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The electronic and thermodynamic complexity of plutonium has
resisted a fundamental understanding for this important elemen-
tal metal. A critical test of any theory is the unusual softening of
the bulk modulus with increasing temperature, a result that is
counterintuitive because no or very little change in the atomic
volume is observed upon heating. This unexpected behavior has
in the past been attributed to competing but never-observed
electronic states with different bonding properties similar to the
scenario with magnetic states in Invar alloys. Using the recent
observation of plutonium dynamic magnetism, we construct a
theory for plutonium that agrees with relevant measurements by
using density-functional-theory (DFT) calculations with no free
parameters to compute the effect of longitudinal spin fluctuations
on the temperature dependence of the bulk moduli in δ-Pu. We
show that the softening with temperature can be understood in
terms of a continuous distribution of thermally activated spin
fluctuations.
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The plutonium δ-phase (face-centered cubic, fcc), depending
on gallium concentration, can on heating expand (above ∼2

at % Ga), contract (less than ∼2 at % Ga), or maintain volume
independent of temperature from approximately 500 to 800 K
(∼2 at % Ga) (1). Reminiscent of the Invar effect (2, 3), Lawson
et al. (1) made the critically important observation that this could
be modeled by assuming that two configurations were thermo-
dynamically accessible in δ-Pu. This assumption introduces a
strong constraint on a microscopic theory. Separated by 1,400 K,
the higher energy configuration is assumed to have smaller vol-
ume than the lower energy one. Thus, as temperature rises, the
Boltzmann factor increases the occupied fraction of the higher
energy state, compensating for ordinary thermal expansion ef-
fects. This model could be made to fit δ-Pu’s volume versus
temperature dependence as measured by elastic neutron scat-
tering for the range of Ga concentrations typically used to sta-
bilize the δ-phase (4). However, measurements of the elastic
moduli of polycrystalline Pu–Ga alloys by Suzuki et al. (5) showed
that the bulk modulus softened substantially on warming in
temperature regions where the atomic volume remained fixed. In
an attempt to include elastic softening as temperature increased
and volume decreased, Lawson et al. (1) made the unusual con-
jecture that the higher energy state with smaller volume, required
to get the thermal expansion correct, must make no contribution
to the bulk modulus. The usual situation is that a higher energy
state with lower volume is stiffer, not softer as required here.
Although the multiple-configuration assumption is now strongly
supported by recent measurements (6), the yet-unexplained
anomalous behavior (softening on warming with no volume
change) remains a critical missing component of a fundamental
understanding of δ-Pu.
The detailed issue then is that the bulk and shear moduli of

δ-Pu soften with temperature at a rate an order of magnitude
greater than other metals with similar melting points and exhibit

the extremely unusual property that the rate is insensitive to
whether δ-Pu–Ga expands or contracts when heated. This makes
the 12-parameter fit of Lawson et al. (1), and their analysis re-
vealing a possible electronics-based free-energy driver for soft-
ening on heating, difficult to justify on fundamental grounds.
Nevertheless, density and elasticity measurements point toward
δ-Pu, pure or alloyed with Ga, being a mixture of at least two
electronic configurations that are both thermally accessible be-
low the melting point. A consequence of this realization is that
no single-configuration electronic-structure model has succeeded
or even can succeed in accounting for either large changes in the
bulk modulus with temperature or the negative thermal expan-
sion. In the superconductor PuCoGa5, measurements have shown
that multiple plutonium valence configurations lead to unusual
elastic softening (7). Earlier inelastic neutron-scattering mea-
surements by Trouw et al. (8), confirmed by the statistically im-
proved recent neutron-scattering measurements by Janoschek
et al. (6), reveal that multiple electronic configurations are pre-
sent in δ-Pu that are also thermally accessible with the higher
energy state approximately 1,400 K above the ground state.
The primary neutron-scattering experimental result is the

clear presence of dynamic magnetism (magnetic spin fluctua-
tions) centered around one or perhaps two energies. The mea-
surements were performed on a heavily Ga-stabilized δ-242Pu
sample, thus its thermal expansion coefficient was the normal
positive one and hence the qualitative behavior of the volume
and moduli with temperature is expected to be ordinary. How-
ever, the microscopic properties of the components of the ad-
mixture proposed by the dynamical mean-field theory (DMFT)
results are not presented (6), only the fact that an admixture
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exists. Our motivation is to provide a microscopic theory that
yields multiple configurations where higher energy ones are both
smaller in volume and softer elastically, and that agrees with the
small-Q magnetic form factor.

Experimental Method
Most of the elastic moduli measurements shown in Fig. 1 were made on
Pu-2.36 at % Ga electrorefined alloy carefully homogenized, and one
measurement on a Pu-0.2 at % Ga alloy that exhibited all of the phase
transformations of pure Pu. The linear coefficient of thermal expansion for
the Pu-2.36 at % Ga (1) is less than −1.6 × 10−6·K−1, approximately one order
of magnitude lower than, say, copper. Resonant ultrasound spectroscopy was
used to extract the elastic moduli. This technique (9) measures the mechanical
resonance frequencies to determine the complete elastic tensor. The rect-
angular parallelepiped specimens used for the temperature dependence
were 0.1311 g, 0.1995 × 0.2045 × 0.2078 cm3 with geometrically determined
density of 15.466 g/cm3 at 295 K, and 1.3396 g, 0.4746 × 0.3768 × 0.4843 cm3

with geometric density of 15.467 g/cm3 at 295 K. The absolute error in the
determination of bulk modulus B and shear modulus Gwas ∼0.3%. The errors
were primarily caused by errors in the geometry, thus the precision of the
measured temperature dependence is substantially greater than the accu-
racy. The specimen was not annealed after cutting and polishing, leaving
traces of strain-induced surface α−plutonium that are the cause of the slight
jump at the α−β transition. Also shown is a single measurement made at
607 K on the Pu 0.2 at % Ga, the Ga to stabilize against cracks on cooling
from the melt. We found to within 5% that B = 20.6 GPa, and within 1%
G = 11.8 GPa. This is to be compared with the value (extrapolated linearly
from 550 K) of the specimen used for the solid curves of B = 22 GPa and
G = 12 GPa. We conclude that the bulk and shear modulus of pure and
Ga-stabilized δ-plutonium are the same at temperatures where they coexist.
This is important because the theoretical results presented here are for pure
plutonium.

Theoretical Model
In a previous δ-Pu model (1), two energy states are assumed to
exist that have significantly different atomic volumes. For Invar
this assumption is valid because there do exist two states, namely
low and high magnetic spin states. For Pu, however, the two
states used in the accompanying DMFT calculation were in-
voked without magnetism (1) and with very different atomic
volumes (21 Å3 and 25 Å3). Experimentally, however, δ-Pu has

never been seen to exist at volumes even close to 21 Å3. In fact, it
was shown (10) that compression of gallium-stabilized δ-Pu has a
strongly destabilizing effect that helps decompose the δ-Pu–Ga
into α-Pu and Pu3Ga. At 21 Å3 one would therefore not expect
δ-Pu–Ga to prevail at all. Another problem with the previous
model (1) is that as the lower volume state is excited with rising
temperature, the bulk modulus stiffens, opposite to the experimental
finding.
Now we return to the original idea to connect the δ-plutonium

Invar effect and the anomalous temperature behavior of the
elastic moduli to magnetism. Previous measurements, for ex-
ample Lashley et al. (11), claim with certainty that there is no
magnetism in δ-plutonium. This has been disproved by Jano-
schek et al. (6). The situation is more complex than in Invar but
it appears that the magnetic moments, which are very well de-
scribed by theory in terms of the magnetic form factor (12) (and
Fig. 2), are fluctuating. If this is the case, excitation of magnetic
moments through spin fluctuations is a plausible mechanism for
the aforementioned anomalies in δ-plutonium. To explore this
hypothesis, we follow the recipe described recently for longitu-
dinal spin fluctuations (13).
It has been argued that in the static limit, the magnetic mo-

ments are disordered in δ-Pu with no long-range order (14). At
finite temperatures, however, the magnetic moments may fluc-
tuate around a mean value that can be estimated from DFT
calculations. These magnetic moments populate a continuous
probability distribution that is statistically weighted by the
Boltzmann factor and is, in this regard, a generalization of the
two-state model (1), and is suggested by the width of the neu-
tron-scattering results (6). In practice we perform calculations
within the so-called disordered-local moment (DLM) model that
has been used and described for δ-Pu before (15). This model
describes a situation where the magnetic moments are randomly
distributed spatially and thus represent a snapshot of a spin-
fluctuation system, and we invoke the ergodic hypothesis. That
is, there is equivalence between spatial averages at a single in-
stant (snapshot) and time averages as long as each configuration

Fig. 1. Measured bulk modulus plotted as open circles, shear as open tri-
angles for Pu 2.36 at % Ga δ-phase alloy measured in ref. 3. Solid squares, DFT
theory computation of B from the results of the calculation plotted in Fig. 4.
Crossed triangles and circles, Pu 0.2 at % Ga (essentially pure plutonium),
clearly located at the extrapolation to above 550 K of the corresponding Ga
stabilized specimen results of ref. 5.

Fig. 2. DFT (full line), neutron spectroscopy (solid symbols) (6), and DMFT
(dashed line) (6) magnetic form factor for δ-plutonium. Reprinted from ref. 12.
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is thermodynamically accessible and equally probable. Thus, no
net static magnetic moment exists.
For computational details of this method and the calculations,

see Landa et al. (14). The new aspect in regard to the present
spin-fluctuation theory is to compute the energy dependence of
the magnitude of the fluctuating spin moments. This corresponds
to longitudinal spin fluctuations in the material. Because spin–
orbit and orbital–orbital interactions are important within the
band-theoretical approach for plutonium (16) and they are not
yet implemented in the DLM model, we have opted to compute
the energies from a ferromagnetic (FM) configuration. The
computational aspects of the FM calculations were detailed
earlier by Söderlind (16) and therefore not repeated here.
In a complete model for spin fluctuations one considers the

spin’s ability to rotate relative to each other as well as changing
their magnitude. This model can in principle be constructed but
cannot be efficiently solved when coupled to first-principles
theory for plutonium. In a case where there is no long-range
magnetic order, transverse (rotating) spin fluctuations are
expected to be much less important than longitudinal fluctuations
because there is no cumulative effect of the former. Indeed, this is
the likely scenario for plutonium and we therefore focus on the
latter longitudinal type here. The longitudinal thermal spin-fluc-
tuation model for the DLM state (13) begins with calculating the
total energy as a function of spin magnitude at the theoretical
DLM equilibrium atomic volume (25.15 Å3) (14). Using the
fixed-spin-moment method (17) we obtain the total energy as a
function of magnetic spin-moment magnitude (μi) ranging from
0 μB to 3.6 μB in steps of 0.2 μB (i = 19). The energy minimum is
located around 3.2 μB (Fig. 3), but through thermal excitation
other moments are statistically populated (pi) according to their
Boltzmann factor:

pi =
1
Z
exp

�
−Ei

kBT

�
.

Here Z is the normalizing factor

Z=
X19
i=1

exp
�
−Ei

kBT

�
.

Ei, kB, and T are the excitation energy (taken from Fig. 3), the
Boltzmann constant, and temperature, respectively. From the
probabilities, pi, we define the magnitude of a quadratic mean
magnetic moment that depends on the temperature

m=

ffiffiffiffiffiffiffiffiffiffiffiffiffiX19
i=1

μ2i

vuut pi.

This definition of a quadratic mean moment was shown to give
better results than ref. 13, an arithmetic mean value (m is a sum
of all μipi). In our case, the difference between the two defini-
tions is small and always less than 4% for any temperature.
Next, we calculate the bulk modulus B(T) at 25.15 Å3 within

the DLM method and with the spin moment constrained to the
quadratic mean magnetic moment, m(T). Evaluation of B at a
fixed 25.15 Å3 is supported by measurements, which show that
there is almost no thermal expansion. This is a constraint that is
unusual, validated by measurements, and essential to the final
result. The results from these calculations are shown in Fig. 4
and at selected temperatures in Fig. 1. Here we also analyze the
influence of a small positive and negative thermal expansion
(linear coefficient α = ±2 × 10−6·K−1). Notice first that B softens
with temperature quite significantly and reproduces the anom-
alous behavior seen experimentally in Fig. 1. Second, small
changes in the thermal expansion do not change this conclusion,
again in quantitative agreement with measurements (18).
The understanding of the softening of the bulk modulus in the

model is found in the energy function shown in Fig. 3. Because
the shape of this function is asymmetric around the energy
minimum, with a tilt toward smaller magnetic moments, the
magnitude of the mean fluctuating spin moment will decrease
with temperature as shown in Fig. 3. A gradual loss of magnetism

Fig. 3. Calculated energy [milli-Rydbergs per atom (mRy/atom)] as a func-
tion of fixed spin moment (μi). Mean magnetic moments, m, are shown as
solid circles with the associated temperature in K.

Fig. 4. Calculated (solid black) temperature dependence of the bulk modulus
(gigapascal) for δ-Pu. The curves denoted “α = ±2” represent calculations as-
suming a constant linear coefficient of thermal expansion of ±2 × 10−6·K−1.

11160 | www.pnas.org/cgi/doi/10.1073/pnas.1609215113 Migliori et al.

www.pnas.org/cgi/doi/10.1073/pnas.1609215113


tends to increase the chemical bonding that in a normal metal
leads to densification. In contrast, for δ-Pu no (or little) densi-
fication actually occurs on warming as determined by measure-
ments. Hence, the inability of a fluctuating moment to change
the volume dynamically and locally in fact leads to a negative
random strain that, in the usual way, reduces the bulk modulus.
Because both the energy as a function of magnetic moment as

well as the temperature dependence of the moment are available
from our model, it is possible to straightforwardly calculate the
temperature dependence of the magnetic susceptibility. One has
to remember that δ-Pu is rather unusual in that the orbital
contribution to magnetism is important and that the orbital
moment is antiparallel to the spin moment and thus significantly
reduces the magnetic susceptibility. Accounting for both spin and
orbital components, but excluding difficult-to-model possible
effects of radiation damage and alloying, and using the model
presented here we find a weakly temperature-dependent sus-
ceptibility (increasing ∼15% on decreasing temperature from
600 to 200 K) in qualitative agreement with experiment where
the susceptibility increases monotonically a few percent from 600
to 300 K (19) and approximately an additional monotonic in-
crease of 10% from 300 to approximately 50 K (20). However,
the two measurements are ∼12% different in absolute value at
300 K, but if scaled by that amount, produce a smooth feature-
less curve from 50 to 600 K.

Summary
The elastic behavior of plutonium is unexpected because there is
a very significant softening of both shear and bulk moduli with

increasing temperature in the δ-phase whereas there is little or
no volume change. A previous model made the important as-
sumption of two configurations that captured this nonintuitive
behavior with an approach used successfully for the Invar alloys
but where the two configurations are not of magnetic nature but
rather identified by DMFT calculations. Another approach sug-
gested by Eriksson et al. (21) for δ-Pu also provides for multiple
states with no magnetic involvement.
We argue that the recent observation of dynamic magnetism in

(fcc) δ-plutonium leads to a theory closer to the original mag-
netic models for the Invar alloys and that agrees with relevant
measurements. Here, the theory considers longitudinal spin
fluctuations where the spin’s magnitude varies statistically and
continuously as determined by a continuum of Boltzmann fac-
tors. The approach is founded on DFT electronic-structure cal-
culations and is entirely free of adjustable parameters. Because
the magnitude of the spin fluctuations is predicted to decrease
with increasing temperature, and despite the measured atomic
volume remaining fixed (no thermal expansion), the bulk mod-
ulus softens significantly with increasing temperature. This result
is in good agreement with measurements.
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