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Abstract

We prove conditional asymptotic normality of a class of quadratic U-statistics that are dominated
by their degenerate second order part and have kernels that change with the number of
observations. These statistics arise in the construction of estimators in high-dimensional semi- and
non-parametric models, and in the construction of nonparametric confidence sets. This is
illustrated by estimation of the integral of a square of a density or regression function, and
estimation of the mean response with missing data. We show that estimators are asymptotically
normal even in the case that the rate is slower than the square root of the observations.
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1. Introduction

Let (X1, Y1), ..., (X Y7) be i.i.d. random vectors, taking values in sets 2° x R, for an
arbitrary measurable space (%, /) and R equipped with the Borel sets. For given
symmetric, measurable functions K;; 2" x 2" — R consider the U-statistics

U= 3 Y K (X, XYY,
n(n o 1) 1<r#s<n (1)

Would the kernel (xq, 1, X0, Vo) — Ki(x1, X2) y1)» of the U-statistic be independent of n

and have a finite second moment, then either the sequence \/n(U,, — EU,,) would be
asymptotically normal or the sequence m(U,;~EU,;) would converge in distribution to
Gaussian chaos. The two cases can be described in terms of the Hoeffding decomposition

Up=EU,+UM+U? of U, where (! is the best approximation of U, ~ EUj, by a sum of
the type ZZ;]L(X“ Y:) and 7(?) is the remainder, a degenerate (-statistic (compare (28) in

Section 5). For a fixed kernel K, the linear term U}ﬁ dominates as soon as it is honzero, in
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which case asymptotic normality pertains; in the other case /(1) = and the U-statistic
possesses a nonnormal limit distribution.

If the kernel depends on 7, then the separation between the linear and quadratic cases blurs.
In this paper we are interested in this situation and specifically in kernels K, that concentrate
as n— oo more and more near the diagonal of 2" x 2" In our situation the variance of the

U-statistics is dominated by the quadratic term U,(f)- However, we show that the sequence
(U, - EUpIa(U)) is typically still asymptotically normal. The intuitive explanation is that
the U-statistics behave asymptotically as “sums across the diagonal 7= s” and thus behave as
sums of independent variables. Our formal proof is based on establishing conditional
asymptotic normality given a binning of the variables X in a partition of the set Z".

Statistics of the type (1) arise in many problems of estimating a functional on a
semiparametric model, with K}, the kernel of a projection operator (see [1]). As illustrations
we consider in this paper the problems of estimating | g?(X) dxor J 2(x) dG(X), where gis
a density and fa regression function, and of estimating the mean treatment effect in missing
data models. Rate-optimal estimators in the first of these three problems were considered by
[2, 3, 4, 5, 6], among others. In Section 3 we prove asymptotic normality of the estimators in
[4, 5], also in the case that the rate of convergence is slower than vn, usually considered to
be the “nonnormal domain”. For the second and third problems estimators of the form (1)
were derived in [1, 7, 8, 9] using the theory of second-order estimating equations. Again we
show that these are asymptotically normal, also in the case that the rate is slower than v,

Statistics of the type (1) also arise in the construction of adaptive confidence sets, as in [10],
where the asymptotic normality can be used to set precise confidence limits.

Previous work on U-statistics with kernels that depend on r7includes [14, 15, 16, 17, 18].
These authors prove unconditional asymptotic normality using the martingale central limit
theorem, under somewhat different conditions. Our proof uses a Lyapounov central limit
theorem (with moment 2 + e) combined with a conditioning argument, and an inequality for
moments of U-statistics due to E. Giné. Our conditions relate directly to the contraction of
the kernel, and can be verified for a variety of kernels. The conditional form of our limit
result should be useful to separate different roles for the observations, such as for
constructing preliminary estimators and for constructing estimators of functionals. Another
line of research (as in [11]) is concerned with U-statistics that are well approximated by their
projection on the initial part of the eigenfunction expansion. This has no relation to the
present work, as here the kernels explode and the U-statistic is asymptotically determined by
the (eigen) directions “added” to the kernel as the number of observations increases. By
making special choices of kernel and variables Y, the statistics (1) can reduce to certain
chisquare statistics, studied in [12, 13].

The paper is organized as follows. In Section 2 we state the main result of the paper, the
asymptotic normality of (-statistics of the type (1) under general conditions on the kernels
K, Statistical applications are given in Section 3. In Section 4 the conditions of the main
theorem shown to be satisfied by a variety of popular kernels, including wavelet, spline,
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convolution, and Fourier kernels. The proof of the main result is given in Section 5, while
proofs for Section 4 are given in an appendix.

The notation a < b means a< Cb for a constant Cthat is fixed in the context. The notations
an~ bpand a, < b,mean that a/b,— 1and a/b,— 0,as n— oo. The space L,(G) is the
set of measurable functions £ 2° — R that are square-integrable relative to the measure G
and IIfl z is the corresponding norm. The product £x g of two functions is to be understood
as the function (x, x0) /> 1) 9(x,), whereas the product Fx G of two measures is the
product measure.

2. Main result

In this section we state the main result of the paper, the asymptotic normality of the (-
statistics (1), under general conditions on the kernels K}, and distributions of the vectors (X,
Y). For g> 0 let

p(z)=EM|X1=x),

tg(2)=E(IY1]*|X1=2)

be versions of the conditional (absolute) moments of Y7 given Xj. For simplicity we assume
that py and and p, are uniformly bounded. The marginal distribution of X is denoted by G.

The kernels are assumed to be measurable maps K;; 2 x 2 — R that are symmetric in

their two arguments and satisfy [ [ K2d(G x G)<oo for every 7. Thus the corresponding
kernel operators (with abuse of notation denoted by the same symbol)

Enf@)= [ 1) Kale,0)d00),

are continuous, linear operators K: Ly(G) — Ly(G). We assume that their operator norms
1K = sup{ll KAz 1Ml g =1} are uniformly bounded:

sup|| Ky, || <o0.
n

©)

By the Banach-Steinhaus theorem this is certainly the case if K,f— fin Ly(G) as n— oo
for every f€ Ly(G). The operator norms 1Kl are typically much smaller than the Ly(Gx G)-
norms of the kernels. The squares of the latter are typically of the same order of magnitude
as the square Ly(G x G)-norms weighted by | X [y, which we denote by

ki [ [0 )@ x ).
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We consider the situation that these square weighted norms are strictly larger than 7.

Under condition (5) the variance of the U-statistic (1) is dominated by the variance of the
quadratic part of its Hoeffding decomposition. In contrast, if k, = n, the linear and quadratic
parts contribute variances of equal order. This case can be handled by the methods of this
paper, but requires a special discussion on the joint limits of the linear and quadratic terms,
which we omit. The remaining case &, < nleads to asymptotically linear (-statistics, and is
well understood.

The remaining conditions concern the concentration of the kernels K, to the diagonal of 2" x
2. We assume that there exists a sequence of finite partitions 2" = U2, , in measurable
sets such that

LZ/ / K2 (p2 X p2)d(G x G) = 1,
kn ) 2 Zm (6)

1

_maX/ / Kj(p2 % p2)d(G x G) =0,
kn m ) 2y Zom )

max G(Znm)— 0, ®)

lignﬁoigfn HTlrlln G(Zn,m)>0. ©)

The sum in the first condition (6) is the integral of the square kernel (weighted by the
function pp x pp) over the set U (2", m X 2 5 m) (shown in Figure 1). The condition requires
this to be asymptotically equivalent to the integral &, of this same function over the whole
product space Z° x 2". The other conditions implicitly require that the partitioning sets are
not too different and not too numerous.

A final condition requires implicitly that the partitioning is fine enough. For some g > 2, the
partitions should satisfy

n

1 (G(z%fn)m))qh1%:/%1772/%%'](”(1(% X tg)d(G x G) — 0. 10)
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This condition will typically force the number of partitioning sets to infinity at a rate
depending on nand &, (see Section 4). In the proof it serves as a Lyapounov condition to
enforce normality.

The existence of partitions satisfying the preceding conditions depends mostly on the kernels
K, and is established for various kernels in Section 4. The following theorem is the main
result of the paper. Its proof is deferred to Section 5.

Let /,be the vector with as coordinates /,1, ..., /, ,the indices of the partitioning sets
containing X, ..., Xp, i.e. I, ,= mif X, € 2", », Recall that the bounded Lipschitz distance
generates the weak topology on probability measures.

Theorem 2.1

Lemma 2.1

Assume that the function |y is uniformly bounded. If(2) and (5) hold and there exist finite
partitions 2 =\, 2", m such that (6)-(10) hold, then the bounded Lipschitz distance
between the conditional law of (U, — EU,)Ia(U,) given 1, and the standard normal
distribution tends to zero in probability. Furthermore varU, ~ 2k, 2 for k, given in (4).

The conditional convergence in distribution implies the unconditional convergence. It
expresses that the randomness in U, is asymptotically determined by the fine positions of the
Xjwithin the partitioning sets, the numbers of observations falling in the sets being fixed by
/n-

In most of our examples the kernels are pointwise bounded above by a multiple of 4, and

(4) arises, because the area where Kj, is significantly different from zero is of the order £ L.
Condition (10) can then be simplified to

max G(fr‘fnm)% — 0.

(11

Assume that the functions \\p and \iq are bounded away from zero and infinity, respectively.
INK )l S &y, then (10) is implied by (11).

Proof—The sum in (10) is bounded up to a constant by | |K/J9 o{ G x G), which is bounded
above by a constant times 1472 [ [ K2d(G x G) < k21, by the definition of 4,

3. Statistical applications

In this section we give examples of statistical problems in which statistics of the type (1)
arise as estimators.

3.1. Estimating the integral of the square of a density

Let Xj, ..., X, be i.i.d. random variables with a density g relative to a given measure v on a
measurable space (%', .«7). The problem of estimating the functional J* ¢? dv has been
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addressed by many authors, including [2], [6] and [19]. The estimators proposed by [4, 5],
which are particularly elegant, are based on an expansion of g on an orthonormal basis ¢y,

&, ... of the space Lp(Z", #/, v), so that [ g>dv=>"°, 62, for 6= | ge; v the Fourier

coefficients of g. Because Ee; (X )e;(X,)=62 the square Fourier coefficient 97 can be
estimated unbiasedly by the U-statistic with kernel (x1, xo) > e{x1)e{x2). Hence the

k
truncated sum of squares Zi:ﬂ? can be estimated unbiasedly by

k
Un=3 —— nil)zzei()(r)e X

=1 T#S

k
This statistic is of the type (L) with kernel Kn(x1,22)=) . ei(z1)ei(x2) and the variables
Y1, ..., Yptaken equal to unity.

k
The estimator U, is unbiased for the truncated series Zi:ﬂ?, but biased for the functional
of interest [g2dy=3"2°,02. The variance of the estimator can be computed to be of the order

K2 v 1/n(cf. (29) below). If the Fourier coefficients are known to satisfy Z 07i% <1,

then the bias can be bounded by 27 ol 07 <k and trading square bias versus the
variance leads to the choice k= 7/(2B+1/2),

In the case that p > 1/4, the mean square error of the estimator is 1/7and the sequence

Vn(U, — [g*dv) can be shown to be asymptotically linear in the efficient influence function
2(g9- J & av) (see (28) with p(x) = E( Y1| X1 = X) = 1 and [4], [5]). More interesting from
our present perspective is the case that 0 < < 1/4, when the mean square error is of order
m4BI(2B+112) 35 1/p, and the variance of U, is dominated by its second-order term. By
Theorem 2.1 the estimator, centered at its expectation, and with the orthonormal basis (&)
one of the bases discussed in Section 4, is still asymptotically normally distributed.

The estimator depends on the parameter B through the choice of 4 If B is not known, then it
would typically estimated from the data. Our present result does not apply to this case, but
extension are thinkable.

3.2. Estimating the integral of the square of a regression function

Let (X1, Y1), ..., (X Y7) be i.i.d. random vectors following the regression model Y;= H(X)
+ ¢ ;for unobservable errors e, that satisfy E(e 1.X)) = 0. It is desired to estimate [ £ dG for
G the marginal distribution of Xj, ..., X,

If the distribution G is known, then an appropriate estimator can take exactly the form (1),
for K, the kernel of an orthonormal projection on a suitable k;-dimensional space in Ly(G).
Its asymptotics are as in Section 3.1.

Because an orthogonal projection in Ly(G) can only be constructed if G is known, the
preceding estimator is not available if G is unknown. If the regression function & is regular
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of order B = 1/4, then the parameter can be estimated at Vn-rate (see [1]). In this section we
consider an estimator that is appropriate if 4 is regular of order p < 1/4 and the design
distribution G permits a Lebesgue density gthat is bounded away from zero and sufficiently
smooth.

Given initial estimators 4, and & for the regression function £ and design density g, we
consider the estimator

Trmy 2 (a6 4280060 Y5~ (X)) 4y 38 (X)) K, (0 o) 0 (X0)

1<r#s<n

(12)

Here (x1, X0) — Ki (X1, Xo) is a projection kernel in the space L,(G). For definiteness we
construct this in the form (14), where the basis &, ..., &,may be the Haar basis, or a general
wavelet basis, as discussed in Section 4. Alternatively, we could use projections on the
Fourier or spline basis, or convolution kernels, but the latter two require twicing (see (16)) to
control bias, and the arguments given below must be adapted.

The initial estimators £, and £nmay be fairly arbitrary rate-optimal estimators if constructed
from an independent sample of observations. (e.g. after splitting the original sample in parts
used to construct the initial estimators and the estimator (12)). We assume this in the
following theorem, and also assume that the norm of 4, in CP[0, 1] is bounded in
probability, or alternatively, if the projection is on the Haar basis, that this estimator is in the
linear span of &y, ..., &, This is typically not a loss of generality.

Let £and var denote expectation and variance given the additional observations. Set () =
E(le1]9.X1 = x) and let Il denote the Lz-norm relative to Lebesgue measure.

Corollary 3.1—Let b, and 8n be estimators based on independent observatfons that
converge to b and g in probability relative to the uniform norm and satisfy b, - bz =
OH(PICB*Dy and g, — glls = O YCY*L)). Lety, be finite and uniformly bounded for
some g> 2. Then for b€ CP[0, 1] and strictly positive g € CY[0, 1], withy = B, and for k,
satistying (5),

R : 1\28 1\ 28/(2B+1)+7/(2y+1)
By, T — /deG':op<k—) +0P< ) ,
n

n

A 9 : kn
Varb,ng:ﬁ//(HZ X ug)K,?mgd(G x G)(1+0,(1))=0, (ﬁ) .

Furthermore, the sequence (T,, — £, ,T;,) /sd v, (T tends in distribution to the standard
normal distribution.
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For k, = m/(2P+112) the estimator 7, 0f J % dG attains a rate of convergence of the order
m2BI2B+LI2) 4 r2Bl2B+1)=yI2y+1) 1f y > B/(4B2 + B + 1/2), then this reduces to /7 4B/(1+4P),
which is known to be the minimax rate when g is known and & ranges over a ball in P[0, 1],
for B < 1/4 (see [3] or [20]). For smaller values of y the estimator can be improved by
considering third or higher order U-statistics (see [9]).

3.3. Estimating the mean response with missing data

Suppose that a typical observation is distributed as X= (Y A, A, 2) for Yand Ataking
values in the two-point set {0, 1} and conditionally independent given Z, with conditional
mean functions &2 = P(Y'=1|Z= 2) and &2)~1 = P(A = 1|/.2= 2), and Zpossessing density
grelative to some dominated measure v.

In [7] we introduced a quadratic estimator for the mean response EY = [ bg dv, which
attains a better rate of convergence than the conventional linear estimators. For initial
estimators d, 4, and &n and Ky 4, 5, projection kernel in L,(g/a), this takes the form
18 ) . . 1
-3 <Aran(Zr)(Yr - b,,,(ZT))+bn(ZT) -
=1

n

Apart from the (inessential) asymmetry of the kernel, the quadratic part has the form ().
Just as in the preceding section, the estimator can be shown to be asymptotically normal
with the help of Theorem 2.1.

4. Kernels

In this section we discuss examples of kernels that satisfy the conditions of our main result.
Detailed proofs are given in an appendix.

Most of the examples are kernels of projections K, which are characterised by the identity K
f= £, for every fin their range space. For a projection given by a kernel, the latter is
equivalent to £(x) = I F(v)K(x, v) dG(v) for (almost) every x, which suggests that the
measure v —> K(x, v) dG(v) acts on fas a Dirac kernel located at x. Intuitively, if the
projection spaces increase to the full space, so that the identity is true for more and more 7,
then the kernels (x, v) — K(x, v) must be increasingly dominated by their values near the
diagonal, thus meeting the main condition of Theorem 2.1.

For a given orthonormal basis e, &, ... of Ly(G), the orthogonal projection onto lin (ey, ...,
ey) is the kernel operator K. Lo(G) — Ly(G) with kernel

k
Ki(x1,22)=>_ei(z1)ei(w2).
i=1 (13)

It can be checked that it has operator norm 1, while the square Ly-norm [ [ KZd(G x G)=k
of the kernel is &
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A given orthonormal basis e;, &, ... relative to a given dominating measure, can be turned
into an orthonormal basis e; / \/g, e2/ \/g, . .. of L(G), for ga density of G. The kernel of
the orthogonal projection in Ly(G) onto lin (e; / \/qg, ..., e/ \/g) IS

K g(a1 xg)zzf;lei(fl)ei(x2)
. Vale) Vo) 4

If gis bounded away from zero and infinity, the conditions of Theorem 2.1 will hold for this
kernel as soon as they hold for the kernel (13) relative to the dominating measure.

The orthogonal projection in Ly(G) onto the linear span lin (#, ..., fg) of an arbitrary set of
functions f;possesses the kernel

ok
Ki(a1,x9)=) Y Aijfilar) f(@2),
i=1j=1 (15)

for A the inverse of the (k x k)-matrix with (/, j)-element (f; ij-)G. In statistical applications
this projection has the advantage that it projects onto a space that does not depend on the
(unknown) measure G. For the verification of the conditions of Theorem 2.1 it is useful to
note that the matrix A is well-behaved if £, ..., fiare orthonormal relative to a measure Gy

that is not too different from G: from the identity o’ ((f: ;). )a=/( ki) dG, one can
verify that the eigenvalues of A are bounded away from zero and infinity if Gand Gy are
absolutely continuous with a density that is bounded away from zero and infinity.

Orthogonal projections K have the important property of making the inner product

(I =EK)f, ) =T~ K)in, quadratic in the approximation error. Nonorthogonal
projections, such as the convolution kernels or spline kernels discussed below, lack this
property, and may result in a large bias of an estimator. 7wicing kernels, discussed in [21] as
a means to control the bias of plug-in estimators, remedy this problem. The idea is to use the
operator K+ K* — K K*, where K* is the adjoint of K: Ly(G) — L,(G), instead of the
original operator K. Because /- K- K* + K K* = (/- K)(/ - K*), it follows that

(I = K = K+KE")f,f) ,=(I = K)f.(I - K)f) =1 - K)f].
If Kis an orthogonal projection, then K= K* and the twicing kernel is K+ K* - K K* = K|

and nothing changes, but in general using a twicing kernel can cut a bias significantly.

If Kis a kernel operator with kernel (x1, x,) > K(x1, %), then the adjoint operator is a
kernel operator with kernel (x1, xp) — Ki(x2, x1), and the twicing operator K+ K* - K K*
is a kernel operator with kernel (which depends on G)
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(x1,m0) = K(21,29)+K (22, 21) — \/‘K(Il,Z)K(IQ,Z)dG(Z). (16)

4.1. Wavelets

Consider expansions of functions F€ £,(R% on an orthonormal basis of compactly
supported, bounded wavelets of the form

@)= > Afweve;@+d 00 > (fole(e),

j€zdvefo,1}? =0j€Z%ve{0,1}" {0} (17)

where the base functions +;; are orthogonal for different indices (/ /, v) and are scaled and

translated versions of the 2¢ base functions Yo.0:

(g (513):2id/27/)g,0(2i$ - 7).

Such a higher-dimensional wavelet basis can be obtained as tensor products

Yo o=¢"" x -+ x ¢"4 of a given father wavelet ¢0 and and mother wavelet ¢ in one
dimension. See for instance Chapter 8 of [22].

We shall be interested in functions Fwith support 2" = [0, 1]¢. In view of the compact
support of the wavelets, for each resolution level 7and vector v only to the order 2/@ base
elements ¢ ; are nonzero on Z°; denote the corresponding set of indices /by J; Truncating
the expansion at the level of resolution 7= /then gives an orthogonal projection on a
subspace of dimension & of the order 2/2. The corresponding kernel is

I
Kk(iﬂhwz)zz Z Yo, (7)Y j(72) +ZZ Z Vi (x1)dy ().

J€Jovef{0,1}¢ i=07€Jive{0,1}?—{0} (18)

Proposition 4.1—For the wavelet kernel (18) with k= k, = 2'7 satisfying k,/n — oo and
ki — 0 conditions (2), (6), (7), (8), (9) and (10) are satisfied for any measure G on [0, 119
with a Lebesgue density that is bounded and bounded away from zero and regression
functions (i, and\\q (for some q> 2) that are bounded and bounded away from zero.

4.2. Fourier basis
Any function f€ Lp[-m, =] can be represented through the Fourier series £=} iz f€;, for

the functions e, ()= / /2 and the Fourier coefficients f;=[™ _fe;d\. The truncated
series fx = } i<k f€j gives the orthogonal projection of fonto the linear span of the function
{¢&;: li < A}, and can be written as Ky ffor K the kernel operator with kernel (known as the
Dirichlet kernel)

Stoch Process Their Appl. Author manuscript; available in PMC 2017 December 01.
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sin Loy —
Kk(l’l,ﬂ??): Z €j(1’1)€j(x2): ((k+2)( 1 2))
l7l<k

2 sin(3 (e —22)) qgy

Proposition 4.2— For the Fourier kernel (19) with k= k,, satisfying n < k, < r?
conditions (2), (6)—(10) are satisfied for any measure G on R with a bounded Lebesgue
density and regression functions \\; and\\g (for some q > 2) that are bounded and bounded
away from zero.

4.3. Convolution

For a uniformly bounded function ¢: R — R with J |$| oA < o0, and a positive number o,
set

L1 — T2
o

Ka(fﬂl,l’z):ééﬁ ( > = ¢o(T1 — T2).

(20)

For o { 0 these kernels tend to the diagonal, with square norm of the order o 1.

Proposition 4.3—For the convolution kernel (20) witho = o, satisfying m? < o, <« 't
conditions (2), (6)—(10) are satisfied for any measure G on [0, 1] with a Lebesgue density
that is bounded and bounded away from zero and regression functions i, and\g (for some q
> 2) that are bounded and bounded away from zero.

4.4. Splines

The Schoenberg space ST, a) of order rfor a given knot sequence 7: fy=0< { < H <<
t< 1= ty1 and vector of defects d= (d, ..., d)) €{0, ..., r— 1} are the functions £ [0, 1]
— R whose restriction to each subinterval (¢, t1) is a polynomial of degree r— 1 and
which are r— 1 — djtimes continuously differentiable in a neighbourhood of each #; (Here
“0 times continuously differentiable” means “continuous” and “~1 times continuously
differentiable” means no restriction.) The Schoenberg space is a k= r+ Y ; drdimensional
vector space. Each “augmented knot sequence”

—tpp1 <o S tp=0<ti<to< - < <l=tyy <o <ty (21)

defines a basis M, ..., N of B-splines. These are nonnegative splines with y ; AVj;=1 such

that AVjvanishes outside the interval (¢, t;-+r)- Here the “basic knots” (t;-) are defined as the
knot sequence (), but with each #; € (0, 1) repeated ajtimes. See [23], pages 137, 140 and
145). We assume that |f-q — ] < |1 — | if i<O0and |t — 8 < |tpg — 1T i> ]

The quasi-interpolant operatoris a projection K. L1[0, 1] — SA 7, d) with the properties

If = Kifll, < Cellf = Se(T,d)],,

Stoch Process Their Appl. Author manuscript; available in PMC 2017 December 01.



1duosnue Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Robins et al.

Page 12
1Kk fll, < Crllf1l,-

for every 1 < p< 00 and a constant C,depending on ronly (see [23], pages 144-147). It
follows that the projection Ky inherits the good approximation properties of spline functions,
relative to any L-norm. In particular, it gives good approximation to smooth functions.

The quasi-interpolant operator K is a projection onto S{7, d) (i.e. K?=K, and K f= ffor f
€ SAT7, @), but not an orthogonal projection. Because the B-splines form a basis for S{ 7, d),
the operator can be written in the form Ky 7=} ; c{f)/V;for certain linear functionals ¢;:
L4]0, 1] — R. It can be shown that, for any 1 < p< oo,

1
(D) < O 71,

Jtr J)

I

] ]+T p

(22)

([23], page 145.) In particular, the functionals ¢;belong to the dual space of L;[0, 1] and can
be written as ¢(/) = J fej d\ for (with abuse of notation) certain functions ¢; € Leo[0, 1].
This yields the representation of K as a kernel operator with kernel

k
p(21,22) ZN] T c] Z9).
Jj=1 (23)

Proposition 4.4—Consider a sequence (indexed by 1) of augmented knot sequences (21)

with ™' < b, —tL < 17" forevery 0 < i< I and splines with fixed defects d;= d. For the
corresponding (symmetrized) spline kernel (23) with I= 1, conditions (2), (6), (7), (8), (9)
and (10) are satisfied if I,Jn— oo and I,Jr® — 0 for any measure G on [0, 1] with a
Lebesgue density that is bounded and bounded away from zero and regression functions |\,
and g (for some g > 2) that are bounded and bounded away from zero.

5. Proof of Theorem 2.1

For Mjthe cardinality of the partition 2" = U2, . let N1, ..., Np g, be the numbers of
X, falling in the partitioning sets, i.e.

In,r:m if X, € f%z,ma

Nypm=#(1 <1 < n:Ip,=m).

The vector N, = (Np1, ..., Ny pg,) is multinomially distributed with parameters /7and vector
of success probabilities p, = (pp, 1, ---, Pnnm,) given by
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Given the vector /,= (/5 1, ..., Inp) the vectors (X1, Y1), ..., (Xj Y}) are independent with
distributions determined by

X, has distribution G, given by dG,, =1, dG/p, ;. .

Tn,In,r

(24)

Y, has the same conditional distribution given X, as before. (25)

We define U-statistics Vj, by restricting the kernel K, to the set U2, m X 2 my @s follows:

1

Ve~
"n(n—1)

Z Z Kn (Ir, Xs)}/r)/sl(xr»xs)eurn Znm X Enm’
1<r#s<n (26)

The proof of Theorem 2.1 consists of three elements. We show that the difference between
U, and V;, is asymptotically negligible due to the fact that the kernels shrink to the diagonal,
we show that the statistics 1/, are conditionally asymptotically normal given the vector of
bin indicators /,, and we show that the conditional and unconditional means and variances of
Vv, are asymptotically equivalent. These three elements are expressed in the following four
lemmas, which should be understood all implicitly to assume the conditions of Theorem 2.1.

Lemma5.1
var(U, - V;)/ var U, — 0.
Lemma 5.2
Sup,[P((Vio = E(Val L)) /sd(Val ) < @|) — ®(2)] 2 0.
Lemma 5.3
(EVpy — E(Vu|Ly)) /sdVi, 25 0.
Lemma 5.4

var(Vp|1,)/ var V,, ERg)

5.1. Proof of Theorem 2.1

By Lemmas 5.1 and 5.3 the sequence (U, - EU,)—-(V, - E(V,] 1)) I sd V, tends to zero in
probability. Because conditional and unconditional convergence in probability to a constant
is the same, we see that it suffices to show that (V,,— E(V;] 1))/ sd V,, converges
conditionally given /,to the normal distribution, in probability. This follows from Lemmas
5.4 and 5.2.
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The variance of U, is computed in (29) in Section 5.2. By the Cauchy-Schwarz inequality
(cf. (2)).

2 2 2 2 4
(Kt )y, < [ Enpll el < Il

a =

2 2 2 2
1K) Vially, < llsellaolEnplly < lpalloo 1Bl -

Because i, is bounded by assumption and the norms Il Kl are bounded in /7by assumption
(2), the right sides are bounded in 7. In view of (5) it follows that the first two terms in the
final expression for the variance are of lower order than the third, whence

24,
n2 " (27)

var U,~
5.2. Moments of U-statistics
To compute or estimate moments of U, we employ the Hoeffding decomposition (e.g. [24],

Sections 11.4 and 12.1) U,,=EU,,+ UV +U? of U, given by

UM =23 (K, u(X,)Y, - EU,),
nr:l (28)

1

) -
Un n(n —1)

Z Z [Kn (X, Xs)Yy Yy — Knpu(X5)Yr — Knp(Xs)Ys+EUy] .

1<r#s<n

The variables {/(") and /(%) are uncorrelated, and so are all the variables in the single and

double sums defining /(1) and (2. It follows that

4
var U,=—var(K,u(X1)Y1)
n

+ﬁvar<Kn<X1,X2)Y1YQ — Kn,u(Xl)Y1 _ KnM(XQ)YQ)
4 4 9
= {ﬁ — m} var(Kn#(X1)Y1)+mvar(Kn(X1,XQ)YIYQ)
_dn2) s _AnoD2 o ke
=D (K p) /2]l = 1) <K””’”>G+n(n = 20

See equation (4) for the definition of &,
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There is no similarly simple expression for higher moments of a (-statistic, but the
following useful bound is (essentially) established in [25].
Lemma 5.5—(Giné, Latala, Zinn). For any q= 2 there exists a constant Cy such that for
any I.1.d. random variables X, ..., X, and degenerate symmetric kernel K,
1 ! /2
_ q _ _
e Y3 KX, Xg)| <Cpn q(EKZ(Xl, XQ)) vn 3B K (X, Xo)|? < Cyn 9B K (X1, X5)|%.

1<r#s<n

Proof: The second inequality is immediate from the fact that the L,-norm is bounded above
by the Lgnorm, and 3¢/2 - 1 = g, for g = 2. For the first inequality we use (3.3) in [25] (and
decoupling as explained in Section 2.5 of that paper) to see that the left side of the lemma is
bounded above by a multiple of

2 . .
n_q(EKQ(Xl,Xg))q/ Vi3 PHE(E(K2 (X, X2)| X2)) Y2 Va2 2E| K (X1, Xa)|%.

Because L-norms are increasing in g, the second term on the right is bounded above by
392+ 1E| K(Xq, X5)|9, which is also a bound on the third term, as /72 ~29< 7392+ for g >
2.

We can apply the preceding inequality to the degenerate part of the Hoeffding
decomposition (28) of U, and combine it with the Marcinkiewicz-Zygmund inequality to
obtain a bound on the moments of U,,

Corollary 5.1—For any q= 2 there exists a constant Cq such that for the U-statistic given
by (1) and (28),

B[ < Cn [ 1Kl 1gdG,

) ) a/2 . e
E[U?|" < Cyn ( / / K2 X padG x G) Vel =las! / / K| X 114G X G

Proof: The first inequality follows from the Marcinkiewicz-Zygmund inequality and the fact
that E|.Z - EZ9 < 29E| 29, for any random variable Z. To obtain the second we apply Lemma

5.5 to (%), which is a degenerate (tstatistic with kernel Kj, (X1, X2) Y1 Y2 =11, (X1, X2, Y1,
Y5), for I, the sum of the conditional expectations of K, (X1, X5) Y1 Y5> relative to (X3, Y1)
and (X3, Y2) minus EU, Because (conditional) expectation is a contraction for the L,-norm
(EIE(Z +7)|7 < E|Z9 for any random variable Zand conditioning o-field .«), we can bound
the L,- and L-norms of the degenerate kernel, appearing in the bound obtained from
Lemma 5.5, by a constant (depending on g) times the L,- of L -norm of the kernel K, (X,
Xo) Y1 Y.
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5.3. Proof of Lemma 5.1

The statistic U,, — V/,is a U-statistic of the same type as U,, except that the kernel K}, is
replaced by K, (1 =19, for 2= Uy (2 5, m % 4 n,m)- The variance of U, — V), is given by
formula (29), but with K, replaced by the kernel operator with kernel K, ,= K, (1 = 197 ,).
The corresponding kernel operator is K, , = K, =3 Kn(ﬂ%n,,,)l,%”n,m: and hence

2
1 2 2
Mt < 112+

> Kn(fla,, )12,
m

G
‘ 2
G

< HanHZ+ZHK7L(f1%,,m)

2 2 20 ¢ 2 2 2
< Bl IAIGAD Il 1 L, 1 < 20 KalPIFI7-
m

It follows that the operator norms 1K}, /I, of the operators K}, , are uniformly bounded in 77
(cf. equation (3) for the operators K})). Applying decomposition (29) to the kernel K, , we
see that var(U, — V) = O(rr'Y) + 2ky, /1P, where k; ,is the Ly(G x G)-norm K, , of the
kernel K, , weighted by py x 1y, as in (4) but with K}, replaced by K}, . By assumption (6)
the norm 4;, , is negligible relative to the same norm (denoted 4;) of the original kernel.
Because the variance of U, is asymptotically equivalent to 2k,/7 and k,/n— oo, this
proves the claim.

5.4. Proof of Lemma 5.2

The variable V), can be written as the sum V=5, V), p, for

1

n(n—1)

Vn’m: Z Z Kn (XT7 XS)Y'TYSjl(XhXS)En%'n,m X Xn,m "

1<r#s<n (30)

Given the vector of bin-indicators /,the observations (X}, Y,) are independently generated
from the conditional distributions in which X} is conditioned to fall in bin 3%”,7,,”,,, as given in
(24)—(25). Because each variable V;, ,, depends only on the observations (X}, Y;) for which
X;falls in bin 2y, , the variables Vi1, ..., V; ay,are conditionally independent. The
conditional asymptotic normality of V/, given /, can therefore be established by a central
limit theorem for independent variables.

The variable V), , is equal to N, o, (N, — D)/ (m(n - 1)) times a U-statistic of the type (1),
based on N, ,, observations (X}, Y;) from the conditional distribution where X is
conditioned to fall in 2°, ,, The corresponding kernel operator is given by

dG) _K(f12,,,)(@)12,,, ()
Prm Prm (31

K @)= [ Knle 00 ()1, 2,0 (@.0)
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We can decompose each V/, ,; into its Hoeffding decomposition

anm:E(Vn‘m|In)+V,,l(,1,,2L+V;S?,L relative to the conditional distribution given /, We shall
show that

1)
E <7|va"’m| |1n> o

To prove Lemma 5.2 it then suffices to show that the sequence van(?r)n/Sd(Vnun)
converges conditionally given /, weakly to the standard normal distribution, in probability.
By Lyapounov’s theorem, this follows from, for some g> 2,

CnEVih 1) P,
sd(Va|In)? (33)

By Lemma 5.4 the conditional standard deviation sd(V/] /) is asymptotically equivalent in
probability to the unconditional standard deviation, and by Lemma 5.1 this is equivalent to

sd U, which is equivalent to \/2k, /2. Thus in both (32) and (33) the conditional standard
deviation in the denominator may be replaced by \/ 2k, /n?.

In view of the first assertion of Corollary 5.1,

2 2
- K, (pl
Var(Vn(}%un) < Oy (M) Nl /M 1ol dG

n,m 24Xn,m
n(n -1 Pnm n,m

By Lemma 5.6 (below, note that (/7,0,,/,,,)2 < (/7,0,7,,,7)3 in view of (9)) the expectation of the
right side is bounded above by a constant times
(npn,m)3
n2(n —1)%p}

n,m

1
2 2 2
||:LL2||00||K'”(ILL1X7L,W,)| a S E||/j’2||oo||Kn|| Hiu“l)(n.m”G'

In view of (2) the sum over m of this expression is bounded above by a multiple of 1/,

which is o(k,/?) by assumption (5). Because E(V,{1)|1,,)=0, this concludes the proof of
(32).

In view of the second assertion of Corollary 5.1,
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E\Vé%q < Cq<an)_l)>qX

n(n —1

/2
_ dG x G\*
[Nn,gn </ / K'IQIIJ’Q X IU/21X7L,m XXn,m p2 )
n,m

o 4G x G
v Nn,?g/2+1 // |Kn|qlu’q X M(IlX'n,.m,XXn,m, T] .

n,m

By Lemma 5.6 the expectation of the right side is bounded above by a constant times

q q/2
(npn,m) (//KTQLMZ % Mlen,mXXn,de % G) + (npn m

qu(n - 1)qp7qhm q( pnm

)q/ +1

With a,; (g) = JJ 1KA ug % Wg 1% & fm @G % Git follows that
E|Vnm an,m(Q) a/2 Pn,m a/2-1 an,m(Q)
T WS;( Be) 2B
an,m(z) 9/2=1 an,m(z) Pnm a/2-1 an,m(‘])
e () )y () st

n
n n m n

The right side tends to zero by assumptions (6), (7) and (10). This concludes the proof of
(33).

5.5. Proof of Lemma 5.3

Only pairs (X}, X) that fall in one of the sets 2, ,, X 2", ,, contribute to the double sum (26)
that defines V}, Given /,there are N, o, (N, — 1) pairs that fall in 27, ,, and the distribution
of the corresponding vectors (X}, Y)), (X, Yy is determined as in (24)—(25). From this it
follows that

1 dG x G
E(Vn|fn):mZNn,m(Nn,m —-1) / / Kppx Hlxn,mxxn.mT-
m

n,m

Defining the numbers a,, = J | Kpuxply, - x %, dGx G, we infer that

E(V,|I,) —EV,=) (W_l) - 1) Q-

m pnm

By the Cauchy-Schwarz inequality, the numbers a,, , satisfy

2 2
|an>m| S ||K7l(:u’1Xn,m)||GHiu’l)(n,,m||G S ||KTLHHIU“1Xnm a S HK’I’LHH,UJHOOP’I’L,WL
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In particular Y ;| -1 < 1. In view of (2) the numbers s2 given in (34) (below) are of the
order M,/r? + 1/n. Lemma 5.7 (below) therefore implies that the right side of the second last

display is of the order O, (\/M,, /n+1/ \/n)=0(1/ \/n), because (9) implies that M, < 7.
By assumption (5) this is smaller than \/k»/n2, which is of the same order as sd V/,

5.6. Proof of Lemma 5.4
By (29) applied to the variables V/, , defined in (30),

var(Vy,| 1) Zvar Vam!In)

n,m (N, m 1)) 4(Npm — 2) — 12
- - Knm
Z( ) Nom(Nngm — 1) S MQHG"M

nin—1

4(N, —2)42 2
- ( i )+ <Kn7m/1a U> ? + kn,m s
Nn,m(Nn,m - ]-) ™ Nn,m (Nn,m - ]-)

where the operator Kj, , is given in (31), the distribution G, , is defined in (24), and

dG x G Qo (2
nm //Knlu‘Q X M211n mXZn, ,m p2 e n’m( )'

n,m pn,m

We can split this into three terms. By Lemma 5.6 the expected value of the first term is
bounded by a multiple of

(npnm)g 2 1 2 2
g Il En(pl e, DI < —llpallo 1Kl "l -
;nQ(n - 1) pn m ! ¢ n > ! ¢

Similarly the expected value of the absolute value of the second term is bounded by a
multiple of

3
(nPn.m) <Kn (a2, ) 1l 2, 0 >2 < Z

1 .
) KallPllelas 1 < 1Kl Nl el 2
- 1 e U ST e LA P T

These two terms divided by &;/7 tend to zero, by (5).

By Lemma 5.1 and (27) we have that var V,,~ 2k/n(n- 1), which in term is asymptotically
equivalent to 2y, ap,  (2)/(n— 1), by (6). It follows that

(Nnm - 1) kn ]Cn
VciI‘(V ‘I ) — var Vn*Q;Wkn,m - 2777‘(71 — 1) o (ﬁ)
_ Nom(Nom =1) ) anm(2) kn
QZ < - 1)pZ,, 1> n(n — 1)Jr ( 2) :

Stoch Process Their Appl. Author manuscript; available in PMC 2017 December 01.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnuey Joyiny

1duosnue Joyiny

Robins et al.

Page 20

Here the coefficients a, ,, (2)/ &, satisfy the conditions imposed on a.,, ,, in Corollary 5.2, in
view of (6) and (7). Therefore this corollary shows that the expression on the right is op

(ki 17).

5.7. Auxiliary lemmas on multinomial variables

EN"1,., < CTZn:k‘s (k(k —=1)--- (k — r+1)+k(k — 1))

E Qnm <
m

Lemma 5.6—Let N be binomially distributed with parameters (n, p). Forany r= 2 there
exists a constant C, such thatEN"Lpsp < Cr((np)" v (np)?).

Proof: For r= r+ & with ran integer and 0 < & < 1 there exists a constant C,with M1 psy <
CN N(N-1) - (N- r+1)+ CN N(N- 1) for every N. Hence

k=2

for Aj and A, binomially distributed with parameters 7 — rand pand 7- 2 and p,

respectively. By Jensen’s inequality ENJ‘-S < (ENj)‘s, which is bounded above by (10)5,
yielding the upper bound C;((np)" + (np)2*®). If np < 1, then this is bounded above by 2C;,
(np)? and otherwise by 2C, (np)".

The next result is a law of large numbers for a quadratic form in multinomial vectors of
increasing dimension. The proof is based on a comparison of multinomial variables to
Poisson variables along the lines of the proof of a central limit theorem in [12].

Lemma 5.7—For each n let Ny, be multinomially distributed with parameters (n, pp 1, ...,
P M) withmax, oy m— 0 asn— oo andlim inf,; .o nming, p, »> 0. For given
numoers a., m, let

2 02, 4 ’
2 E ; Z Qn,m Z
5n:n2 p;z n +E DPn,m <pn = an,m) .
m £n,m m n,m m (34)

Then

Nn,m(Nn,m — 1) o Zm|aﬂm|
o (20 =0 1) o, (,, Enlognl)

n(n - 1)p%,m

Proof: Because ) a,m,m (71— 1)/n-1) =3 na,m, (—1/n), it suffices to prove the statement
of the lemma with /(7 - 1) replaced by /2. Using the fact that ¥ ,,, Np,m= nwe can rewrite
the resulting quadratic form as, with A, ;= 19, m,

Nnm Nnm_l On.m An.m man.m
# - 1) = \/EZ/\ : CQ<Nn,ma )\n,m) +22 \ )\n,m ( — — ZT) Cl<Nn,m7)\n,m)a
n,1m m

20,2
n pn,m m )\n,m
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for Cy and G, the Poisson-Charlier polynomials of degrees 1 and 2, given by

= A

z(r —1) — 22z+\?
VA '

V2

Ch(z, \) Co(x, \)=

Together with x> Cy(x) = 1 the functions x+— Cy(x, A) and x+— Cy(x, A) are the
polynomials 1, x, x2 orthonormalized for the Poisson distribution with mean A by the
Gramm-Schmidt procedure. For X'= (X1, ..., Xjy,) let

Qnom Qp, manﬁm
T”(X):Z/\ ’ OQ(Xm’ )\n,m) +Z \/ 2)‘n,m < LA ZT) C (me)\n,m)'
T m

m SUg )\n,m

Thus up to a factor V2 the statistic T, (Np) is the quadratic form of interest.

If the variables N1, ..., Ny g, Were independent Poisson variables with mean values A,
then the mean of 7, (V) would be zero and the variance would be given by 52 /2, and hence
in that case 7, (N, = Op(sy). We shall now show that the difference between multinomial

and Poisson variables is of the order ) |an.ml/ V7.

To make the link between multinomial and Poisson variables, let /7be a Poisson variable
with mean nand given /7= klet N, = (N1, ..., Np,pz,) be multinomially distributed with
parameters kand p, = (Pp1, ---» Pn,m,)- The original multinomial vector A, is then equal in
distribution to A/, given /i= n. Furthermore, the vector A, is unconditionally Poisson
distributed as in the preceding paragraph, whence, for any M, — oo,

P(|T0(Np)|>Mps,) — 0.

The left side is bigger than

Y PUTW(NW)>Masafai=k)P(a=k) 2 min  P(T,(Na()]>Masn)P(l—n] < Vi),
kelk—n|< v/ kilk—n|< /i

where the vector A, () is multinomial with parameters kand p,,. Because the sequence
(7 — 1)/ v/n tends to a standard normal distribution as 7 — oo, the probability

P (|n — n| < v/n) tends to the positive constant (1) — ®(-1). We conclude that the
sequence of minima on the right tends to zero. The probability of interest is the term with &
= nin the minimum. Therefore the proof is complete once we show that the minimum and
maximum of the terms are comparable.

To compare the terms with different A we couple the multinomial vectors N, (k) on a single
probability space. For given k <k’ we construct these vectors such that

Ny (K'Y =N,(k)+N, (k' — k)for N (k' — k)a multinomial vector with parameters K - &
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and p, independent of AV, (k). For any numbers NVand A/ we have that
Co(N+N',\) = Co(N,\)= ((N')2+2NN' - N’(H?)\)) /(V2X), Therefore,

Qn.m Qn.m
E Z—’CQ (Nn,m(k/)v /\m,n) - Z—’CZ (Nn,m(k)y /\m,n)

m )\n,m m )\n,m

/

|t B Ng i (K — k) 42N, 1 (K = ) Ny (k) = Ny (K — k) (142X

n,m

< .
—~ Anm V2nm

For|k' —n| < Vnand |k — 1| < v/ the binomial variable A, ,, (k” - &) has first and

second moment bounded by a multiple of \/np,, ,,, and np;im. From this the right side of the
display can be seen to be of the order } ;; |a, | (7 Y2):= p,,. Similarly, we have

C1(N+N',\) = C1(N,\)=N'/Vx and

On.m mQOn,m
E‘Z \/ )\n,m </\—1 - ZT) (Cl (Nn,m(kl)7 )\n,m)*cl (Nn,m(k)a /\n,m))
m n,m

can be seen to be of the order ZmIOtn,m/ Anym — Zman,m/nl V1pnm, which is also of the
order p.

We infer from this that E| 7;, (N, (K) = T, (N, (1) = Op,), uniformly in |k — 7| < v/, and
therefore

P(ITn (N (k) [> M sn)+P (| Tn(Nn (1)) = Tn (N (K))[> M pn)

P(|T%(Nn(n)) > My (sntpn))
<
< P(|Tn (N (k))[>Mnsn)+o(1),

uniformly in |k —n| < \/5, for every M, — o0, by Markov’s inequality. In the preceding
paragraph it was seen that the minimum of the right side over A with |k —n| < V/n tends to
zero for any M,,— oo, Hence so does the left side.

Under the additional condition that

1 a?l m pn m an m :
—max L — — E Qnm — 0,
s m n

n m

202
n pn,m Pnm

it follows from Corollary 4.1 in [12] that the sequence s,, ' times the quadratic form in the
preceding lemma tends in distribution to the standard normal distribution. Thus in this case
the order claimed by the lemma is sharp as soon as 72 5 ,, |a;,m is not bigger than s,
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Corollary 5.2—For each n let N, be multinomially distributed with parameters (n, pp1, ...,

Pnmy) withliminf,.co nming, pp m> 0. Ifay m are numbers with 3 mla, ml = A1) and
max, |, — 0 asn— oo, then

Zanm (—”"I(N"m ) —1) Lo

’IL - 1)pn,m

Proof: Since 7p,;, ;= 1 by assumption the numbers s, defined in (34) satisfy

a
n m ,1M
S2 gyt D

pn m m np n,m

The corollary is a consequence of Lemma 5.7.

6. Proofs for Section 3

Proof of Corollary 3.1

We consider the distribution of 7, conditionally given the observations used to construct the
initial estimators 4, and &n By passing to subsequences of 77, we may assume that these
sequences converge almost surely to b and g relative to the uniform norm. In the proof of
distributional convergence the initial estimators 5,, and g, may therefore be understood to be
deterministic sequences that converge to limits o and g.

The estimator (12) is a sum 7,,=7(")+7,(?) of a linear and quadratic part. The (conditional)
variance of the linear term T )is of the order 1/, which is of smaller order than /7. It
follows that (7} 1) _ ET /(\/k,, /n)tends to zero in probability.

To study the quadratic part 7:2) we apply Theorem 2.1 with the kernel K of the theorem
taken equal to the present Ky, g, and the Y;-of the theorem taken equal to the present ¥~
5,,(X,). For given functions &, and gy, set

tq(b1)(z)=E(|Y1 — b1 (X1) || X1=2)=E(|e1+(b — b1)(2)|*| X1=2),

bulbrsgn)= [ [ (naor) x na 1)K, d(G % 6.

The function uq(ﬁn) converges uniformly to the function p(6), which is uniformly bounded
by assumption, for g=1, g=2 and some g > 2. Furthermore

Kk, 4, =Kk, g\/9 % 9/Gn % 3, where the function g x gig, x g, converges uniformly to
one. Therefore, the conditions of Theorem 2.1 (for the case that the observations are non-

i.i.d.; cf. the remark following the theorem) are satisfied by Theorem 4.1 or 4.2. Hence the
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sequence (72) — ET*))/ \/ k,,/n? tends to a standard normal distribution, for &, = k{6,
£&n). From the conditions on the initial estimators it follows that /2,/k,,(b, g) — 1. Here k(b
g) is of the order the dimension &, of the kernel.

Let 7,(by, g1) be as T, but with the initial estimators 13,7 and g, replaced by 4 and g;. Its
expectation is given by

e(b1,91)=Fy T (b1, 91) = / b2dG+ / 2, (b—by )dG+ / / (b—by)x (b—b1) Ky, 4, dGXG.

In particular &b, g) = I £2 dG. Using the fact that K, g 1s an orthogonal projection in L»(G)
we can write

e(bl,gl)—e(b,g):—/(bl —b)ZdG+//(b—bl)x(b—bl)K;{mgldeG
= — (I = K, g)(b1 = )17

+./ ./(b —b1) X (b= b1) (K, g, — K, 4)dG x G. (35)

By the definition of K, ;the absolute value of the first term on the right can be bounded as

. €1 €L
‘(b—bl) — lin <%77%>

2
=[|(b—b1) g —lin (e1,...,ex)]l3.

G

By assumption & is p-Holder and g is y-Holder for some -y = p and bounded away from
zero. Then® V9 is B-Holder and hence its uniform distance to lin (ey, ..., &g is of the order
(1/K)B. If the norm of A, in CP[0, 1] is bounded, then we can apply the same argument to the

functions b, /g, uniformly in 77, and conclude that the expression in the display with 13n
instead of 4 is bounded above by Op (1/k;,)28. If the projection is on the Haar basis and 4, is
contained in lin (e, ..., ), then the approximation error can be seen to be of the same
order, from the fact that the product of two projections on the Haar basis is itself a projection
on this basis.

For h=(/g — \/91)/ /991 We can write

1 1 1 1
\/91(301) \/91(902)_ \/9(951) \/9(332)_h(x1) ( 91(552)) ) < g(xl)) .

If multiplied by a symmetric function in (x1, X») and integrated with respect to G x G, the
arguments x; and x; in the second term can be exchanged. The second term on the right in
(35) can therefore be written
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<Kkn,)\ ((b—"b1)h),(b—b1) (L\/_+%/_>>

< 1Kk (0= bW, 16— b1l
10— bR, 15— bill,, <15 = billy g0l 5D~ bl 5

G,3/2

Here Il - lig3 is the L3(G)-norm, we use the fact that L,-projection on a wavelet basis
decreases L -norms for p= 3/2 up to constants, and the multiplicative constants depend on
uniform upper and lower bounds on the functions g; and g. We evaluate this expression for

by = byand g1 = g, and see that it is of the order O(|b,, — b||§||gn —9ll3)

Finally we note that Eb,gTﬂ = 3(5,,, &) and combine the preceding bounds.
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7. Appendix: proofs for Section 4

Lemma 7.1

The kernel of an orthogonal projection on a k-dimensional space has operator norm | Kgll, =
1, and square Ly(Gx G)-norm [ [ K?d(G x G)=k.

Proof

The operator norm is one, because an orthogonal projection decreases norm and acts as the
identity on its range. It can be verified that the kernel of a kernel operator is uniquely defined
by the operator. Hence the kernel of a projection on a A~dimensional space can be written in
the form (13), from which the Ly-norm can be computed.

Proof of Proposition 4.1—We can reexpress the wavelet expansion (17) to start from
level /as

=Y Y G Y Y Y (el ).

j€Zee{0,1}¢ i=I+1jeZdye{0,1}¢—{0}

The projection kernel K sets the coefficients in the second sum equal to zero, and hence can
also be expressed as

.131,’1'2 Z Z Q/JIJ ’I'1 ( )

J€Jrve{o,1}4
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The double integral of the square of this function over R2¢is equal to the number of terms in
the double sum (cf. (13) and the remarks following it), which is O(2/%). The support of only
a small fraction of functions in the double sum intersects the boundary of Z". Because also
the density of G and the function p, are bounded above and below, it follows that the

weighted double integral &, of 7 relative to Gas in (4) is also of the exact order o219

Each function (21, 2) + ¢} (21)¥}  (x2) has uniform norm bounded above by 2/times

J

the uniform norm of the base wavelet of which it is a shift and dilation. A given point (x1,

Xy) belongs to the support of fewer than ¢'¢ of these functions, for a constant C; that depends
on the shape of the support of the wavelets. Therefore, the uniform norm of the kernel K is
of the order &,

By assumption each function ¢} is supported within a set of the form 27/ (C+ ) for a given
cube Cthat depends on the type of wavelet, for any . It follows that the function

(z1,22) = ¥} (z1)¥] (z2) vanishes outside the cube 27/ (C+ j) x 27/ (C + j). There are
O(2/% of these cubes that intersect 2 x Z; these intersect the diagonal of #” x 2", but may

be overlapping. We choose the sets %, , to be blocks (cubes) of ;¢ adjacent cubes 27/ (C+

/), 9iving M, =0 (k,, /1%) sets 2", [In the case d= 1, the “cubes” are intervals and they can
be ordered linearly; the meaning of “adjacent” is then clear. For &> 1 cubes are “adjacent”
in ddirections. We stack /, cubes 2=/ (C+ j) in each direction, giving cubes 2 n.m Of sides
with lengths /, times the length of a cube 27/ (C+ )).]

Because the kernels are bounded by a multiple of &, condition (10) is implied by (11), in

view of Lemma 2.1, The latter condition reduces to A7, 'k /n — 0, the probabilities G(Z", )
being of the order 1/M,,

The set of cubes 2=/ (C+ ) that intersects more than one set 2 n.mis of the order

M}/41=1/4. To see this picture the set 2" as a supercube consisting of the A cubes 27,
stacked together in a M9 x --- x MA@ pattern. For each coordinate /=1, ..., d'the stack of
cubes 2 can be sliced in M2/ layers each consisting of (MY/%%1 cubes %, ,, which are

Ly (kY4 =14 (Ar1/4)"" cubes 27/ (C+ j). The union of the boundaries of all slices (/= 1,
..., dand Mg/d slices for each /) contains the union of the boundaries of the sets %', ,, The

boundary between two particular slices is intersected by at most Cg(k}/d)d_l cubes 2/ (C+
J), for a constant G, depending on the amount of overlap between the cubes. Thus in total of

the order er{/d(k}/d)d*l cubes intersect some boundary.

If Ki(x1, X2) # 0, then there exists jand v with ¢/} (z1)¥] (z2) # 0, which implies that
there exists jsuch that x, x, € 27/ (C+ ). If the cube 27/ (C+ j) is contained in some 7,
then (x1, X2) € 2 m* 2 ;e In the other case 27/ (C+ ) intersects the boundary of some

2 nm 1t follows that the set of (xg, x2) in the complement of U,2"), i X 2" Where Kilxi,

x1) # 0 is contained in the union U of all cubes 27/ (C + ) that intersect the boundary of

some 2, The integral of 2 over this set satisfies
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— | | K 1 1/d, 1-1/d 2 N\ 1/d
jj RAUGXG) $ Hk2A(GXG)(U) <+ k:2M/ g (k> :<%?> .

Here we use that G(2~/ (C+ j)) < 1/k, This completes the verification of (6).

By the spatial homogeneity of the wavelet basis, the contributions of the sets 27, ;, X 2", i 10

the integral of 7 are comparable in magnitude. Hence condition (7) is satisfied for any M),
—> 00,

In order to satisfy conditions (8) and (9) we must choose M,, — oo with M, < n. This is
compatible with choices such that Mk, — 0and M, 'k /n — 0.

Proof of Proposition 4.2—Because K is an orthogonal projection on a (2k+1)-
dimensional space, Lemma 7.1 gives that the operator norm satisfies | K¢l = 1 and that the

numbers & as in (4) but with pp = 1 are equal to [ [ KZd\d \=2k+1.

By the change of variables x; — x> = 1, X3 + X = v we find, for any e € (0, ], and K(x,
X2) = Dilx1 = X2),

2r—u

2T
/ T Ljoi— Iz|>5Kk(x1,x2)dx1dx2 2/ / Dk, u) dvdu =2 Dk( )(2m—u)du.

u—22m

By the symmetry of the Dirichlet kernel about 1t we can rewrite [ D (u) (27 — u)du as

[ 5 D3 (u)udu. Splitting the integral on the right side of the preceding display over the
intervals (e, ] and (m, 2], and rewriting the second integral, we see that the preceding
display is equal to
™ s ™ €
2/ D3 (u) (21 — u)du+2/ D,%(u)udu:élﬂ/ D,%(u)du+2/ D3 (u)udu.
J e J 0 € J 0

For e = 0 this expression is equal to the square Ly-norm of the kernel Ky, which shows that

47 [7 Di(u)du=2k+1. On the interval (e, ) the kernel Dy is bounded above by

1N\
(27T Sm(§€)) . Therefore, the preceding display is bounded above by

4 1
7/ du,—l—2€/ Dk Jdu $ —5——+ek.
(27r sm(z ) sin®(ge)

We conclude that, for small e >0,

1 ™ T ) 1
ﬁ/_ﬂ/_ﬂl‘xl_mzbef(k(ml,.’L‘Q)d.%'ld.%'g < 6+52—k.
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This tends to zero as k— oo whenever e = g4 0 such that € > 1/ \/E.

We choose a partition (-, 1] = U2, i in M, = 21/6 intervals of length & for & — 0 with
& > e and e satisfying the conditions of the preceding paragraph. Then the complement of
UnZ nm>* 2 nmis contained in {(x1, X2): |X3 — xo| > e} except for a set of 2(M), - 1)
triangles, as indicated in Figure 3. In order to verify (6) it suffices to show that (24 + 1)71

times the integral of 7 over the union of the triangles is negligible. Each triangle has sides
of length of the order e, whence, for a typical triangle A, by the change of variables x; — x
= U, Xp = v, and an interval /of length of the order ¢,

g
//Kzz(ilflyxz)dx1dx2$/ / D2 (u)dudv < e(2k+1).
J . o
A

Hence (6) is satisfied if 2(M,— 1)e — 0, i.e. e K 8.

Because J 2., x, .. KRd(A % \) s independent of /m, (7) is satisfied as soon as the number
of sets in the partitions tends to infinity.

Because 0 < K< 2k + 1, condition (10) is implied by (11), which is satisfied if § < n/k.
The desired choices 1/ VE < & < 6 < n/k are compatible, as by assumption /7 — 0.

Proof of Proposition 4.3—Without loss of generality we can assume that [ |¢| oA = 1.
By a change of variables

/Kgd(G X G):%/qﬁz(v)/g(gﬁf ov)g(z)dzdu.

Here | [ g(x— ov)g(X) d <lgle and, as o | 0,

[ ota~ o0rg(@yis - [ (a)da

< gl [ lotz = ov) — g(a)ldz 0,

for every fixed v, by the L;-continuity theorem. We conclude by the dominated convergence

theorem that o [ K2d(G x G) — [g?d\ [¢*d)\. Because i is bounded away from 0 and oo,
the numbers &;, defined in (4) are of the exact order o1,

By another change of variables, followed by an application of the Cauchy-Schwarz
inequality, for any € L,(G),

Japac= [ ([ oo —ovav) act) <ol [ [ o) @-ovvir=lgl, [ foar

Therefore, the operator norms of the operators Ky are uniformly bounded in o > 0.
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We choose a partition R = U 2", , consisting of two infinite intervals (—oo, —g] and (&, o)
and a regular partition of the interval (-4, 4] in such a way that every partitioning set satisfies
G(Z pm) < 6. We can achieve this with a partition in M, = O(1/8) sets.

Because | K| is bounded by a multiple of o1, condition (10) is implied by (11), which takes
the form &/(gn) — 0, in view of Lemma 2.1.

For an arbitrary partitioning set 2,

o[ . | . K(GxG) < / . [#@gta-ovg@aviz < gl [ 606 Zm)

It follows that (7) is satisfied as soon as & — 0.

Finally, we verify condition (6) in two steps. First, for any e { 0, by the change of variables
X1~ Xp=v, X0 =X,

o [ [ K2Gxa)= [ [ @oga-ovg@inio < gl [

|w1—z2|>e |v|>e/o

$*(v)dv.
/o

|v|>e

This converges to zero as o — 0 for any e = e; > 0 with e > o. Second, for e « & the
complement of the set U2, m X 25 mis contained in {(x1, x2): |x1 — Xo| > e} except for a
set of 2(M, — 1) triangles, as indicated in Figure 3. In order to verify (6) it suffices to show

that o times the integral of 2 over the union of the triangles is negligible. Each triangle has
sides of length of the order e, whence, for a typical triangle A, with projection /on the x;-
axis,

) -{Kgd(GXG) s/ ] 8 @t—ovg@ivis <ol [ ¢

The total contribution of all triangles is 2(M,, — 1) times this expression. Hence (6) is
satisfied if 2(M,— 1)e — 0,i.e.e K &.

The preceding requirements can be summarized as o K e K § < g, and are compatible.

Proof of Proposition 4.4—Inequality (22) implies that ¢{/) = 0 for every fthat vanishes
outside the interval (t/j, t/j+r), whence the representing function g;is supported on this
interval. It follows that the function (x1, X2) > Nj(Xx1)c{X2) vanishes outside the square
[t5,t; 4] X [t;,t;.,], which has area of the order /2. We form a partition (0, 1] = Up? . m
by selecting subsets O=sh<sh<--- <siu” =1 of the basic knot sequences such that

Mt < sty — st < Mt for every Fand define 2;, ,,,=(s',_, s.,}. The numbers M, are

chosen integers much smaller than /,, and we may set si=t., for p = L// M.
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Because Ky is a projection on S{ 7, @) and the function x; — Ki(x1, Xo) is contained in
ST, d) for every x,, it follows that | Ki(x1, X)) Ki( X1, Xo) dxq = Ki(Xo, Xo) for every x,, and
hence

//Kk<$17$2)2d$1d$2:/Kk(whml)d)‘(ml) =/ZN]'($1)Cj($1)d$1=zcj(Nj)221=

J

because the identities ;= Ky/V;= 3 j c{N))N;imply that c{N)) = &;;by the linear
independence of the B-splines. Because the density of G and the function i, are bounded
above and below the Ly(G x G)-norm kjas in (4) is of the same order as the dimension &, =
r+ I,d of the spline space.

Inequality (22) implies that the norm of the linear map c;, which is the infinity norm li¢jle, of

- . . . / ! 71 . -
the representing function, is bounded above by a constant times (¢, —t;) , which is of

J
the order k. Therefore,

1
k_// , KX (p2 x p2)d(G x G)
n (Um Znm X Znm)©

]. 2 / ! I !
s 2 kszﬂzHooA (U(tytj-q—r] X (bt — U($m,175m] x (5m175m}> .
n

J m
The set in the right side is the union of M,, cubes of areas not bigger than the area of the sets
(t;,t;0] % (tj,t;4,], which is bounded above by a constant times 2. (See Figure 7.) The

preceding display is therefore bounded above by

1 5 2 1
k_n n”MZ”ooZ\ink_%'

For M,/ k, — 0 this tends to zero. This completes the verification of (6).

The verification of the other conditions follows the same lines as in the case of the wavelet
basis.
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Figure 1.
The diagonal of 2° x 2" covered by the set U2y m X 2" n m)-
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-—----—-—-1

Figure 2.
The support cubes of the wavelets and the bigger cubes 2/, ;X 25 -
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Figure 3.
The triangles used in the proofs of Theorems 4.2 and 4.3, and the sets 27, ;, X 2",
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