) and a2 = 0.05 ZM-M s-1 (---).

[Ca2+] (cf. Fig. 2A). The recovery time for the IP3 receptor/
channel is affected most by a2 and a4 (Fig. 3B). Decreasing a2
and a4 increases the recovery time and increases the period.
Generally the oscillations become more sinusoidal when the
recovery time for the IP3 receptor/channel is shorter. It is
also noteworthy that the range of periods as a function of IP3
increases as a2 and a4 are decreased; e.g., for a2 = 0.2
,uM-M's-1 the period ranges from 15.6 to 11.4 s, while for a2
- 0.05 tuM-M1s-1 the period ranges from 25.6 to 18.5 s.
The binding kinetics of IP3 and the activation of the

receptor by Ca2+ are rapid (cf. Table 1), ensuring rapid
release of Ca2+ after an IP3 pulse. This allows the number of
receptor subunit states in the model to be reduced by four.
Plots of the time course of xoik vs. x1ik reveal that xoik and Xlik
are nearly linear due to the rapid binding of IP3. This allows
us to eliminate the four receptor subunit states with IP3
bound. Using a rapid equilibrium approximation for IP3
binding, x1ik = ([IP3]/dj)xoik (j = 1 or 3), gives the following
reduced system:

d[C4.+]
-i 2 adt = J1-JJ [3a]

_x= -V1 - V3

dtdol-= Vl - V4,

[3b]

[3c]

and

II-

tA basal [IP3] of 240 nM was typically assumed for the numerical
simulations. This gives an equilibrium [Ca?'] of approximately 95
nM.

Biophysics: De Young and Keizer
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dx°= V3- V29dt

where

Xik = ([IP3]/dj)xoik,

opportunity for the ATPase to pump cytosolic Ca2+ back into
[3dJ the ER. When [CaN] has been reduced sufficiently, the

inactivation disappears and the channel again rapidly acti-
vates. In this way the cycle repeats itself.

Ca2+ Feedback on 1P3 Production

V1 = a4([Cai ]xooo - d4Xo01),

V2 = a4([Ca'+]xo1o-d4Xo-1),

V3 = a5([Ca-+]xooo-d5X-O),
and

V4 = a5([CaiX]Xoo0 - d5XO11),

with the value of x011 determined from the conservation
condition IiJ,kXijk = 1. The reduced system 3 displays the
same characteristics as the full system, except that the range
of [IP3] over which oscillations occur is slightly larger and, to
reproduce the inhibition experiments, Ip must be lowered.
This later feature is a consequence of instantaneous IP3
binding (i.e., the channel opens more quickly at a fixed level
of IP3). The recovery time of the receptor and the period of
the oscillations in the reduced model are affected most by
changes in a4, the rate constant for Ca2+ inhibition.
The role ofCa2+ in the reduced model becomes transparent

when one considers the relative size of the Ca2+ association
rate constants, a4 and a5. According to Fig. 1 B and C, a5
determines the time scale for the activation by Ca2+ and a4
determines the time scale for inactivation by Ca2+. Because
a5 is two orders of magnitude larger than a4, elevated [Ca2+]
initially causes rapid activation of the IP3 receptor/channel
followed by a slow inactivation. When [IP3] is in the correct
range the activation step rapidly releases Ca2+ into the
cytosol, which ultimately inactivates the channel, leaving an
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FIG. 4. Periodic orbits for the reference param
= 0.5 A.M and a2 = 0.2 /AM-1 s-1 (A) or a2 = °-
[Caj'] is in ,uM.

Recent experimental evidence (19-21) suggests that the pro-
duction of IP3 is dependent on [Caj2+]. It is not yet known if
this is caused by Ca2+ activation of PLC directly (19) or by
an aq subunit of a G protein (20). In either case, the [Cai2+]
that produces a half-maximal IP3 production lies within
physiological ranges (0.1-3.0 ,uM). Although it is not yet
possible to measure the degree to which IP3 varies during
oscillations, it is interesting that the present model of the IP3
receptor/channel supports oscillation not only for constant
IP3 levels but also when significant Ca2+ feedback on the
production of IP3 is included.
We extend the model to include Ca2+ feedback on IP3 by

modifying Eq. 2 to read

d[lP3] ([Ca4+] + (1 - a)k4 -
dt V4-\ [Cg- ] + k4 / I9P3] [41

where 0 c a ' 1. When a = 1, Eq. 4 has the same sort of
hyperbolic feedback that we have used to describe Ca2+
stimulation of IP3 production via PLC (5). For a < 1 Eq. 4 can
be used to investigate the relative effect of Ca2+ stimulation
of PLC on IP3 production. Thus when a = 0, the IP3
production rate is v4, which is independent of [Caf+], while
a = 0.5 is halfway between the two extremes. The maximum
rate of IP3 production is V4, which we assume can be
increased through agonist stimulation by a G-protein mech-
anism. We choose k4, the dissociation constant for Ca2+
stimulation of IP3 production, to be 1.1 ,AM.

Fig. 5A shows a two-parameter continuation of the Hopf
bifurcation points from a = 0 to a = 1 using AUTO (22).
Between the broken lines the steady equilibrium solutions are
unstable and stable periodic solutions exist. For nonzero a
the periodic solutions are accompanied by an oscillation in
[IP3]. For a small the bifurcation diagram is similar to Fig. 3A;
however, as a becomes larger both Hopf points become
supercritical (Fig. 5B) and a stable periodic solution coexists
with a stable equilibrium point. Thus the sudden appearance
and disappearance of large-amplitude stable periodic solu-
tions occurs as v4 is slowly increased. The shape of the
oscillations also changes, being characterized as sinusoidal
oscillations for small a (Fig. 4A) and as spikes separated by
long intervals of gradually increasing [Ca?+] for a near 1 (Fig.
6A). All stable periodic solutions increase in frequency as V4
increases. For a = 0.8 the periods range from 29.7 to 14.6 s.
For a = 0.97 very long orbits are possible with periods
ranging from 74 to 25 s. Long-period orbits occur near the
first Hopfpoint when it is close to the limit point (Fig. 5). One
should note that the [Ca2+] spikes are terminated by the
dynamics of the IP3 receptor and not the exhaustion of the
IP3-sensitive Ca2+ pool as in two-pool models (3). The Ca2l
conservation condition implies a maximal [Caj2+] of approx-
imately 1.7 ,uM, which implies that approximately 60% of the
IP3-sensitive Ca2+ pool is emptied during one spike.

Discussion

80.0 1 >0 Four important qualitative conclusions can be drawn from80.0 100.0
these calculations. First, the model makes it plausible that the
experimental activation and inactivation by cytoplasmic

ieters with [IP31* Ca2+ of the IP3 receptor/channel is sufficient to produce
)5 uM-1 s-1 (B). oscillations in [Caj-+]. The complete mechanism involves

only a single internal pool of Ca2+ (the ER), which is only
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partially emptied by a Ca2+ pulse and refilled through a

Ca2+-ATPase. We believe this to be the first model that
explains oscillations on the basis of only the IP3 receptor/
channel and a single Ca2+ pool. Second, in this mechanism
oscillations occur with the concentration of IP3 fixed. Thus it
may be relevant for experiments in which IP3 concentrations
are buffered by nonhydrolyzable IP3 analogues (6). Third,
when this mechanism is combined with positive feedback of
Ca2+ on IP3 production by PLC, it gives rise to sharp spikes,
reminiscent of relaxation-type oscillations. Each spike is
followed by a long refractory period in which Ca2+ concen-
trations are low. In this combined model, [IP3] oscillates,
with its peak slightly lagging the [Ca2+] peak. The amplitude
of the [IP3] oscillations can be as small as 0.15 gM or as large
as 0.75 tkM, depending on parameter values (Fig. 6). The
combined mechanism may have relevance for agonist-
stimulated oscillations in small cells-e.g., fibroblasts (7)-in
which mixing of small molecules by diffusion to and from the
plasma membrane occurs on a 0.1- to 1-s time scale, or near

the plasma membrane in large cells-e.g., Xenopus oocytes
(23, 24)-in which traveling waves of Ca2+ have been ob-
served. Finally, in accord with experiments (1) we find that
there are limited ranges of stimulation, either of fixed [1P3]
(see Figs. 3 and 4) or agonist levels (V4; see Fig. 6A), in which
oscillations are possible and that the frequency increases as

the level of stimulation is increased. It should be informative
to explore these mechanisms in the presence of voltage-gated
sources of external Ca2+ (25) and as models of the "excit-
able" cellular media responsible for Ca2+ waves (23).
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