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In this paper, the dynamical behaviors for a stochastic SIRS epidemic model with nonlinear incidence and vaccination are
investigated. In the models, the disease transmission coefficient and the removal rates are all affected by noise. Some new basic
properties of the models are found. Applying these properties, we establish a series of new threshold conditions on the stochastically
exponential extinction, stochastic persistence, and permanence in the mean of the disease with probability one for the models.
Furthermore, we obtain a sufficient condition on the existence of unique stationary distribution for the model. Finally, a series of
numerical examples are introduced to illustrate our main theoretical results and some conjectures are further proposed.

1. Introduction

As is well known, transmissions of many infectious diseases
are inevitably affected by environment white noise, which is
an important component in realism, because it can provide
some additional degrees of realism compared to their deter-
ministic counterparts. Therefore, in recent years, stochastic
differential equation (SDE) has been used widely by many
researchers to model the dynamics of spread of infectious
disease (see [1-5] and the references cited therein). There are
different possible approaches to include effects in the model.
Here, we mainly introduce three approaches. The first one is
through time Markov chain model to consider environment
noise in SIS model (see, e.g., [6] and the references cited
therein). The second is with parameters perturbation (see
[2, 5, 7] and the references cited therein). The last issue to
model stochastic epidemic system is to perturb around the
positive equilibria of deterministic models (see, e.g., [1, 8, 9]
and the references cited therein).

Now, we consider stochastic epidemic models with
parameters perturbation. The incidence rate of a disease
denotes the number of new cases per unit time, and this plays
an important role in the study of mathematical epidemiology.
In many epidemic models, the bilinear incidence rate 3SI

is frequently used (see [2, 5, 7, 8, 10-17]), and the saturated
incidence rate BSI/(1 + al) is also frequently used (see,
e.g., [18-22]). Comparing with bilinear incidence rate and
saturated incidence rate, Lahrouz and Omari [23] and Liu and
Chen [24] introduced a nonlinear incidence rate SSI/¢(I)
into stochastic SIRS epidemic models. In [25], Tang et al.
investigated a class of stochastic SIRS epidemic models with
nonlinear incidence rate B (S)g(I):

dS = (A - Bf (S) g (I) — uS + SR) dt
—af (S g()dB(1),

dl = (Bf (S)g(I) = (4 +a+y) I)dt 0
+af (5)g(I)dB(t),

dR = (yI - (u+ 8) R) dt.

Lahrouz et al. [26] studied a deterministic SIRS epi-
demic model with nonlinear incidence rate 3SI/¢(I) and
vaccination. If the transmission of the disease is changed
by nonlinear incidence rate Sf(S)g(I), and to make the
model more realistic, let us suppose that the death rates
of the three classes in the population are different, then a
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more general deterministic SIRS model is described by the
following ordinary differential equation:

S=(1-q)A-Bf(S)g(I) - (ds+ p)S+eR,
I=Bf(®g)~(d+y)L, )
R=qA+pS+yl—(dz+¢)R,

where S(t), I(t), and R(t) denote the numbers of susceptible,
infectious, and recovered individuals at time ¢, respectively. A
denote a constant input of new members into the susceptible
per unit time. g is the rate of vaccination for the new
members. p is the rate of vaccination for the susceptible indi-
viduals. dg is the natural mortality rate or the removal rate of
the S. d; is the removal rate of the infectious and usually is the
sum of natural mortality rate and disease-induced mortality
rate. dy is the removal rate of the recovered individual. y
is the recovery rate of infective individual. € is the rate at
which the recovered individual loses immunity. 3 represents
the transmission coefficient between compartments S and I,
and Bf(S)g(I) denotes the incidence rate of the disease. For
biological reasons, we usually assume that functions f(S) and
g(I) satisty the following properties:

(H,;) g(I) is two-order continuously differentiable func-
tion; g(I)/I is monotonically nondecreasing with
respect to I; g(0) = 0 and g'(O) > 0.

(H,) f(S) is two-order continuously differentiable func-
tion; f'(S) > 0 and f”(S) < Oforall S > 0, and
f(0)=0.

It is well known that the basic reproduction number for
model (2) is defined by R, = ﬁf(So)g'(O)/(dI +9), where S, =
[(1 - q)dg + e]A/(dg(dg + €) + pdg). Applying the Lyapunov
function method and the theory of persistence for dynamical
systems, we can prove that, when R, < 1, model (2) has a
globally asymptotically stable disease-free equilibrium E, =
(Sg>0, Ry) and, when R, > 1, model (2) has a unique endemic
equilibrium E*(S*, I*, R*) and disease I is permanent.

In this paper, we extend model (1) to more general
cases. As in [11], taking into account the effect of randomly
fluctuating environment, we assume that fluctuations in the
environment will manifest themselves mainly as fluctuations
in parameters 3, dg, d;, and d in model (2) change to random

variables 3, dg, d;, and d, such that

B = B + error,

dg = dg + errory,

(3)

d; =d; + error,,
dg = dg + error;.
Accordingly, model (2) becomes

dS=((1-q)A-Bf(S)g) - (dg+p)S+eR)dt
- £ (S) g () error, dt — Serror, dt,
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dl = (Bf () g(I) - (d; +y)I)dt
+ f(S) g (I) error, dt — I error, dt,

dR = (gA + pS+ yI — (dg + €) R) dt — Rerror; dt.
(4)

By the central limit theorem, the error term error; dt (0 <
i < 3) may be approximated by a normal distribution with
zero mean and variance crl.2 dt (0 < i < 3), respectively.
That is, error;dt = N(0,07dt). Since these error; dt may
correlate with each other, we represent them by [-dimensional
Brownian motion B(t) = (B, (f), ..., B)(t)) as follows:

!
error; dt = zgidej (), 0<i<3, (5)
=1

where 0;; are all nonnegative real numbers. Therefore, model
(4) is characterized by the following Itd stochastic differential

equation:

ds=((1-q)A-Bf(S)g)—(ds+P)S+eR)dt
l 1
= () g (D) Y 00;dB; (t) =S Y o1,dlB; (£),
j=1 j=1

dl = (Bf (9 g (D) - (d; +y) ) dt

l l (6)
+£(8) g(I) Y oy;dB; (t) = 1) 0,,dB; (£),
j=1 j=1

dR = (gA + pS+yl — (dg + &) R)dt

l
~R) 05,dB; (1).

i1

Model (6) in the special case where f(S) = S, g(I) = I,
and p = g = 0 has been investigated by Yang and Mao in [11]
and in the special case where 07; = 0,; = 03; =0 (1 < j <)
and p = g = 0 also has been discussed in [25]. It is well
known that, in a stochastic epidemic model, the dynamical
behaviors, like the extinction, persistence, stationary distri-
bution, and stability of the model, are the most interesting
topics. Therefore, in this paper, as an important extension and
improvement of the results given in [11, 25], we aim to discuss
the dynamical behaviors of model (6). Particularly, we will
explore the stochastic extinction and persistence in the mean
of disease with probability one and the existence of stationary
distribution.

This paper is organized as follows. In Section 2, we
introduce some preliminaries to be used in later sections. In
Section 3, we establish the threshold condition for stochastic
extinction of disease with probability one of model (6). In
Section 4, we deduce the threshold conditions for the disease
being stochastically persistent and permanent in the mean
with probability one. In Section 5, we discuss the existence
of the stationary distribution of model (6) under some
sufficient conditions. In Section 6, the numerical simulations
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are presented to illustrate the main results obtained in this
paper and some conjectures are further proposed. Finally, in
Section 7, a brief conclusion is given.

2. Preliminaries

Through this paper, we let (Q, F,{F };5¢, P) be a complete
probability space with a filtration {#,} ., satisfying the usual
conditions (that is, it is right continuous and increasing while
F, contains all P-null sets). In this paper, we always assume
that stochastic model (6) is defined on probability space
(Q, F,{F };20> P). Furthermore, we denote R> = {(x, y,2) :

2 I 2 .
x >0y >0z>0Lo0 =%, ,0,0<i< 3and
2 3 2

o5 =) ,0;.
Firstly, on the existence and uniqueness of global positive
solution for model (4) we have the following result.

Lemma 1. Assume that (H,) and (H,) hold; then, for any
initial value (S(0), I(0), R(0)) € Ri, model (6) has a unique
solution (S(t), I(t), R(t)) defined for all t > 0, and the solution
will remain in R> with probability one.

This lemma can be proved by using a similar argument as
in the proof of Theorem 3.1 given in [11]. We hence omit it
here.

Lemma 2. Assume that (Hy) and (H,) hold and let
(S(t), I(t), R(t)) be the solution of model (6) with initial value
(8(0), 1(0), R(0)) € R>. Then limsup,_, . (S(t) + I(t) + R(t)) <
00 a.s. Moreover, let h(x, y,z) be any continuous function
defined on R’ ; then for each 1 < j < | we have

lim % L R(S(5),1(5),R()dB,(s) =0.  (7)
Proof. Let N(t) = S(t) + I(t) + R(t); then we have from model
(6)

dN (t) = (A —dgS(t) —d;I(t) —dgxR (t))dt — P ()

(8)
< (A-uN(t)dt-P(t),

where y = min {d, d}, dg} and P(t) = le:l(aljS(t)+02jI(t)+
o jR(t))dB (). By the comparison theorem of stochastic
differential equations, we further have

N(t)SN(O)e_’”+%(1—6_”t)—Q(t)> 9)

where
Lot
QW) =) J e (0,8 () + 01 (s)
=170 (10)
+03;R(s))dB; (s) .
Define X(t) = N(0) + A(t) — U(t) — Q(t), where A(t) =

(A/p)(1-e ) and U(t) = N(0)(1—e ). It is clear that from
Lemma 1 and (9) X(¢) is nonnegative for t > 0, and A(f) and

U(t) are continuous adapted increasing processes for t > 0
and A(0) = U(0) = 0. Therefore, by Theorem 3.9 given in
[27], we obtain that lim,_, X (t) < oo a.s. exists. From (9),
we further have

limsup N (t) < 0o as. (1)
t—00
Denote
M, (6) = j n(S(s),1(s),R(s)dB;(s).  (12)
0

By (11), we have

S(MM) 0= | 08616, R ds
’ (13)
<sup {(h(S(),1(t),R(1))’} < 0.
t>0

Hence, the strong law of large number (see [27, 28]) implies
limt_,oo(l/t)Mj(t) = 0 a.s. This completes the proof. O

For any function h(t) defined on R,, = [0,+00), we
denote the average value on [0, t] by (h(t)) = (1/t) _[Ot h(s)ds.

Lemma 3. Assume that (Hy) and (H,) hold. Let (S(t), I(t),
R(t)) be any positive solution of model (6); then

[(1-q)dp +e]A

SO) = G v o)+ pdy
( ) (14)
_d;(dg+¢) +dgy
dy (dy + &) + pdy () +o (),
where function ¢(t) is defined for all t >
lim, , o(t) = 0.

0 satisfying

Proof. Taking integration from 0 to t for model (6), we get

50-50)

t

=(1=9)A-pS® gUE)) - (ds + p)S®)
+e(R(1))
1 (¢ 1

B ; JO ; (S (S)g(I () 00]' +S(s) O’lj)dB] (s),
1010

t

=B(S® g ®)) - (d;+y) (1)

t 1
+ % J Y (S5) g () 0g; —I(s)0y;)dB; (),
j=1

0



R(t) - R(0)

t
=qA+y({I (1) +p(S®) - (dg +¢) (R(1))

1 ("%
-2 L j:ZIR (s) 03,dB; (s).
(15)

Hence, we have

St -S0) I(t)-
)< t * t

(dg+e I(O)>+£

_R(t) = R(0)

: A~ (dg(dg +e)

=[(1-q)dp +¢]

+ pde) (S©) ~ [d; (de +&) +dy) TOY -1 (16)

t N
J Z[(d +e (S(s)01]+I(s)021)

+ 2R (s) 03| dB; (s).

With a simple calculation from (16) we can easily obtain
formula (14) with which ¢(t) is defined by

1

o) = _ds (dg +¢) + pdg

|:(dR +e)

.(S(t)—S(O)+I(t)—1(0))+€R(t)—R(O)+l 17)
t t t
t 1
. L Y [(dr+€) (S()0y; +1(s)0y)) + eR (s) 3] dB; (s):l .
j=1
By Lemma 2, we further have lim, , ¢(f) = 0 a.s. O

Lemma 4. Assume that (H,) and (H,) hold and 0,; = 0,; =
035 =0(1<j< 1). Then, for any solution (S(t), I(t), R(t)) of

system (6) with (S(0), 1(0), R(0)) € R?, one has

limsup (S(t) +I(t) + R(t)) < S, a.s., (18)

t—00
where S = A/y. Furthermore, the region
={(SLR):$>0,I>0,R>0,S+I1+R<S as} (19

is positive invariant with probability one for model (6), where
p = min{dg, d;, dg}.

In fact, for N(t) = S(¢t) + I(t) + R(t), from model (6) we
have

dN (t) = (A—dgS(t) - dI(t) — dgR(¢t))dt
(20)

< (A-uN@))dt, as.

This implies that (18) holds, and set I'is positive invariant with
probability one for model (6).
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Lemma5. Assume that(H,) and (H,) hold, 0,; = 0,; = 03; =
0(1 < j <1),dg =dy and d; = dg + a with constant
a > 0. Then, for any solution (S(t), I(t), R(t)) of model (6) with
(8(0), 1(0), R(0)) € R, one has

A[(1-q)ds +é]

S(t)y= VIS Hn+G@), as.
ds(ds+e+p) (21)
Vvt >0,
where
H(t) = PA[(1-q)ds+e]  _arerpy

ds(dg+¢€)(dg+e+p)
B g N L\ gt
(R(O) ds+€>P(1 e )e

A
(d—s—(s<0>+1(0)+R(0)>)

1 (1-

.p+€

(22)

e—(p+s)t) e—dst)

t
Git)=-It) -« J e I (5) ds
0
t
_y J @I () g
0
+pJ ~srerp)E-9) ] (g )ds+pocj dsrerp)(t=) (23)
. J's e st (u) duds + py Jt o (dstetp)(t=s)
0 0

N
. J e Ut (1) du ds.
0

Proof. Since

dN (t) = (A - dgN (t) — al (t)) dt, as., (24)

then

N (1) = dﬁ - (N(O) - %)e*d“
S S (25)

t
-« j e 91 (5)ds, as.,
0

where N(0) = S(0) + I(0) + R(0). From the third equation of
model (6) we have

A A
R(t) = -1 4 (R (0) - -1~ )a‘”’s“’f
dg+e¢ dg+¢
t
+ pj e UstO=9g (5) ds (26)
0

t
+y J e BT (6) ds, as.
0
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Therefore,

A[(1-q)ds +ée]
dg (dg +¢)

_ <R 0) - gA )ef(ders)t
dg+e

+ <N(0) - dﬁ) e st
S

t
_pJ. —(dg+e)(t— s)S (S) ds

S(t) = ~1()

(27)

t
-« J e 91 () ds
0
t
-y J e—(ds"'s)(t—S)I (s) ds.
0
Let y(t) = fot e st935(5)ds; then

dy (t) = [ s (t)] dt = [—py (t)

A[(1-q)dg+é] RERY
dg (dg + )

qA A)(e)t
N(0) - —
ds+s>+< 0= )¢

t t
- e J %5 (s) ds — y J e () ds] dt.
0 0

+ _I(t) s o

(28)

—(R(O)—

Solving y(t), we obtain

A[(1-q)ds +¢]
ds(ds+e)(ds+e+p

yt)y=e? [ ) (elsTerPl 1)

t
- J s TEPIT () ds
0

) <R(O)_ dq/-:(s) S0
S

p
+ <N (0) - A)
- yJ ps J BT (1) duds
0

t y s
_ “J e( s+e+p)s J
0 0

Substituting (29) into (27), we immediately obtain (21)-(23).
This completes the proof. O

(29)

+p (e(s+p)t _ 1)

e BT (1) ds ds] dt.

Remark 6. When dg # dg in model (6), whether we can also
establish a similar result as in Lemma 5 still is an interesting
open problem.

Consider the following n-dimensional stochastic differ-
ential equation:

dx(t) =b(x)dt + iar (x)dB, (1), (30)

r=1

where x = (x;,%,,...,%,), 0,(x) = (0,1 (x),af(x), <00 (x)),
and B,(t) (1 < r < m) are standard Brownian motions
defined on the above probability space. The diffusion matrix
is defined by

AQ) = (a;(0),

m ' (31)
a; (x) = Zla; (x) 0l (x).

For any second-order continuously differentiable function
V(x), we define

LV(x):lea‘(_;gx)bi (x) + %Z V(x) ). (32)
i= 1 i,j=

The following lemma gives a criterion for the existence of
stationary distribution in terms of Lyapunov function.

Lemma 7 (see [27]). Assume that there is a bounded open
subset D in R" with a regular (i.e., smooth) boundary such that

(i) there exist some i = 1,2,...,n and positive constant
1 > 0 such that a;;(x) = n for all x € D;

(ii) there exists a nonnegative function V(x) : D° — R
such that V(x) is second-order continuously differen-
tiable function and that, for some 0 > 0, LV (x) < -0
forall x € D¢, where D = R" \ D.

Then (30) has a unique stationary distribution rt. That is, if
function f is integrable with respect to the measure 1, then for
allx, € R"

Plima || Gelum)) = [ f (xo) ()}

=1.

(33)

To study the permanence in mean with probability one
of model (6) we need the following result on the stochastic
integrable inequality.

Lemma 8 (see [13]). Assume that functionsY € C(R, %€, R,)

and Z € C(R, xQ, R,) satisfylim, , (Z(t)/t) = 0 a.s. If there
is T > 0 such that

t
InY (t) > vyt —v J. Y (s)ds+ Z(t) as., (34)
0
forallt > T, then

Lt vy
lim inf - J Y (s)ds > — a.s. (35)
v

t—oo f Jo



3. Extinction of Disease

For the convenience of following statements, we denote

[(1-q)dr +e] A

Sy = ——~—7—"—,
07 dg(dg +¢) + pdy
s _d;(dg +¢€) +dpy
l_dS(dR+8)+PdR‘

We further define a threshold value

2 TG O(B+3 000)

0=

dr+y
B (f (So) g (0))2 % B o;
2(d; +y) 2(d;+y)

Theorem 9. Assume that (H,) and (H,) hold. If one of the
following conditions holds:

(37)

(a) Ry < 1 and o f(S)9'(0) < B+ 3., 090,

(b) 05 > 0 and (B+Y_, 0,05’ 1202 ~(dy+y+(1/2)02) <
0,

then, for any initial value (S(0),1(0), R(0)) € Ri, one has

nl(t)

lim sup1

t—o00

<0 a.s. (38)

That is, disease I is stochastically extinct exponentially with
probability one. Moreover,

lim (S(®)) = Sy,
A(qds + p) (39)

lim (R()) = — 9% T P)
fm (R (2)) ds(dp +€) + pdg

Proof. Applying Ito’s formula to model (6) leads to

InI(t)=InI(0)+ Ltf(x (s))ds
(40)

’ (I(s))
+j;(oo,jf(5()>g B ) - 78,0,

where x = (S, I) and

1
fe=5©L <ﬁ+ 200j02j>
j:I

(arre )0 20)

Assume that condition (b) holds. Since

(,8 + 25:1 (70]‘(72]')2

2
20}

(41)

fx@®) <

- <d1+y+ %a%), (42)
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then from (40)
2
InI(t) InI(0) (.B + 22:1 Cr01‘(72]')
< + 5 - (d, +y
t t 20,

1
¥ az)+21(001tj <S(>)g(1(()”d3<> (43)
e

1 t
0'2]; JO dB] (S)) .

By Lemma 2, we have

91©)

Hootjs() 1(s) dB;(s) =0,
thm ; J dB (s) =0 as., (44)
1<j<l
Therefore,
2
) InI(t) (,8 + 22:1 OOjGZj)
lim sup < 3
t—00 t 200 (45)

1
—<d1+y+ 505) <0.

Assume that condition (a) holds. Choose constant € > 0
such that 8 + le:1 00j02j 2 g'(0) f(e)o;. We compute that

fx)

2
=f(S gT<ﬁ+200102]>—(d1+y+%)
1 Dy
(P«
! 2
:f(S)@<ﬁ+z%j02j> (d +y+—2)
=1

g (I)

(46)

1 ()
—5(f<s>—f<e>>2912 ;
2

I
912 )Gé

1
< [<ﬁ+200jazj> 2 - feat? (I)]f(s)
=1

2
1
—(d1+y+ %2) E(f(e)g (0))
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When a; = 0, which implies 00; =0 (1 < j <), we have
from (46)

2
<8O0 (a0y+ 2 )
)

s,Bg'(O)f(S)—(d,+y+%2>.
Since
=f(50)+f(3)—f(so)

:f(so)“Lf’(E)(s_So)’

where £ € (S,S,), from (H,), we can obtain f'(§)(S - S,) <
f'(SO)(S - Sp)- Hence, we have

S) < £(So)+ £ (So) (S=$p)- (49)
According to (14), (40), and (49), we have

)
(48)

InI(t) _InI(0)
t - t

ZAWR gU(s)
+y+?2>+j;(aojtjf(5()) 8 dB, (s)

+ ﬁgl (0) % L f(S(s)ds— <d1

+Bg’ (0) £ (Sy) - Bg' (0)
(50)

£/ (80) S, T @) + Bf' (S0) g ©)9(®) - <d1 ty

B; (t)) lnI(O)

0'2]» 7

LAWR g (s)
+2>+;<%] jf(so) TRl

02]1 J dB; (s))

Hence, from (44) and Lemma 3, we finally have

2
11 sup1 < Bf (S,) g' (0) - (d, +y+ —2) as. (51)

When UO # 0, from (40) and (46) we have
1t g (s))
+?L [<ﬁ+z 2]> I(s)

R Ls (( ]f(S o) ds

In1(t) - InI(0)
t B t

(52)

I(s)

B; (t) ; )
—0y; ]t )—(d1+y+ %)+%(f(e)g (0))2

e
00'

N
v 3 (ot J s 25 an
4

Define a function
l 2 2
F(u) = B+ Y 09joy; |u— f(e)opui’. (53)
j=1

Clearly, F(u) is a monotone increasing for u € [0,( +
le:l aojazj)/Z f(e)ag] and monotone decreasing for u €
(B + le:l Gojazj)/2f(e)o§,oo). With condition f +
lezl 00j03j = g'(O)f(e)ag, that is, g(I)/I < g'(O) < B+
le=1 aojazj)/zf(e)ag, we have

) /
F<gT) <F(g (0))
1
= </3+ Z"ojazj)g, (0) (54)
=1

- fea; (g (0))2.

Hence, by (14) and (49), we have

InT(¢) - In1(0) N ,(
t B t

1
0) (/3 + Y 00,055 — £ (€)
j=1

2 1 1 (!
03g )1 | s

1
o3 (g |, £ 500 Lm0
&

2

— 0y JdB (s)) <d1+y+%)+%(g'(0)

1 , !
f@) e g<o><ﬁ+200jaz,~ (55)
j=1

- f©05d' (0)> [£(So) + 1 (o) 9 )] - <d1

2

1,
+y+%)+5(g (O)f((—:))zo0

i( J S()g(I(s))dB ©

I(s)
02] J dB; (s))



Choose € = S;; from (44) and Lemma 3, we finally have

lirtn sup In (t) < f(S)d' (0 </3 + ZGOJGZJ>

2
0, (56)
- (dI +y+ ?)

(f (50) g () 02 as.

From (45), (51), and (56), it follows that (38) holds.
Since lim, , I(t) = 0 a.s., by (14) of Lemma 3 and the last
equation of (15), we further obtain

lim ($(1)) = Sy

(57)

A(qds + p)
hm (R (t)) m a.s.

This completes the proof. O

Remark 10. Condition (b) in Theorem 9 can be rewritten in
the following form:

2
) (B+ X1 0002) (58)
2(d;+y+(1/2)02)

It is clear that

f(So) g (0) (ﬁ + 22:1 ‘701021‘)
di+y+(1/2) 03

2 2 (59)
B (f (So) 9, (0)) (ﬁ + le:1 ‘701“72]')
4(d; +y+(1/2) 02) B

Therefore, when condition (b) holds, from (58) we also have

R = f(S)g' (0) (ﬁ + lezl (70]'02]‘)
o di+vy

(fS)gd @) 2 o2
B 2(dr +v) _2(d1+)’)

_S(s0)d OB+ Yie1 00j055)
dp+y

(F(50) g O (B+ Xy 00j0,)’
C 4(d+y) (i +y+(1/2)03)

5 £(S0) g (0)(B+ Xy 0002)
2(d; +v) dr+y+(1/2) 03
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B (f (So) 9, (0))2 (ﬁ + 22:1 ‘70]“72]')2
4(d; +y+(1/2) 02)°

d 1/2)0; ;
y ty+(1/2)o; o) <1
2(d; +y)

dp+y
(60)

Remark 11. From Remark 10 above, we see that in Theorem 9
if condition (a) holds, then we directly have R, < 1, and if
condition (b) holds, then we also have 1~20 < 1. Therefore,
an interesting open problem is whether we can establish the
extinction of disease I with probability one for model (6) only
when R, < 1.

4. Stochastic Persistence in the Mean

In this section, we discuss the stochastic persistence and
permanence in the mean with probability one for model (6)
only for the following two special cases: (1) o, i=0(1<j< )
and (2) 0y = 05; = 03; = 0 (1 < j < ). Furthermore, we also
assume that in model (6) function f(S) =S

4.1 Case y; = 0 (1 < j < I). When f(§) = Sand oy; =
0 (1 < j <) in model (6), we have
! 2
RO _ S()g (O)ﬁ _ 02 (61)

dr+y 2(d;+y)

Theorem 12. Assume that (H;) holds, f(S) = S, and 0j =

0(1 < j < I).IfRy > 1; then disease I in model (6) is
stochastically persistent in the mean; that is,

hm inf—
—0o f

J-tI (r)dr >0 a.s. (62)

Proof. Let (S(t), I(t), R(t)) be any positive solution of model
(6). Lemma 2 implies that there is a constant M, > 0 such
that S(t) + I(t) + R(t) < M, a.s. for all > 0. Define a Lyapunov
function

1= JM) L (63)
10 g ()
Using It6’s formula to model (6) leads to
4U (1) = (ﬁs oL -2 Ly <I>>dt
(I) 2 g ()

Z(rz] (I)dB (t) = (ﬁs

I 1
~(d;+y) <m "0 > (64)

2 2
o (T
2 (gm)g - '<0>)

dy+y 0;
_<g'(o> +29'(0>>) Z"” <1>dB ®©.




Computational and Mathematical Methods in Medicine

irom (H,), which implies that g'(I) g/l < g '(0), we
ave
12
707 P50 (0)
r o, )
=@ 0-d0)
I 1
(65)
+g 0 )(g 2 (g '(0>)2>
) I 1 I 1
<4 (0 -
<9 )<g(1) +g’(0)>(g(1) g’(O))

’ 1 1
S(Mg (0)+])<m—m>;

where M = SuPogsMo{I/g(I)}- Since lim;_,(I/g(I)) =

l/g'(O), then 0 < M < oco. Substituting (65) into (64) and
then integrating from 0 to t > 0, we get

2
Ut(l) H [ﬁS(r)—<d1+y+a—2(Mg (0)+1)>
FERICIR )_(d1+y o3 )]d
(g(I(r)) 7o) \g0 270" ©®
Ly
-2 M,
j:l

where M;(t) = jot sz(I(r)/g(I(r)))dBj(r). From Lemma 2,
we have

tlim %Mj (t)=0as, 1<j<L (67)

Define a function G(I) as follows. When I > 0, G(I) =
I/g(I), and when I = 0, G(0) = lim;_,,(I/g(I)) = l/g'(O).
Then G(I) is continuous for I > 0 and differentiable for I > 0.
Applying Lagrange’s mean value theorem to G(I) — G(0), we
have from (66)

di+y o)

- sup {G' (D T(r) - I—+—2>]dr
S, (oo (g’ 0 24’ (0)

I

1

-2 M0,

=1

(68)

Substituting (14) into (68), it follows that

U(I)

2 S - [/351

2
+<d1+y+%2(Mg'(0)+1)> sup {G'(I)}]
0<I<M, (69)
dr+vy 022 B L1
70 29 (o>) 27M 0

j=1

-(I(t)>—<

+ Bo(t).

Since
I(t) I(t)
U0 1" Ly A"
t t Jioy g(I) 1 t Jio)
InI(t) -

(70)
In1(0)

we have

InTl 1 d 2 1
nl() {ﬁSO‘—gI'ZJ‘—z;Z(O)}_M[/35‘

o2
+ <d1+y+ _Z(Mg (0) + 1)) sup {G' (1)}] (71)

0<I<M,
(L) + (@),

where

1
D) = ——Y M, () + ﬁ‘fw(t)

1
—-1InI(0). 2
Ml +oII0).  (72)

From (67) and Lemma 3 we have lim,_, ®(t)
Lemma 8, we obtain

= 0. Finally, by

t
E li{n inf% J I(r)dr>1", (73)

ua _1(* e tdo

: )5 ;J [ﬁS(r)— (d1+y+ —Z(Mg'(0)+ 1))
0 where
I (dr +y) (Ro - 1) (74)
(BS, + (d; +y+(1/2) 6% (Mg' (0) + 1)) supoerepy, {G' (D}) g (0)

Remark 13. In the proof of Theorem 12, we easily see that
This completes the proof. O three constants My, M = supy;.y, {I/g(I)}, and I" given
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in (74) are dependent on every solution (S(t), I(¢), R(t)) of
model (6). This shows that in Theorem 12 we only obtain the
stochastic persistence in the mean of the disease.

4.2. Case 0y; = 05; = 03; = 0 (1 < j < ). When f(§) =S
and 01j=0,;=03;=0 (1 < j <1)in model (6), we have

2

R. = ﬁsog’ (0) B Sg (gl (O)) Gg (75)
Podiry 2(divy)

In order to obtain the stochastic permanence in the mean

with probability one for model (6), we need to introduce a
new threshold value

, =2/, 2,
R. = BSog (0) B S (g (0)) 00' (76)
di+y 2(dr +v)

Obviously, we have R, < R,

Theorem 14. Assume that (H;) holds, f(S) = S, and 0y =
0y =03;,=0(1<j<). IfR, > 1, then disease I in model

(6) is stochastically permanent in the mean, that is,
1 t
liminf— J I(r)dr
t—oo f Jo

(dr +v) (Eo - 1) 7

=
(ﬁsl +(dy +y) max,_; 5 G’ (I)) g' (0)
where function G(I) is defined in Theorem 12 above.

Proof. Let U(I) = II((;))(I/g(I))dI; using Itd’s formula to

model (6) and (18) leads to

du (1) = pS—(d; + SN a—ész (1) ) dt
1ty g() 2 9
1
— Y Soy;dB; (1) 2 (/35
= (78)
I 1
—(d -
( IW)(gu) q (0)>
025 (0) dy+y ’
- T ) ) j:zls%dej (t).
Similarly to above proof of Theorem 12, we have
Ut(l) > % r (ﬁS(r) —(d; +y) maxG' (I) I (r)
0 0<I<S
— Gggzg’ (0) + dI + Y dr (79)
2 g'(0)
-y L S(r) og;dB; (r).

i

<.
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Substituting (14) into (79) yields

M > BSO
t
' 1(*
- [ﬁSl +(d; +y) max G (I)] - J I(r)dr
0<I<S t Jo
22 (80)
[ 9%S g (0) +d1+Y
2 g'(0)
1 1 t
- Z; J S (r) 0y;dB; (r) + Be (£).
=1t 0
Since by (18)
1) g S(InS—1nI(0
v L S 1, SWS-h1©)
t thog(s)! g(S)t
(80) can be rewritten as
t
1 J I(r)dr
t Jo
_ (82)
(d+y)(Ry-1)+ g (0D (t)
~(BS, + (d +y) maxy,5G' (D) g' (0)
where
1 1 t
o(M=-Y1 L S () 00,dB; (1) + P (8)
=1
o (83)
S (lnS —InI (0))
g(9)t
By Lemmas 2 and 3, it follows that lim, , ®(t) = 0.
Therefore, taking t — oo in (82) it follows that (77) holds.
This completes the proof. O

Using Lemma 5, we can establish the following result
which shows that R, can be a threshold value for the
stochastic permanence of disease I in the mean for a more
special case of model (6): dg = dy and d; = dg + « with
constant a > 0.

Theorem 15. Assume that (Hy) holds, f(S) = S, 0y; = 05; =
03; =0 (1 <j<I),dg=dy andd; = dgs+ awith constant

« > 0. IfR, > 1; then disease I in model (6) is stochastically
permanent in the mean; that is,

t
lim infl J I(r)dr
t—oo t Jo

— 84
(ds+(x+y)(R0—1) (84)

> a
(ﬁ51 +(dp +y) max, ;5 G (I) + MO) g' (0
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where function G(I) is defined in above Theorem 12 and

2 2 2

« y p
My=6|1+—+ +
’ A5 (dg+e)  (ds+e+p)
, , (85)
(pax) (py) A
d2(ds+e+p) (ds+e) (dg+e+p)]ds

Proof. Firstly, when dg = d and d; = dg + «, then threshold
value R, becomes

5 Bsd @ _Sild ) o

= , (86)
" dgt+a+y 2(dg+a+y)

where Sy = A[(1 - q)ds + €]/dg(dg + € + D).
Let U(I) = LI((O? (1/g(I))dI; similarly to above proof of
Theorem 12, we have

du (1) > (ﬁs-(d5+a+y)maxc’ (I

0<I<S

1 de+a+
—Eﬁfdm»~i——l)m @)

g' (0)
I
— ) Soy;dB; (t).
=
Since §? = Sé +25,(8 = Sp) + (S - SO)Z, we further have

> B(S(t)) - (dg +a +y) max G (I) {I (t))

0<I<S

U D)
t
~ 203524 (0)- 03, (0) (5 () -5,
(59)

d ,
S 3o O (50 -8))

11 t
- > —| So,.dB.(s).
X ], s 0

Substituting (14) and (21) of Lemma 5 into (88), using
inequality (a + b)* < 2(a® + b?), it follows that

U() ds+a+y =
¢ ° g0 (R -1)
- [JBSI +(dg+a+y) éf{f%d (D | @)

+(B-00S0g () 9 (1) (89)

—ayg 0 ((H* ) + (G’ ®)))

"2

1 1 t
— | So,;dB.(s).
]:1t Jo %0j%5; ®

1

From expression (22) of H(t), we easily have
limt_m(Hz(t)) = 0. By (18), without loss of generality,
we can assume that S(t) + I(t) + R(t) < A/dg a.s. forallt > 0.
Hence,

t 2
G*()<6 [12 ) +a® <j e B9 () ds>
0
t 2
+9° (J e st () ds)
0
t 2
+p (J e s TErPI=S) I gy ds) + (poc)2
0
t s 2
. (J e—(ds+€+P)(l‘—S) J e—ds(S—M)I (u) du dS)

0 0

N (py)2 < J ! (s rerp)(t=s)

0

. 2
. j e ) (s —u) I (u) du ds) ] <6 dAI (1)

o s

(90)

A [P g YA

w S S I d -
" d3 J-Oe (<) S+ds(ds+5)

t ’A
. I @I (g dsy — L=

0 ds (ds+ e+ p)

2

. jte—(ds+s+p)(t—s)1(s) ds + M

0 dS (dS + &+ p)

t s
) J o~ (dsterp)(t=9) J SN (1) duds
0 0

(PY)2 A J ! o dsterp)(t=s)
ds(dg+e€)(dg+e+p) Jo

. r e 9% (s — 1) I (u) du ds:| .
0

By computing, we obtain

t s
1 J J e S () duds < L (I1(1),
t Jo Jo ds

1
dg+¢

t s
1] J e IS () duds < (1)),
t Jo Jo

t s
1 J J et oy duds < L gy,
t 0 de+e+p

1 t s B B u _ 5
;J J e (stetp)s ”)J e BSUI (v) dv du ds
0 0

1
“d(dsrerp)
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t
%ijwwﬁm“”réwwwwﬁmdwmﬁ
0 Jo 0

1

= (dg+¢€)(dsg+e+p) O
(91)
Therefore, we finally have
(G*(1)) < My (I(®). (92)
From (81), (89), and (92) we further obtain
1 t
n L I1(r)dr
(93)

(ds+a+y)(Ry—1)+g (@)
B (ﬂS1 +(d; +y) max,_; sG' (I) + Mo)g’ )

where

l

@@:—%%ﬂsm%ﬁ@u)
+(B-03809" (0)) @ () - 059’ (0) (H* (1)) (94)
S(InS-1In1(0))
90
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By Lemmas 2 and 3, it follows that lim, , ®(t) = 0.
Therefore, taking t — oo in (93) it follows that (84) holds.
This completes the proof. O

5. Stationary Distribution

In this section, we discuss the stationary distribution of model
(6) by using Lyapunov function method. We firstly define the
diffusion matrix A(x) = h(x)h" (x), where x = (S, I, R),

hy (%) hyy(x) -+ by (x)
h(x) = h21 (x) hzz (x) --- hzl (x) >
hyy (%) hyy (x) -+ hy (x)

(95)
By (%) = =f () g oy~ f (o,

hzj (x) = f(S)g(I)%j - 102j>

hs; (x) = —Ras;.

Furthermore, we denote by a;(x) (i = 1,2,3) the diagonal
elements of matrix A(x). We have a;;(x) = ljzl hfj(x).
Theorem 16. Assume that (H;) holds, f(S) = S, and there is
a constant p > 0 such that a;(x) > p, for any x € R, and
i=12379>pd; >dgandy(ds+dg) > pld; +dg). If
Ry, > 1and

[(dstP) [v(ds +dg) - p(d; +dp)] +dS—C1]S*2/\ [(d1+y) [y (ds +dg) — p(d; +dg)]

(y-pe

+dgp—C;

d —-C, |1
(y-p)e T

e+ (ds+p+d +y)(y(ds+dg) - p(d; +dg))] I"0;  (96)

/\[(dl_ds)(dR+£)
y-Pp
+C,S” +C,I"? + CRY,

where

]R*z S [(ds+d;)(y - p)

eBg (I*) (y - p)

2[(dg+dy) (y- p)e+ (dy+ p+dy+y) (y (ds +de) - p(dy + dR)] T (g (0)) o

1=

) 3 2
+ [y (ds +dg) P(dl+dR)]01+02

(y-pe ’
C, = 2 [y (dg + dp) _P(dI+dR)]U§ + o7
(y-p)e
C, = (dl—ds)‘7§ + o

Yy-p

and (S*,1",R") is the unique endemic equilibrium of model
(2), then model (6) has a unique stationary distribution.

efg (I*) (y - p)

(97)

Proof. We here use the Lyapunov function method to prove
this theorem. The proof given here is similar to Theorem 5.1
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in [11]. But, due to nonlinear function g(I), the Lyapunov
function structured in the following is different from that
given in [11].

By Lemma 7, it suffices to find a nonnegative Lyapunov
function V(x) and compact set K C Ri such that LV(x) < -C
for some C > 0and x € Ri/K.

Denote x = (S,I,R) € Ri. Define the function

Vi (x) = % (R-R"). (98)
Calculating LV, (x), we have
LV, (x) = (R R)
(P(S=8)+y(I-I") ~(dx +€) (R-R"))
+%0‘§R2 <—(dg+e-03)(R-R")’ (99)
(S-S (R-R) +y(I-I) (R-R")
+02R".
Define the function
Vy(x)=I1-1"-T" lnli*. (100)

Calculating LV, (x), we have

*

0= (1- ) (B9 - @+ 9D + -
j=1

I 2 .
<SQ% - azj) =(1-T)
J

.(ﬁs(g(l) ) g(I*)> +ﬁgg*) (S_S*))

I

2

I I*

!
1*2 1*22g2(1) *Q(I)
+EI 02+£I 0,S 7 —ZI ST%]’%]‘
j

j=1 (101)

I*
< ﬁ%(s-s*)(l—l*) + %1*05 +%

!
-1 aé (g' (0)) s* - ZI SgToojazj <B

=1

g(I")

o (s=8) -1 v 2oy (4 )

(S-S +20"02 (¢ () S + "0l

_ [(ds+d;)(y—p)e+(ds+p+d;+y)(y(ds +dg) - p(d; +dp))] I"

13
Define the function
V3(x):%(S+I—S*—I*)2. (102)
Calculating LV5(x), we get
LV;(x)=(S+1-8" -I")(-(ds+p)(S-S")
e(R-R') = (d; +y) (I-1) + 2018+ 2
!
o+ ZSIGUO‘2]- <- ((ds +p)— Zaf) (S
= (103)
~S ) —(di+y-203)(I-I") +e(S-S") (R
—R)—(dg+p+d+y)(S-S)(I-I")+e(I
-I")(R-R") +20°S" + 2021,
Define the function
V, (x) = %(S+I+R—S* ~I"-R)’.  (104)
Calculating LV, (x), we get
LV,(x)=(S+I+R-S" —I" - R*)
-(A—dSS—dII—dRR)+%
. Zl: (Solj + 1oy + R03j)2 <-dg(S-8)
=1
~dy (I1-I') ~dg (R R')" - (ds + d;)
($-87)(I-1") = (ds +dg) (S §7) (R-R")
(105)

—(d1+dR)(I—I*)(R—R*)+%(0f+a§+o§)
(S +IP+R) <~ (dg-0°)(S-8")
~(d;-0*)(I-I") = (dg - ") (R- R")*
—(dg+d;)(S=S)(I-T") - (ds+dg)(S-S")
“(R-R*)-(d;+dg)(I-T")(R-R")

+0* (87 + 1"+ RY).

Define the Lyapunov function for model (6) as follows:

V (x)

+ y(ds +dg) - p(d; +dg)
(y-ple

efg (1) (y - p)

Vi(x)+V,(x).

d; —dSV1 )

V, (x) +
(106)
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Then from (99), (101), (103), and (105) we have

Computational and Mathematical Methods in Medicine

d dg+dg)—-p(d;+d
o[ Ul i)l sl oy
(v-pe
d dg+dp)-p(d;+d dy—dg)(d
_ (d+y) [y (ds+dg) —p(d; + R)]+dI—C2 (I-1°) - (d; S)(R+8)+dR—C3 (R-R*) (107)
(r-pe y-p
+C,82 + G+ C,RY [(ds +d)(y—p)e+(ds+p+d +y)(y(ds+dg) - p(d; +dg))] "o
efg (I°) (v - p)
If condition (96) holds, then the surface
d dg+dp)-p(d;+d
[( s+ p) [y (ds+dg) - p(d; +dg)] +ds—c1] (S—S*)2
(y-pe
d dg+dg)—-p(d;+d dy—dg)(d
4 (di+y) [y (ds +dg) - p(d; + R)]+dI—C2 (I—I*)2+ (d; S)(R+S)+dR—C3 (R-R') (108)
(r-p)e y-p
_ [(ds+d;) (y—p)e+(ds+p+di+y) (y(ds +dg) = p(d; +dp))] I"0; +C,8 4+ Gy + CR
efg (I°) (v - p)
lies in the interior of R? . Hence, we can easily obtain that there F(S)I §
exists a constant C > 0 and a compact set K of R? such that, T 1+ wI? ]Z' <00JEJI VAt + 001 (f B ) At)
for any x € R} /K,
!
LV (x) < -C. (109) - Sl (O-IJEJI \/_ t+ 01] (E - ) At)
Therefore, model (6) has a unique stationary distribution. /3 £ (S) T F(S)I
This completes the proof. O I, =1+ L (dy+y)L ) At + '
SR 1+ wl? 1+ wl?
Remark 17, In fact, the variances of errors usually should be l
small enough to justify their validity of real data; otherwise, ) ( B )
the data may not be considered as a good one. It is clear that ; 90,55 VA VAt + GOJ (E ) At
when o;; are very small, condition (96) is always satisfied. !
!
6. Numerical Examples -1 ]Zl (‘721511\/_ + ‘721 (& - )At)
To verify the theoretical results in this paper, we next give R.. =R A+ S+ I — (d R At
numerical simulations of model (6). il +(ah+pSi+ vl = (dr + &) Ry)
Throughout the following numerical simulations, we !
choose I = 2 and g(I) = I/(1 + wI*), where w is a positive - Riz (031511\/_+ 03] (E - )At)
constant. It is easy to verify that assumption (H;) holds. =1
By Milstein’s higher-order method [29, 30], we drive the (110)

corresponding discretization equations of model (6):
Sin1 = S;

Bf (S)T;

+<(1—q)A— e —(dsi+P)S,-+£R,->At

Here, Eji (i=12..., j=1,...,1) are N(0,1)-distributed
independent Gaussian random variables and At > 0 is time
increment.

Example 1. In model (6), we take f(S) = S/(1 +0.2S), A =
185, = 052, B = 052, p = 024, & = 02,y = 03,
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FIGURE I: The path of I(¢) for the stochastic model (6) with parameters in Example 1, compared to the corresponding deterministic model.
(a) is trajectories of the solution I(t) with the initial value I(0) = 0.05 and (b) with the initial value I(0) = 0.5. The disease of model (6) is

extinct with probability one.
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— (/1) [ I(s)ds
— 1)
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Time T
— (1/t) [y I(s)ds
— 1
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FIGURE 2: The paths of I(t) and (1/t) _[(: I(s)ds for the stochastic model (6) with parameters in Example 3, (a) with the initial value 1(0) = 0.05

and (b) with the initial value I(0) = 0.5.

w=2dg=04,d; =021,dg = 03,0, = 0.15,0,, = 0.99,
o, = 023,0,, = 0.17,0,, = 0.14, 05, = 0.72, 03, = 0.47,
and 0;, = 0.93. By computing, we obtain R, = 0.8939 <
1, 05 f(S)g'(0) = (B + Y3, 00;05;) = 03442 > 0, and
(B+ X1 00j02))* /207 = (dy + +(1/2)03) = 0.005 > 0. This
shows that conditions (a) and (b) of Theorem 9 do not hold.
The numerical simulations (see Figure 1) suggest that disease
I(t) of model (6) is still stochastically extinct with probability
one. Therefore, as an improvement of Theorem 9, we have the
following interesting conjecture.

Conjecture 2. Assume (H,) holds. The disease I(t) in model

(6) is stochastically extinct with probability one only when R, <
1 holds.

Example 3. In model (6), we take f(S) = /(1 + 1.55), A =3,
q =02p8=21p=203¢e=08y=0Lw0w =2
dg = 0.5,d, = 0.8,d, = 04,0, = 08,05, = 1.2,0,, = 0.3,
0y, = 0.75, 05, = 045, 0,, = 0.8, 05, = 0.8, and 03, = 0.3. By
computing, we obtain R, = 1.3554 > 1. From the numerical
simulations given in Figure 2, it is shown that disease I(t) of
model (6) is not only stochastically persistent in the mean but



16

0.8

0.7 |

I(t)

1000 1500

Time T

0 500

2000

— (/1) [ I(s)ds
— 10

(a)

Computational and Mathematical Methods in Medicine

0.8

0.7 1

0.6

0.5

0.4

I(t)

0.3
02
0.1

1500

1000
Time T

0 n
0 500 2000

— (/) [ I(s)ds
— 1(®

(®)

F1GURE 3: The paths of I(¢) and (1/¢) _[Ot I(s)ds for the stochastic model (6) with parameters in Example 5, (a) with the initial value I(0) = 0.05

and (b) with the initial value I(0) = 0.5.

also stochastically persistent with probability one. Therefore,
as an improvement of Theorem 12, we have the following
interesting conjecture.

Conjecture 4. Assume (H,) holds. The disease I(t) in model
(6) is stochastically persistent in the mean only when R, > 1.

Example 5. In model (6), we take f(S) = S/(1+0.15), A = 1.2,
g=05pB=15p=09¢e=11y=09w=2d =06,
d, = 035, dy = 04,0 = 04,0, = 02,0, = 0.1,
01, = 045,0, = 02,0, = 0.1,0;, = 0.2,and 03, = 0.3.
By computing, we obtain R, = 0.8687 < 1 and R, = 1.2931 >
1. The numerical simulations given in Figure 3 show that
disease I(t) of model (6) is still stochastically permanent in
the mean. Therefore, combining Theorem 12 and Theorem 14,
we can obtain the following interesting conjecture about the
stochastic permanence in the mean of disease I(f).

Conjecture 6. Assume (H,) holds. The disease I(t) in model
(6) is stochastically permanent in the mean only when
Ry > 1.

Example 7. In model (6), we take f(S) = S, A = 0.67,
g =002pB=17p=005¢c=37y=099,w =4
dg = 0.29,d, = 0.53,dp = 0.39, 65, = 0.025, 655, = 0.02,
o, = 00121, 0y, = 001,05, = 0,0, = 0,05 = 0.02,
and 05, = 0.01. By computing, we obtain that the basic
reproduction number for deterministic model (2) is R, =
2.5279 > 1 and the unique endemic equilibrium of model
(2)is (S*,I*,R*) = (1.4230,0.3845,0.1372). Furthermore, we
can verify that there is a constant p > 0 such thata;;(x) > p for
anyx € R} (i=1,2,3),d; —dg=024> 0,y - p=0.94 >0,
y(dg + dg) — p(d; + dg) = 0.6272 > 0, and

[(ds+P) [v(ds +dg) — p(d; +dg)] +ds—C1]S*2/\[(dI+Y) [y (ds +dg) — p(d; +dg)]

(y-pe

O p)s +d,-C, | I

x2 [(ds+d;) (y—p)e+(ds+p+di+y)(y(ds+dp) = p(d; +dg))] o5 (1)

N[CEUAE I

+C,S™ +C,I"? + CR™ = 0.0147 > 0.

That is, all conditions in Theorem 16 are satisfied. The
stationary distributions about the susceptible, infected, and
removed individuals obtained through the numerical simu-
lations are reported in Figure 4, which shows that after some
initial transients the population densities fluctuate around the
deterministic steady-state values S* = 1.4230, I* = 0.3845,
and R* = 0.1372.

efg(I*) (y-p)

Example 8. In model (6), we take f(S) = S/(1+0.4S), A = 2.5,

q=05p=14p=107¢=09,y = 05, w = 189,
dg = 07,d; = 045,dg = 058, 0y = 04,04 = 02,
o, = 021, 0, = 01,0, = 01,0y, = 024, 05; =

0.2, and 03, = 0.1. By computing, we obtain that the basic
reproduction number for deterministic model (2) is R, =
1.6484 > 1 and the unique endemic equilibrium of model
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FIGURE 4: The solution of stochastic model (6) and its histogram with parameters in Example 7.

(2) is (S*,I",R*) = (1.7242,0.5082,1.8352). Furthermore,
we can verify that there is not a constant p > 0 such that

a;(x) > pforany x € R} andi = 1,2,3,d; - dg = —0.25 < 0,
y—p=-019 <0, y(dg+dg)— p(d; +dy) = —0.0682 < 0 and

[(ds+P)h%ds+dR)—P(d1+dRH +ds_(h]s*2A[(dl+Y)h%dS+dR)_p(d1+dRH

(y-pe

-1 +d;-C, 1’

A [(dl_ds) (dg +¢) +dR—C3]R*2— [(ds+dy) (y—p)e+(ds+p+di+y)(y(ds+dr) = p(d +dp))] "0 (112)

y-p

+C, S +C,I"? + CR™ = =5.5051 < 0.

efg(I*) (y-p)
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FIGURE 5: The solution of stochastic model (6) and its histogram with parameters in Example 8.

That is, the conditions in Theorem 16 are not satisfied.
However, we obtain that threshold value R, = 2.7192 >
1. The numerical simulations given in Figure 5 show the
stationary distributions about the susceptible, infected, and
removed individuals. Therefore, we can obtain the following
interesting conjecture about the stationary distribution for
model (6), as described in the conclusion part.

Conjecture 9. Assume (H,) holds. Model (6) has a unique
stationary distribution only when Ry > 1.

7. Conclusion

In this paper, as an extension of the results given in [I1,
25], we investigated the dynamical behaviors for a stochastic
SIRS epidemic model (6) with nonlinear incidence and
vaccination. In model (6), the disease transmission coefficient
B and the removal rates dg, d;, and dj are affected by noise.
Some new basic properties of model (6) are found in Lemmas
2, 3, and 5. Applying these lemmas, we established a series
of new threshold value criteria on the stochastic extinction,
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persistence in the mean, and permanence in the mean of
the disease with probability one. Furthermore, by using the
Lyapunov function method, a sufficient condition on the
existence of unique stationary distribution for model (6) is
also obtained.

The stochastic persistence and permanence in the mean
of the disease for model (6) are established in this paper only
for the special cases: f(S) = S and (1) 0p; =01 <j< )
or (2) 01j = 055 = 035 = 0 (1 < j < I). However, for the
general model (6), particularly, f(S) # Sand (0,),0,;,03;) #
(0,0,0) (1 < j < I), whether we also can establish similar
results still is an interesting open problem.

In fact, under the above case, from the proofs of Theorems
12 and 14, we can see that an important question is to deal with

terms Bf(S(t)) and f7(S(¢))g' (I(1)). If we may get
Bf (S(®) 2 Bf (So) +v1 (S() = S,) as.,
AW g aw) < f2(S) g 0
+v, (S(H) = Sp) as.,

(113)

where v, and v, are two positive constants; then the following
perfect result may be established.

Assume that (H,) holds. If R, > 1, then disease I in model
(6) is stochastically persistent in the mean; that is,

t
lim infl J I(r)dr >0 as. (114)

t—oo t Jo

Another important open problem is about the existence
of stationary distribution of model (6), that is, whether we
can establish a similar result as in Theorem 16 when f(S) is a
nonlinear function. The best perfect result on the stationary
distribution is to prove that model (6) possesses a unique
stationary distribution only when threshold value R, > 1. But
this is a very difficult open problem.

However, the numerical examples given in Section 6
propose some affirmative answer for above open problems.
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