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Abstract

Networks are a fundamental tool for understanding and modeling complex systems in physics,
biology, neuroscience, engineering, and social science. Many networks are known to exhibit rich,
lower-order connectivity patterns that can be captured at the level of individual nodes and edges.
However, higher-order organization of complex networks—at the level of small network
subgraphs—remains largely unknown. Here, we develop a generalized framework for clustering
networks on the basis of higher-order connectivity patterns. This framework provides
mathematical guarantees on the optimality of obtained clusters and scales to networks with
billions of edges. The framework reveals higher-order organization in a number of networks,
including information propagation units in neuronal networks and hub structure in transportation
networks. Results show that networks exhibit rich higher-order organizational structures that are
exposed by clustering based on higher-order connectivity patterns.

Networks are a standard representation of data throughout the sciences, and higher-order
connectivity patterns are essential to understanding the fundamental structures that control
and mediate the behavior of many complex systems (1-7). The most common higher-order
structures are small network subgraphs, which we refer to as network motifs (Fig. 1A).
Network maotifs are considered building blocks for complex networks (1, 8). For example,
feed-forward loops (Fig. 1A, Ms) have proven fundamental to understanding transcriptional
regulation networks (9); triangular motifs (Fig. 1A, Mj—M) are crucial for social networks
(4); open bidirectional wedges (Fig. 1A, M;3) are key to structural hubs in the brain (10);
and two-hop paths (Fig. 1A, Mg—M;3) are essential to understanding air traffic patterns (5).
Although network motifs have been recognized as fundamental units of networks, the
higher-order organization of networks at the level of network motifs largely remains an open
question.
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Here, we use higher-order network structures to gain new insights into the organization of
complex systems. We develop a framework that identifies clusters of network motifs. For
each network motif (Fig. 1A), a different higher-order clustering may be revealed (Fig. 1B),
which means that different organizational patterns are exposed, depending on the chosen
motif.

Conceptually, given a network motif M, our framework searches for a cluster of nodes S
with two goals. First, the nodes in Sshould participate in many instances of M. Second, the
set Sshould avoid cutting instances of M, which occurs when only a subset of the nodes
from a motif are in the set S (Fig. 1B). More precisely, given a motif A, the higher-order
clustering framework aims to find a cluster (defined by a set of nodes S) that minimizes the
following ratio:

¢, (S)=cut,, (S, 3) /min {VOlM (9),vol,, (?)] 1)

where g denotes the remainder of the nodes (the complement of S), cuty, (5, §) is the
number of instances of motif A/ with at least one node in Sand one in g, and vol,, (S) is the
number of nodes in instances of M that reside in S. Equation 1 is a generalization of the
conductance metric in spectral graph theory, one of the most useful graph partitioning scores
(11). We refer to ¢4/ S) as the motif conductance of Swith respect to M.

Finding the exact set of nodes Sthat minimizes the motif conductance is computationally
infeasible (12). To approximately minimize Eq. 1 and, hence, to identify higher-order
clusters, we developed an optimization framework that provably finds near-optimal clusters
[supplementary materials (13)]. We extend the spectral graph clustering methodology, which
is based on the eigenvalues and eigenvectors of matrices associated with the graph (11), to
account for higher-order structures in networks. The resulting method maintains the
properties of traditional spectral graph clustering: computational efficiency, ease of
implementation, and mathematical guarantees on the near-optimality of obtained clusters.
Specifically, the clusters identified by our higher-order clustering framework satisfy the
motif Cheeger inequality (14), which means that our optimization framework finds clusters
that are at most a quadratic factor away from optimal.

The algorithm (illustrated in Fig. 1C) efficiently identifies a cluster of nodes Sas follows:

. Step 1: Given a network and a motif M of interest, form the motif
adjacency matrix W, whose entries (/ /) are the co-occurrence counts of
nodes /and jin the motif A% (W) ;= number of instances of M that
contain nodes /7and .

. Step 2: Compute the spectral ordering o of the nodes from the normalized
motif Laplacian matrix constructed via W, (15).

. Step 3: Find the prefix set of o with the smallest motif conductance (the
argument of the minimum), formally, S: = arg min, ¢;AS), where S,=
{0'1, veny Gl’}-
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For triangular motifs, the algorithm scales to networks with billions of edges and, typically,
only takes several hours to process graphs of such size. On smaller networks with hundreds
of thousands of edges, the algorithm can process motifs up to size 9 (13). Although the
worst-case computational complexity of the algorithm for triangular motifs is ©(/77--2),
where mis the number of edges in the network, in practice, the algorithm is much faster. By
analyzing 16 real-world networks where the number of edges m ranges from 159,000 to 2
billion, we found the computational complexity to scale as ®(/7-2). Moreover, the algorithm
can easily be parallelized, and sampling techniques can be used to further improve
performance (16).

The framework can be applied to directed, undirected, and weighted networks, as well as
motifs (13). Moreover, it can also be applied to networks with positive and negative signs on
the edges, which are common in social networks (friend versus foe or trust versus distrust
edges) and metabolic networks (edges signifying activation versus inhibition) (13). The
framework can be used to identify higher-order structure in networks where domain
knowledge suggests the motif of interest. In the supplementary materials, we also show that
when a domain-specific higher-order pattern is not known in advance, the framework can
also serve to identify which motifs are important for the modular organization of a given
network (13). Such a general framework allows complex higher-order organizational
structures in a number of different networks by using individual motifs and sets of motifs.
The framework and mathematical theory immediately extend to other spectral methods, such
as localized algorithms that find clusters around a seed node (17) and algorithms for finding
overlapping clusters (18). To find several clusters, one can use embeddings from multiple
eigenvectors and k-means clustering (13, 19) or can apply recursive bipartitioning (13, 20).

The framework can serve to identify a higher-order modular organization of networks. We
apply the higher-order clustering framework to the Caenorhabditis elegans neuronal
network, where the four-node “bi-fan” motif (Fig. 2A) is overexpressed (1). The higher-
order clustering framework then reveals the organization of the motif within the C. elegans
neuronal network. We find a cluster of 20 neurons in the frontal section with low bi-fan
motif conductance (Fig. 2B). The cluster shows a way that nictation is controlled. Within the
cluster, ring motor neurons (RMEL, -V, or -R), proposed pioneers of the nerve ring (21),
propagate information to inner labial sensory neurons, regulators of nictation (22), through
the neuron RIH (Fig. 2C). Our framework contextualizes the importance of the bi-fan motif
in this control mechanism.

The framework also provides new insights into network organization beyond the clustering
of nodes based only on edges. Results on a transportation reachability network (23)
demonstrate how it finds the essential hub interconnection airports (Fig. 3). These appear as
extrema on the primary spectral direction (Fig. 3C) when two-hop motifs (Fig. 3A) are used
to capture highly connected nodes and nonhubs. [The first spectral coordinate of the
normalized motif Laplacian embedding was positively correlated with the airport city’s
metropolitan population with Pearson correlation 99% confidence interval (0.33, 0.53).] The
secondary spectral direction identified the west-east geography in the North American flight
network [it was negatively correlated with the airport city’s longitude with Pearson
correlation 99% confidence interval (=0.66, —0.50)]. On the other hand, edge-based methods
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conflate geography and hub structure. For example, Atlanta, a large hub, is embedded next
to Salina, a nonhub, with an edge-based method (Fig. 3D).

Our higher-order network clustering framework unifies motif analysis and network
partitioning—two fundamental tools in network science—and reveals new organizational
patterns and modules in complex systems. Prior efforts along these lines do not provide
worst-case performance guarantees on the obtained clustering (24) and do not reveal which
motifs organize the network (25) but rely on expanding the size of the network (26, 27).
Theoretical results in the supplementary materials (13) also explain why classes of
hypergraph partitioning methods are more general than previously assumed and how motif-
based clustering provides a rigorous framework for the special case of partitioning directed
graphs. Finally, the higher-order network clustering framework is generally applicable to a
wide range of network types, including directed, undirected, weighted, and signed networks.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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Fig. 1. Higher-order network structures and the higher-order network clustering framework
(A) Higher-order structures are captured by network motifs. For example, all 13 connected

three-node directed motifs are shown here. (B) Clustering of a network based on motif M.
For a given motif M, our framework aims to find a set of nodes Sthat minimizes motif
conductance, ¢4 S), which we define as the ratio of the number of motifs cut (filled
triangles cut) to the minimum number of nodes in instances of the motif in either Sor g
(13). In this case, there is one motif cut. (C) The higher-order network clustering framework.
Given a graph and a motif of interest (in this case, M), the framework forms a motif
adjacency matrix (W), by counting the number of times two nodes co-occur in an instance
of the motif. An eigenvector of a Laplacian transformation of the motif adjacency matrix is
then computed. The ordering o of the nodes provided by the components of the eigenvector
(15) produces nested sets S = {o1, ..., o} of increasing size 7. We prove that the set S, with
the smallest motif-based conductance, ¢S, is a near-optimal higher-order cluster (13).
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Fig. 2. Higher-order cluster in the C. elegans neuronal network
[See (29).] (A) The four-node bi-fan motif, which is overexpressed in neuronal networks (1).

Intuitively, this motif describes a cooperative propagation of information from the nodes on
the left to the nodes on the right. (B) The best higher-order cluster in the C. elegans frontal
neuronal network based on the motif in (A). The cluster contains three ring motor neurons
(RMEL, -V, and -R; cyan) with many outgoing connections, which serve as the source of
information; six inner labial sensory neurons (IL2DL, -VR, -R, -DR, -VL, and -L; orange)
with many incoming connections, serving as the destination of information; and four URA
motor neurons (purple) acting as intermediaries. These RME neurons have been proposed as
pioneers for the nerve ring (21), whereas the 1L2 neurons are known regulators of nictation
(22), and the higher-order cluster exposes their organization. The cluster also reveals that
RIH serves as a critical intermediary of information processing. This neuron has incoming
links from three RME neurons, outgoing connections to five of the six IL2 neurons, and the
largest total number of connections of any neuron in the cluster. (C) Illustration of the
higher-order cluster in the context of the entire network. Node locations are the true two-
dimensional spatial embedding of the neurons. Most information flows from left to right,
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and we see that RMEV, -R, and -L and RIH serve as sources of information to the neurons
on the right.
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Fig. 3. Higher-order spectral analysis of a network of airports in Canada and the United States
[See (23).] (A) The three higher-order structures used in our analysis. Each motif is

“anchored” by the blue nodes 7and j, which means our framework only seeks to cluster
together the blue nodes. Specifically, the motif adjacency matrix adds weight to the (7, /)
edge on the basis of the number of third intermediary nodes (green squares).The first two
motifs correspond to highly connected cities, and the motif on the right connects non-hubs to
nonhubs. (B) The top 50 most populous cities in the United States, which correspond to
nodes in the network. The edge thickness is proportional to the weight in the motif
adjacency matrix Wy, The thick, dark lines indicate that large weights correspond to
popular mainline routes. (C) Embedding of nodes provided by their corresponding
components of the first two nontrivial eigenvectors of the normalized Laplacian for W,,.
The marked cities are eight large U.S. hubs (green), three West Coast nonhubs (red), and
three East Coast nonhubs (purple). The primary spectral coordinate (left to right) reveals
how much of a hub the city is, and the second spectral coordinate (top to bottom) captures
west-east geography (13). (D) Embedding of nodes provided by their corresponding
components in the first two nontrivial eigenvectors of the standard, edge-based (non-higher-
order) normalized Laplacian. This method does not capture the hub and geography found by
the higher-order method. For example, Atlanta, the largest hub, is in the center of the
embedding, next to Salina, a nonhub.
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