INTERFACE

rsif.royalsocietypublishing.org

L)

Research

updates

Cite this article: Dattner I, Miller E, Petrenko
M, Kadouri DE, Jurkevitch E, Huppert A. 2017
Modelling and parameter inference

of predator—prey dynamics in heterogeneous
environments using the direct integral
approach. J. R. Soc. Interface 14: 20160525.
http://dx.doi.org/10.1098/rsif.2016.0525

Received: 1 July 2016
Accepted: 28 November 2016

Subject Category:
Life Sciences—Mathematics interface

Subject Areas:
biotechnology

Keywords:
estimation, heterogeneous environments,
optimization, predator—prey model

Author for correspondence:
Itai Dattner
e-mail: idattner@stat.haifa.ac.il

Electronic supplementary material is available
online at https://dx.doi.org/10.6084/m9.
figshare.c.3593693.

THE ROYAL SOCIETY

PUBLISHING

Modelling and parameter inference
of predator—prey dynamics in
heterogeneous environments using
the direct integral approach

Itai Dattner', Ezer Miller?, Margarita Petrenko?, Daniel E. Kadouri®,
Edouard Jurkevitch® and Amit Huppert®°

!Department of Statistics, University of Haifa, 199 Abba Khoushy Avenue, Mount Carmel, Haifa 3498838, lstal
2Bjo-statistical Unit, The Gertner Institute for Epidemiology and Health Policy Research, Chaim Sheba Medical
Center, Tel Hashomer 52621, Israel

3Department of Agroecology and Plant Health, The Robert H. Smith Faculty of Agriculture, Food and
Environment, The Hebrew University of Jerusalem, Jerusalem, Israel

“Department of Oral Biology, Rutgers School of Dental Medicine, Newark, NJ, USA

SDepartment of Epidemiology and Preventive Medicine at the School of Public Health, the Sackler Faculty of
Medicine, Tel-Aviv University, Israel

ID, 0000-0001-5316-8964

Most bacterial habitats are topographically complex in the micro scale. Impor-
tant examples include the gastrointestinal and tracheal tracts, and the soil.
Although there are myriad theoretical studies that explore the role of spatial
structures on antagonistic interactions (predation, competition) among
animals, there are many fewer experimental studies that have explored, vali-
dated and quantified their predictions. In this study, we experimentally
monitored the temporal dynamic of the predatory bacterium Bdellovibrio
bacteriovorus, and its prey, the bacterium Burkholderia stabilis in a structured
habitat consisting of sand under various regimes of wetness. We constructed
a dynamic model, and estimated its parameters by further developing the
direct integral method, a novel estimation procedure that exploits the separ-
ability of the states and parameters in the model. We also verified that one
of our parameter estimates was consistent with its known, directly measured
value from the literature. The ability of the model to fit the data combined with
realistic parameter estimates indicate that bacterial predation in the sand can
be described by a relatively simple model, and stress the importance of prey
refuge on predation dynamics in heterogeneous environments.

1. Introduction

The topography of most bacterial habitats is complex in the micro scale. The
gastrointestinal, tracheal tracts and the soil are important examples. Previous
studies showed that heterogeneous habitat may alter the interaction between bac-
teria and their prey and promote coexistence, mainly due to prey refuge [1-3].
Prey refuge may occur due to the existence of bacterial post-predation debris
[1], the existence of habitat fixed structures (soil particles, [2]), or self-organized
ones, such as variable prey and predator densities and biofilms [2—4]). Thus,
exploring the role of spatial structures in the interaction between sympatric micro-
organisms such as bacteria and their predators/parasites can be of fundamental
importance to microbial ecology, epidemiology and agronomy [5,6].

Although there are a myriad of theoretical (mathematical modelling) works
that explore the role of complex spatial structures on antagonistic interaction
among animals (e.g. competition, predation and parasitism), there are many
fewer experimental studies that explore, validate and quantify their predictions
[7-9]. For example, most evidence of the effect of prey refuge on the temporal
dynamics of predator—prey systems are based on theoretical works and

© 2017 The Author(s) Published by the Royal Society. Al rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1098/rsif.2016.0525&domain=pdf&date_stamp=2017-01-04
mailto:idattner@stat.haifa.ac.il
https://dx.doi.org/10.6084/m9.figshare.c.3593693
https://dx.doi.org/10.6084/m9.figshare.c.3593693
http://orcid.org/
http://orcid.org/0000-0001-5316-8964

simulations [1,2,7,8], while only few experimental set-ups have
found evidence that refuge indeed promotes coexistence [34].
One of the main reasons for this mismatch is the practical dif-
ficulty in terms of resources and time needed to manipulate
natural habitats into experimental set-ups, which enable
quantification and hypothesis testing. In this context, microbial
habitats can be much easier to control compared with macro
ecological systems due to their smaller size and the shorter
generation time of microorganisms [10].

In this study, we quantify the dynamics of the predatory
bacterium Bdellovibrio bacteriovorus and its prey, Burkholderia
stabilis st.2 in soil. Bdellovibrio bacteriovorus belongs to the
Bdellovibrio and like organisms (BALOs), a group of bacterial
predators that prey upon Gram-negative bacteria and can be
found in various environments like soil, fresh and marine
water, and animal guts [11]. The life cycle of BALOs includes
a highly motile free-living phase that searches for an appropri-
ate prey. Upon encounter, the predator penetrates the prey
periplasm and converts it into a bdelloplast that provides nutri-
ent and shelter to the predator during its growth and division
to progeny cells, that finally burst out to start a new cycle. Pre-
dation by BALO has a lot in common with bacteriophage
parasitism: in both cases, infectious particles invade a host
cell, which finally dies while emitting more infectious particles
into the environment. However, unlike BALOs, which typically
kill and consume their victims, phages can either engage in a
lytic cycle or stay inactive for a long period.

During the past decades, several mathematical methodolo-
gies have proposed ways to incorporate spatial heterogeneities
into population dynamics models. The most important ones
include the use of partial differential equations (e.g. reaction—
diffusion models), coupled map lattices, spatial moments and
metapopulation models [7,12-15]. These models are usually
difficult to analyse and parametrize, and it is difficult to draw
general conclusions. Consequently, attempts have been made
to formulate simpler frameworks, also known as ‘strategic
models’ [16] which use low dimensional ordinary differential
equations (ODEs) that have fewer parameters, and are thus
easier to analyse and interpret. These models capture some
features regarding the complex role of space in population
dynamics by using implicit spatial parameters [17]. In addition,
the limited number of parameters in strategic models facilitates
their estimation even in cases of a limited amount of data.

Fitting models to time-series data has become standard
practice in epidemiology [18—26], while in ecology it is much
less used, due mainly to the lack of sufficient data. Nevertheless,
some important theoretical and practical contributions include
[27-30]. Fitting a differential equation model to empirical data
is usually done by maximum-likelihood, nonlinear least-
squares or Bayesian methods. Although maximume-likelihood
estimation has desirable statistical properties, currently, there
is no method (either numerical or analytical) which can
assure optimal parameter estimates. The likelihood function
is often multivariable, and may have complicated surfaces
with several local minima, maxima and saddle points, all of
which (provided that they are interior points) may lead to
local convergence by the optimization algorithms. Finding the
maximum-likelihood estimators can therefore be highly depen-
dent on the chosen initial values used in the optimization
algorithm, thus making the search for acceptable optimum
computationally demanding and complex.

To quantify the dynamics of the predatory bacteria
B. bacteriovorus and its prey, Bu. stabilis st.2 in soil, we

constructed a ‘strategic’ dynamic model, fitted it to data in n

order to study its dynamical behaviour in different soil humid-
ity and estimated its parameters. The model describes the
predation between a predator and a bacterial prey strain, and
more generally, explores the role of complex spatial structures
on predator—prey interaction in a microbial system. The
model is relatively simple, and captures the effect of spatial
structures implicitly via a special refuge parameter (see model
description for further information). The model was fitted to
the experimental data by further developing and optimizing a
novel statistical procedure; specifically, we used a direct integral
approach that exploits the separability of state equations
and parameters, thus overcoming the difficulty of exploring
complex likelihood parameter space. Model validation was
done by fitting the model to data and contrasting some of our
estimated parameters with their known values from the litera-
ture, thus providing additional confidence to both model
representative and statistical methodology abilities.

2. Data and experimental design

Soil microcosm experiments: 10 g of fine sand was used to con-
struct microcosms in flasks. Each flask was inoculated with a
suspension of the B. bacteriovorus 109 ] predator (2 x 10°
plaque forming units, PFU x ml ™Y and of the Bu. stabilis st.2
prey (1 x 10® colony forming unit, CFU x ml ") and water to
create microcosms with different water contents (WC, w/w)
ranging from 100% (fully saturated) to 20%. Treatments were
in triplicate. The vials were sealed and incubated at 28°C. At
selected time points (8, 12, 24, 36, 48, 96 and 168 h), the total
volume of water in each flask was adjusted with HEPES
buffer by weight, to reach 100% WC, mixed and the liquid
was removed from the flask to a sterile test-tube. In total,
50 pl from this was taken for dilution plating to measure the
concentration of the predator and of the prey in each sample.

3. Model description

As noted earlier, the interaction between the BALO and its
prey resembles the dynamics of phage—bacteria. We therefore
adopted a designated modelling framework developed
previously for this type of system [31-34], and further devel-
oped it to fit the above experimental set-up. In this
framework, ODEs are used to model the dynamics of
the system which includes free predators, P, prey, N, and
predator—prey complexes (the bdelloplast), C. In ours and
similar systems (like phage—bacteria), the time it takes the
predator to handle its prey (i.e. searching and invading it to
form bdelloplast) is of the same order as the time it takes for
the consumed prey items to be converted into new predators
(i.e. reproduction). To account for this dynamics, we explicitly
modelled them in a separate compartment.

The separate complex compartment therefore models the
delay between the predator invasion and the burst of the
bdelloplast (which releases the predator progeny) as was pro-
posed in some earlier models [31,33,34]. The dynamics of
these compartments are described by

P/(t) = ksC(t) — dP(1),
C'(t) = a(N(t) — r)P(t) — sC(t) (3.1)
and N'(t) = —a(N(t) — r)P(t),
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where the notation P'(t) stands for dP/dt, and the same for C
and N. In equation (3.1), the predators are produced at the rate
ksC (first equation in (3.1)), where k is the number of predatory
bacteria emitted by one bdelloplast (multiplication factor) and
s is the bdelloplast decay rate. We assume for simplicity that
the predator has a density-independent death rate, d, and
the complex formation rate can be approximated using the
classical mean field assumption, i.e. it is equal to aNP [35].
To account for the prey refuge dynamics, we add an additional
new parameter, r, denoting refuge prey density, which is not
available to the predator. Prey refuge may occur in our set-
up due to habitat spatial heterogeneity consisting of soil
grains [1,2]. The formation rate of bdelloplast complexes is
therefore updated here to be a(N — r)P, where a is the inter-
action (contact) rate. Because in our system the prey is not
supplied with nutritional substrate, it neither reproduces nor
dies (its death rate is too low to be accounted for in our exper-
imental timescale). Thus, the only prey loss in the model is due
to predation, i.e. a(N — r)P.

In order to assess whether the model can capture the
predator—prey dynamics in a heterogeneous environment
and to estimate the model parameters, we further develop
the direct integral approach [36,37]. Indeed, testing the model
both qualitatively and quantitatively (i.e. estimating the para-
meters based on experimental data) is of interest to several
disciplines, including microbial ecology, theoretical ecology
(modelling) and statistics. Furthermore, in our case, the con-
version ratio k, has been previously measured directly and
independently in designated experiments. Our estimations
can therefore be contrasted with a ‘gold standard” value, thus
enabling the validation of the model and its proper interpret-
ation (i.e. that the model parameters indeed represent what is
commonly believed).

4. Estimating model parameters using the direct
integral method

4.1. Background
We denote a system of ODEs by

X' (t) = F(x(t); 0), t € [0,T] }

and x(0) = ¢ D)

where x(t) takes values in R?,£in 2 C R?, and 6 in © C R.
Given known values of ¢ and 6 the solution of (4.1) is
denoted by

x(t) =x(t; 6,6),t € [0,T].

The common statistical model assumes that measurements
are collected at a series of time points ty,...,t,, each of

them includes a signal and an additive error term,
Yj‘(t,') = x]'(t,'; 0, f) + €ij, i=1,.. .,1’l,j =1,...rr<d, (42)

where the random variables €; are independent measurement
errors (not necessarily Gaussian) with zero mean and finite var-
iance. As is the case with the experimental study considered in
this work, we allow the system to be only partially measured
and thus r < d. Based on the observation Yj(t), i=1,...,n, j=
1,...,r one could estimate the parameters 6. In cases where the
initial values ¢ are not known, one would also like to estimate
them. However, here the initial values are known and therefore
are not discussed further in this paper.

As in most biological models, the ODEs (4.1) are non- n

linear and therefore numerical integration techniques are
required in the estimation process. For instance, the nonlinear
least-squares estimator of 6 is defined as a minimizer of the
least-squares criterion function

T n

SO (G(h) - %(t; 6,8)%.

=1 =1

Here, x is a numerical solution (e.g. using Runge—Kutta) of the
ODE:s equation (4.1) for a given parameter and initial values.
Thus, estimation methods such as nonlinear least-squares or
maximume-likelihood require the system to be solved numeri-
cally for a large set of potential parameters values, and then
choosing an optimal parameter using some nonlinear optimiz-
ation technique. However, the combination of sparse and noisy
data, nonlinear optimization and the need for numerical inte-
gration makes the parameter estimation a complex task (even
for systems of low dimensions, e.g. [38]), and in many instances
requires heavy computation. In recent years, the inverse pro-
blem of parameter estimation for ODEs has received growing
attention in the statistical literature. In particular, much focus
has been given to developing estimation methods that bypass
the need for numerical integration (see [39] and the discussion
therein; [40—-44], and more recently [36,37,45,46]).

4.2. The direct integral approach

Below, we further develop the direct integral approach. The
method is an extension of ‘two-step” approaches [47,48] that
include step (i): bypassing numerical integration by using
non-parametric smoothing of the data, and step (ii): estimating
the parameters by fitting the ODEs model to the estimated
functions, as explained below. Let %(t), and X'(t) stand for
non-parametric estimators (e.g. smoothing the data using
splines or local polynomials) of the solution x of the ODEs
equation (4.1), and its derivative x’, respectively. The criterion
function of the two-step approach for a fully observed system
of ODEs takes the form

T
L I¥'(t) — F(x(t); )|*w(t) dt, (4.3)

where w is an appropriate weight function and || - || denotes the
standard Euclidean norm. The estimator of the parameter will
be the minimizer of the criterion function (4.3), with respect
to 6. The direct integral approach takes advantage of linear fea-
ture of the ODEs system as explained now. Consider the
Lotka—Volterra system of ODEs [49], a classical population
dynamics model that describes evolution over time of the
populations of two species, predator and its prey. The system
takes the form

X1(t) = O1x1(£) — 61 (H)x2(t) }

and xlz(t) = 7033(2(0 + 04x1 (t)xz(t). (44)

Here, x; and x, represent the prey and predator population,
respectively. One can view (4.4) as a regression where the ‘covari-
ates” variables are the solutions of the ODEs on the right-hand
side of the equations, while the ‘response’ variables are the
derivatives x'(t) on the left-hand side. We refer to such systems
as ‘linear in the parameter’ 6 = (6?1,...,6?4)T (as in a linear
regression model), where T stands for the matrix transpose.
Thus, when using the criterion equation (4.3), the parameter 6
can be estimated in an ordinary least-squares fashion where
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nonlinear optimization is not required. More generally, consider
the case where the model is linear in the parameters, namely, that

E(x(t); 0) = 8(x(t))9, (4.5)

where the measurable function g:R? — R™? maps the
d-dimensional column vector x into a d x p matrix (typically
d < p). For instance, model (4.4) has d = 2 equations and p = 4
parameters and the 2 x 4 matrix g(x(t)) from (4.5) is given by

(X1(t) —xl(t)xz(t) 0 0 )
0 0 —.Xz(t) xl(t)xz(t) ’

Further, note that by integration, (4.1) and (4.5) yield the
system of integral equations

t

x(f) = §+J g(x(v))dv e, tel0,T]. (4.6)

0
Here x(t) = x(t; 6, &) is the true solution of the ODE. Let
Io g(x(v))dv. Motivated by (4.6), one can consider
mmlmlzmg w1th respect to 6 the criterion function

T
Jonfco £— Gt)6ldt. (47)

Let B = f GT(H)G(H)dt. Minimizing the criterion function
(4.7) with respect to 6 yields the direct integral estimator

6=B" JZ GT(H(x(t) — &) dt. (4.8)

Necessary and sufficient conditions for \/n-consistency
of the direct integral estimator (4.8) are provided in [36].
Furthermore, the extensive simulation study in the aforemen-
tioned paper has demonstrated that using integrals as in (4.8)
instead of derivatives as in (4.3) yields more accurate esti-
mates. Indeed, it is well known (see [50] and [51]) that
estimating derivatives from noisy and sparse data may be
rather inaccurate. An application of the direct integral
method to a variety of synthetic and real data was shown
to yield accurate and stable results in [45] and [46].

The methodology discussed so far is aimed at cases where all
the equations of the ODEs can be measured. Recall that in our
experiment x = (P, C, N), and one variable (the complex C) is
unobserved. The direct integral methodology for dealing with
partially observed systems linear in the parameters was pro-
posed in [37] and its consistency was proven in [52]. However,
in the case of equation (3.1) there are two main challenges
(i) the system is partially unobserved, and (ii) equation (3.1) is
not fully linear in all the parameters. Thus, below we further
develop the direct integral method to enable parameter esti-
mation in such a case. Note that our notation in the sequel
resembles the specific case where only one equation of the
system is unmeasured; however, the method can be used for
more general cases. We first describe the model we have in mind

F(x(t); 0) = g(x(t); On1) b1, (4.9)

where § = (6], 6] ) ". Here, 6. stands for the ‘nonlinear’ par-
ameters that cannot be separated from the equations, while 6,
are the ‘linear” parameters, as above in equation (4.5). More
details regarding the above abstract form equation (4.9) are
given in the electronic supplementary material. Now, denote
the measured equations of x by m and the unmeasured ones
by u. Using the observations we have for m, we first generate
an estimator using non-parametric smoothing, denoted by
7(+). In order to deal with the unmeasured states, we continue
as follows. Define for some function u(-) the quantity

X, (t) == (" (t),u”(t))",t €[0,T] (the vector x is assumed
to be arranged such that its first equation is the measured
one m). Let

¢
Gults Oar) = J 2 (0); i) du, tE [0,T).
0
Motivated by equation (4.7), we define the criterion function
T
Mo, 0u,1) = [ ()~ €~ Gults w)rl P (410)
0

Minimizing M(6n,6y,1) with respect to 6 yields

T
61 (O ) = B! jo G (0; b (o) — &)dlo,

where
T A A
= JO G, (£ On1)Gu(t; One)dt
Plugging back éL(ONL, u) into equation (4.10) results with
T
Mo ) = | 100 = €= Gults ow) B (O, ).

Finally, let ¢/ be some appropriate space of functions on [0,T ]
and define

(O, i) == arg_min_ M(bypu).

UEU, 0N EO

Then the estimator for 6 is given by

0 := (0L 0 Oni, i) - (411)
4.3. Smoothing

In order to estimate the solutions of the ODEs model (3.1), we
use cubic B-splines. In particular, it is assumed that the ODE
solutions can be approximated for any ¢ € [0, T] by a linear
combination of cubic B-spline functions denoted by d¢(t),
k=1,...,K, ¢ € {1,2,3}, namely,

P~ Y Buhi(t),
Ch =30 Boxdi(t)

Zk L Baxdi(t)

The choice of number of bases. As the regularity of the sol-
utions of the ODEs model (3.1) might be different, we allow
the number of bases K;, K;, K3 to be (potentially) different.
Choosing the number of cubic spline bases is crucial [53] and
is known to affect the accuracy of the final estimates. Let K =
{K;, K5, K3} stand for the number of bases used for the first,
second and third equations of the system (3.1), respectlvely

and N(t

Denote by 6 the vector of parameter estimators (k,5,d,a,7)"
calculated using the direct integral method (4.11) for a given
number of bases K = {Kj, K5, K3}. For each 6k, we solve the
system of ODEs (using numerical integration) to obtain
P(+; k), C(+; 6k) and N(-; 6,
K= {K1,K5,K3} that minimizes the squared distance between
the observations (recall that C is unobserved), denoted by
P, N, and the solutions of the system

=arg mm Z{

k). We then choose the combination

P(t; 0k))” + (N(t;) — N(t;; 6x))* .
(4.12)

The final estimator is given by ;. Here, we consider var-
iety of combinations of triplets K= {K;, K, K3}. Extensive

gzgogloz ‘:ﬂ aJ‘anam/“")dg.'y"/ ‘516'ﬁu!qs!|qnd‘/(19pos‘|é/(or;jsj H



Table 1. Monte Carlo study. The table presents the mean estimate, the square root of the empirical mean square error, empirical absolute bias and empirical “
standard deviation, based on 400 simulations for each of the sample sizes. The first block of the table is for n = 8 while the second is for n = 16.

parameter value estimate sqrtMSE absBIAS s.d. ; %f_,
s 0.05 0.0574 0.0076 0.0073 0.0020 - g
T T T e | “é
e e T e o e e @
k 5 5.1958 0.3656 0.1895 03127 L
o s e o e T e §
g %
N | =
=
Table 2. Parameter estimation results for the predator—prey—bdelloplast system for a gradient (20—100%) of water content. &
water content (%) k s d a r
20 . 0.0300 0.0269 3.2456 %108 33800

simulation studies suggest (see §5, electronic supplementary
material) that the regularization (4.12) leads to accurate and
stable estimation results.

In the following section, we study some finite sample
properties of the methodology described above.

5. Finite sample properties of the estimation
method

In order to test the finite sample performance of the direct
integral method developed above, we conducted a large
Monte Carlo experiment. We solve model (3.1) with initial
conditions given by ¢&= (P(0),C(0),N(0))" = (10°,0,10%)",
similar to the experimental design, and the ‘true’ parameters
given by 6= (k,s,d,a,r)" =(5,0.05,0.02,4 x 107°,3 x 10°)
(for values that are in the vicinity of those estimated from the
real data, see table 2). Recall that the statistical model we consider
is additive as in equation (4.2). Here, we add Gaussian
measurement errors to the deterministic system equations
so that the measurements of the predator will be given by
13(ti) = P(t;; 6,§) + €;, and those of the prey are given by
N(t)=N(t; 0,6) + €;,i=1,...,n, where P(t; 6, &) and N(t; 6, £)
are the deterministic solutions of (3.1) at point t; with respect
to initial values ¢ and parameter 6. The measurement error e;
follows a Gaussian distribution with zero expectation and a
standard deviation that is proportional to both P and N:
op=0.01xP, and oy =0.0l x N, where P, and N are
the means of P(-), and N(:) over the time interval of the
experiment, respectively.

In the Monte Carlo experiment, 400 different random
samples were generated. We consider two experimental
set-ups, in the first we sample the model using the exact
sampling times as done in the experimental set-up [0, 8, 16,
24,36,48,96,168], hence, n=38. In the second set-up, we
consider n = 16 time points [0, 4, 8,12, 16, 20, 24, 28, 32, 36, 40,
44,48,72,96,168]. Next, we estimate the model parameters
using the direct integral method. Table 1 summarizes the esti-
mation from the simulations with the additive noise, note the
ability of the direct integral method to obtain good estimates
(especially given a small sample of size n = 8).

In section 1.5 of the electronic supplementary material, a
comparison between the direct integral method and non-
linear least-squares was conducted for various noise levels.
The findings suggest that for small number of points, the per-
formance of the direct integral method as applied here, in
terms of residual sum of squares, is comparable to that of
the nonlinear least-squares.

6. Estimating parameters of the predator—
prey —bdelloplast system

We fitted model (3.1) to five different environmental conditions
(various different water contents). Thus, we estimated the five
parameters of each configuration using its corresponding
data (table 2).

Figure 1 demonstrates the ability of our simple ‘strategic’
model to capture both qualitatively and quantitatively the
dynamics of predation in a heterogeneous environment.
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Figure 1. Model fits. Observations are displayed with the plus sign. Numerical solution of model (1) given the estimated parameters using the direct integral
method (see Table 2) with a dashed line. Note the ability of the simple model to capture the predation dynamics. Water content: (a) 20%, (b) 50%, ()

70%, (d) 80% and (e) 100%. (Online version in colour.)

To the best of our knowledge, in previous studies only
the progeny size (parameter k) was directly measured. The
estimated k’s in our case fall within the range of 1-9,
known values from the literature, see, e.g. fig. 1a in [54].
The estimation results of the other four parameters seem to
be stable over the water content gradient.

In order to provide further information regarding the esti-
mation process, and to show the strength of the direct integral
method, we present two additional plots. The spline estima-
tors used in the estimation procedure are displayed in

electronic supplementary material, figure S1. One can see
that the splines are able to capture the dynamics of the
predator—prey interactions and specifically, to recover the
unmeasured complex C. The loss function given in equation
(4.7) of electronic supplementary material, used to choose
the optimal s (i.e. the bdelloplast decay rate) is displayed in
electronic supplementary material, figure S2 for the five
experimental set-ups. One can see there a clear minimum,
which is an indication of the ability of the method to estimate
the parameter s.
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7. Discussion

To the best of our knowledge, this is the first attempt to fit a
BALO-prey model to experimental data using a statistical
procedure. The model we have developed can both qualitat-
ively and quantitatively describe the temporal dynamics of a
predator—prey system in the heterogeneous soil environment.
The fact that the model can be fitted to the experimental data
indicates that although the soil is a spatially complex environ-
ment at the microbial scale, predation dynamics can be
captured by a relatively simple dynamical system of ODEs
with prey refuge and separated complex compartment denot-
ing the time delay between predator invasion and progeny
emergence. This is a relatively rare and encouraging result;
mean field approximation of interacting species in a spatially
complex environment usually gives poor results [55]. To
obtain reasonable results under such circumstances, dynami-
cal models usually include spatial structures by various
techniques (e.g. metapopulation, spatial moment equations,
coupled map lattice, etc.) [55].

According to our model, not all the prey is available to
the predator (i.e. some of it has a refuge); the prey population
density decreases due to predation, and approaches r, the
refuge parameter, asymptotically. When the refuge parameter
was absent from the model equations (i.e. r=0), fitting
results were poor (data not shown) and the prey gradually
approached zero (i.e. become extinct) and not a positive
value. In our experimental set-up, the prey cannot coexist
with its predator, because it does not reproduce due to the
lack of nutritional substrate, yet, our model indicates the role
of the complex spatial structure in protecting the prey and
thus may contribute to coexistence, as indicated by previous
theoretical and laboratory studies [1-4,56].

In this paper, we demonstrated the application of the
direct integral approach to a challenging experimental set-
up. The observations were collected for only eight time
points, and only for part of the system, namely, for predator
and prey; the ‘complex’ was not observed. By exploiting
linear features of the dynamics system and using non-
parametric smoothing, the direct integral approach enabled
us to reduce the complex nonlinear optimization to a
simple search over a grid of values of a single parameter s
(see details in electronic supplementary material, and also
figure S2 there). That resulted in a reasonable parameter
estimates as well as important insights. For instance, we note
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